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Preface 


String theory is the leading candidate for a consistent quantum theory of gravity. It has 
also become a central area of research in mathematical physics, with different additional 
applications which range from heavy ion physics to condensed matter, cosmology or math¬ 
ematics. Notwithstanding this, the excitement fostered in 1984 actually came from the 
coexistence of chiral anomaly free gauge theories and gravity in string theory, raising the 
expectation of an ultimate unification of Standard Model (SM) and gravitational inter¬ 
actions into a consistent string quantum theory. The enthusiasm was thus motivated by 
particle physics phenomenological goals. 

Since then much effort has been dedicated to explore the possible embedding of the 
SM of particle physics in string theory, a field commonly known as string phenomenology. 
However, although there are by now several excellent books introducing the general field of 
string theory, there is no systematic and detailed coverage of the large body of knowledge 
accumulated in string phenomenology. This lack has become particularly acute after the 
duality revolution of 1995, when the advent of D-branes made the string engineering of 
non-trivial gauge theories more flexible, thus providing new avenues to realize the SM in 
string theory. 

Consequently, and due to the seemingly imposing complexity of string theory, this field 
has not permeated much to many particle physics phenomenologists and model builders, 
who feel reluctant to struggle with a jungle of papers and reviews to extract the phenomeno¬ 
logical aspects of string theory. 

The main purpose of this book is to provide an elementary introduction to string theory, 
and to string phenomenology, in a systematic and self-contained way. It should be useful to 
particle phenomenologists and model builders, both senior and fresh. It will also be useful 
to string theorists interested in learning how (and how far) string theory may reproduce the 
observed SM physics. 

The book has six chapters with introductory material. The first presents a brief summary 
of the SM structure, its puzzles, and several of its extensions, including Grand Unified 
Theories and extra dimensions. The second introduces the basic aspects of supersymmetry 
and its application to particle physics models, most notably the Minimal Supersymmetric 


xi 
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xii 

Standard Model (MSSM). These first two chapters serve to fix the notation and 
introduce concepts, appearing later when building string theory models of particle 
physics. 

Chapters 3 to 6 constitute an introduction to the basics of string theory including the 
bosonic string (Chapter 3), and the heterotic, type II and type I superstrings (Chapter 4). 
The simplest toroidal compactification to four dimensions is described in Chapter 5, which 
also provides a first glimpse of D-branes. Chapter 6 describes D-branes and their role in 
string theory, as well as the different non-perturbative dualities in the theory. Our presen¬ 
tation in these chapters aims at getting the main physical results in the most comfortable 
way for the non-initiated, avoiding the machinery of conformal field theory (partly cov¬ 
ered in an appendix). These four chapters are self-contained and constitute by themselves 
an introductory course on string theory, useful also to graduate students searching for a first 
contact with the formalism of string theory. String theorists acquainted with this material 
may safely jump over to Chapter 7. 

Chapters 7 to 12 give a relatively detailed description of string compactifications giving 
rise to chiral theories in four dimensions, with emphasis on those with Af = 1 supersym¬ 
metry and a particle content close to the SM. They include different heterotic constructions, 
in Chapters 7 and 8, whose low-energy effective action is covered in Chapter 9, as well as 
type II orientifolds (and M- and F-theory related constructions), in Chapters 10 and 11, 
with their effective action discussed in Chapter 12. Detailed explicit examples of MSSM- 
like models are presented for the different compactification methods. The purpose is to 
enable the reader to obtain the massless spectrum and effective lagrangian of these string 
constructions, so as to grasp their contact to SM physics. 

Chapters 13 and 14 introduce additional ingredients, most notably string instantons and 
closed string fluxes. Those ingredients give rise to extra contributions to the effective 
action relevant for aspects like Yukawa couplings, neutrino masses and moduli stabiliza¬ 
tion. Chapter 15 continues the study of moduli fixing and its interplay with supersymmetry 
breaking, reaching up to the generation of low-energy supersymmetry breaking masses in 
MSSM-like models. Further phenomenological issues are discussed in Chapter 16, and 
Chapter 17 contains a general discussion of the space of string vacua, in particular those 
resembling the SM or MSSM. 

The optimum use of this book requires basic background of quantum field theory, group 
theory, and elementary notions of the SM of particle physics and general relativity. We have 
attempted to reduce the mathematics to a minimum, and to introduce the necessary defi¬ 
nitions where required (including an appendix with the main geometrical and topological 
concepts used in the text). 

We mark with an asterisk * those sections or subsections containing relevant mate¬ 
rial which may be skipped in a first reading of the book. Concerning the references, we 
have preferred not to insert citations in the main text and give a Bibliography for each 
chapter at the end of the book. These include some references to original literature, but 
mostly to reviews useful to the reader interested in further details. The list of references is 
(admittedly and necessarily) very incomplete and we apologize to many of our colleagues 
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whose relevant work has not been cited. Finally, we have set up a webpage to publish 
corrections and errata for this book: 

https://sites.google.com/site/stringtheoryandparticlephysics/ 

Many people and institutions have contributed to make this book possible. We thank 
our home institutions, the Departamento de Ffsica Teorica of the Universidad Autonoma 
de Madrid (UAM), and the Instituto de Ffsica Teorica IFT-UAM/CSIC of the Consejo 
Superior de Investigaciones Cientfficas and UAM. We thank our colleagues there, for cre¬ 
ating a supportive and stimulating environment. A.M.U. also thanks the CERN TH group, 
for being “home” during the first half of this project. We are grateful to our colleagues 
and collaborators, for all the discussions during these years. In particular, we thank Luis 
Aparicio, Gerardo Aldazabal, Pablo G. Camara, David G. Cerdeno, Anamaria Font, Inaki 
Garcia-Etxebarria, Fernando Marchesano, Christoffer Petersson, Fernando Quevedo, Gra¬ 
ham Ross, and Pablo Soler, for carefully reading selected chapters and making many 
improving suggestions. We also thank Bert Schellekens for discussions and for provid¬ 
ing us with edited figures from his work. We are also grateful to the Cambridge University 
Press team, and especially to Simon Capelin, for suggesting the project, and for the gentle 
management throughout the process of writing. We finally thank our families, for giving 
the patience and support that is always required in such a demanding enterprise. 
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The Standard Model and beyond 


In this chapter we overview the structure of the Standard Model (SM) of particle physics, its 
shortcomings, and different ideas for physics beyond the Standard Model (BSM) devised 
to address them. We discuss the three fine-tuning puzzles of the SM (the cosmological 
constant, strong CP and hierarchy problems) and several ideas put forward to solve them. 
Among the extensions of the SM, this chapter overviews Grand Unified Theories (GUTs), 
which explore the embedding of the SM gauge symmetry into a larger unified gauge group 
like SU( 5) or SOQO), and models with extra spatial dimensions beyond the observed three. 
These ideas, along with supersymmetry, studied in Chapter 2, will reappear in the study of 
particle physics models from string theory in later chapters. 


1.1 The Standard Model of particle physics 

The Standard Model of particle physics constitutes an impressive success of twentieth cen¬ 
tury physics. It describes elementary particles and their electromagnetic, weak and strong 
interactions in a remarkable wide range of energies, and with unprecedented precision. 
The SM is a quantum field theory based on a gauge group 

Gsm = SU(3) x SU(2)l x U(l)y, (1.1) 

with SU( 3) describing strong interactions via Quantum Chromodynamics (QCD), and 
SU(2)l x U (l)y describing electroweak (EW) interactions. The matter fields form three 
generations (or families) of quarks and leptons, described as Weyl 2-component spinors, 
with the EW structure 



We take all fields to be left-chirality Weyl spinors, independently of their L or R subindex, 
which merely denotes the SU(2)i transformation properties as doublets or singlets. In 
addition, quarks in Qi transform as color triplets, while Ur, Dr transform as conjugate 
triplets. Gauge quantum numbers of the SM fermions are shown in Table 1.1. 

The chirality of this fermionic spectrum is possibly one of the deepest properties of the 
SM. Describing particles in terms of Dirac spinors, it means that left- and right-chirality 
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Table 1.1 Gauge quantum numbers of SM quarks, leptons 
and the Higgs scalars 


Field 

5(7(3) 

SU(2) l 

U(1) Y 

Qf = (U‘, D‘) l 

3 

2 

1/6 

R 

3 

1 

-2/3 

d ‘r 

3 

1 

+ 1/3 

V = (vfE^L 

1 

2 

-1/2 

F' 

1 

1 

+ 1 

H = (H~, H°) 

1 

2 

-1/2 


components actually have different EW quantum numbers. In the above more suitable 
description of all fermions as 2-component left-handed Weyl spinors, chirality is the state¬ 
ment that they fall in a complex representation of the SM gauge group. In any picture, the 
implication is that explicit Dirac mass terms mfufi+h.c. are forbidden by gauge invari¬ 
ance, and fermions remain massless (until EW symmetry breaking, discussed below). The 
impossibility of mass terms makes chiral sets of fermions very robust, and easy to identify 
when deriving the light spectrum of particles from fundamental theories like string theory. 
Hence, the chirality of the fermion spectrum is a key guiding principle in building string 
models of particle physics. 

In the SM the electroweak symmetry SU{2)l x U(l)y is spontaneously broken down 
to the electromagnetic (7(1)em symmetry by a complex scalar Higgs field transform¬ 
ing as an SU(2)i doublet H = (// , H°) and with hypercharge —1/2. Its dynamics is 
parametrized in terms of a potential, devised to trigger a non-vanishing Higgs vacuum 
expectation value (vev) v 

V = -p, 2 \H\ 2 + X|//| 4 => v 2 = (\H\) 2 = pr/Zk. (1.3) 

The vev defines the electrically neutral direction and is set to (H°) — 170 GeV in order 
to generate the W ± and Z vector boson masses. Simultaneously it produces masses for 
quarks and leptons through the Yukawa couplings 

£ Y uk = Y\} q‘ l U' r H* + Y l l Q l L D' r H+ Y l l V E' r H + h.c. (1.4) 

These interactions are actually the most general consistent with gauge invariance and 
renormalizability, and accidentally are invariant under the global symmetries related to 
the baryon number B and the three family lepton numbers L,. Regarding the SM as an 
effective theory, non-renormalizable operators violating these symmetries may, however, 
be present. 

The hypercharges of the SM fermions in Table 1.1 are related to their usual electric 
charges by Qem = Y + T$, where 7) = diag (4, — j) is an .S'(7(2)/ generator. They thus 
reproduce electric charge quantization, e.g. the equality in magnitude of the proton and 
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Table 1.2 Masses of quarks and charged leptons at the EW 
scale in GeV 


U-quarks 

u 

2 x 10“ 3 

c 

5 x 10“* 

t 

173 

D-quarks 

d 

s 

b 


4 x 10“ 3 

1 x 10“' 

3 

Leptons 

e 

M 

r 


0.51 x 10 -3 

1.05 x 10“ 1 

1.7 


electron charges. Although these hypercharge assignments look rather ad hoc, their values 
are dictated by quantum consistency of the theory. It is indeed easy to check that these are 
(modulo an irrelevant overall normalization) the only (family independent) assignments 
canceling all potential triangle gauge anomalies. 

The above simple SM structure describes essentially all particle physics experimental 
data at present (with simple extensions to account for neutrino masses, see Section 1.2.6). 
Despite this character of a Theory of matter and interactions, it poses several intriguing 
questions, which probably hold the key to new physics at a more fundamental level, and 
thus motivate maintaining its status of Model. Most prominently, gravitational interactions 
are not included, in particular due to the difficulties in reconciling them with Quantum 
Mechanics. Gravity implies that the SM should be regarded as an effective theory with a 
cutoff at most the Planck scale 


M p = 


1 



= 1.2 x 10 19 GeV, 


(1.5) 


where Gn is Newton’s constant. Other examples of hints for BSM physics arise from the 
fine tuning issues in Section 1.3. 

Finally, another suggestive hint for an underlying structure is that the SM has many free 
parameters, which are external to the model, rather than predicted by it. There are three 
gauge coupling constants g i, g 2 , gj, the QCD 0-parameter, the nine masses of quarks and 
leptons (plus those of neutrinos), as well as the quark CP violating phase (plus possible 
additional phases in the lepton sector). Finally, there are additional couplings in the Higgs 
sector. Most of the unknown parameters are related to the Higgs-Yukawa sector of the 
theory, which has not been fully tested experimentally, and is thus still poorly understood. 
One would hope for a more fundamental microscopic explanation of (at least some of) 
these parameters. Indeed, one of the most outstanding puzzles of the SM is the structure 
of fermion masses and mixing angles. The masses of quarks and leptons show a hier¬ 
archical structure, see Table 1.2, suggesting the possibility of some underlying pattern. 
The mass matrices m (/ obtained from the U, D, L Yukawa couplings are in general not 
diagonal, but may be diagonalized by bi-unitary transformations Vp' !> ' L , V^’ D ’ L , acting 
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on the left- and right-handed fermions respectively. After these rotations, the W ± gauge 
bosons couple to U- and D-quarks through the Cabibbo-Kobayashi-Maskawa (CKM) 
matrix, given by Uckm — i Vr ) + ■ Experimental measurements yield the following 

approximate structure for this matrix 


/ 0.974 

0.22 

0.003 \ 


IVckmI = | 0.22 

0.973 

0.04 . 

(1-6) 

\ 0.008 

0.04 

0.999 / 



Again this displays an interesting structure. It is close to the identity matrix, with small 
off-diagonal mixing entries, except for the Cabibbo (1-2) entry, which is somewhat larger. 
Experiments also show evidence for CP-violation in the quark sector, whose size may be 
measured in terms of the Jarlskog invariant J = (3.0 ± 0.3) x 10 -5 . 

The structure of neutrino masses and mixings turns out to be quite different from that of 
quarks. Neutrinos are much lighter than quarks and charged leptons. Solar and atmospheric 
oscillation experiments allow for the measurement of some squared-mass differences 

Am 2 12 = 8 x 10 _5 eV 2 ; A m 23 = 2.4 x 10 -3 eV 2 , (1.7) 

which also suggest a possible hierarchical structure. On the other hand the neutrino 
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix is quite different from the 
CKM one, since oscillation experiments reveal a structure of typically large mixing angles 

/ 0.77 - 0.86 0.50 - 0.63 0.0 - 0.22 \ 

IPpmnsI = ( 0.22 - 0.56 0.44 - 0.73 0.57 - 0.80 ) . (1.8) 

\0.21 — 0.55 0.40- 0.71 0.59-0.82/ 

The search for a fundamental explanation of the fermion spectrum, gauge coupling con¬ 
stants, and other external SM parameters, has constituted a driving force to propose the¬ 
ories beyond the SM. A prototypical example is provided by Grand Unification Theories, 
reviewed next. 


1.2 Grand Unified Theories 

In the SM there are three gauge factors, and five matter multiplets Qi, Ur, Dr, L, Er per 
family. Grand Unified Theories (GUTs) propose that there is an underlying gauge group 
6 ’gut, in general assumed to be simple, which at very high energies experiences sponta¬ 
neous symmetry breaking down to the SM group. Thus the SM gauge factors are unified 
into a single gauge force, and the different SM matter fields are also (possibly partially) 
unified into multiplets of the larger symmetry Gout- This gauge group Ggut must be at 
least of rank four and contain the SM group, SU( 3) x 577(2)/, x U (l)y, and must admit 
complex representations to accommodate a chiral fermion spectrum. GUT theories can 
thus be classified according to the choice of Ggut satisfying these conditions, see later 
sections. 
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1.2.1 Gauge coupling unification 

A particularly compelling motivation for unification of the SM gauge groups into a simple 
group is the unification of gauge coupling constants into a single one. Indeed, there is 
convincing evidence for such unification, coming from the evolution of the three SM gauge 
couplings to high energies with the renormalization group equations (RGE). The one-loop 
evolution equations for the couplings a a = g 2 /(Ajt) are 


1 1 b a M 2 

-T- = -= + — log ^ 5 -; a =1,2, 3, 

MG 2 ) MM 2 ) 4tt S Q 2 


(1.9) 


where Q, M are two energy scales, and h a are the one-loop /3-function coefficients, which 
for a SU(N) gauge theory are 


b = ~N + \T{R)n f + \T{R)n s , 


( 1 . 10 ) 


with n f, n s the number of Weyl fermions and complex scalar fields in the representation 
R, and T(R) is the corresponding quadratic Casimir, in the normalization T(R ) = 1/2 
for fundamentals. Expression (1.10) also holds for 1/(1), by setting N = 0 and replacing 
T(R) —> Y 2 . For the SM one has 


( bl \ 

t>2 

W 


( ° \ 

-22/3 

V-ii ) 


T~ Agen 


/ 4/3 \ 
4/3 
V 4/3 / 


+ Aniggs 


/i/iOX 

1/6 


V 0 / 


( 1 . 11 ) 


where A gen , Anig gs denote the numbers of quark-lepton generations and Higgs doublets, 
and we have introduced an additional hypercharge normalization factor Y 2 —> (3/5) Y 2 to 
be justified later, just above (1.13). 

Extrapolating the measured values of the three a a from the EW scale up in energies, and 
assuming no further relevant degrees of freedom at intermediate scales (the so-called desert 
hypothesis), the three couplings tend to join around 10 15 GeV into a single coupling aouT- 
An important general feature is that matter in full Ggut multiplets does not modify the 
running of the relative gauge couplings at one loop, and hence does not spoil unification. 
The joining of the coupling constants using the minimal SM content is only in qualita¬ 
tive agreement with experiment, but becomes quite sharp in supersymmetric versions, as 
described in Section 2.6.2. 


1.2.2 SU( 5 ) GUTs 

There is a unique compact simple Lie group of rank four admitting complex representa¬ 
tions: SU{5). It moreover contains the SM group as a maximal subgroup. SU(5) GUTs 
illustrate many features of grand unification, like gauge coupling unification and proton 
decay, valid for other choices of simple GUT group. 
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The SU(5) theory has 5 2 — 1 = 24 gauge bosons, which include the 12 SM ones and 
12 extra gauge bosons transforming as SU(2)i doublets and SU( 3) triplets, denoted by 
(X,t, K+), (X~, Y~), r — 1,2, 3. The SU( 5) symmetry can be broken to the SM group 
by introducing the “GUT-Higgs” scalars <$>24 in the adjoint 24 . It acquires a large vev 
(<J> 24 ) = diag (2v, 2v. 2v, — 3v, —3v) commuting with the SM group, which is thus unbro¬ 
ken, whereas the X, Y gauge bosons get masses M\ y — o'gut*-' 2 - 

Each SM quark-lepton generation fits nicely into a reducible SU(5) representation 5+10. 
For instance, fields in, e.g., the first generation can be written as 



(d c ,\ 


(0 t<2 Ml d\ \ 


d c 2 


0 Mj M2 d2 

5 = 

d 3 

e~ 

; io = 

0 M3 dj 

0 e+ 


V + / V 0 / 


( 1 . 12 ) 


where the 10 is displayed as a 5 x 5 antisymmetric matrix, whose lower triangle entries are 
ignored for clarity. As usual, we have taken all fermion fields left-handed, and our notation 
for the first family relates to (1.2) and Table 1.1 by d c — D l R , (v e , e~) = L l , u c — U R , 
(u, d) = Q\ , e + = £ r . The assignment (1.12) reproduces the correct SM gauge quantum 
numbers upon breaking SU( 5). Note also that the combination 5 + 10 is free of SU( 5) 
anomalies. 

SU( 5) unification has some interesting implications, holding also in other GUTs: 


• Charge quantization : The electromagnetic 1/(1) hm generator belongs to SU(5), and 
hence it must be traceless, Tr Qem — 0. This implies that, e.g., fermions in the 5 in 
(1.12) must have electric charges adding to zero, hence (Q,r = — i Q e - ■ This and a sim¬ 
ilar expression for u-quarks imply equality of the proton and electron charge, and thus 
that all charges are quantized, i.e. multiples of a basic unit. 

• Relationships among gauge couplings: As mentioned, unification into a simple GUT 

group implies a unique gauge coupling constant, leading to two relations among SM 
gauge couplings. At the unification scale the non-abelian couplings satisfy gj=g 2 - 
Standard hypercharge Y is realized in SU( 5) with an additional factor of -J3/5, to 
comply with the normalization tr = 1/2 in the fundamental representation. This 

corresponds to the GUT relation g 2 = (3/5 )g\. For the weak mixing angle we have 


sin 2 d\y 


Tr (T 3 2 ) 

Tr (G| m ) 


1/2 _ 3 
4/3 _ 8’ 


(1.13) 


where in the second equality we have taken traces in the fundamental representation 
and Qem = 73 + 7. These relationships apply at the unification scale A/gut, and pro¬ 
vide boundary conditions for gauge coupling running at lower energies according to 
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Figure 1.1 Dimension-6 contribution to the proton decay mode p —r e + 7t°. 


the RGE (1.9). Combining the equations for the three couplings, the relations among 
couplings at the EW scale Mw are 

—!— = ![—!- -LL+fc-V) , og !!fc he', 

ai(Mw) B 2n \ 3 ) Mw 

.7 3 5 / 3 \ Mq\j t 

sin 2 dw(Mw) = ~ + — “em(Mw) ( ^2 - 7^1 ) log ——. (1.14) 

8 167r \ 5 J M w 

Using, e.g., the first equation, the unification scale can be computed to be Mgut — 10 15 
GeV. The second then leads to the prediction sin 2 9y/ = 0.214±0.004, only in qualitative 
agreement with the experimental result 0.2312 ± 0.0002. In the supersymmetric case in 
Section 2.6.2 the result gets much better, with an almost perfect quantitative agreement 
with the experimental value. 

• Baryon number violation and proton decay. Since quarks and leptons live inside the 
same GUT multiplets, they can transform into each other by emission/absorption of the 
massive gauge bosons X, Y. This leads to baryon number violating transitions like the 
proton decay mode p —> 7T°e + in Figure 1.1. These transitions are suppressed by the 
large X. Y mass. On dimensional grounds, the amplitude scales as I / My. leading to 
a quite long proton lifetime r p ~ M^/m 5 p , where m p is the proton mass. A detailed 
computation yields r p _ > . 3r o e + ~ 4 x 10 29± 7 years. This is actually well below the super- 
Kamiokande experiment bound t p _ ) . 7 t o e + > 6.6 x 10 33 years, so the simplest ,ST/(5) GUT 
is excluded. However, in the supersymmetric version of this theory, proton decay through 
this kind of dimension-6 operator is more suppressed, as described in Section 2.6.2, so 
this variant of the theory is not ruled out. 

• Relationships among fermion masses: In the SM the fermion masses arise from three 
independent kinds of Yukawa couplings (1.4). In 51/(5) the SM Higgs doublet sits in a 
GUT multiplet in the representation 5 (along with a color triplet, to be made heavy as 
discussed in Section 2.6.2). There are only two kinds of Yukawa couplings, of the form 

4T - Y'ti Ho Wo H S + Y D.L H Wo "5 + h.c. (1.15) 

Hence there are relations between the Yukawas of charged leptons and D-quarks, Y l p) = 
Y[ J at the GUT scale. At lower energies, the Yukawa couplings run according to the 













8 


The Standard Model and beyond 


RGEs, and in particular the QCD loop corrections enhance the quark Yukawas compared 
to the charged lepton ones. The leading QCD correction, e.g., for the third generation 
yields 

m b (M w ) _ / ( ^ ^ 
m z (M w ) \a-i{M x )) 

where y = 8 is the quark QCD anomalous dimension coefficient. This result is in rea¬ 
sonable agreement with data for the third generation, but fails for the first two. The 
situation can be improved in more complicated GUT models involving additional Higgs 
multiplets, whose description is beyond this brief overview. 


1.2.3 SO(IO) GUTs 

For rank five there are only two compact simple Lie groups admitting complex representa¬ 
tions, SU( 6) and 5(9(10). The use of 5(7(6) for GUT model building is a simple extension 
of SU( 5) and does not lead to new remarkable features. On the other hand, 5(9(10) GUTs 
extend 5(7(5) in a more interesting way, leading to several genuinely new properties. 

A remarkable property is that one SM family of quarks and leptons fits neatly into a 
single 5(9(10) representation, the spinor representation 16, which is the lowest-dimensional 
complex representation of 5(9(10). For, e.g., the first family 

iAl 6 = ( v e , «i, M 2 , M 3 ; e~, d 1 , <+, dy d%, d 2 , d j, e + ; uu 2 , Mj, . 

The 16 actually contains an additional fermion, singlet under all SM gauge interactions, as 
is manifest in its decomposition under the 5(7(5) subgroup, 16 = 10 + 5 + 1. The extension 
of the SM by these singlets is aesthetically pleasing, since they can be regarded as right- 
handed neutrinos, completing the right-handed spectrum of leptons in analogy with that of 
quarks. Hence 5(9(10) GUTs predict the existence of a right-handed neutrino vr for each 
generation. Right-handed neutrinos may play a key role in the structure of neutrino masses, 
as described in Section 1.2.6. 

The group 5(9(10) has a maximal 5(7(5) x (7(1) subgroup, with the adjoint decomposing 
as 45 = 24+10+10 + 1. Unlike the 5(7(5) case, breaking of the gauge symmetry down to 
the SM group Gsm may proceed via an intermediate stage of partial unification. Different 
patterns are 

5(9(10) —► Gsm 

5(9(10) —► 5(7(3) x 5(7(2)£ x 5(7(2)j? x U(1) B -l — ► G SM 
5(9(10) —* 5(7(5) x (7(1) —* G S m 

5(9(10) —* 5(7(4) x SU(2)l x SU(2)r —> Gsm- 

The breaking of 5G(10) to the SM group requires not only adjoint scalars <J> 45 , but also 
extra scalars (j) \ (, transforming in the 16 in order to lower the rank. Models with direct 
SO(10) breaking down to the SM group lead to predictions quite similar to those of 5(7(5). 
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The intermediate step SU( 3) x 50(2)/ x 50(2)* x U (1 )b-l, with B — L denoting baryon 
minus lepton number, is often called the left-right symmetric model, and SU(4) xSU(2)l x 
50(2)* is known as the Pati-Salam model. These partial unifications are interesting even 
without resorting to an ultimate SOI 10) unification, although they fit nicely in the latter. 

The minimal embedding of the EW Higgs doublet is in a multiplet of scalars //io in the 
representation 10. It decomposes as 5 + 5 under 50(5), and actually contains two ordinary 
Higgs doublets (plus additional triplets). They are often denoted H„, Hj, since their vevs 
induce O- and D-quark masses. In the simplest 5(5(10) GUT model, there is only one kind 
of Yukawa coupling 

4 u °k 10) = Y ‘ j *16 K #10 + h-c. (1.17) 

This leads to a unification of Yukawas at the GUT scale, 

YU = Y% = if = If, (1.18) 

where Y v denotes the Yukawa coupling inducing neutrino Dirac masses, see Section 1.2.6. 
In particular, the relation for the third generation Y T = Yj, — Y, may be consistent with 
experimental data for very large tan/J = (//„)/(//,/) ~ 50 — 60. However, this simplest 
scheme with a single Higgs H \o does not quite work, since it implies Y'J = Yjj and hence 
aligned quark rotation matrices — V[*, and there is no CKM mixing. This improves in 
models where the physical EW Higgs field involves further 50(10) multiplets, like scalars 
in the 126, or involving non-renormalizable couplings. 


1.2.4 E 6 GUTs 

At rank 6, the only compact simple Lie groups with complex representations are 50(7) 
and Eg. Again SUIT) adds no essentially new feature, whereas the exceptional group E/, 
contains 50(10) x 1/(1) as a maximal subgroup, and does introduce some novelties. 

The lowest-dimensional non-trivial representation in Eg has dimension 27 and decom¬ 
poses under the 50(10) and 50(5) subgroups as 

27 = 16 + 10 + 1 = (10 + 5 + 1) + (5 + 5) + 1. (1.19) 

Thus the 27 contains one 50(10) generation, but also some extra non-chiral O-like quarks 
and E-like leptons. This relative abundance of extra fields is a shortcoming of E () GUTs. 

There are 78 gauge bosons decomposing under 50(10) as 78 = 45 + 16 + 16 + 1. 
The Eg gauge symmetry may be broken down to the SM by Higgs fields in the adjoint 
and the 27. The symmetry breaking may proceed also in various steps, for instance Eg -* 
50(10) x 0(1), but also the breaking 

E 6 —» 50(3), x 5U(3) L x 50(3)* -> G SM - (1.20) 

This intermediate step, in which the QCD symmetry is on equal footing with left-right 
symmetries, is sometimes called trinification. An Eg generation decomposes under (1.20) 
as 27 = (3, 3,1) + (3,1, 3) + (1, 3,3). 
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Although E 6 unification has in principle no compelling advantage over 5t/(5) or SO( 10), 
it arises in a simple class of heterotic string compactifications, constructed in Section 7.3.2. 


1.2.5 Flipped SU (5) unification 

There are proposals in which the unification gauge group is not simple. The most promi¬ 
nent examples are “flipped” 5t/(5) models, based on a SU( 5) x l/( 1) gauge group. In 
the breaking SU(5) x U (1 )x 51/(3) x .S'17(2) x U (l)y, the hypercharge generator is 
identified with the linear combination 

= lL21) 

where Y' is the diagonal 51/(5) generator, given by Qy> = diag (—2, —2, —2, 3, 3) in the 
5 representation. The flipped gauge group SU(5) x U(\)x may be embedded into 5(9(10). 
One quark-lepton generation fits into the reducible structure 

10i = (Ql,D r ,v r ), 5- 3 = (Ur, L), 1 5 = Er, (1.22) 


where subindices denote U (l)x charges. The name “flipped” is due to the particle content 
of the representations, related to the standard 51/(5) by flipping Ur - o - Dr, Er - o - vr. 
The symmetry breaking is obtained through scalars transforming as 

5_ 2 = (T, H d ), 5 2 = (T, H u ); <D 10l , (1.23) 


where T, T are color triplets with hypercharge ±1/3. Vevs for the 10, 10 along the hyper¬ 
charge neutral components trigger the breaking down to the SM group. The 5, 5 contain 
the EW Higgs doublets, plus color triplets T,T. 

The gauge symmetries allow for three independent kinds of Yukawa couplings 


T F.SU ( 5 ) 
^Yuk 


— Yo V'lOi ^10i^ 5 - 2 + Y U ^5.3^10,^52 + Y L 1 / f 5_3 ErH5_ 


h.c. 


Hence flipped 51/(5) models imply no unification predictions for quark and lepton masses. 
Also, since the GUT group is not simple, there is in principle no unification of the hyper¬ 
charge coupling with the remaining two. Despite these less appealing features, an advan¬ 
tage of flipped 51/(5) models is that they do not require large representations for GUT 
symmetry breaking. Since some large classes of string models cannot lead to adjoint 
scalars, flipped 51/(5) models provide an interesting possibility for unification in these 
string constructions. 


1.2.6 Neutrino masses, seesaw mechanism, and GUTs 

Non-zero neutrino masses require the introduction of additional ingredients beyond the 
minimal SM, namely right-handed neutrinos and/or a high scale of lepton number viola¬ 
tion. At energies below the EW breaking scale, neutrinos are electrically neutral singlets. 
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Table 1.3 Possible types of mass terms in the neutrino sector 


Type 

Term 

|AL| 

1 AT| 

Dirac 

m D i’LVR 

0 

1/2 

LH-Majorana 

M L v l v l 

2 

1 

RH-Majorana 

Mr VrVr 

2 

0 


There are three types of terms relevant for masses in the neutrino sector, classified according 
to their violation of lepton number L and hypercharge Y. and to their use or not of right- 
handed neutrinos, as summarized in Table 1.3. 

In analogy with quark and charged lepton masses, it is possible to produce neutrino 
masses from Dirac mass terms, by introducing right-handed neutrinos, i.e. singlets under 
all SM gauge interactions, with Yukawa couplings Y'f v' L v J R H. This mechanism preserves 
lepton number, but provides no explanation for the smallness of observed neutrino masses, 
or their essentially left-handed character. 

An alternative is to accept violations of lepton number at a relatively high scale M, lead¬ 
ing to effective Majorana mass terms for left-handed neutrinos at lower scales. In particular 
the dimension-5 Weinberg operator 

— viv', HH + h.c., (1.24) 

M ll 

which upon EW breaking produces left-handed neutrino Majorana masses of order 


M 


ij 

L 


hij(H) 2 

M 


(1.25) 


Assuming, e.g., hjj ~ 1, and M — 10 14 —10 15 GeV, neutrino masses fall in the ballpark of 
M ~ 0.01 — 0.1 eV, consistent with neutrino oscillation experiments. 

A natural implementation of the above idea is the seesaw mechanism. It arises when 
the theory includes right-handed neutrinos with a large Majorana mass Mr, and Yukawa 
couplings to left-handed neutrinos, leading to Dirac masses mo. Diagonalization of the 
neutrino mass matrix leads to a predominantly left-handed neutrino eigenstate, with very 
small mass ~ m 2 D / Mr, and a predominantly right-handed eigenstate, with very large mass 
~ Mr . The mechanism can be effectively regarded as generating an effective left-handed 
neutrino Majorana mass (1.25) with M = Mr, via the exchange of heavy right-handed 
neutrinos, as in Figure 1.2. 

The seesaw mechanism can be implemented in many models of BSM physics, but fits 
well within the idea of GUTs, since the expected scale of right-handed neutrino Majorana 
mass is relatively close to Mgut- In particular, 50(10) GUTs naturally contain right-handed 
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Figure 1.2 The exchange of a heavy right-handed neutrino gives rise to a seesaw contribution to the 
left-handed neutrino Majorana mass. 


neutrinos, as explained in Section 1.2.3. In the simplest SO( 10) scheme, their masses come 
from the non-renormalizable coupling, 

^44(0 (1-26) 

Here M* is some high scale, above the cutoff of the SCH 10) GUT theory (e.g. like the 
Planck scale), and <j>\^ is one of the GUT symmetry breaking scalars. Vevs {<j>\( t ) — Mq ut 
induce right-handed neutrino Majorana masses Mr ~ M^ UT /M*. For Mqjjt — 10 16 GeV 
and, e.g., M* = M p , one gets the right scale Mr — 10 14 GeV. 

A further appealing implication of the neutrino mass seesaw mechanism is a possible 
explanation for baryogenesis, and thus the observed baryon-antibaryon asymmetry in the 
universe. Indeed, out-of-equilibrium decay of relic right-handed neutrinos could have pro¬ 
duced a lepton asymmetry in the primordial universe. The latter is then transformed into a 
baryon asymmetry by SU{2) / instanton effects, which violate baryon and lepton number 
but preserve B — L. This mechanism for generating the observed baryon asymmetry in the 
universe is called leptogenesis. 


1.3 The SM line-tuning puzzles 

Grand Unified Theories are interesting extensions of the SM, with many appealing fea¬ 
tures, like charge quantization, and the remarkable embeddings unifying quarks and leptons 
into simpler multiplets. They also nicely accommodate the seesaw mechanism to gen¬ 
erate small neutrino masses. Finally, unification of gauge couplings works quite well in 
supersymmetric extensions of GUTs. 

On the other hand GUTs do not address a number of legitimate questions. For instance, 
the framework does not implicate the gravitational interaction, and its possible interplay 
or even unification with the gauge interactions. It also does not explain other properties, 
like the existence of three generations, thus undermining any potential explanation for 
the full structure of fermion masses and mixings. Focusing on more quantitative aspects, 
the SM poses several questions, which remain unsolved in GUTs, related to the idea of 
naturalness or fine-tuning. Physical systems often contain small parameters, which are 
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considered natural if the system develops a new symmetry when the parameter is set to 
zero. For instance, the smallness of fermion masses compared with any high-energy scale, 
like Mgut or M p , is naturally explained by chiral symmetry, i.e. independent rotations 
of left- and right-handed degrees of freedom. The SM however contains several parame¬ 
ters experimentally constrained to be extremely small, and for which no known symmetry 
exists within the SM, so they must be unnaturally fine-tuned, in the above sense. Their 
proper understanding/explanation may provide key hints of the nature of BSM physics, so 
we discuss them in turn. 


1.3.1 The cosmological constant problem and the anthropic principle 

In quantum field theory, vacuum energy is unphysical and can be shifted at will. When 
coupling to gravity, however, the energy-momentum tensor T pv gravitates and so does its 
vacuum value (T pv ) = —Vo gpv- This introduces a cosmological constant A cc . = Vo in 
Einstein’s equations 

R/j-v ~ \Rgnv = 87rG A r(7’ My } vac . = -SttGNVog^v, (1-27) 

where R pv is the Ricci tensor, and R = K p the scalar curvature. In the SM there are many 
physical contributions to the vacuum energy. For instance, in EW symmetry breaking the 
SM tree level Higgs scalar potential (1.3) has a value at its minimum Vo = — |/r | 4 /(4k) ^ 0. 
Similarly, there are other contributions from lower energies (e.g. the QCD condensates) or 
higher energies (e.g. possible GUT symmetry breaking phase transitions). In addition, there 
are loop corrections to the vacuum energy, which diverge quartically and lead to the theo¬ 
retical expectation A c c . ~ (M cu t 0 ff) 4 - The cutoff scale could potentially be as large as the 
Planck scale, so the naive expectation would be A c c . ~ A/ 4 ~ 10 112 (eV) 4 . 

On the other hand, cosmological measurements from supernovae redshifts and the 
WMAP satellite indicate the existence of a dark energy density, which, barring alternative 
explanations, corresponds to a vacuum energy density 

A c . c . — (10 —3 eV) 4 , (1.28) 

around 124 orders of magnitude smaller than the expectation for M cuto ff = M p , and still 
60 if M cuto ff is lowered down to the EW scale. Of course one can introduce a naked cos¬ 
mological constant Ao, and adjust the total to agree with observational data. However, 
this seemingly harmless shift hides a dramatic fine-tuning of widely different contributions 
at very different scales, which constitutes the cosmological constant problem. A related 
question is the coincidence problem, i.e. explaining the similar relative densities of dark 
energy and matter density at present times. This is particularly surprising since vacuum 
energy density does not dilute in time, whereas matter density does, so that dark energy 
has become dynamically important only in a recent epoch. 

The search for mechanisms to explain or avoid this fine-tuning is proving one of the most 
difficult challenges in theoretical physics, with many (unsuccessful) attempted solutions. 
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A possible explanation, attracting much attention in the last decade, is the proposal by 
S. Weinberg in 1987 of employing anthropic considerations to explain the smallness of 
the cosmological constant, as follows. Suppose Nature has the potentiality to scan through 
the possible values of the cosmological constant in different universes (or large regions 
thereof). Universes with cosmological constant of order the above naive expectations have 
an accelerated expansion too fast to develop structure formation by gravitational accretion. 
They thus have no galaxies, and not enough complexity to allow for the development of 
living observers to measure such cosmological constant. The correct expectation on the 
value of A c c is then that it would presumably have the largest possible value compatible 
with the existence of observers (us) to measure it. Interestingly, this upper bound comes 
relatively close to the observed value. This is particularly significant, since the argument 
and the prediction of A c c . was proposed by Weinberg well before any serious observational 
evidence of a non-vanishing vacuum energy in the universe. 

A possible dynamical realization of multiple regions of the universe scanning through 
different physical properties is the multiverse implemented by eternal inflation (see 
Section 16.6.1 for a brief discussion of inflation). In this type of inflationary model, large 
quantum fluctuations produced during inflation may locally change the value of the vac¬ 
uum energy (and other physical properties) in some regions of the universe. These expand 
into bubble universes which can host new bubble nucleation processes. This eternal self¬ 
replication of the universe leads to multiple bubble universes populating different values 
for the vacuum energy. 

Anthropic considerations are still controversial in the scientific community. In some 
ways they resemble Darwinian evolutionism, implying that some “fundamental” parame¬ 
ters in physics like A c c . are environmental, i.e. have a historical rather than fundamental 
origin. This is not a new situation in the history of physics, where certain parameters con¬ 
sidered fundamental at some point turned out to be environmental. An example is the solar 
system, where the number of planets and their orbits were once believed to be dictated 
by fundamental principles, e.g. Kepler’s attempt to relate the planets known in his days 
to the platonic solids, the five regular polyhedra; they are now understood as defining a 
particular solution of celestial mechanics (among many possible planetary systems) cho¬ 
sen by historical accident in the formation of the solar system, and with an anthropically 
fixed parameter, the Sun-Earth distance. The seeming naivety, from our vantage point, of 
Kepler’s approach should serve as reminder of the possibility of being incurring into anal¬ 
ogous ones in present times, and as reassurance to contemplate a possible environmental 
explanation of A c c . 

As discussed in Section 17.3, the anthropic solution to the cosmological constant prob¬ 
lem seems particularly well suited to string theory, since it seemingly admits an extremely 
large number of solutions populating a large range of possible values of the vacuum energy. 
In the above analogy, this set of solutions of the underlying string theory would play 
the role of possible planetary systems consistent with the underlying celestial mechanics 
theory. 
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1.3.2 The strong CP problem and axions 
The QCD lagrangian has a CP-violating piece of the form 

= 5 <L29) 

with F /£U = p pa Although this term is a total derivative, it contributes non-trivially 

in the quantum theory through gauge instantons (see Section 13.1.1) and hence relates to 
the topological structure of the QCD vacuum. The CP-violating character of (1.29) is man¬ 
ifest by recasting it as EB, in terms of the chromo-electric and magnetic fields. Naively 
one would expect 0 — gs — 1. However, such value would induce too large contributions 
to the CP-violating electric dipole moment of the neutron. The latter is described by the 
effective operator 

d n (nY5^uvFEM n ) > (1-30) 

where n denotes the neutron field. Its CP-violating character is clear in the non-relativistic 
limit, in which it reads a-E, with a the neutron spin and E the electric field. The exper¬ 
imental bound on the neutron electric dipole moment is \d n \ < 2.9 x 10 _26 e-cm, which 
in turn implies 9 < 10 -10 . This is at least 10 orders of magnitude smaller than the naive 
order one value, thus leading to the so-called strong CP problem. 

This fine-tuning problem hardly admits an explanation from anthropic considerations, 
since the value of the 9 parameter does not seem to play a crucial role in the potential devel¬ 
opment of complex life and observers in the universe. Fortunately, there are explicit particle 
physics dynamical mechanisms which can explain the smallness of 9 in a natural way. 

The most attractive proposal in this direction is probably the introduction of a Peccei- 
Quinn axion. This is a very light pseudoscalar field a(x) coupling to QCD as a 0-parameter 

£ “= 3 <L31) 

where f a is the axion decay constant. A simple realization of the axion and its cou¬ 
pling (1.31) is as a Goldstone boson of a so-called Peccei-Quinn symmetry, a global 
U (1 )pq with a mixed U (\ ) pq x SU{3) 2 anomaly, and spontaneously broken at a scale 
~ f a . Although the minimal SM does not admit such a symmetry, since its only global 
symmetries are B and it can be implemented in simple extensions, e.g. including one 
additional singlet scalar. The Goldstone boson character of the axion forbids any perturba¬ 
tive contribution to its scalar potential. On the other hand, QCD instantons create a periodic 
potential of the form 


V(a ) ~ 1 - cos(0 + a/ fa), (1.32) 

with a minimum at 9 + a/f a = 0 (mod 2nir), i.e. at a vanishing effective 0-parameter 
9 = 9 +a/f a . The mechanism thus leads to a dynamical solution to the strong CP problem. 
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The axion field acquires a mass m a — «?jr fn / fa, where m n and f n ~93 MeV are the 
pion mass and decay constant, respectively. There are strong astrophysical and cosmolog¬ 
ical constraints on the value of f a , 

4 x 10 9 GeV < f a < 10 12 GeV. (1.33) 

The lower bound is astrophysical, and arises from modifications of stellar evolution time 
scales due to energy loss by axion emission for smaller f a . The upper bound is cosmolog¬ 
ical, and arises from the overdosing of the universe due to energy stored in axions for too 
large f a . This latter bound is less reliable, and may be relaxed, e.g. by invoking the pos¬ 
sible existence of regions in the universe with an atypically low axion density, selected on 
anthropic grounds. For axions in the allowed range, the axion is very light, m a < 10 “ 2 eV, 
and couples very weakly to ordinary matter, with strength ~m q /f a , with m q some light 
quark mass. This type of axions are thus called invisible. These properties make invisible 
axions a possible candidate for cosmological dark matter particles. 

Many extensions of the SM (including GUTs) can include a spontaneously broken 
U (1)pq global symmetry, leading to invisible axion models. For instance, string theory 
compactifications produce natural axion candidates with the required couplings, as dis¬ 
cussed in Section 16.2. In these and many other BSM scenarios, however, a non-trivial 
to realize requirement of the axion mechanism is that QCD must provide the dominant 
contribution to the axion potential. 


1.3.3 The EW hierarchy problem 

In simple terms, the EW hierarchy problem is the question of the origin of the hierarchy 
Mw/Mp between the EW and the Planck scale. There are two aspects to this question: 
there is a physical question of the mechanism generating the two widely different scales, 
and a technical question of keeping their hierarchy stable against quantum corrections. 
Indeed, the EW scale is fixed by the SM Higgs vev, related by (1.3) to its squared mass p 2 , 
but the latter parameter receives huge quadratically divergent corrections from graphs like 
those in Figure 1.3, dragging it to the cutoff scale of the theory, as 

1 OL o 

Higgs — ^ A cutoff- (1-34) 

The cutoff scale A cuto ff could be as large as the Planck scale M p . Of course, it would 
be possible to choose the naked value of p 2 such that the renormalized value is of order 
M^. But this naively harmless shift actually hides a fine-tuning of many different loop 
contributions, with an incredible precision of, e.g., 10 -34 for A cuto ff = M p . Also, there are 
theories with a finite physical cutoff, like the string scale M s in string models, in which 
this correction is actually finite and generically huge. The hierarchy problem is then the 
question of maintaining the Higgs sufficiently light to trigger EW symmetry breaking, 
given that its natural value would be an ultraviolet scale of the theory, such as Mgut, 
M p , or M s . 
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Figure 1.3 Loop diagrams contributing to the mass of the Higgs doublet in the SM. 


The EW hierarchy problem lies at the heart of many proposals of BSM physics, since 
it points to the existence of new physics at the TeV scale to stabilize the hierarchy. Some 
proposed solutions are the following: 

• Dynamical generation by strongly coupled gauge sectors: The SM already contains 
examples of dynamically generated mass scales stable against any large UV scale M 
of the theory. For instance, the smallness of the masses of QCD bound states, like pro¬ 
tons, is explained by dimensional transmutation, as m p ~ Aqcd — exp[l /(b-\g^)]M, 
with bj, the QCD one-loop /3-function coefficient. 

The suggestion is to implement a similar mechanism at higher scales, and introduce 
a new gauge sector with strong dynamics generating the scale Mw, and reproducing 
the SM Higgs physics as its effective theory. A class of theories along this line are 
technicolor models, in which the EW scale is generated from a condensate of strongly 
interacting techniquarks which effectively plays the role of the Higgs field. This idea is 
quite attractive, although its explicit realization in specific models is somewhat contrived 
when trying to describe the observed quark and lepton masses and mixings. 

• Lowering the fundamental gravity scale: In this approach the fundamental scale of grav¬ 
ity is taken only slightly above Mw, to avoid large radiative corrections. The weakness 
of gravitational interactions is then due to the existence of extra dimensions, with a 
large volume diluting the gravity field, or with a strong redshift ( warping ) weakening 
its effects, as described in the next section. The hierarchy problem then becomes the 
question of dynamically generating large volume or warping in the extra dimensions, in 
a quantum mechanically stable way. In string theory both extra dimensions and warping 
appear naturally, as shown in later chapters. 

• Low-energy supersymmetry: In this approach the SM is extended to include one extra 
partner for each SM field, related to it by Af — 1 supersymmetry, a new symmetry relat¬ 
ing bosons and fermions. These extra particles and new interactions precisely cancel the 
quadratically divergent loop corrections to the Higgs scalar, and stabilize the hierarchy. 
This approach has the nice property of being perturbative, and quite predictive, providing 
a benchmark scenario to be tested at the LHC. We describe Af — 1 supersymmetry and 
its implications as a solution of the hierarchy problem in Chapter 2. On the other hand. 
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supersymmetry is a basic theoretical physics tool, and a key ingredient in string com- 
pactifications, including many realizing particle physics models. Hence, supersymmetry 
will be pervasive in this book. 

• Anthropic approach : One may contemplate the possibility that the ratio Mw/M p is 
environmental rather than fundamental, and could receive an anthropic rather than a 
dynamical explanation. Indeed, it could be argued that if the Higgs scalar is not light 
enough, it cannot trigger EW symmetry breaking and the resulting set of interactions 
does not allow for the development of complex systems required for living observers. 
The argument is however more uncertain and less convincing than for the anthropic 
bound on the cosmological constant, and moreover many parameters enter into the EW 
hierarchy problem, making any quantitative statement difficult. On the other hand, there 
are several plausible dynamical mechanisms, like the three mentioned above, to address 
the hierarchy problem, making the anthropic approach to this question less compelling. 
The exploration of the TeV scale by the LHC will provide a more definite take on this 
issue, since physical mechanisms explaining the EW hierarchy require BSM physics in 
that range, whereas the anthropic explanation does not. 


1.4 Extra dimensions 

The world as we observe it is four-dimensional (4d), it has three space dimensions plus a 
time dimension. However, it is conceivable that there are extra space dimensions, with 
a finite size too small to be resolved with the presently accessible energies. The idea of 
a fifth dimension was proposed in 1921 by T. Kaluza, and further elaborated by O. Klein 
in 1926, in an attempt to unify gravitational and electromagnetic interactions. The idea of 
extra dimensions was retaken around 1970-80 in the context of supergravity theories. The 
maximally supersymmetric 4d gravity theory, Af = 8 supergravity, considered at the time 
a serious candidate for a unified theory of all interactions, is related to 11-dimensional 
(lid) A f = 1 supergravity by Kaluza-Klein compactification of seven dimensions. This 
unification proposal in terms of lid supergravity, in its original form, was proven not 
viable by Witten in the early 1980s. The argument showed that higher-dimensional the¬ 
ories compactified on smooth manifolds cannot lead to 4d chiral fermions charged under 
non-abelian gauge interactions, unless both chirality and gauge interactions are already 
present in the higher-dimensional theory. Heuristically, the underlying reason is the fact 
that higher-dimensional spinor representations contain, when decomposed under the 4d 
Lorentz group, vector-like combinations of 4d Weyl spinors. The general no-go argu¬ 
ment rules out smooth compactifications of lid supergravity, and in general puts strong 
constraints on particle physics model building from higher-dimensional theories. 

In the last decades the idea of extra dimensions has been reconsidered for two main 
reasons. First, it is natural in string theory, which leads to lOd and lid theories, whose 
compactifications can however avoid the above no-go result, either due to the presence of 
higher-dimensional gauge bosons and chiral fermions (e.g. in heterotic string models), or 
by having them arise at special submanifolds in the compactification space (like D-branes 
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or geometric singularities). Second, it has been realized that the size of the extra dimensions 
could be much larger than previously thought, leading to new phenomenological scenarios 
potentially testable at the LHC. In this section we review this second aspect, as the first is 
extensively covered in later chapters. 


1.4.1 A fifth dimension 

In this section we introduce the Kaluza-Klein (KK) compactification of five-dimensional 
(5d) theories on a circle, and explain the unobservability of the extra dimension at low 
energies. The examples generalize to KK compactification of more dimensions. We focus 
on the simplest bosonic fields, scalars and gravitons, which suffice to illustrate these points. 
The discussion of chiral fermions in compactifications is postponed to their appearance 
within string theory in later chapters. 


Five-dimensional scalar field 

Consider a 5d free massless scalar (f> (a - m ), M = 0,... ,4, with action 

S 5 d,d, = J d 5 x( - d M <p), (1.35) 

where we omit a dimensionful coefficient required by dimensional analysis. We consider 
the theory on 4d Minkowski space times a circle, M 4 x S 1 . This is described by letting the 
coordinate y = x 4 have periodicity y ~ y + 2 tzR, and so 

y) = (fix' 1 , y + 2 jtR). (1.36) 


One can then expand the y-dependence in Fourier modes on the circle 

*(^;y) = £&(**y ty/ *. d-37) 

keZ 

Substituting into (1.35), and integrating over y we obtain 


= (2nR) 


J d 4 x - (2nR) ^ J < 


d 4 x ( d^kd'^t+-jpMt 


where </>£ = </>_£. This describes a 4d theory with a massless scalar cf >0 and an infinite tower 
of massive scalars, known as KK resonances, labeled by the KK momentum k, and with 
masses 


m 


2 

k 


R 2 ’ 


k = 1,2,3,... 


(1.38) 


At energies E 1 /R, only the zero mode cj >0 would be observable, so the effective the¬ 
ory is a 4d field theory with one massless scalar. The extra dimensions are unobservable 
at low energies, as their detection requires energies of order 1/R to access the tower of 
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Kaluza-Klein modes. It is easy to repeat the argument for a massive 5d scalar field with 
mass M, and show that the KK tower is shifted as m 2 k = M 2 + k 2 /R 2 , so there is no 
zero mode. 


Five-dimensional gravity 

Things become even more interesting if we consider the KK compactification of 5d gravity, 
and its relation to 4d gravity. Recall the Einstein-Hilbert action for 4d gravity 

S 4 d = ~~2 [ d 4 x^gR 4d , (1-39) 

where g = det(g /iv ), 1 /at| = M 2 /8tt and R 4d is the 4d scalar curvature. Consider now the 
5d gravity action 


Ssd 


Mi 


j d 5 xV^GR 5d , 


(1.40) 


where G = det (Gmn), with M, N = 0, 1, ..., 4, and R=,,i is the 5d scalar of curvature. 
Consider compactifying y = x 4 into an S 1 , and Fourier expand the metric, 


G M N(x*,y) = Ys G MN(x ll )e lky,R ■ (1.41) 

keZ 


As for the scalar field above, the 4d theory contains a set of massless particles and an 
infinite tower of massive graviton KK modes. The massless states turn out to be a 4d 
graviton g^ v , a vector boson A and a scalar er, whose relationship with the zero mode 
metric is given by 


(g;«) = 


- P a /3 


gfiv(x) + e a A ll A v 

e a A tu (x) 

\ e~ a A^x) 

e ~° J 


(1.42) 


The vector boson arises from the 5d metric mixed component A /L ~ G /l4 , and can be shown 
to have a (7(1) gauge invariance A /t A /t — 9 /; a inherited from local reparametriza- 
tions of S 1 , x 4 —>• x 4 + a(x /1 ). The scalar a, known as the radion, is a modulus field, 
i.e. a scalar with vanishing potential, whose vev is arbitrary and parametrizes a micro¬ 
scopic parameter of the configuration, in this case the S 1 radius via e -2cr / 3 ~ G 44 . This 
model underlies the Kaluza-Klein attempt to unify gravity and electromagnetism through 
an extra dimension. Compactification of higher-dimensional theories on spaces with a 
(possibly non-abelian) isometry group G leads in a similar way to a 4d gauge group 
G. However, attempts to realize the SM along these lines fails since the appearance of 
charged chiral fermions requires extra ingredients, as already mentioned. These will be 
present in string theory, however, where the SM interactions are realized by alternative 
mechanisms. 
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Figure 1.4 Brane-world matter localization. 


Substituting (1.42) into the 5d action (1.40), one gets a 4d action for the zero modes 

S° KK = M]nR f d 4 x^~g (R4d(8) ~ . (1.43) 

This includes the 4d gravity action, radion kinetic term, and gauge field kinetic term with 
er-dependent gauge coupling g 2 = expcr. Comparison with the 4d action (1.39) gives 

M 2 = 16j t 2 m]r. (1.44) 

This suggests the possibility to have a low fundamental 5d gravity scale M 5 (even down 
to the EW scale), and generate a large 4d Planck scale (1.5) by taking R large enough. 
This is not possible in this simple setup, however, since 5d gauge/matter SM fields would 
produce too light KK replicas, which should have already been observed. The low funda¬ 
mental scale is, however, phenomenologically viable in the brane-world scenario, and is 
reviewed next. 


1.4.2 Branes and large extra dimensions 

The brane-world idea is quite simple. In certain systems, non-gravitational degrees of free¬ 
dom like, e.g., the SM fields may be forced to live in a subspace of a full higher-dimensional 
spacetime. Such submanifolds are called branes, as they generalize the notion of a mem¬ 
brane embedded in a larger space. In order to lead to 4d Poincare invariance, the branes 
must span the observable 4d spacetime, but can be localized in (all or some of) the extra 
compact dimensions. On the other hand, gravitational interactions propagate throughout 
the full higher-dimensional spacetime, which is referred to as the bulk, see Figure 1.4. 

It should be emphasized that localization of gauge and matter fields on branes must 
follow from local dynamics, and hence not by the compactification itself, which is a global 
property of spacetime. There are some field theory systems which realize localization of 
matter fields on certain submanifolds. However, localization of gauge and matter fields 
is particularly easy to describe in string theory, where it occurs on the volume of certain 
dynamical extended objects known as D-branes, introduced in Section 6.1. 
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There are branes of different dimensionality, so branes spanning p spatial dimensions 
(plus time) are more specifically denoted p-branes. In some phenomenological applica¬ 
tions the SM fields are assumed to localize on a 3-brane. For such systems, the action splits 
into a 4d piece for the 3-brane volume, and a bulk piece in larger D-dimensional spacetime, 


3bi 


irane-world 


— ^brane T 3 b a Ik — J d ■^^-'brane T j 


d r/ibuik ■ 


(1.45) 


As in the previous section, 4d gravity arises from compactification of D-dimensional grav¬ 
ity. However, since localized gauge and matter fields are already 4d in the present 3-brane 
case, they are insensitive to the compactification. This has at least two interesting implica¬ 
tions: first, it is in principle easier to produce 4d chiral fermions, since they do not originate 
from the KK reduction of higher-dimensional fermions, which tend to lead to vector-like 
combinations as explained. Of course, the actual realization of chiral fermions is still a 
non-trivial requirement on the mechanism responsible for localization, and will be a use¬ 
ful guiding principle in brane model building in string theory. Second, there are no KK 
massive replicas for localized fields, e.g. the SM. Due to this key property, the brane-world 
scenario allows for very large extra dimensions, whose size is detectable only through their 
effects on gravity, and for which only mild experimental bounds exist. 

These two general ideas underly the large extra dimensions (LED) scenario, proposed 
in 1998 by N. Arkani-Hamed, S. Dimopoulos, and G. Dvali as a possible solution to the 
hierarchy problem. Consider a D — (4 +n) dimensional space with the SM fields localized 
on a 3-brane, so that (1.45) becomes 


S LED = \ -f“ 4x f d n yyr^GR { A+n)d + J d 4 Xy^gC S M, 


(1.46) 


where M and R( 4 + n )d are the D-dimensional Planck scale and scalar curvature, and G 
and g are the D- and four-dimensional metrics. The n extra dimensions parametrize a 
compactification space, whose detailed structure is not relevant at present, so we take the 
simplest case of compactifying all dimensions on circles of equal radius R. Performing the 
KK reduction of the gravity piece, we obtain a zero mode describing a 4d graviton, whose 
action picks up a volume factor from integration over the y-coordinates, generalizing (1.43) 

^M 2+n (2itR) n J d 4 XyfgRy. (1.47) 


Hence the 4d Planck mass is 


M 2 = 8tt M 2+n (2n R) n . (1.48) 

This equation shows that the fundamental scale M may be as small as desired, if the com¬ 
pactification volume controlled by R is large enough to reproduce the large 4d Planck scale. 
This leads to no observable effect on the localized SM sector. In a precise sense, gravity 
is diluted through the large internal volume, while gauge interactions are not, due to their 
localized nature. 
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SM brane 



Figure 1.5 The Randall-Sundrum 5d model of warped dimensions. 


In particular one may have M ~ TeV, so that there is no hierarchy between the EW and 
the fundamental gravitational scale, and thus no hierarchy problem in the traditional sense. 
The new avatar of the hierarchy problem is the need for a dynamical explanation of the 
large size R for the extra dimension, as compared to the fundamental length scale 1/M. 
A fully satisfactory answer requires extra dynamical ingredients. As discussed in Sec¬ 
tion 16.5, the LED scenario can be easily realized in string theory, which moreover includes 
extra dynamics allowing the detailed discussion of the volume modulus stabilization. 


1.4.3 Warped extra dimensions 

The above scenarios of extra dimensions implicitly assumed a factorized ansatz of the 
background spacetime metric, ds 1 — ri^dx^dx" + g„ m (y)dy m dy". This is, however, not 
the most general ansatz consistent with 4d Poincare invariance, since the 4d metric can 
be allowed to depend on the internal coordinates as g^ = f(y)r) liv , with f(y) known as 
warp factor. Warp factors actually arise in situations where branes are dynamical objects, 
with a finite tension T whose gravitational effect on the surrounding geometry may be 
non-negligible. 

A simple toy model of this compactification with warped dimensions is the 5d configu¬ 
ration considered by L. Randall and R. Sundrum in 1999. It is described by a 5d spacetime 
with the extra dimension of finite extent y e [0, L], which can be obtained by quotienting 
an S 1 of radius L/n by the Z 2 action y —> —y. There are two 3-branes at the loca¬ 
tions y — 0, L as shown in Figure 1.5, with tensions —T, T, namely the localized brane 
lagrangians are Ebrane = ± gT. They are termed the Planck and EW branes, because 
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the graviton zero mode naturally localizes on the former, while the SM (or at least the SM 
Higgs) is assumed to localize on the latter. 

One can show that in such a configuration the warped metric ansatz 

ds 2 — dx^dx v + dy 2 (1-49) 


solves the 5d Einstein’s equations with a 5d bulk negative cosmological constant A 


A = 


-24M 3 

r 2 


24 M 3 

with r = - 

T 


(1.50) 


where M is the fundamental 5d gravity scale. The bulk geometry is a slice of 5d anti- 
de-Sitter (AdSs) space, a fact enabling the use of the AdS/CFT correspondence (see Sec¬ 
tion 6.4) in the string theory realization of this scenario, see Section 14.1.3. 

The crucial point is that the 4d metric at the two brane locations is different, due to the 
redshift effect of the warp factor 


gnv(y = L) = e 2L,r gn.v(y = 0). 


(1.51) 


As a consequence, all mass scales on the brane at y = L are exponentially suppressed with 
respect to the natural scale on the brane at y = 0. The latter corresponds to the 4d Planck 
scale M p , since the 4d graviton is mainly localized around the y — 0 brane. Hence, if the 
SM (or at least the SM Higgs) is localized on the EW brane at y = L the Higgs mass is 
naturally of order 

»4 gg s - e~ 2L l r M 2 p . (1.52) 

For moderate L/r ~ 16, one gets MHiggs — TeV, leading to a solution of the hierarchy 
problem, in terms of the exponential redshift in the extra dimensions. Interestingly, the 
above mentioned AdS/CFT correspondence translates this geometric origin of the hierar¬ 
chy to the generation of scales by strong dynamics mentioned in Section 1.3.3, involving a 
4d (approximately) conformal field theory sector. 

Unlike the LED scenario, the Planck scale is of order of the fundamental scale M, since 

M 2 = 87 tM 3 f dye~ 2y,r = 4jzM 3 r(l - e~ 2L/r ), (1.53) 

1 Jo 

so typically M p ~ M. In the limit when L <£ r we reproduce M 2 ~ 8 tt M 3 L, the usual 
flat extra dimension result (1.44), (1.48), with the interval length L here playing the role 
of 2 j r R there. The phenomenology of warped compactifications, however, is very different 
from that of LED models. In particular, the KK replicas of the graviton have masses around 
the TeV, and may be produced at the LHC, e.g., a la Drell-Yan. 
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Supersymmetry (SUSY) is a symmetry which combines fermions and bosons into the 
same multiplets. It plays a crucial role in the structure of string theory, and in fact its first 
appearance as a symmetry in physics arose in trying to extend the bosonic string to include 
fermions. In string theory, SUSY guarantees the absence of divergences and of tachyonic 
scalars. Moreover, as discussed in Section 1.3.3, the simplest version of supersymmetry in 
four dimensions may provide a perturbative solution to the electroweak hierarchy problem, 
and thus is key to many proposals for physics beyond the Standard Model. For these rea¬ 
sons, most 4d string theory compactifications studied to date are supersymmetric, and lead 
to SUSY effective theories at low energies. 

In this chapter we review general results for 4d J\f = 1 SUSY and describe its possi¬ 
ble role in stabilizing the electroweak scale against radiative corrections. We review local 
supersymmetry, which leads to the inclusion of gravitation and gives rise to 4d Af = 1 
supergravity, which may play an important phenomenological role by mediating SUSY 
breaking. We also introduce the simplest SUSY extension of the SM, the Minimal Super- 
symmetric Standard Model (MSSM), for reference in future chapters. In addition, we 
provide a brief introduction to extended SUSY, which includes additional supersymme¬ 
try generators; although not of direct interest for particle physics, extended SUSY plays 
an important role in string theory, and actually appears in intermediate steps in explicit 
phenomenologically interesting string constructions. 


2.1 Four-dimensional Af = 1 supersymmetry 

Supersymmetry algebra 

Supersymmetry is a symmetry which relates bosons to fermions, i.e. schematically a SUSY 
generator Q acts as 

Q (fermion) = boson, Q (boson) = fermion, (2.1) 
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and so requires an equal number of fermionic and bosonic degrees of freedom. The simplest 
4d system invariant under SUSY is a free theory with a Weyl fermion 1 t//„ and a complex 
scalar <J>, whose action is 

S = J - ifa^d^f). (2.2) 

This system has a current which is conserved on-shell, i.e. upon use of the equations of 
motion. This so-called supercurrent is 

= (d v <s>*cr v a^) a , = o, (2.3) 

which implies the conservation of the (super)charges 

Qa = J d 3 xJ°, Qa = J d 3 xJ?. (2.4) 

These charge generators have the unusual properties of being fermionic and transforming 
as Weyl spinors under the Lorentz group - rather than scalars, as more familiar symme¬ 
try generators. Also their algebra is generated by anticommutation relations, rather than 
by commutators. Since both Q and Q are conserved, their anticommutator should be a 
bosonic conserved quantity. The only candidate is the spacetime momentum P^, necessar¬ 
ily contracted with er M to have the right spinorial structure. Indeed explicit computation 
leads to the (super)algebra 

{Qa,Qa} = (2.5) 

with other (anti)commutators vanishing 

{Qa, Qfi} = {Qa, Qp } = [Qa, Pp\ = [fid, Pp\ = 0- (2.6) 

Remarkably, Q a , Q<y are not generators of an internal symmetry, rather they intertwine 
with the Poincare algebra. In the following we focus on this 4d AT = 1 supersymmetry alge¬ 
bra. Extended supersymmetry, with J\f > 1 sets of generators Q l a , Qai, is briefly reviewed 
in Section 2.4. 


Superfields and superspace: chiral superfield 
In order to write down more general field theory actions, we are interested in realizing 
the supersymmetry algebra off-shell. This is achieved by using supermultiplets including 
additional auxiliary degrees of freedom, which eventually disappear on-shell, i.e. upon 
application of the equations of motion. The simplest supermultiplet is the chiral multiplet, 
which has the field content 


(<*>, F), 


(2.7) 


1 We use here a metric signature (—h + +) and the Weyl spinor notation of Wess and Bagger. Thus we have 2-component 
spinors with undotted and dotted indices i l/ a , \j/ a , transforming in representations (1/2, 0) and (0, 1/2) of the Lorentz group. 
A Dirac spinor contains two Weyl spinors, = (ij / a , x“), and a Dirac mass term reads i/ a Xa + i'aX 01 ■ Some useful 
identities are fx = = -> I'aX “ = = Xt -One also defines (oA) = (- 1 , a) and (oT,) = (- 1 , -a). 
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where F is a complex scalar auxiliary field. A SUSY transformation rotates the compo¬ 
nents <t>, //, F into each other. The infinitesimal transformation parameters, denoted 9 a , 
6a, are anticommuting fermionic quantities, since they transform fermions into bosons and 
vice versa. Adding a term \ F\ 2 to the action (2.2), one can check its invariance under the 
SUSY transformations 

<5 0 O = Jwf, 

8gf a = iV2(9 M <t>iT M 0)„ + V29 a F, 

8 e F = iV2(0ff%iA)- (2.8) 

With canonical mass dimensions [O] = 1, [i j/] = 3/2, we have [F] = 2 and [0] = —1/2. 

The systematic construction of 4d J\f = 1 supersymmetric actions is made simpler by 
introducing the notion of superspace and superfields. Superspace is a generalization of 4d 
Minkowski space (x°, x 1 , x 2 , x 3 ), on which Poincare transformations act, by including 
additional anticommuting spinorial coordinates 9 a , 9a, on which SUSY transformations 
act. Superspace is thus defined by the familiar four dimensions plus the extra fermionic 
dimensions, and is parametrized by coordinates (x 1 ', 9 a , 9a). The anticommuting properties 
of the fermionic coordinates imply, e.g., 

Of = 0 2 = 0 , 0102 = - 0201 , J d9a = 0 , J d9 a 9 a = ^- 0 <* = 1 (no sum). (2.9) 

Superfields unify the different components of a supermultiplet into a single mathematical 
object. They are defined as fields depending on the superspace coordinates. From (2.9) it 
follows that superfields have a finite power-expansion in the fermionic coordinates, thus 
leading to a finite number of ordinary fields, filling out supermultiplets. Superfields may 
be endowed with Lorentz indices. The simplest superfield is however that with no such 
external indices, i.e. the scalar superfield 

d?( X ^,9 a ,9a). (2.10) 


A general scalar superfield is reducible with respect to SUSY transformations, however. In 
order to extract its irreducible pieces, a useful strategy is to impose extra constraints. For 
instance, they can be introduced by using the SUSY covariant derivatives 


— gga + * a aa® ~ 


9 

df 6 


7^ 9 

7 ctd°U- 


( 2 . 11 ) 


Chiral scalar superfields are characterized by the condition i) (J O = 0, and turn out to 
contain the fields in the chiral multiplet (2.7). Concretely, the constraint is solved by the 
superfield structure 


0>(x, 0, 0) = O(y) + V29f(y) + 99F(y), (2.12) 


where y = x + i9o l ‘0 . Here and in the following, we abuse notation and use the same 
symbol for the superfield <l> and its scalar component. Thus chiral superfields do not depend 
explicitly on 0, and (2.12) is just the superfield finite power expansion in 0. Antichiral 
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superfields <t> + are similarly defined by the constraint D a <t> + = 0, and lead to the conjugate 
field content (<J>*, F*). 

Other superfields are defined by constraints not involving SUSY derivatives. For in¬ 
stance, vector superfields V(x, 0, 0) are defined by the reality constraint V = V /+ ; as we 
review below, they are the simplest multiplets containing gauge bosons. 


Supersymmetric actions for chiral multiplets 

Our initial example of SUSY action (2.2) for the chiral multiplet is a free theory, but 
clearly the interest in SUSY relies on its implementation in interacting theories. The con¬ 
struction of SUSY invariant lagrangians is very easy in terms of superfields, as we now 
describe for chiral superfields. The key point is that the chiral superfield component with 
the highest 0 power in (2.12) is an F auxiliary field, whose SUSY transformation (2.8) is 
a total derivative. Hence the 4d spacetime integral of the F-term (i.e. the 0 2 component) 
of any chiral superfield is invariant under SUSY. Since the product of chiral superfields 
(with the same chirality) yields another chiral superfield, the 4d spacetime integral of the 
F-term of an arbitrary polynomial of chiral superfields is SUSY invariant. In particular, 
the most general renormalizable supersymmetric couplings involving chiral superfields <I>, 
have the form 

C w = J d 2 0W(<J>i) + h.c. = J d 2 e(\h iik <S>i<S>j<S> k +\m ii <S>i<S>j + X i <S>^+ h.c. 

(2.13) 

The holomorphic function W (<t>,) is called superpotential, and integration over d 2 0 selects 
its F-term. Explicit integration over 6 yields the interaction terms for the component fields, 
which include Yukawa couplings and fermion mass terms 

1 dW ... 1 

£ F = ~2 90 a<T> + h ' C ' = ~ h ' J ~ 2 ml] fifj + h - c - (2-14) 

SUSY interaction terms can be generalized to superpotentials given by arbitrary holomor¬ 
phic functions of chiral superfields (defined by Taylor expansion). 

Canonical kinetic terms for chiral multiplets are described in terms of superfields by 

J d 2 0d 2 0<t>i + <t>i. (2.15) 

The SUSY invariance of this term is shown analogously. The product Oj 1- O/ is a real super¬ 
field; its expansion in 6, 0 has a 0 2 0 2 term (denoted D-term) whose SUSY variation is a 
total derivative, thus leading to a SUSY invariant term upon integration over 4d space- 
time. Explicit integration over 0, 0 in (2.15) produces the lagrangian for the component 
fields; it includes the kinetic terms for fermions and bosons, as well as terms ] F,j 2 for 
the non-propagating auxiliary fields. Using a coupling FjdW/d<t>j arising from (2.13), the 
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equations of motion F* = — (3W)/(33>,-) allow us to eliminate the auxiliary fields. This 
introduces a (so-called F-term) contribution to the scalar potential 


Ff(0,) = ^|F,| 2 = J] 

i i 


dw 

9 ^ 


(2.16) 


Altogether, the interactions for chiral superfields give rise to masses, Yukawa couplings, 
and a scalar potential, with coupling constants uniquely determined by the superpotential. 
This theory is known as the Wess-Zumino model. 

Very often the lagrangian obtained from a given superpotential is invariant under f/(l) 
global symmetries acting differently on the fermionic and scalar components of chiral mul- 
tiplets. This can be encoded as a (7(1) charge assignment to the superspace coordinates 
9, i.e. 


9 -> e~ iy 9, 3>; -* e a ‘ y <t>i, <t>+ e~ a ' Y <i>j. (2.17) 

Such continuous U (1) symmetries are called R-symmetries, denoted U (1) a* . Note that the 
(7(1) r charge of fermions exceeds that of scalars by one unit. R-symmetry constrains the 
superpotential to couplings satisfying JV (>i = 2. 

Vector multiplets and SUSY gauge interactions 
We now describe the introduction of gauge bosons and gauge interactions in SUSY the¬ 
ories. As already anticipated, gauge bosons are contained in vector multiplets defined by 
superfields satisfying the constraint V = V + . Their (off-shell) field content is 

(A. a ,AM>;C,x« f A0, (2.18) 

where we have omitted gauge indices. This multiplet is subject to a generalized gauge 
invariance mentioned below, which in the so-called Wess-Zumino gauge fixing allows 
to gauge away the fields C, y a , N. The remaining fields are a gauge boson A jl , a Weyl 
spinor X a in the adjoint representation, termed gaugino, and a real auxiliary scalar field D. 
Being in a real representation, the gauginos are often described as Majorana fermions. As 
mentioned later, these component fields are subject to standard gauge transformations. The 
vector superfield expansion in the Wess-Zumino gauge is 

1 -- 

V(x, 9 , 9) = —Go^OA^x) + i999X(x ) - i060X(x) + -06e9D(x). (2.19) 

In this gauge, V 2 = — ^9999A^A 11 , and V n — 0 for n > 2. The usual gauge invariant field 
strength F I1V can be shown to belong to a spinorial chiral superfield W a (i.e. DaW a = 0) 
defined in the abelian case as 

w a = -\bbD cl v, w & = -\ddd & v, 

4 4 


( 2 . 20 ) 
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and generalized in the non-abelian case to 

W a = ~^DDe~ v D a e v , Wa = -^DDe~ v D^e v , (2.21) 

where now V = T a V a , with T a the gauge generators. The first term in the 9 expansion of 
W a is the gaugino, W a = —iX a -(-. 

The kinetic terms for gauge bosons and gauginos, and their gauge interactions, arise 
from 

C = ^-Tr J d 2 6W ol W a + h.c. = Tr \F» v - iXa^D^X + ^D 2 ^ . (2.22) 

The interactions of a gauge multiplet V with a chiral superfield <t> are described by 

J d 2 6d 2 e<t> + e v <$>. (2.23) 

The terms (2.22), (2.23) are invariant under the following generalized gauge transforma¬ 
tions, with gauge parameters in chiral superfields A(x, 9) = T a A a (x, 9) 

<&(*, 9) -» e~ iA ®(x, 9), e v(x ’ 9 ’ e) -> e~ iA+ e v e iA , (2.24) 

with <t> transforming in some representation of the gauge group. For (7(1) vector multiplets, 
the gauge transformation reads 

V-+V + i( A-A+) (2.25) 

As announced, expansion in components shows that generalized gauge transformations 
restricted to the Wess-Zumino gauge yield ordinary gauge transformations, and that the 
physical fields t/r, <I>, and A 11 , X transform as usual under them. The term (2.23) includes 
kinetic terms for the chiral multiplet fermions and scalars, and their usual gauge invariant 
interactions with gauge bosons. In addition, it produces a linear term in the auxiliary fields 
D a , which together with the \D\ 2 term in (2.22) yields the equation of motion D a = 
—gO*7’ ( “ < f > ; , where i, j run over gauge indices. Here we have rescaled V —>■ gV in (2.23) 
to make the gauge coupling constant g manifest. Elimination of the auxiliary field leads to 
a (so-called D-term) contribution to the scalar potential 

Vo = J2\\ D °\ 2 = E (2-26) 

a a 

In addition, (2.23) contains gaugino couplings to matter fields of the form 

g(<t>*T a f)X a + h.c. (2.27) 

In some models the complete F- plus D-term scalar potential (2.16), (2.26) has flat direc¬ 
tions, parametrized by vevs for some field or combination of fields. Moving along flat 
directions parametrized by chiral multiplets with gauge charges can have phenomenolog¬ 
ical advantages in model building, e.g. to break too large gauge symmetries, or to give 
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masses to unwanted fields via Yukawa couplings. Flat directions associated to the singlet 
fields known as moduli are also ubiquitous in string compactifications, with their vevs 
encoding geometrical or other microscopic parameters of the model. 

Finally, for a (7(1) gauge field there is an additional SUSY invariant term that one may 
add to the lagrangian, the Fayet-Illiopoulos (FI) term 

Cm = % I d 2 0 d 2 ev. (2.28) 


The integration selects the 0 2 d 2 term, i.e. the auxiliary field D in (2.19), whose trans¬ 
formation is a total derivative, thus producing a SUSY invariant term upon 4d spacetime 
integration. The only effect of the FI term is to modify the (7(1) D-term scalar potential, 
which in a theory of chiral multiplets <£>/.. with (7(1) charges cp- reads 


Vu<x> = \\D\ 


2 


£_ 

2 


J2<ik\^k\ 2 + £ 

k 


2 


(2.29) 


Field dependent couplings 

In the above discussion we have considered the simplest SUSY actions for gauge and mat¬ 
ter multiplets. These can be generalized to SUSY actions including additional functional 
dependence on chiral multiplets. This situation is ubiquitous in supergravity and string the¬ 
ory models, as discussed in later chapters. Usually these chiral multiplets are singlets under 
all gauge interactions, as we assume in the following. 

For instance, it is possible to consider field dependent kinetic terms. Ignoring gauge 
interactions, they arise from the superspace term 

J d 2 9d 2 9K( <D, 0+), (2.30) 

where K (O, <t> + ) is a real function of the chiral multiplets, known as the Kahler potential. 2 

This provides a SUSY version of non-canonical kinetic terms of the form 
with 


3 2 K 

d&d$ J 


(2.31) 


It is useful to regard the complex scalars <!>' as coordinates parametrizing a complex mani¬ 
fold, and their kinetic term as a non-linear sigma model, analogous to that of pions in strong 
interactions. Manifolds admitting a metric which can be obtained from a Kahler potential 
(“Kahler metric” for short), as in (2.31), are mathematically known as Kahler manifolds. 
Canonical kinetic terms are obtained for K — <t>^“ <t> ( , with the Kahler manifold being just 
flat space. 


- In what follows, we use <i> and d>* (indiscriminately) to denote the scalar component of the superfield <£"*", or (abusing 
notation) even the whole superfield. 
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It is also possible to introduce field dependent gauge kinetic terms, with structure 



(2.32) 


where the gauge kinetic function /($, ) is holomorphic. Its expansion, see (2.52) later, 
produces a gauge kinetic term (Re f)(F /JjV F IJ ' v ) and an axion-like coupling of the form 
(Im f){F l j LV F IA ' v ). Such couplings will turn out to be relevant to address the strong CP 
problem in string compactifications, as we will discuss in Section 16.2. 

Finally, it is also possible to have field dependent FI terms, with structure 



(2.33) 


This concludes our summary of the structure of fields and interactions for J\f = 1 gauge 
theories coupled to matter chiral multiplets. 


Non-renormalization theorems 


As already suggested, SUSY theories enjoy remarkable ultraviolet properties, with cer¬ 
tain quantities protected from ultraviolet divergences. This in fact makes SUSY theories 
interesting to address the electroweak hierarchy problem. 

It can be shown that loop corrections necessarily have a superspace structure of the form 



(2.34) 


Namely, they are integrals over the whole superspace, i.e. corrections to D-terms. Since 
superpotential couplings are F-terms, i.e. involve integration over only half of superspace, 
they do not receive loop corrections, and hence the tree level superpotential is exact in per¬ 
turbation theory. On the other hand, D-terms like chiral multiplet kinetic terms do receive 
loop corrections, usually referred to as wave function renormalization. 

The non-renormalization result would seem to also apply to gauge kinetic terms (2.22), 
(2.32) as well. However, such terms can be shown to admit an alternative expression 
as D-terms, and so can receive corrections. These are nevertheless constrained, and the 
holomorphic gauge kinetic function in (2.32) can be shown to receive only one-loop correc¬ 
tions; however, physical gauge couplings are defined by rescaling chiral multiplets to have 
canonical kinetic term, and this introduces non-trivial corrections to the physical gauge 
couplings to all loops. 

2.2 SUSY breaking 

SUSY implies that all fields in a supermultiplet must have the same mass. In applications 
to particle physics, since SUSY partners of ordinary particles have not been observed, 
supersymmetry should be broken at an energy above the electroweak scale or higher. 
Supersymmetry may be broken either spontaneously or explicitly. In analogy with other 
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symmetries in particle physics, we may expect SUSY to be broken spontaneously, i.e. the 
lagrangian would be invariant under SUSY, but the vacuum state would not, that is 

Q a |0)/0. (2.35) 

In theories with global SUSY (as opposed to supergravity theories, in which SUSY is a 
local symmetry, see Section 2.3), the order parameter for SUSY breaking is not the vev of 
a scalar but rather the groundstate energy, as follows. From the anticommutation relations 
(2.5) we have 

H = P 0 = ^(QiQi + QiQi + QiQi + QiQi). (2.36) 

This is positive definite, leading to the bound for the groundstate energy 

(0|//|0> > 0, (2.37) 

which is saturated if and only if the vacuum is invariant Q a |0) = 0. Notice that this is 
consistent with the form of the scalar potential in the previous section, i.e. 

(0|H|0> = (0|V|0) = \ F ‘\ 2 + \° a \ 2 ^ 0. (2.38) 

i a 

Hence SUSY breaking requires non-zero vevs for some of the auxiliary fields, i.e. 
(0|F,j0) / 0 or/and (0|D fl |0) ^ 0 for some i, a. 

There is a SUSY version of the Goldstone theorem which implies the existence of a 
massless particle with the transformation properties of the broken generator. In SUSY 
breaking, the broken generator Q a is a fermionic spin-1/2 object, so the associated Gold- 
stone particle is a Weyl spinor, the goldstino x[rc, which is characterized by 

(Ol^dO) #0. (2.39) 

The goldstino is in general the fermionic partner of the non-vanishing F or D auxiliary 
fields breaking SUSY, or a combination thereof. We anticipate from Section 2.3 that in 
supergravity, i.e. local supersymmetry, there is a SUSY-Higgs mechanism in which the 
goldstino is eaten up by the spin-3/2 gravitino (SUSY partner of the graviton) and gets a 
mass. No massless particle is thus left. 

It is fairly easy to construct theories with spontaneously broken SUSY. A simple class are 
the O’Raifeartaigh models, which involve chiral multiplets only and exhibit F-term SUSY 
breaking. Consider, e.g., a theory with three chiral superfields A, B,C with a superpotential 

W = hAB 2 + MBC+fA. (2.40) 

The scalar potential is 

V = | hB 2 + /| 2 + |2 hAB + MC\ 2 + \MB\ 2 . (2.41) 

For M ^ 0, the three terms cannot simultaneously vanish and SUSY is spontaneously bro¬ 
ken. In this example the goldstino is a linear combination of the Weyl fermions in the 
model, the fermion partner of the non-vanishing F-term. 


34 


Supersymmetry 


A different class of models involve a £/(l) gauge interaction with an FI term. Consider 
the Fayet model, with two chiral multiplets A, B with opposite charges under a 1/(1) gauge 
symmetry, an FI parameter £ and a superpotential, W — MAB. The scalar potential is 

e 2 

V = \MA\ 2 + \MB\ 2 + —(|A| 2 - \B\ 2 + f) 2 . (2.42) 

Again, for M, £ ^ 0 the three terms in the potential cannot simultaneously vanish, and 
SUSY is broken. The model combines F- and D-term SUSY breaking, and the goldstino is 
a linear combination of the U{ 1) gaugino and the Weyl fermions in the chiral multiplets. 

These are examples of spontaneous SUSY breaking at the classical level. The scale 
of SUSY breaking in such models is given by the couplings in the superpotential and 
possibly the FI terms, and is hence put by hand in the system. In applications of SUSY to 
address the electroweak hierarchy problem, however, it is useful to consider mechanisms 
in which the scale of SUSY breaking Msb is hierarchically small compared to some large 
cut-off scale M* (e.g. the string scale), in a natural dynamical way. This is achieved by 
models of dynamical SUSY breaking, in which the scale of SUSY breaking is generated 
non-perturbatively, and is naturally small 

M sb - e- c/g2(Mt) M., « M*. (2.43) 

Theories with dynamical SUSY breaking at their global minimum exist, but typically are 
either strongly coupled (and hence not amenable to perturbative analysis) or cumbersome. 
On the other hand, there are very simple theories with unbroken SUSY at their global 
minimum, but with dynamical SUSY breaking at a local but meta-stable minimum. The 
latter are physically acceptable for particle physics applications if the meta-stable vacuum 
lifetime is longer than the age of the universe. An example of such meta-stable vacua in 
supersymmetric gauge theories is described in Section 15.7. 

A typical (although not completely general) problem of models with spontaneous break¬ 
ing of global SUSY is the rather generic existence of an unbroken R-symmetry of the type 
described in (2.17). Such R-symmetries forbid gaugino masses, and although they can 
be generated in loops, the models are generically problematic for particle physics phe¬ 
nomenology. However, this problem can be avoided in theories with field dependent gauge 
kinetic functions, as in Af = 1 supergravity models derived from string compactifications. 

A more direct way to break SUSY is to modify the action by terms breaking SUSY 
explicitly. Remarkably, this can be implemented without jeopardizing the nice ultravi¬ 
olet properties of SUSY theories, through the so-called soft terms, which break SUSY 
explicitly, yet do not reintroduce quadratic ultraviolet divergences. In particle physics 
applications, this allows to break SUSY while retaining the solution to the electroweak 
hierarchy problem. There is a finite list of terms that are soft in this sense: 

• Any dimension-2 operator, namely scalar mass terms of the following two types 

m 2 <t>*<J>, ;w 2 $th + h.c. 


(2.44) 
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• Gaugino Majorana mass terms 


MX a X a + h.c. 


(2.45) 


• Trilinear scalar couplings 


A' i j k &&-’& k + h.c. 


(2.46) 


The proposal of breaking SUSY explicitly by soft terms is naively rather ad hoc, unmoti¬ 
vated, and unappealing. However, as reviewed in Section 2.6.5, this structure of SUSY 
breaking soft terms appears naturally as the low-energy limit of theories with sponta¬ 
neously broken SUSY in local supersymmetry, i.e. supergravity theories, to which we turn 
in the next section. 


2.3 J\f = 1 Supergravity 


Up to now we have considered SUSY as a global symmetry, with constant fermionic 
transformation parameters 9 a , . Fundamental symmetries of Nature are local, so it is 

reasonable to consider theories with local supersymmetry, i.e. invariant under SUSY trans¬ 
formations with spacetime dependent parameters 9 a (x), (4(x). Since the SUSY algebra 
involves the generator of spacetime translations P^, the local version of SUSY contains 
general spacetime coordinate transformations, the invariance group of general relativity. 
Thus local Af—1 SUSY turns out to correspond to a supersymmetric version of gravity, 
known as J\f = 1 supergravity. The spin-2 graviton g /lv belongs to a gravity supermultiplet, 
which includes a spin-3/2 partner , the gravitino. The gravitino couples to the con¬ 
served supercurrent - such as (2.3) - so it is the gauge panicle associated to local SUSY 
transformations. 

The detailed construction of the supergravity action is beyond our scope, and we restrict 
to introducing a few relevant terms for reference in later chapters. Since 4d Af— 1 super¬ 
gravity is non-renormalizable, it should be regarded as an effective theory, with a derivative 
expansion and a ultraviolet cutoff, below the Planck scale M p . We review some ingredients 
of the two-derivative effective action of Af = 1 supergravity coupled to chiral multiplets 
and gauge fields. We use <t>* or <t> to denote the antichiral superfield <J> + , and 3/ = 9/3<t>,, 
3j = a/aof. 

The couplings of chiral multiplets <t>, are determined by a real Kahler function 
G(<t\, <t>*) defined in terms of the Kahler potential K and superpotential W as 


G(4>/, <*>;) = O*) + log | W(0,)| 2 , 


(2.47) 


where 


k\ = Sn/Mp. 


(2.48) 


The complete supergravity action is invariant under Kahler transformations 


K( ch/, $*) —» K(4?i, <F*) + F(cf>,) + F(4>*), 


(2.49) 
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with F(<t>,) an arbitrary holomorphic function of the chiral fields. This invariance is clear, 
e.g., for the Kahler metric (2.31). The F-term scalar potential is given by 

V F (<J>i, <t>*) = e K * K (K ij DiWD-W* - 3^|W| 2 ). (2.50) 

Also D, = di + (i), K) is the “Kahler derivative,” a covariant derivative with respect to 

(2.49), and K'' is the inverse of the Kahler metric (2.31) K : j = d, 9 7 K . The auxiliary field 

1 J J 

F l is given by 


F‘ = -e K * K/2 K iJ DjW*. (2.51) 

The gauge kinetic terms in 4d Af — 1 supergravity include holomorphic gauge kinetic 
functions /(<!>/) as in (2.32). The gauge bosons have kinetic and axionic couplings given by 

“(Re f)abF“ v F hflv - l -(lm f) ab F%F b ^, (2.52) 

with F fLV = ^e^vpa F pa . Also a, b label gauge factors, and we allow a non-diagonal f a b for 
U( 1) factors. Note that the FF term is no longer a total derivative term, as it is for constant 
/. The gauge interactions with chiral matter fields are obtained by replacing <f> + —> <P + e v . 
Then the D-term scalar potential has the form 

V D = i[Re r l ] ab [K i (T a y k ^ k ][Kj(.T b ) J k ^ k ]*, (2.53) 

where K[ = <), K , and i, j, k run over fields and their gauge indices. In the kJ —> 0 
limit, gravitational effects decouple and the effective action reduces to the global SUSY 
one discussed in the previous section. 

In principle one can consider the coupling to supergravity of a SUSY theory with a 
constant Fayet-Illiopoulos term. However, it turns out that this requires an exact unbroken 
global {/(1) symmetry. As explained in Section 17.1.4, global symmetries are expected not 
to exist in consistent quantum theories of gravity, so constant Fl terms cannot be present 
in the supergravity actions arising from string theory compactifications. On the other hand, 
string compactifications do produce effective supergravity actions with field dependent FI 
terms, associated to Stiickelberg masses for gauged U (l)’s, see Sections 9.5 and 12.4. 

We now turn to the issue of spontaneous SUSY breaking in supergravity. Consider 
SUSY breaking by a non-zero F-term for a chiral superfield, whose fermion field is the 
goldstino i]. The gravitino coupling to fermions in chiral multiplets has a term 


kaF^ct™^. 


(2.54) 
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A non-zero vev for the auxiliary field F triggers the super-Higgs mechanism, by which 
the gravitino becomes massive by mixing with the goldstino rj, which provides the two 
extra degrees of freedom to form a massive spin-3/2 particle. It is analogous to the stan¬ 
dard Higgs mechanism, just replacing Goldstone bosons by goldstinos and scalar vevs by 
auxiliary field vevs. From (2.54) the gravitino mass is of order 

m 3/2 ~ (2.55) 

In supergravity, the order parameters of supersymmetry breaking are the vevs for F- and 
D-auxiliary fields. However, in sharp contrast with global SUSY, supersymmetry breaking 
is not directly equivalent to the vanishing of the vacuum energy (or 4d cosmological con¬ 
stant). This is already manifest from the structure of the scalar potential (2.50) which is not 
positive definite. In fact there are theories with supersymmetric vacua of negative vacuum 
energy, thus referred to as anti-de-Sitter (AdS) vacua. 3 Conversely, there exist simple mod¬ 
els in which SUSY is spontaneously broken but the 4d cosmological constant vanishes. 
One such example is the Polonyi model, which contains a singlet chiral multiplet z with 
canonical kinetic term and a linear superpotential 

Wp = m 2 (fi + z), (2.56) 


where m, f> are constants. One can check that for = 2 — V3 there is a minimum at 
(z) = v/3 — 1, with vanishing vacuum energy but SUSY broken by F z ^ 0. In models like 
this one, with canonical kinetic terms and vanishing vacuum energy, the condition V = 0 
at the minimum relates the SUSY breaking scale and the vev of the superpotential, fixing 
the gravitino mass to be given specifically by 


IH3/2 = 



(2.57) 


If SUSY breaking proceeds through a non-vanishing vev for an auxiliary field D, there 
is also a super-Higgs mechanism, with the gravitino becoming massive by eating up a 
gaugino. 


2.4 Extended supersymmetry and supergravity* 

In this section we introduce the basic ingredients of theories with extended supersymmetry 
in 4d. Although their systematic analysis usually includes similar results in other dimen¬ 
sions and their relations via dimensional reduction, we restrict to the 4d case, and in later 
chapters quote results in other dimensions as needed. 

3 This is consistent with the existence of SUSY algebras involving the AdS isometry group (instead of the Poincare symmetry). 
We note in this respect that the de-Sitter isometry group is not compatible with SUSY, hence there are no supersymmetric 
de-Sitter vacua. 
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2.4.1 Extended SUSY and Af = 2, 4 supermultiplets 


Extended supersymmetry is defined in terms of Af sets of supercharges Q l a , Q J -, with 
I — 1, ..., Af, satisfying an algebra generalizing (2.5) 


{Q I a ,Q*j} = KaWj 


(2.58) 


Hence Af characterizes the number of supersymmetric charges, and the number of graviti- 
nos when coupling to gravity. The R-symmetry group of the algebra contains an SU (Af) 
symmetry acting on them. Since each spinor supercharge contains four real components, 
A"-extendcd SUSY theories are said to have AAf supersymmetries. 

The construction of supermultiplets is analogous to the Af —l case, although off-shell 
superfield techniques are more involved or simply non-existing. Extended SUSY theories 
have larger supermultiplets, and more restricted lagrangians. 

For 4d Af = 2 supersymmetry, the most familiar supermultiplets are: 

• The vector multiplet, containing a gauge boson A^, a complex scalar $ and two Majo- 
rana fermions A 1 , X 2 , all in the adjoint representation of the gauge group. It decomposes 
with respect to the 4d Af = 1 subalgebra as one vector multiplet and one adjoint chi¬ 
ral multiplet, for instance V = (A , l 1 ), <J> = (<t>, X 2 ) respectively. More generally, there 
is a family of Af = 1 subalgebras, determined by a phase <p, under which the precise 
components of these multiplets are (A^, X v ), (<J>, xj/V) with X v = A 1 + tan^A 2 , xj/'t = 
— tan (p'/f + X 2 . In the following we ignore such phases. 

• The hypermultiplet , containing two complex scalars Q, Q and two equal chirality Weyl 
fermions x/r a , xjr a (in conjugate representations of gauge and global symmetry groups). It 
decomposes as two 4d Af = 1 chiral multiplets (Q, xjr), (Q. i fr), in conjugate represen¬ 
tations. For pseudoreal representations, it is consistent to take ( Q, if ) to be conjugates 
of ( Q , i jr) to define a so-called half-hypermultiplet. 

• Inclusion of gravity is achieved by coupling to a gravity multiplet, with a graviton 

g^v, two opposite chirality gravitinos f /la , and a gauge boson A M , termed the 

graviphoton. 

The 4d Af = 2 effective action has completely decoupled kinetic terms for vector and 
hypermultiplets. The effective action for the vector multiplets is determined by the pre¬ 
potential J r ( < - 1>), a function holomorphic in the complex scalars in vector multiplets. The 
prepotential encodes the Af — 1 gauge kinetic functions and the Kahler potential for the 
adjoint chiral multiplet as 


Im 



(2.59) 


The kinetic terms for hypermultiplets define a metric, constrained by supersymmetry to 
satisfy certain geometric properties, known as hyperkahler (for global supersymmetry) or 
quaternonic Kahler (for supergravity), whose structure is not necessary for our purposes. 
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Vector and hypermultiplets interact via Af = 2 gauge interactions, which in Af = 1 language 
correspond to couplings of the form (2.23), and to a superpotential necessarily of the 
following form 


Wj\f~ 2 = Q®Q, 


(2.60) 


with gauge indices contracted. In Af = 2 SUSY gauge field theories, without coupling to 
gravity, it can be shown that the one-loop correction to the prepotential is exact in perturba¬ 
tion theory, although it receives non-perturbative gauge instanton corrections; the latter are 
encoded in a beautiful geometric construct, the Seiberg-Witten curve, whose discussion is 
beyond our scope. 

For 4d Af = 4 supersymmetry, the most familiar supermultiplets are: 

• The vector multiplet, containing one gauge boson ,4 /; , four Majorana fermions ). a , 

a = 0, .. ., 3 and three complex scalars <t>;, i = 1,..., 3, all in the adjoint representation 
of the gauge group. Under 4d AT —2 it decomposes as one vector multiplet (4, Ao, 
A.i, <t>i) and one adjoint hypermultiplet (<t> 2 . 3 * 3 , a 2 , A 3 ). Under 4d A f = 1 it decom¬ 
poses as one vector multiplet e.g. (4 ;J , ao), and three adjoint chiral multiplets <f>, = 
(4>i, A.i),i = 1.3. 

• Gravity is described via the gravity multiplet, containing a graviton, four gravitinos, six 
C7 (1) graviphotons, one complex scalar and four spin-1/2 fermions. 

At the two-derivative level, the action for a 4d Af — 4 super-Yang-Mills gauge theory is 
completely determined by the gauge group. Under decomposition into Af — 1 notation, the 
form of the superpotential is 


Wv =4 = Tr<t>i[0 2 , <J> 3 ]. 


(2.61) 


Remarkably, gauge theories with global Af = 4 SUSY are exactly conformal interacting 
4d field theories. This plays an important role in their S-duality, reviewed in Section 2.5.2, 
and in the simplest realizations of the AdS/CFT correspondence, in Section 6.4. 

For 4d Af = 8 supersymmetry, the smallest supermultiplet already contains a gravi¬ 
ton. The gravity multiplet contains a graviton, eight gravitinos, 28 U(l) gauge bosons, 
56 spin-1/2 particles, and 70 real scalars. Its action is most easily described as dimen¬ 
sional reduction of the lOd type II supergravities in Section 4.2.5, and we skip its discus¬ 
sion here. 


2.4.2 Central charges and BPS states 


Extended SUSY algebras admit generalizations of (2.58) including central charges Z IJ , 
defined as commuting with all operators in the algebra, as follows 
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with other (anti)commutator relations unchanged. Here the Z IJ are conserved charges, pos¬ 
sibly depending on parameters of the theory, and antisymmetric in their indices. Hence 
there are no central charges i n 4d J\f = 1 supersymmetry. We also define Zij — —Z ,J . 

Extended SUSY with central charges imply certain so-called BogomoFnyi-Prasad- 
Sommerfield (BPS) bounds on the spectrum of the theory, as we now illustrate using the 4d 
M = 2 case for simplicity. We choose a basis in which Z IJ = Ze 1J with Z real. Consider a 
massive particle of mass m in a sector of central charge Z. In the rest frame of this particle, 
the algebra reads 

{Q I a ,Q&j} = 2ma° & S I J , {Q I cl ,Q J p } = 2e aP e IJ Z , {Q &1 , Q $J ] = -26-^Z. 

Consider the following linear combinations, 

<*a = (a^) f = ^ L Qal±€ & p{a Q )^Q 1 p]. 

They behave as (fermionic) creation and annihilator operators, satisfying 

{a±, (af) f } = 2(m ± Z)8 a p. (2.62) 

They can be used to construct the particle supermultiplet by defining a lowest weight state 
|0) by a±|0) = 0, and building other states by application of the raising operators (a±)^. 
Since the left-hand side of (2.62) is positive definite, so must be the eigenvalues of the 
right-hand side, and we can derive a (BPS) bound on the mass of states in a sector of given 
charge Z: 


m > |Z|. (2.63) 

States saturating the bound are known as BPS states. They have the special property of 
being annihilated by certain linear combinations of the creation operators; for instance, a 
state |BPS_) with m = Z is annihilated by ( a ~)^, i.e. 

(Q&i - eipO^^Qp) |BPS_> = 0. (2.64) 

In other words, BPS states preserve a subset (in this case, one half) of the supersymme¬ 
tries. Since they are annihilated by certain creation operators, BPS multiplets have smaller 
number of states than generic non-BPS ones, and are known as “short multiplets.” Since 
the number of degrees of freedom cannot jump discontinuously, such multiplets remain 
BPS under continuous changes of parameters of the theory, e.g. the coupling constants. 
Consequently, the BPS mass formula m=\Z\ is exact, and robustly survives the inclusion 
of, e.g., quantum (or other) corrections. Such quantities can be regarded as protected by 
non-renormalization theorems associated to the extended supersymmetry. The supersym¬ 
metry preserved by a BPS state depends on its BPS phase, i.e. the phase of its central 
charge Z. This can be rotated to zero (as above) for any single BPS state, but relative BPS 
phases between different BPS states cannot be removed and measure the mismatch of their 
preserved supersymmetries. 
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The above arguments can be generalized to supersymmetry algebras in other dimen¬ 
sions, containing tensorial central charges; their associated BPS states correspond to 
extended objects. These will play a crucial role in understanding the non-perturbative struc¬ 
ture of string theory in Chapter 6, and in building type II orientifold compactifications in 
Chapters 10 and 11. 


2.5 Non-perturbative dynamics in supersymmetric theories* 

SUSY is a powerful symmetry which provides extra tools to analyze non-trivial dynamics 
of physically interesting systems, even beyond perturbation theory, as we briefly review for 
4d A f = 1,4 gauge theories. 


2.5.1 Exact results for 4d Af — 1 SQCD and Seiberg duality 

The constraints of holomorphy of the superpotential and the non-renormalization theorems 
in Section 2.1 have been successfully exploited to obtain non-trivial information on the 
low-energy dynamics of 4d M = 1 theories. This is illustrated by supersymmetric QCD 
(SQCD) theories. These are SU(N C ) gauge theories with Nf chiral multiplets (flavours) 
Q, Q in the fundamental and anti-fundamental gauge representations, denoted by □, □ 
respectively. We also take vanishing tree level superpotential. The non-anomalous global 
symmetry group is SU(Nf)L x SU(Nf)R x U(1)b x U(1)r, where U(1)b is “baryon” 
number symmetry, and U (1 )r is an R-symmetry, similar to (2.17). The gauge and global 
quantum numbers are given in the table below. 



SU(N C ) 

SU(N f ) L 

SU(N f ) R 

U(V)B 

U(1)r 

Q 

□ 

□ 

1 

1 

Nf—N c 

N f 

Q 

□ 

1 

□ 

-1 

Nf-Nc 

N f 


These theories have a rich pattern of non-trivial low-energy dynamics in different ranges 
of Nf, N c . For instance, global symmetries and holomorphy can be used to show that 
for 0 < Nf < N c there is a non-perturbative, so-called Affleck-Dine-Seiberg (ADS), 
superpotential 

/A 3 Nc-NfS^Wc-Nf) 

Wads = (N c - N f ) - , (2.65) 

V det QQ J 

where A is the SQCD scale of strong dynamics (e.g. confinement). For Nf = N c — 1 the 
superpotential can be understood as arising from a gauge instanton, see Section 13.1.1. For 
Nf < N c — 1 the result can be indirectly derived from (2.65) by giving masses to a number 
of flavours and integrating them out. The superpotential determines the vacuum structure 
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of the theories, as follows. For 0 < Nf < N c — I there is a runaway behavior for vevs 
of the “mesons” M = QQ, and there is no vacuum. In the Nf = 0 case, known as pure 
super-Yang-Mills (SYM), there are N c supersymmetric vacua, labeled by an /V r -root of 
unity a> Nc = 1, which determines the value of the superpotential at the confined vacuum, 

W S ym = «Y c A 3 . (2.66) 

This superpotential can be argued to produce a gaugino condensate {XX) — to A 3 , so J\f = 1 
SYM strong dynamics is often termed “gaugino condensation.” 

For Nf > N c the symmetry and holomorphy arguments imply an exactly vanishing 
superpotential, even at non-perturbative level. The dynamics is very rich, but we focus on 
a particular property, known as Seiberg duality. This is a proposed exact equivalence of the 
infrared dynamics of two different ultraviolet theories. The above SQCD theory, referred to 
as “electric” description, is proposed to have an equivalent or dual “magnetic” description 
in the infrared, in terms of SU(N f — N c ) SQCD with Nf “dual” flavours q, q, and singlets 
M, with gauge and global quantum numbers as given below: 



SU(Nf-N c ) 

SU{N f ) L 

SU(N f ) R 

U(1)b 

U(1)r 

q 

□ 

□ 

1 

N c 

N f —N c 

N c 

N f 


□ 

1 

□ 

N c 

N c 

c l 

Nf-N c 

N f 

M 

1 

□ 

□ 

0 

. Nf—N c 
N f 


and superpotential W — Mqq with color and flavour indices contracted. Although not 
proven, the proposed duality has a large body of indirect evidence supporting it. 

An interesting application of Seiberg duality is to provide a weakly coupled dual descrip¬ 
tion for the infrared dynamics of strongly coupled supersymmetric theories, as follows. For 
N c < Nf < t)N c the electric theory is strongly coupled in the infrared; in this so-called 
free magnetic phase, the magnetic theory is however weakly coupled in the infrared, and 
provides a perturbative description of the dynamics. The weakly coupled fields in the mag¬ 
netic theory can be regarded as composites of the electric degrees of freedom, essentially 
“mesons” M ~ QQ and “baryons” q ~ Q v ', q ~ Q Nc . This is a supersymmetric version 
of QCD hadronic duality, in which mesons and baryons provide a low-energy description 
of quarks and gluons. It is easy to show that the Seiberg dual of the magnetic theory is 
the electric theory. Hence, in the complementary range Nf > 3 N c , dubbed “free electric 
phase,” the electric theory is weakly coupled in the infrared (due to its too large num¬ 
ber of flavors), and provides a weakly coupled dual description of the magnetic theory, 
which is strongly coupled in that regime. In the intermediate regime 3/2 N c < Nf < 3 N c , 
known as the conformal window, both theories flow in the infrared to the same non¬ 
trivial interacting 4d conformal field theories, which does not admit a weakly coupled 
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description. The dual theories remain just two complementary ultraviolet descriptions of 
this system. 


2.5.2 S-duality in 4cl Af — 4 super-Yang-Mills 

The nomenclature “duality,” “electric,” and “magnetic,” in the previous section is moti¬ 
vated by regarding the above equivalence as an Af — 1 analog (or remnant) of electric- 
magnetic dualities for theories with Af — 2, 4 extended supersymmetry. In this section we 
briefly review the S-duality of 4d Af = 4 SYM theories with SU(N) group (ignoring its 
generalization to other gauge groups). 

Gauge theories with 4d Af — 4 SUSY enjoy an electric-magnetic duality symmetry for¬ 
mally analogous to that of Maxwell vacuum equations of motion. Writing the latter in the 
differential form language of Appendix B, they read dF — 0, cl * F — 0, and are invariant 
under linear transformations mixing F and *F. This symmetry is broken in the presence of 
electric charges since dF — 0 but d * F = j e , with j e the electric current 3-form. The sym¬ 
metry would be restored by the inclusion of magnetic monopoles, which exist in Maxwell 
electromagnetism only as singular (so-called Dirac monopole) solutions. Smooth semi- 
classical solutions exist however in non-abelian gauge theories with scalars in the adjoint 
representation, when the latter acquire vevs and break the gauge symmetry down to an 
abelian subgroup U(l) r . For instance, for SU(2) —»■ 1/(1), the monopole solutions are clas¬ 
sified by the second homotopy group of the broken generator coset YljiSU (fl) / U (\)) = Z, 
see section B.4. 

Gauge theories with adjoint scalars occurred naturally in Section 2.4.1 in vector multi- 
plets of extended Af = 2 or Af = 4 SUSY theories. In the presence of electric and magnetic 
charges, the equations of motion for the unbroken 1/(1) are 

dF = j m , d * F = j e , (2.67) 

where j e and j m are the electric and magnetic current 3-forms. Equations (2.67) have a 
manifest Z 2 symmetry F o *F, j e • o- j m , acting non-locally on the fundamental fields 
(i.e. the gauge potential) and exchanging electric and magnetic currents. It is actually a 
subgroup of a larger symmetry discussed later on. 

As described in Section B.3, electric and magnetic charges obey the Dirac quantiza¬ 
tion condition Q e Q m eZ, where a factor of 2tt relative to (B.29) has been absorbed in 
the charge definitions. Hence for electric charges quantized as Q e = gm with g being the 
gauge coupling and m e Z, magnetic charges are quantized as Q m — n / g with n e Z. Thus 
the Z 2 transformation exchanging electric and magnetic charges must act non-trivially 
on the gauge coupling constant as g —*■ \/g. It maps strong to weak coupling and vice 
versa, allowing to translate the strong coupling regime of the electric degrees of free¬ 
dom into a weakly coupled dual, in terms of the monopoles. This remarkable duality can 
however work only for very special quantum field theories, because a consistent non¬ 
trivial transformation of the coupling constant requires that it should not run at quan¬ 
tum level. This is precisely the case for Af — 4 SUSY theories, which as mentioned in 
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Section 2.4.1 are exactly conformal. The coupling constant is a marginal coupling, a fixed 
number not subject to running, on which the duality transformation can act consistently 
at any scale. Hence only Af = 4 theories implement the strong-weak coupling duality in 
the form presented above. Dualities in Af — 2, 1 theories have a more involved structure, 
and must account for transmutation of the running gauge coupling into a strong dynamics 
scale A. A further bonus of Af — 4 theories is that they contain BPS electric and magnetic 
monopole states. Even though the latter are constructed as semiclassical solutions, they 
are guaranteed to exist in the full theory, by the robustness of BPS multiplets explained 
in Section 2.4.2. 

Let us conclude by mentioning that in Af = 4 theories the above Z 2 duality symmetry is 
actually a subgroup of a larger SL( 2, Z) symmetry. Introducing the 0 angle in the complex 
coupling r = 9 + i/ g 2 . the duality acts as 

ax + b 

r -> -, with ad — be — 1, a, b, c, d e Z, (2.68) 

cr + d 

with electric and magnetic charges transforming as an SL( 2, Z) doublet. Although the sym¬ 
metry is classically SL( 2, R), only the discrete SL( 2, Z) subgroup is consistent with the 
general quantization condition (B.30), and survives in the quantum theory. 

The SL( 2, Z) duality symmetry of 4d Af — 4 SYM theories is actually closely related to 
duality symmetries in string theory, e.g. in Section 6.4, with the complex coupling r played 
by the complex dilaton modulus. The latter is often denoted S, hence motivating the name 
of S-duality for the duality of 4d Af = 4 SYM. Other usual terms are Montonen-Olive 
duality or strong-weak duality. 


2.6 Low-energy supersymmetry and the MSSM 
2.6.1 The MSSM fields and R-parity 

The non-renormalization of the superpotential in 4d Af — 1 supersymmetric theories im¬ 
plies the ultraviolet stability of scalar masses. This suggests the application of SUSY to 
address the electroweak hierarchy problem, as anticipated in Section 1.3.3, for SUSY 
extensions of the SM. These must be Af = 1 theories, since the supermultiplets of extended 
SUSY in Section 2.4.1 contain vector-like combinations of fermions, and necessarily yield 
non-chiral theories. The Minimal Supersymmetric Standard Model (MSSM) is the mini¬ 
mal such Af = 1 extension, and includes the SM particles (gauge bosons, quarks, leptons, 
Higgs doublets) and their supersymmetric partners (called gauginos, squarks, sleptons, 
higgsinos). Gauge bosons and gauginos fill out vector supermultiplets, whereas the lep¬ 
tons, quarks, Higgses and their partners belong to chiral multiplets. The particle content 
is summarized in Table 2.1, with the SUSY partners conventionally denoted with a tilde. 
Each particle and its partner transform in the same way under SU( 3) x SU(2 )/ x U (\)y 
since SUSY generators commute with the gauge generators. Note that there are two Higgs 
multiplets H u , H,j with opposite hypercharges. This is in fact the minimal setting required 
to generate masses to both U- and D-quarks and leptons; indeed, the only way for a single 
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Table 2.1 Particle content of the MSSM, classified by spin 
and supermultiplet type 


Vector 

S = 1 

Multiplets 

S = 1/2 

Chiral 

S = 1/2 

Multiplets 
S = 0 

g 

g 

qL,dR 

dL, qR 

W ± , W° 

l V ± , W° 

II > Ir 

h, Ir 

B 

B 

Hu, H d 

Hu, H d 


Higgs doublet H to produce all masses is to appear conjugated in the Yukawa couplings, 
thus violating holomorphy of the superpotential. Moreover, the higgsino fermions in a sin¬ 
gle Higgs chiral multiplet would introduce U (1) y anomalies, whereas in the MSSM they 
cancel among the two opposite hypercharge doublets. Thus the SUSY version of the SM 
essentially doubles the number of degrees of freedom, as dictated by the new symmetry; 
this can be regarded as amusingly analogous to the doubling of degrees of freedom by 
Dirac when introducing the notion of antiparticles! 

The minimal phenomenologically consistent superpotential of a SUSY version of the 
SM is given by 

Wmssm = Yjj Qi Uj H u + YgQiDjHa + + pH u H d , (2.69) 

where Q, U, D, L, E denote the chiral superfields containing the SM fermions in Table 
1.1, with subindices L, R dropped from now on. The superpotential (2.69) also con¬ 
tains an explicit Higgs mass term, called the pi-term. It is in general required to obtain 
a phenomenologically satisfactory EW breaking and Higgs spectrum. 

The above superpotential is not the most general one consistent with gauge invariance 
and renormalizability. There are other possible terms, of the form 

W R = X iJk Ui Dj D k + X ijk ' Qi Dj L k + X 1 *" L; LjE k + pfiL, H u . (2.70) 

The first of these terms violates baryon number in one unit, whereas the rest violate lep¬ 
ton number, also in one unit. The simultaneous presence of both types of terms leads to 
exceedingly fast proton decay, with lifetime of a few minutes. Note the sharp contrast with 
the non-SUSY SM, in which the most general renormalizable gauge invariant lagrangian 
automatically conserves both baryon and lepton numbers. 

The SUSY SM thus requires additional symmetries forbidding the above dangerous cou¬ 
plings. The simplest possibility is a Z 2 symmetry, called R-parity, under which the SM 
particles are even and their SUSY partners are odd. This symmetry forbids all terms in 
(2.70), and has additional phenomenological implications. For instance, SUSY particles 
must be produced pairwise in collider experiments. Furthermore, the lightest supersym¬ 
metric particle (LSP) is stable, since its decay into SM particles would violate R-parity. 
The LSP - typically a neutralino, linear combination of neutral gauginos and higgsinos. 
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see Section 2.6.4 - turns out to be a natural candidate to explain the dark matter density 
in the universe. Reasonable choices of MSSM parameters give rise to LSP cosmological 
abundances in agreement with cosmological dark matter density measurements. However, 
it turns out that in the simplest unified schemes like the CMSSM (see Section 2.6.3) there 
is a tendency to obtain an excess of neutralino dark matter; this excess may be depleted in 
certain regions of the parameter space of sparticle masses, like the so-called coannihilation 
region, see Section 2.6.3. 

It is worth mentioning that R-parity can be regarded as a discrete Z 2 subgroup of the 
U{\)b-l symmetry. This viewpoint is natural in left-right symmetric extensions of the 
SM, already mentioned in Section 1.2.3, in which U (1 )b-l is gauged. If the latter is spon¬ 
taneously broken by the vev of a scalar with B — L charge 2, there remains an unbroken 
(gauged) Z 2 symmetry, playing the role of R-parity. 

There are other possible choices of Z^ discrete symmetries ensuring proton stability, 
but allowing either B- or L-violating couplings. In these so-called R-parity violating mod¬ 
els the LSP is no longer stable, and SUSY particles may be singly produced. Also, dark 
matter particles should be provided by other candidates (e.g. axions). One simple exam¬ 
ple is the Z 3 baryon triality under which the chiral multiplets ( Q , U, D, L, E, Hd, H u ) 
have charges (1, or, a, or, a 2 , a 2 , a), a = exp 2:ri /3. This symmetry forbids dimension-4 
and 5 B-violating superpotential couplings but allows R-parity violating QDL, LEE, and 
LH U terms. R-parity and this triality are the simplest discrete symmetries free of mixed 
anomalies with the SM gauge interactions. 


2.6.2 The MSSM fields and unification 

One can easily construct SUSY versions of the Grand Unified Theories of Section 1.2, 
dubbed SUSY-GUTs. For instance, the multiplet structure for SU(5) SUSY-GUTs is shown 
in Table 2.2. The models require additional Higgs scalars <J >24 in the adjoint 24 (and their 
fermion partners O 24 ) in order to break SU(5) down to the SM. The usual Higgs doublets 
are contained in chiral multiplets H$, il 5 in the 5, 5 of SU( 5). 

The SUSY models retain many qualitative properties of their non-SUSY counterparts, 
but with relevant quantitative differences. For instance, gauge coupling unification im¬ 
proves as depicted in Figure 2.1. Numerically, it differs from the non-SUSY case in the 


Table 2.2 Field content ofSU(5 ) SUSY-GUTs 


Vector 

Multiplets 

Chiral 

Multiplets 

S = 1 

S = 1/2 

S = 1/2 

S = 0 

A ^ 

n SU (5) 

^SU( 5) 

(5 +10) 

(5 + 10) 



H 5 ,Hs 
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Figure 2.1 Qualitative picture of gauge coupling unification in 51/(5) Grand Unification, for the 
non-SUSY (dashed line) and SUSY case (continuous line). 


extra SUSY particle contributions to the running of gauge couplings. This increases the 
one-loop /3-functions, yielding 

3 

by — 3; b 2 =n H \ h=6 + -n H , (2.71) 

with n h the number of H„ + H c \ Higgs sets (tin = 1 in the minimal case). This produces 
two net effects, namely the increase of the unification scale to Mgut — 10 16 GeV (useful 
to suppress proton decay rates, see below), and the much better numerical unification of 
the three coupling constants (persisting at two loops with a few percent precision). The 
precise unification of gauge coupling constants when extrapolated from their observed 
low-energy values using SUSY extensions of the SM yields considerable support to the 
idea of low-energy supersymmetry. 

It is worth mentioning that the improvement in gauge coupling unification is mainly due 
to the SUSY fermion particles (gauginos and higgsinos) rather than to the scalars (squarks 
and sleptons), since the latter fill complete SU( 5) representations and do not contribute 
at one loop. Incidentally, this has motivated the so-called split SUSY proposal, in which 
scalars have very large masses (up to 10 9 GeV), while fermions remain light (around the 
TeV scale) and lead to approximate gauge coupling unification. In this scheme, SUSY does 
not play any role in solving the electroweak hierarchy problem, which must be addressed 
by other means. One possible signature of this idea is the existence of quasi-stable gluinos, 
whose decay may be observable at the LHC. 

Since the unification scale in SUSY-GUTs is larger than in non-SUSY ones, the pro¬ 
ton decay through dimension-6 operators of Section 1.2.2 has a very small rate, with 
x p-r 7 i l) e+ ~ 10 36 years. There are, however, new dimension five operators QQQL or UUDE 
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Figure 2.2 Diagram mediating proton decay via dimension five operators in SU( 5) SUSY-GUTs. 


in the effective low-energy superpotential, which constitute new sources of proton decay. In 
the SU(5) case they come from diagrams like the left half of Figure 2.2, involving exchange 
of a heavy color triplet higgsino (SU(5) partner of doublet higgsinos). Such operators can 
be dressed by further exchanges of gauginos or higgsinos as in the right half of Figure 2.2 
to contribute to proton decay. The dominant decay channel involves now kaons rather than 
pions, and for the minimal version of SU(5) one gets T p ^ K i 5 ~ (0.2 — 4) x 10 32 years, 
already excluded by the limits of order 6 x 10 32 years from the super-Kamiokande exper¬ 
iment; however, there are many other SUSY-GUT models with slightly modified Higgs 
sectors which are consistent with proton decay experimental bounds. 

The potential appearance of dimension five operators of the type discussed above is a 
general feature of many other SUSY extensions of the SM, besides SUSY-GUTs. A general 
lesson is that their role in proton decay can lead to strong constraints on specific models. 

Concerning the prediction (1.16) for the nib/m T ratio, there are two competing mod¬ 
ifications in the SUSY case. On one hand, now /I 3 = —3, y = 16/3, so the exponent in¬ 
creases, while on the other, aj(Mw)/oi 3 (Mx ) decreases; the net result is similar to the 
non-SUSY case. Detailed agreement with experiment, however, requires taking into 
account the top Yukawa contribution to the anomalous dimensions, and is only achieved 
for large tan ,6 = (H u )/(H d ). 

A generic problem of Grand Unification models which still persists in the SUSY case 
is doublet-triplet splitting, which is most simply illustrated in the SU (5) case. Recall that 
the Higgs sector contains an adjoint field O24 to break the GUT group, and fields H$, 
in the (5 + 5). The latter contain the electroweak MSSM Higgs doublets //„, H d , but also 
color triplets H3, H^. As described above, the latter can mediate proton decay, and hence 
must be very heavy. The model thus requires a large splitting between the light doublets 
and heavy triplets in the fl$, H$ Higgs multiplets. These masses are determined by the 
Higgs sector superpotential, which has the structure 

WsuSY-Higgs = MH S H- S + A5 F/j +24 Hs ■ ( 2 . 72 ) 

Once the adjoint vev (+ 24 ) = v diag (1, 1, 1, —3/2, —3/2) breaks the GUT symmetry down 
to the SM one, the doublet and triplet get masses 

«h ew = (AT - jk 5 u); m H} — (M + X 5 v). 


(2.73) 











2.6 Low-energy supersymmetry and the MSSM 


49 


The Higgs doublets can be made light at the price of fine-tuning M — + 0(M\y). In 

this SUSY version of the doublet-triplet splitting problem, such fine-tuned parameter rela¬ 
tions are preserved by renormalization, and are thus technically natural, but remain rather 
ad hoc and unmotivated. There are several proposed explanations for the origin of such 
relations, e.g. based on 5(9(10) GUT unification, with a particular choice of gauge sym¬ 
metry breaking. In theories with extra dimensions, in particular string compactihcations, 
there exist new mechanisms to address this issue. 


2.6.3 Soft terms and radiative EW symmetry breaking 

MSSM soft terms 

As explained in Section 2.2, in particle physics models SUSY must be broken, at some 
scale Msusy, presumably in the TeV range. On general grounds, it is not surprising that 
precisely the SM fields remain light while their partners get heavy, since the SM gauge 
bosons and fermions are protected by gauge symmetry and chirality, whereas their partners 
gauginos and scalars are vector-like and can get masses of order Msusy- 

Whatever the underlying source of SUSY breaking, its effects on the visible SUSY SM 
sector are efficiently parametrized as the soft terms introduced in Section 2.2. In the case 
of the MSSM, the soft terms are given by 

Ex = — ^ ' M a X a X a + h.c., 

a 

£,,,2 = —m 2 H/l \H e {\ 2 — m 2 H JH u \ 2 — m^.QiQ* — mf/.. Ui U* 

- m2 DlJ D ' D *i ~ - m 2 Eij EiE*, (2.74) 

Ca.b = -A^QiUjHu - Af/QiDjHd - A\- L\EjH d - B'H d H u + h.c., 

where Q, U , D, L, E, and //„, H d denote the scalar components of the chiral multiplets, 
and a, i label gauge factors and SM families, respectively. The above general lagrangian 
has many (concretely 107) new free parameters beyond those of the SM, seemingly spoil¬ 
ing the beauty of SUSY models. However, specific models of SUSY breaking have a 
drastically reduced number of free parameters, as discussed in Section 2.6.5. Furthermore, 
there are strong phenomenological constraints on them, in particular from the observed 
suppression of flavour changing neutral current (FCNC) transitions like K° «-»• K°. This 
forces the equal hypercharge squarks in the first two families to be almost degenerate in 
mass, \m 2 — < lOGeV 2 . The simplest way to satisfy FCNC constraints is to assume 

universal (i.e. family independent) SUSY masses for scalars. In Grand Unification Theories 
like SU( 5), one also expects unification of gaugino masses according to 

3 

My = M2 = —My = M, 


(2.75) 
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and also of masses for scalars in the same GUT multiplets; thus e.g. in an 5(9(10) GUT 
with flavour independence, we would have 

2 2 2 2 2 2 -■ r ~ic.\ 

niQ — mu = m D = m L = m E = m x 1. (2.76) 

In many GUT models the trilinear scalar terms are also universal and proportional to the 
Yukawa couplings. 


A v' = A?/ = Ah' =AyH’ D ' L . 


(2.77) 


One may also assume unification of the soft SUSY breaking Higgs mass parameters with 
those of the squarks and sleptons 






(2.78) 


although this is less motivated, even in the context of GUT models. 

In models with these relations, the number of free parameters in the low-energy lagrang- 
ian is reduced from 107 to just five independent parameters, namely 


M, m , A, B ', \jl. 


(2.79) 


The MSSM model with these extra assumptions is known as the constrained MSSM 
(CMSSM). 

In theories with a large fundamental scale, like GUTs - or later, string compactifications - 
relationships like (2.75), (2.76), (2.77), and (2.78) are high-scale boundary conditions. At 
lower energies their values evolve according to the renormalization group equations. For 
instance, gaugino masses evolve with energy as the ratio of coupling constants 

a, (a) 

Mj = (2.80) 

«GUT 

Radiative EW symmetry breaking 

A particularly relevant question is whether the Higgs scalar potential obtained from soft 
term SUSY breaking triggers appropriate EW symmetry breaking. The scalar potential for 
the neutral Higgs fields //'* d from the superpotential and soft terms has the form 


V H = ~(gi + gl)(\H° d \ 2 - 


I 2 ) 2 ' 


I 2 




(B'H"H" + h.c.), 


(2.81) 


where jir d — m 2 H + |/r| at the unification scale. As it stands, this potential does not 
trigger an appropriate 517(2) x 1/(1) breaking. Indeed, this requires a negative eigenvalue in 
the matrix of Higgs squared masses, i.e. — \B’\ 2 < 0. However, since = /i 2 > 0, 
this may only happen if n d — < \B'\ 2 , in which case the scalar potential is unbounded 

from below in the direction ( H r [) = (//„) —> oo. 

This is actually not a problem, since the existence of correct EW symmetry breaking 
must be established using the Higgs potential at EW scales, i.e. including the quantum 
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Figure 2.3 One-loop corrections to the H u (mass) 2 , controlled by the top Yukawa coupling yt. After 
SUSY breaking the negative contribution from the first diagram wins over the positive contribution 
from the second. 


corrections involved in running to low scales, as follows. Consider in particular the one- 
loop corrections to the masses of the Higgs fields. These include diagrams controlled 
by the Yukawa couplings of the Higgs field H u to the U-quarks and squarks, see Fig¬ 
ure 2.3. These corrections are clearly negligible except for those involving the top quark, 
which has a relatively large Yukawa coupling y t . With unbroken SUSY, the first diagram 
in Figure 2.3 leads to a negative quadratically divergent contribution which is exactly 
canceled by the second diagram. Once SUSY is broken, the squarks get masses and the 
second diagram is suppressed compared to the first, leaving an overall uncanceled negative 
contribution 
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(2.82) 


where the contribution is evaluated at a scale Qq. For large enough y t , i.e. a heavy enough 
top quark, this negative contribution may, at low energies, exceed the original positive con¬ 
tribution and trigger EW symmetry breaking. Similar diagrams exist for the Higgs field Hd 
but they are controlled by the bottom Yukawa coupling, and so give smaller contributions, 
which we ignore for simplicity. 

One may worry that similar diagrams correcting the squared masses of squarks like 
t, b could drive them to negative values, leading to minima breaking charge and color 
symmetries. However, for these colored scalars there are additional large and positive con¬ 
tributions from diagrams involving gluino loops, controlled by the large QCD coupling 
constant, which thus prevent SU(3) x U (1)em breaking. Also for this reason, squarks are 
in general heavier than sleptons. 

The resulting pattern of running masses for the Higgs scalar and the various SUSY 
particles of the MSSM is sketched in Figure 2.4. Hence the structure of the MSSM is such 
that quantum corrections produce the desired pattern of SU(3) x5(7(2)/ xil(\ )y symmetry 
breaking in a natural and elegant way. This mechanism, known as radiative electroweak 
symmetry breaking , requires a heavy top quark, e.g. m, — 70-190 GeV in the simplest 
constrained MSSM. The experimentally measured value of m t — 170 GeV thus fits quite 
well with radiative EW symmetry breaking in the MSSM; this is a remarkable success of 
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Figure 2.4 Qualitative view of the renormalization group evolution of the squared masses of MSSM 
scalar fields, from a universal value m 2 at a large scale. Squarks q are heavier than sleptons I due 
to large positive contributions from gluino loops. H u is dragged to negative squared mass due to the 
large top contribution, and triggers EW symmetry breaking at low energies. 


this mechanism, in particular given that at the time of its original formulation the existing 
theoretical prejudice was m, — 30-40 GeV. 

A more complete treatment of loop corrections makes use of the RGEs to run the soft 
terms down to low energies, producing a potential (2.81) for running couplings. In this 
description, /x 2 ^ ji 2 , at low energies, and the potential can trigger correct EW symmetry 
breaking. Minimization of the potential can be shown to give 


v 2 = 


2[/4 ~ ~ (/4 + M») cos 2/3] 

(g\ + s\) cos 2 P 


(2.83) 


where Vd, u = (H® u ) and sin2/J = 2\B'\/(p? d + pt 2 ), with tan/1 = v u /vd- The non-zero 
/f'-tcrm forces the two vevs to align such that the electromagnetic U (1)em remains unbro¬ 
ken. Using the W boson mass to fix v 2 = 2 / g 2 , the Z boson mass can then be expressed 
as a polynomial in p, and the SUSY breaking parameters. For instance in the CMSSM one 
obtains a quadratic expression 


M 2 o = cjM 2 + C 2 m 2 + C 3 1A | 2 + c^\p\ 2 + c^MA H-, (2.84) 


where c; = c/(y r , gi) are calculable coefficients. Thus the soft parameters and top Yukawa 
y, are constrained in order to obtain the correct experimental value for Mz ■ There are wide 
regions of parameter space in which this works. However, the LEP and Tevatron bounds 
have restricted so much the SUSY parameter space that certain small amount of fine- 
tuning, at the few percent level, is required. This is sometimes called the little hierarchy 
problem. 

We conclude this section by recalling some potential tuning problems of the MSSM with 
soft term SUSY breaking. There are several associated to flavour physics. For instance, 
as already mentioned, soft scalar masses of the first two generations should be family 
independent and diagonal to suppress large FCNC. Also, soft parameters can potentially 
lead to too large CP violation. Indeed, A, B', M, and p. are in general independent complex 
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parameters, with in principle no symmetry (or other) relation among their phases, and 
genetically lead to too large one-loop contributions to the electric dipole moment of the 
neutron. These constraints require such complex phases to be smaller than ~10 -2 , leading 
to important constraints on specific microscopic models of supersymmetry breaking. 

Finally there is the following so-called p problem. A phenomenologically correct low- 
energy Higgs potential requires the original superpotential (2.69) to contain a SUSY mass 
term p of the same order of magnitude as the SUSY breaking soft terms. Although this can 
be set ad hoc, there is no obvious reason why a superpotential parameter like p should have 
a scale similar to soft terms, which only appear after SUSY breaking. A number of solu¬ 
tions have been put forward to explain this relationship, e.g. the introduction of a singlet X, 
coupling as Wh = XH U H d , and getting a vev controlled by the SUSY breaking scale. This 
simple modification of the MSSM (which includes also an A 3 coupling) is called next-to- 
minimal SUSY SM (NMSSM). Another simple proposal is the so-called Giudice-Masiero 
mechanism, described in the context of gravity mediation models in Section 2.6.5. 


2.6.4 The sparticle spectrum 

For future reference we here list the supersymmetric particles ( sparticles ) appearing in the 
MSSM spectrum: 


• Gluinos: The fermionic partners of gluons get their mass only from the SUSY breaking 
Majorana mass term My in (2.74). As shown in (2.80) the running mass is proportional 
to the strong coupling ay so that the gluino is typically the heaviest gaugino in setups 
with universal soft terms. 

• Charginos: The fermionic partners of the W ± bosons and the charged higgsinos mix 
after EW symmetry breaking and have a mass matrix of the form 


(1V+, 


l My g 2 (H d )\ 
\gl{H u ) p ) 



(2.85) 


The off-diagonal terms are induced by (2.27) after replacing H ud by their vevs. There 
are two massive eigenstates, the two charginos /j^, whose masses are simple func¬ 
tions of M 2 , p and tan ft. 

• Neutralinos: The fermionic partners of IV 0 and of the hypercharge gauge boson also mix 
with the two neutral higgsinos. There are four eigenstates /j J 9 3 4 which are linear com¬ 
binations of those neutral states, and whose masses depend on the parameters M 2 , M\, 
p, and tan ft. The lightest neutralino y\ } is most frequently the lightest SUSY particle 
(LSP), and as we mentioned is a natural dark matter candidate. 

• Sfermions: Squarks and sleptons (sfermions) come, for fixed flavour, in two varieties 
denoted left and right, qL.R, Il.r, according to the character of the corresponding SM 
fermion partner. They have four different sources for their masses. The leading one arises 
from the scalar soft terms in (2.74), which do not mix left and right sfermions. A sec¬ 
ond contribution comes from the trilinear couplings and mixes left and right scalars; 
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the A-parameters are usually proportional to the corresponding Yukawa coupling, so 
the mass contributions are non-negligible only for third generation sfermions. A third 
contribution is proportional to M 2 ,, and is obtained from the scalar potential Vp> in 
(2.26), including sfermions and replacing the neutral Higgs scalars by their vevs. Finally, 
there is a SUSY contribution equal to the mass of the corresponding SM fermion, 
which again is non-negligible only for third generation sfermions. Most mass eigenstate 
sfermions are essentially of left or right type, except for stops, which experience large 
mixing from A-terms proportional to the top Yukawa coupling, and whose eigenstates 
are denoted t\ 2 . 

• Higgs scalars: The two complex Higgs doublets contain altogether eight scalars, three 
of which are the Goldstone bosons swallowed by the W ± , Z° gauge bosons. The other 
five degrees of freedom include one charged Higgs with a mass 

tn\]± = Mw + /x“ + (2.86) 

and two neutral scalars h, H and a pseudoscalar A with masses 

m 2 A = fil+tia, (2.87) 

m 2 h,H = \ (m A + M 2 z o Jm\ + M^ 0 - 4M 2 0 m 2 A cos 2 20^ . 

The spectrum of Higgses (and their couplings) are determined by two parameters, m A 
and tan ft. The above tree-level formulae lead to the bounds 

m> M\y; mt, < m A < /«#, (2.88) 

mu < M z o|cos2/3| < mn- 

The upper bound on the lightest Higgs h comes from the fact that the Higgs quartic self¬ 
coupling in the MSSM is given by the EW coupling constants, see (2.81). Thus at tree 
level nth < M z o in the MSSM, which is ruled out by LEP measurements; however, there 
are sizable loop corrections to these expressions from the large top Yukawa coupling, 
and diagrams like those in Figure 2.3 correct the lightest Higgs mass by 

9 3 99 d m h m h 

Sm h - T~2 v ~ y t sin /3 4 log-(2.89) 

4j r z mf 

Including loop corrections, the upper bound on the lightest Higgs scalar mass becomes 
mh < 130 GeV, which is compatible with LEP limits. Thus the Higgs sector in the 
MSSM should be tested eventually at the LHC. 

As already suggested by Figure 2.4, in unified models gluinos and squarks tend to 
be heavier than sleptons and charginos, and the lightest neutralino is often the LSP, see 
Figure 15.6 for an example of the SUSY spectrum. Squarks and gluinos should be copi¬ 
ously produced at the LHC. Squarks decay into quarks and charginos or neutralinos, q —> 
q + x± 2 , q q + or also into quark+gluino if the latter is lighter than the squark. 
Gluinos in turn decay into quark+antiquark and neutralinos (or charginos). In any event the 
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Hidden 

sector 


t -' 

Messengers 

Figure 2.5 Structure of SUSY breaking in a hidden sector, transmitted to the SM sector by messenger 
degrees of freedom. 


SM 


classical MSSM signature of SUSY particles at hadronic colliders is missing energy (from 
the unseen neutralinos), along with jets and leptons. The LHC at 14TeV should eventually 
be able to search for gluinos and squarks with masses well above 1 TeV. 


2.6.5 The origin of SUSY breaking soft terms 

As described in Section 2.6.3, SUSY breaking in the MSSM can be efficiently parametrized 
using soft terms. However, we would like to understand their origin, and if possible to find 
predictive constraints and/or relations among them. 

A first observation is that the SM fields cannot directly participate in a tree-level SUSY 
breaking model, of the kind introduced in Section 2.2, for the following reason. There is a 
general (tree level) constraint among boson and fermion masses, given by 

y, m /=o - 2 y m y=t /2 + ^ y =o. (2.90) 

This is in fact the equation ensuring the absence of quadratic divergences and hence is ful¬ 
filled even after soft SUSY breaking. Since SUSY commutes with electric charge, this 
expression holds separately for particles of a given charge. Thus, e.g., the sum of the 
D-squark squared masses cannot exceed 2m?, with mi, the /?-quark mass, clearly con¬ 
tradicting experimental sparticle bounds. 

A simple way to overcome this problem is to locate the source of SUSY breaking in a 
separate sector, termed hidden sector, and assume that SUSY breaking is transmitted to the 
SM visible sector by some mediating particles or interactions, the messengers, as sketched 
in Figure 2.5. Several mediation mechanisms have been proposed, the most popular being 
gravity mediation, gauge mediation, and anomaly mediation, reviewed next. 

Gravity mediation 

The minimal assumption for SUSY breaking mediation is that the gravitational interaction 
(plus possibly other Planck scale suppressed interactions) acts as the messenger, since 
gravity exists and must necessarily be present in any model. 
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To describe gravity mediation quantitatively, consider a prototypical structure, in which 
chiral multiplets split in two types, corresponding to the SM particles C“ and additional 
hidden sector chiral multiplets h m , with gravitational strength couplings to the SM. This 
arises in string theory models, with the hidden sector corresponding to diverse moduli 
fields. We assume that SUSY is spontaneously broken in the hidden sector by a non¬ 
vanishing vev for some auxiliary field(s) (F m ) ^ 0. The impact on the SM sector can 
be analyzed from the structure of the J\f = 1 supergravity action. The superpotential and 
Kahler potential can be expanded in powers of the SM fields, with the general form 


W = W(h m ) + \lJ^(.h m )C a C p + lYapyih^cPc^ + • • • , 
z o 


(2.91) 


K = K(h m , h* n ) + K„p(h m , h%)C* a C^ + 


-Z a p(h m ,h* m )C a C p + h.c. 


The bilinear terms pt a p and Z a p are often forbidden by gauge invariance in specific models, 
but are relevant for the Higgs //-term. As indicated, the coefficients K a p, Y a p y , /i a p , and 
Z a p in (2.91) may in general depend on the hidden sector fields. Similarly, the SM gauge 
kinetic functions are considered to depend on these fields. 

Spontaneous SUSY breaking produces a gravitino mass (2.55) 7713/2 — ( F m )/M p . Re¬ 
placing h m and F m by their vevs in the supergravity lagrangian, and taking M p -* 00 keep¬ 
ing 7713/2 fixed, one obtains SUSY breaking soft terms in the effective SM lagrangian, with 
typical scale 


m soft — rnp/i — 



For this to be in the TeV range, the hidden sector SUSY breaking scale is 


(2.92) 


F m ~ M w M p ~ (10 10 GeV) 2 . 


(2.93) 


It is now possible to obtain the specific expressions for all MSSM soft parameters in terms 
of the gauge kinetic functions f a and the quantities in (2.91), as follows (for simplicity we 
set tcJ 1 = M p /V^ = 1 in these formulae). The kinetic functions (2.32) produce masses 
for the canonically normalized gaugino fields 

M a = ] -(Re fa)- l F m dmfa- (2.94) 

The (still unnormalized) Yukawa couplings and mass terms relate to the superpotential 
couplings in supergravity by 


W _ ¥_A/2y 

aPY ~\w\ aPy ’ 

, W* jf/2 ^“07 

= ~\ W\ e '*~” 23 / 2Z “' 8 ~ ^ ° mZ a p - 


(2.95) 
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Expanding the supergravity scalar potential (2.50) in the SM fields, and assuming vanishing 
cosmological constant, one obtains 

Vsoft = m% p C*“cP + (^A' a p Y C a cPcy + ^ B' a pC a + h.c.) , (2.96) 

with 

mg p = ml /2 K sp - F m (d m d n K wp - d M K« y K^d n K Ip )F n , (2.97) 

W* ~ 

A a py — ^ F { K m Y a py + d m Y a p y 

- [K s Pd m Kp a Y S p y + + M y)]}, (2.98) 

W* ~ 

B'otP — ~^e K/2 { F' n [K m p a p + d m \l a p 

p \w\ 

- (K s ^d m Kp a p,sp + (a P ))] — m.T,/ 2 hi a p} 

+ ^ m 3/2 Zap — my/2F dmZ a p 

+ m 3/2 F m [d m Z a p - ( K s Pd m Kp a Z S p + (a ^ p))] 

- F W F n [d m d n Z ap - ( K s Pd n Kp a d m Z S p + (a ^ /)))]. (2.99) 

Here K a P is the inverse of the Kahler metric K ap for the visible sector matter fields. We 
thus see that spontaneous supersymmetry breaking in supergravity induces SUSY breaking 
soft terms of the type discussed in Section 2.2. 

Note that the Kahler metrics K^p, K mn of observable and hidden sectors may in gen¬ 
eral be non-diagonal. Upon normalization of the fields to get canonical kinetic terms, the 
first piece in (2.97) leads to universal diagonal soft masses, but the second piece generi- 
cally induces off-diagonal contributions. These off-diagonal contributions can lead to too 
large, and thus phenomenologically problematic, FCNC transitions in the SM. Happily, as 
described in later chapters, string compactifications often lead to diagonal metrics K^p, i.e. 

Koip{h m , h* m ) = hpK a {h m , h* n ). (2.100) 

Some simplifications take place in this diagonal metric case. In the MSSM, the Kahler 
potential and the superpotential have then the form 

K = K(h m ,h* m ) + K a (h m , /4)C*“C“ + [Z(h m , h*JH u H d + h.c.], (2.101) 

W = W(h m ) + ii(h m )H u H d 

+ t Y u( h m)Q H u u + Y D (h m )QH d D + Y E {h m )LH d E], (2.102) 

families 
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where C a = Q, U, D, L, E, H„, H c \ in the first line, and for notational simplicity we have 
taken diagonal Yukawa couplings, Y a p y = Yu, Yp>, Ye, in self-explanatory notation. The 
SUSY breaking soft terms in the effective action now read 


with 


1 


£soft = ~(M a X a X a + h.c.) - m 2 a C* a C a 


~ (^A aPy Y a p y C a C fi C y + BTiH u H d + h.c.') , (2.103) 


M a = -(R ef a r l F m d m f a , 

m 2 a = my 2 ~ F m F n dwd n log K a , 

A afi y = F m [K m + d m log Y®> y - d m log (K a KpK y )] t 

' W* 


B = 'pr 1 (K Ha K Hd r 1/2 

- dm log (K Hu K Hd )) - W 3 / 2 ] 


—e K/2 pt[F m (K m + d m log m 
\W\ 


+ 2mj /2 Z - m3/ 2 F m d M Z 
+ m 3/2 F m [dmZ - Zd m log {K Hu K Hd )] 

-F m F n [dmd n Z - dmZd n log (K Hu K Hd )] 


(2.104) 

(2.105) 

(2.106) 


(2.107) 


Here C“ and /," are the canonically normalized scalars and gauginos respectively 

C“ = Kl /2 C a , X a = (R ef a ) l/2 X a . (2.108) 


Also, we factored out the rescaled Yukawa coupling and /i parameter in the A and B terms 

Y a p y = Yl°^e K ' 2 (K a KpK y r 1/2 , (2.109) 

— e K/2 d + my 2 Z - F m dmZ\ {K Hu K Hd )~ l l 2 . (2.110) 

These expressions look rather complicated, but in specific models actually give rise to very 
compact expressions for the predicted soft terms. One example is the scheme often called 
minimal supergravity, in which the kinetic terms of matter fields are canonical (K a a = 
S a p). Assuming further that the Yukawas and /i-tcrm are independent of hidden sector 
fields, and Z = 0, it yields the very simple boundary conditions 

ml = my 2 , B = A — m 3 / 2 . (2.111) 

In this simple scheme the scalar masses are automatically universal. As shown in later 
chapters, in string compactifications the SM fields do not have canonical kinetic terms, and 
this kind of simple structure does not arise. Nevertheless, many specific models lead to 
other equally simple soft term relations, see Section 15.5.1. 
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Figure 2.6 Structure of gauge mediated SUSY breaking. 


One interesting aspect of gravity mediation is that, as observed by Giudice and Masiero, 
there is a simple solution to the //-problem. Indeed, (2.110) shows that even if /x = 0 in 
the original lagrangian, a physical //-term is generated if Z ^ 0. This fi term is naturally 
of the order of the other soft terms, thus solving the //-problem. 


Gauge mediation 

In gauge mediated SUSY breaking (GMSB) the leading mediators are the SM gauge 
bosons and gauginos. To better illustrate some of the general features of this scenario, let us 
introduce a simple “minimal” model of GMSB, depicted in Figure 2.6. It contains a singlet 
chiral multiplet X, with ( X ) / 0 and breaking SUSY by (Fx) / 0. This singlet couples 
to new heavy vector-like messenger fields with SM quantum numbers, taken in complete 
SU( 5 ) representations to preserve one-loop gauge coupling unification, e.g. 5 + 5. These 
transmit SUSY breaking to the SM via their gauge interactions, so that SM gaugino masses 
appear at one loop, and scalar masses at two loops, via diagrams as in Figure 2.7. Their 
orders of magnitude are 


M a 


Uq Fx . 
4 t r (X)' 



( 2 . 112 ) 


with C a the quadratic Casimirs of SM gauge factors. Hence, soft terms of the order of the 
electroweak scale require Fx/{X) — lOOTeV. In this case the LSP is a very light grav- 
itino, with m ^/2 — 10 — 100 eV, and supergravity contributions to soft terms are negligible. 
Typically the next-to-lightest SUSY particle is a neutralino or a charged slepton. The stan¬ 
dard experimental collider signatures for this scheme are processes with missing energy 
plus photons. In certain models the NLSP is long-lived and may decay inside the detector. 

A rather generic problem of the simplest GMSB models is the difficulty in getting 
appropriate B and // parameters. In some models they may arise through certain one-loop 
diagrams, but are two orders of magnitude larger than the soft scalar masses, which arise at 
two-loops and are more suppressed; the resulting scalar potential does not lead to consis¬ 
tent EW symmetry breaking. There are, however, generalized versions of gauge mediation 
in which these phenomenological problems are improved. On the other hand, the great 
















Figure 2.7 Diagrams generating SM soft terms in models of gauge mediation, with messengers 
denoted by T. (a) One-loop diagram producing gaugino masses; (b) two-loop diagram producing 
sfermion masses. 


virtue of gauge mediation is that contributions to FCNC are very small, since gauge trans¬ 
mission is flavour-blind and renormalization effects are small due to the low microscopic 
SUSY breaking scale. 


Anomaly mediation 

In analogy with gravity mediation, this mechanism is based on SUSY breaking in super¬ 
gravity, but assumes that the original action presents sequestering, i.e. it does not contain 
Planck mass suppressed couplings of hidden sector fields to the SM. The key observation is 
that despite sequestering, there always exists a class of one-loop soft terms appearing for all 
SM particles. They are due to a conformal anomaly, which arises because logarithmically 
divergent radiative corrections introduce a mass scale. The attractive aspect of anomaly 
mediation is that it is quite independent of the ultraviolet physics, and is determined by 
the one-loop properties of the low-energy effective theory, in particular the /^-functions 
and anomalous dimensions yy of the SUSY SM. More explicitly, the soft terms have the 
structure 


M a = — WI3/2, 

ga 

1 (d Yf 
f 4 V dg 

A 

Ay = —m 3 / 2 , 


= -7 ( ~tr~Pg + I m 


dr 


‘3/2’ 


(2.113) 


where Y denotes the corresponding Yukawa coupling. Note that soft terms are of order 
(a/ 47 r)w 3 / 2 , and one finds that gaugino masses are not universal but rather satisfy ratios 
Mi : M 2 : M 3 = 2.8 : 1 : 7.1 at the EW scale. This implies that the LSP is typically the 
neutral W gaugino (wino) and there is a relatively light chargino. 
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Besides its insensitivity to the ultraviolet, another appealing feature of anomaly media¬ 
tion is its generic pattern of degenerate squark masses, thus suppressing unwanted FCNCs. 
On the other hand, although anomaly mediation contributions are always present, it is dif¬ 
ficult to construct explicit supergravity/string scenarios in which they are dominant; it is 
indeed hard to construct models where all singlet chiral multiplets (e.g. the moduli in string 
models) are sufficiently decoupled from the observable sector. Finally, a phenomenologi¬ 
cal problem of anomaly mediation is that (2.113) leads to negative slepton squared masses, 
since their relevant /3-functions are positive. This renders the simplest anomaly mediation 
models not viable. On the other hand, this problem may be overcome in simple extensions 
including additional (but more model-dependent) contributions, like D-terms from extra 
U (1) symmetries, or contributions from moduli in string compactifications. 


3 

Introduction to string theory: the bosonic string 


In the first two chapters we outlined the general structure of the SM and of several exten¬ 
sions envisaged to solve or understand some of its puzzles. It is clear that the SM or any of 
the extensions there described are at best just the low-energy effective description of some 
more fundamental theory. The SM itself contains interactions which are not asymptotically 
free and eventually lead to ultraviolet Landau poles, and so do its GUT extensions, whose 
scalar sector is not asymptotically free. These issues are not resolved in the previously 
mentioned extensions of the SM. In particular, models with extra dimensions even worsen 
the ultraviolet behavior of the theories, and the partial taming of the ultraviolet by SUSY 
bites back when its local version drives us into (super)gravity and its non-renormalizability. 
Finally, the explanation of certain SM properties like the family replication and its flavour 
physics, as well as other SM puzzles, seem to lie at a significantly more fundamental level. 

Independently of the SM issues, there is the question of the quantum consistency of 
gravity. Einstein’s gravity considered as a quantum field theory is not renormalizable, and 
should be regarded as an effective theory to be completed in the ultraviolet. String theory 
is arguably our best candidate to provide such completion and define a consistent quan¬ 
tum theory of gravity. String theory indeed provides an extension of Einstein’s gravity, 
free of quantum divergences. It is also leading to important progress in other aspects of 
gravity, like accounting for the microscopic degrees of freedom of certain black holes, and 
explicitly realizing holography in terms of the AdS/CFT correspondence. 

Most remarkably, string theory is not a purely gravitational theory, but contains the basic 
building blocks of the SM, naturally including non-abelian gauge interactions, charged 
chiral fermions in replicated families, fundamental scalars, Yukawa couplings, etc. String 
theories thus potentially constitute unified theories of all interactions including the SM 
and gravitation. It is a main purpose of this book to describe string theory models with 
low-energy particle content and effective action close to the SM of particle physics. 

In this and the following three chapters we present an introduction to the basics of string 
theory. We start with a review of some basic features of perturbative string theory. Many 
general features are most simply exemplified in the context of the bosonic string theory, 
making it a good warm-up for the more interesting case of superstring theories in coming 
chapters. Our approach is down-to-earth and aimed to the computation of the massless 
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string spectra; we use the light-cone quantization, and avoid the machinery of conformal 
field theory. 


3.1 Generalities 

We start with an overview of some general properties of string theory. Several points are 
mentioned only briefly for completeness, and will be developed for the bosonic string 
theory in later sections. 


3.1.1 What are strings ? 

String theory proposes that elementary particles are not point-like, rather they are small 
one-dimensional extended objects, strings, of typical size L s = 1 /M s , with M s known as 
the string scale. They can be open or closed, as shown in Figure 3.1. At energies well 
below M s , there is not enough resolution to perceive their spatial extent, and strings behave 
as point particles, with dynamics described by an effective theory of point particles, i.e. a 
quantum field theory. The string scale is very large compared with any experimentally 
probed energy scale, and in many string theory models is close to the 4d Planck scale. 
Certain string models, however, allow for lower values of the string scale, even down to 
the TeV range. 

Strings can vibrate, see Figure 3.2, and different string oscillation states have different 
properties (masses, Lorentz and gauge quantum numbers, etc) and behave as different par¬ 
ticles. The mass of the particle corresponding to a string oscillation state increases with the 
number of excited oscillators. Hence, the string vibration modes produce an infinite tower 
of particles, with masses increasing in steps of order M s . At energies E «M S , the only 
observable sector is the spectrum of massless particles (compared with the large scale M s ). 


C3 


point 

particle 


open closed 

string string 


Figure 3.1 According to string theory, elementary particles are strings, which can be open or closed. 


closed 


CD a 


open 


Figure 3.2 Different oscillation modes of the same type of string correspond to different kinds of 
particles. 
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Figure 3.3 Worldsheets for closed and open strings. They reduce to worldlines in the point particle 
(low-energy) limit. 

In all string theories, the massless sector of closed strings always contains a particle 
transforming under the Lorentz group as a 2-index traceless symmetric tensor Gmn , as 
shown in Section 3.2.1 for the bosonic string theory, and in Chapter 4 for the superstrings. 
Moreover, the string interaction rules (sketched below) can be used to show that this field 
interacts as a graviton, with dynamics invariant under general reparametrizations of the 
spacetime coordinates. Thus string theory automatically incorporates gravitational interac¬ 
tions, and contains a sector reducing to Einstein’s general relativity. The remarkable fact 
that string theory necessarily implies gravity is one of the main successes of the theory. 


3.1.2 The worldsheet 


As a string evolves in time, it sweeps out a two-dimensional surface £ in spacetime, known 
as the worldsheet, which is the analog of the spacetime worldline of a point particle. Closed 
strings correspond to worldsheets with no boundary, while open strings to worldsheets 
with boundaries. Any point in the worldsheet is labeled by two coordinates (f, a), with t a 
“time” coordinate analogous to that in point particle worldlines, and with a parametrizing 
the extended spatial dimension of the string at fixed t, see Figure 3.3. 

A classical string configuration in D-dimensional Minkowski space Mo is given by a set 
of functions X M (f, a) with M = 0,..., D — 1, which specify the spacetime position of the 
worldsheet point (f, er). More formally, see Figure 3.4, the functions X M ( t , er) provide an 
embedding of a two-dimensional surface £ (the abstract worldsheet) into D-dimensional 
spacetime (called target space, in this view). 

The string dynamics is defined by an action .S'[A it. er)], a functional of the embeddings 
defining classical configurations. Although string actions are discussed in Section 3.2.1, 
it is useful to bring about some of their basic ingredients for the bosonic string theory. A 
natural proposal for the classical string action is the total area spanned by the worldsheet 
(in analogy with the point particle action given by the worldline interval) 



Sng = ~ 


(3.1) 
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Figure 3.4 The functions X M {t,a) define an embedding of a two-dimensional surface E into 
D-dimensional spacetime. 


where 1/(2 na') — M~ is the string tension i.e. its energy per unit length. It can be 
expressed in terms of X M (/, a ) as 

Sng =- [ V— det h daclt , (3.2) 

2na' Jy, 

where we have used the 2d worldsheet metric induced from the spacetime metric 

h tt =d,X M d,X M , h aa = d a X M d a X M , h ta = d,X M d a X M - (3.3) 

This is the so-called Nambu-Goto action, whose quantization is difficult due to the square 
root. Quantization of strings is actually carried out in terms of an alternative (but classically 
equivalent) action, known as the Polyakov action, which reads 

S P = dr% V- det gg ab (t, a) d a X M d b X N mN , (3.4) 

47ra' Jy 

where a,b = 0. 1, and f° = f, £ 1 = <r are the worldsheet coordinates. In this description 
there is an additional function g a b(t, er), which cannot be interpreted as an embedding. It 
rather should be regarded as a metric in the abstract worldsheet E. This abstract worldsheet 
viewpoint is useful in providing new physical intuitions on the system. For instance, from 
this perspective the action (3.4) describes a two-dimensional (2d) field theory coupled to 
2d gravity. Many of the remarkable properties of string theory emerge from the subtle 
relation between the physics in this 2d world and physics in spacetime. As we will see in 
Chapter 4, different string theories are defined by different worldsheet structures (e.g. 2d 
field contents). 

The action (3.4) has a number of local symmetries, i.e. gauge redundancies which should 
be removed by gauge fixing. For instance, the 2d metric is actually trivial, as there are no 
physical graviton polarization modes in two dimensions. Also, the only physical oscil¬ 
lation modes of the string are those transverse to the two directions of the worldsheet. 
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Figure 3.5 (a) The perturbative expansion for theories of closed strings. Higher orders are obtained 
by adding handles (closed string loops) to the worldsheet. (b) The perturbative expansion for theories 
of open and closed strings. Higher orders are obtained by adding boundaries (open string loops) 
and/or handles (closed string loops) to the worldsheet. 

since oscillations along it can be removed by worldsheet coordinate reparametrizations. 
The dynamics thus reduces to a 2d quantum field theory of D — 2 free massless scalar 
fields on the worldsheet. Quantization of this system leads to an infinite set of decoupled 
harmonic oscillators, which correspond to the oscillation modes of the string. The Hilbert 
space of 2d quantum oscillation states corresponds to the spectrum of spacetime particles 
in the string theory. This will be computed for the closed bosonic string in Section 3.2.1 
and for the open bosonic string in Section 3.3.1. For the moment, suffice it to quote that 
the massless closed string sector contains a spacetime field Gmn(x ) transforming as a 
two-index symmetric tensor of the spacetime Lorentz group (describing a graviton), a two- 
index antisymmetric tensor field BmnM, and a real scalar (p(x), known as the dilaton. 
The massless sector of open strings contains a gauge boson Am(x). 


3.1.3 String interactions 


Although the 2d worldsheet theory is non-interacting, there are non-trivial interactions in 
the spacetime theory, which arise from the non-trivial worldsheet topologies, as we now 
describe. In perturbative string theory, scattering amplitudes between asymptotic states 
corresponding to different particles are computed as a quantum path integral, namely sum¬ 
ming over all possible worldsheet geometries (2d surfaces) which interpolate between the 
string states in the external legs. In particular, see Figure 3.5, there is a sum over differ¬ 
ent worldsheet topologies, with increasing number of handles (and boundaries for theories 
with open strings). This is analogous to (and in fact at low energies reduces to) the sum 
over different Feynman diagrams in theories of point particles i.e. quantum field theory. 
Formally, the scattering amplitude has the structure 


(out | evolution |in) = 


worldsheets 



(3.5) 
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(a) (b) Jp (C) 


g s 2 g s g s 2 

Figure 3.6 Basic interaction vertices and their strengths, joining three closed strings (a), three open 
strings (b), or two open strings into a closed string (c). The latter implies that any theory with open 
strings must contain also closed strings. 

where the 0[X] denote insertions of the so-called vertex operators, which implement 
the information about the “in” and “out” string states. They are further discussed in 
Appendix E, although the details are not essential in our present heuristic discussion. 

Each worldsheet topology can be built by glueing a set of basic string interaction ver¬ 
tices, shown in Figure 3.6. The vertex in Figure 3.6(b) describes two open strings joining 
into one, and is weighted by a quantity g s , the string coupling constant. A general property 
of string theory is that it does not have arbitrary external parameters. Indeed, as shown later 
in Section 3.1.5, the string coupling constant is not an external parameter in the theory, but 
rather is determined by the vev of the spacetime dilaton field <p(x), by 

gs = e (3.6) 

The vertex in Figure 3.6(a) describes the interaction of three closed strings and is weighted 
by gj. It is easy to show that worldsheets with g handles and n/, boundaries are weighted 
by g s x , where / is the genus or Euler characteristic, given by 

X = 2 - 2 g-n b . (3.7) 

The sum over topologies, known as genus expansion, is a loop expansion with g s as the 
loop counting parameter. 

The above rules lead to an important consequence, related to the vertex in Figure 3.6(c); 
it describes two open strings combining into a closed string, by applying twice the interac¬ 
tion joining open string endpoints. This coupling exists in any theory of interacting open 
strings, so interacting theories of open strings must necessarily contain closed strings. On 
the other hand, it is consistent to have theories of just closed strings, with no open strings. 
The end result is that consistent string theories contain either closed strings only (i.e. world- 
sheets with handles, but no boundaries), or open and closed strings (i.e. worldsheets with 
handles and boundaries). 


3.1.4 UVfiniteness and critical dimension 

A fundamental property of string theory is that the scattering amplitudes of the theory are 
unitary, and moreover finite, order by order in perturbation theory. It defines consistent 
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(a) 



(b) 



(c) 



Figure 3.7 (a) A one-loop 4-point scattering amplitude in string theory, with external legs depicted 
as dashed lines, (b) As two vertices come close together, there is exchange of higher energy states, 
corresponding to longer strings, (c) The extreme UV regime involves exchange of very long strings 
for a very short distance, which can be reinterpreted as the IR of the dual channel, with very short 
strings across very long distances. 



Figure 3.8 Conformal transformations rescale the small worldsheet region denoted with a dashed 
line and map a seemingly UV regime of coincident interaction vertices into an IR regime in the dual 
channel. 

quantum theories, which are moreover free of the ultraviolet (UV) divergences of quan¬ 
tum field theory. String theory provides a regularization of quantum field theory, with an 
effective cutoff M s , above which the amplitudes soften rather than diverge. This can be 
understood heuristically as follows. In quantum field theory, UV divergences occur when 
two interaction vertices coincide in spacetime. In string theory, vertices are delocalized 
in a region of size L s ~ 1 /M s , which acts as an effective position space cutoff for the 
amplitude. 

A more precise description shows that in string theory the extended nature of strings 
turns UV regimes into infrared (IR) regimes, as illustrated in Figure 3.7. Consider an ampli¬ 
tude with large momentum/energy transfer in some internal leg. As this energy increases 
above M s , it becomes possible to exchange states corresponding to long strings. The very 
high energy regime is dominated by exchange of very long strings for a very short dis¬ 
tance, and leads to a worldsheet which, rather than a UV divergence, describes the IR limit 
of a new diagram involving a “dual” channel. A similar phenomenon occurs for amplitudes 
involving open strings. This mechanism underlies the properties of modular invariance and 
open-closed duality, see Sections 3.2.2 and 3.3.2 for these properties in bosonic string the¬ 
ories. This qualitative argument can be formalized in terms of “conformal invariance.” As 
described in Section 3.2.1, this is a local symmetry of the worldsheet theory, which includes 
local rescalings expanding any small disk region in the worldsheet to a long capped tube. 
It thus relates a worldsheet with several almost coincident vertex operators (external leg 
insertions), to a worldsheet with finitely separated insertions at the end of a long capped 
tube (the dual channel), see Figure 3.8. 

The UV behavior of string theory amplitudes depends on the tower of massive string 
oscillation modes, which effectively act as UV regulators. Their multiplicity and proper¬ 
ties depend on the number of spacetime dimensions in which the string can oscillate. The 
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condition that the UV divergences are appropriately cutoff actually constrains the num¬ 
ber of spacetime dimensions D to a critical value, called critical dimension. The critical 
dimension can be understood in terms of the so-called conformal anomaly. The conformal 
invariance underlying the absence of UV divergences in string theory is potentially anoma¬ 
lous at the quantum level, so its anomaly must be canceled by choosing suitably the field 
content of the 2d worldsheet theory. Since the field content for, e.g., the bosonic theory is 
the set of embedding functions X M (f, a), the only freedom available is their number D, 
which actually corresponds to the spacetime dimension. 

In our light-cone quantization procedure in Section 3.2.1, conformal symmetry is elim¬ 
inated by a gauge-fixing condition violating Lorentz invariance. The critical dimension 
will arise as a requirement to restore Lorentz invariance of physical quantities in the 
resulting quantum theory. There are thus different derivations of the critical dimension 
from requiring the quantum realization of different classical symmetries. This reflects the 
familiar property that in theories with several classical symmetries, the quantum anomaly 
can be shifted from a symmetry to another by using local counterterms. We will see that the 
critical dimension is D — 26 for bosonic string theories and D — 10 for the superstrings. 

Quantitative computation of scattering amplitudes in string theory shows that the inter¬ 
actions of the massless spacetime fields is invariant under spacetime gauge symmetries - 
in upcoming computations of the spacetime spectrum in the light-cone gauge, these gauge 
invariances manifest as a reduced number of physical polarization states for the massless 
fields. In particular, the theory is invariant under general changes of coordinates, and the 
2-index tensor Gmn behaves as a graviton. For theories including massless bosons Am 
(like those including open strings), interactions of the latter are invariant under standard 
gauge transformations. Hence, string theory provides a unified description of gravitational 
and gauge interactions, consistent at the quantum level. The subject of string phenomenol¬ 
ogy or string model building is the development of tools to incorporate realistic gauge 
interactions and matter particles, and the construction of explicit particle physics models 
in string theory. 


3.1.5 String theory in background fields 

Given the interpretation of Gmn as the spacetime metric, it is natural to consider the 
dynamics of string theory in a curved spacetime, i.e. a general background Gmn(X). This 
is described by a modified worldsheet action, given by a natural generalization of (3.4) 

S P G = --i- [ dodtV=gG M N[X(t,cr)]g ab d a X M (t,o)d b X N (t,a), (3.8) 
47ror' 

where g = det(g fl k), and Gmn[X] is a function(al) of X(t, a). At the classical level, this 
action reduces to a Nambu-Goto action providing the worldsheet area measured with the 
curved spacetime metric. The action (3.8) is known as the 2d non-linear sigma model, in 
analogy with the pion effective lagrangian in strong interactions, because it also involves 
scalar fields parametrizing a non-trivial curved space. 
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One may worry about the double role played by the spacetime graviton in string the¬ 
ory, as an oscillation mode of the underlying string, and as the quantum of the background 
spacetime metric field. In fact, the background metric can be regarded as a coherent super¬ 
position of a large number of gravitons (just like a macroscopic electromagnetic field can 
be regarded as a coherent superposition of photons); the worldsheet action of a string in a 
background metric field can be regarded as an efficient way of resumming the interaction 
of a string with all the graviton string states present in the background. 

There are also other massless fields in the string spectrum, in particular the two-index 
antisymmetric tensor field Bmn and the dilaton 0 in the closed string sector. It is natural 
to consider the string action coupled to general backgrounds for these fields. This is imple¬ 
mented by the additional terms in the action 

S B ,0 = ^7 J da dt [ e ab B M n d a X M d b X N + a'R[g]ct> ] , (3.9) 

where R[g] is the curvature scalar of the 2 d metric g ab (t, c). 

These terms have a nice spacetime interpretation. Recasting Bmn as a differential form 
in spacetime B 2 = \ B m yd X M A dX N (see Appendix B), the corresponding term in (3.9) 
can be expressed as 



This term is independent of the 2d metric, i.e. it is purely topological. It is a generalization, 
for a 2d worldsheet, of the minimal coupling § c A i of a charged particle worldline C to an 
electromagnetic gauge potential 1-form Ai = AMdx M . In the language of Section B.3, it 
means that strings are electrically charged under the field B 2 , which behaves as a general¬ 
ized gauge potential. The interaction (3.10) is indeed invariant under gauge transformations 
by 1 -forms Ai 


B 2 -^B 2 + dA l , (3.11) 

as is easily shown using Stokes theorem (B.16). 

The term involving 0 is very special, as for constant 0 it corresponds to the 
Einstein-Hilbert term for the 2d metric g ab . However, 2d gravity is non-dynamical, and 
the integrated curvature scalar is actually a topological invariant, in fact the Euler charac¬ 
teristic (3.7), 

S*= ^ J R[g] = x = 2~2g-n b . (3.12) 

(For theories with open strings, the contribution from the n b worldsheet boundaries arises 
from boundary terms added to define the integral properly.) The coupling of the string to 
a constant background of 0 thus weights each worldsheet diagram by a factor exp(— 0 x) 
in the euclidean path integral, justifying the relation (3.6) of the dilaton vev and the string 
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coupling constant g s . We again emphasize that the absence of external parameters is a 
general feature of string theory, and that all adimensional parameters are given by vevs of 
spacetime scalar fields (known as moduli). 

Finally, for theories with open strings, the coupling of the string worldsheet to a back¬ 
ground of the massless gauge boson Am, is 

Saz = [ d^ a A M d a X M =f A U (3.13) 

J as J as 

where 3E is the boundary of E, with length element d% a . The last equality simply recasts 
the integral in the language of differential forms. For a freely propagating open string, 
spanning an infinite strip with boundaries at a — 0 , i, it reads 

S d z= J dtA M d,X M \ a=0 - J dtA M d,X M \ a=v (3.14) 

with the relative sign arising from the opposite orientations of both boundaries. These 
couplings imply that the open string endpoints a = 0 , l behave as charged particles, with 
charges ± 1 under the gauge potential. Incidentally, in a theory with open strings, the Ih 
gauge transformation (3.11) requires a transformation of the gauge field strength, whose 
description we postpone to Section 6.1.2, see (6.11). 

In the presence of non-trivial backgrounds, the worldsheet action describes an interact¬ 
ing 2d field theory. This is usually not exactly solvable, but may be studied perturbatively 
around the free theory. This is known as the a' expansion, because the expansion parameter 
is a' / R 2 , with R a typical length scale of variation of any spacetime field, e.g. the curva¬ 
ture radius. Thus string theory in a general background has a double expansion, namely 
the genus expansion (i.e. spacetime loop expansion) controlled by g s , and for each fixed 
worldsheet topology, the worldsheet loop expansion controlled by a!/ R 2 . The computation 
of g s and a' corrections is in general involved, most often forcing the study of string theo¬ 
ries to regimes where such corrections are negligible. The small a '/ R 2 regime corresponds 
to a large radius or long distance regime, hence a low-energy limit rather insensitive to the 
extended nature of strings. Happily, the 2d worldsheet theory is free (or interacting but 
solvable) in some interesting classes of models, for which a' effects are computable and 
stringy effects manifest in spectacular ways, such as shown in Section 3.2.3. Concerning 
the small g s approximation, in certain cases it is possible to go beyond the perturbative 
regime by using the dualities in Section 6.3. 


3.1.6 Compactification 

String theories have a good high-energy behavior only if spacetime has the critical dimen¬ 
sion, D — 26 for bosonic strings or I) — 10 for superstrings. In order to construct string 
theory models consistent with the observed four spacetime dimensions, we may exploit the 
mechanism of compactification introduced in Section 1.4.1, leading to string compactifica- 
tions. Namely, the theory is defined on a spacetime M 4 x X„, where X„ is an n-dimensional 
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compact manifold, with n — 22, 6 for bosonic strings and superstrings respectively. Denot¬ 
ing L the typical size of X„, the physics at energies E <SC 1/L reduces to an effectively 4d 
theory. 

String compactifications are described as in the previous section, regarding the compact- 
ification spacetime as a background for string propagation. Therefore, except for cases of 
solvable worldsheet theories, the system must be analyzed in the large volume approxi¬ 
mation a'/L 2 <<£ 1, namely L 1 /M s . In this description, the effective 4d physics regime 
E <$; 1/L implies the point-particle regime E <C M s , and most features of the compactified 
theory and its low-energy physics can be described using the field theory KK compactifi- 
cation results in Section 1.4.1 (suitably generalized to higher-dimensional spaces). 

Note that there are two kinds of towers of resonances in string compactifications. There 
is the tower of string resonances, corresponding to different oscillation modes, whose mass 
spectrum has spacing ~ M s . In addition, there are towers of KK momentum resonances 
of the different higher-dimensional fields, with typical mass spacing of order 1/L. In the 
large volume regime 1 /L <$C M s stringy excitations are much less relevant than KK 
resonances, justifying the field theory approximation. 


3.2 Closed bosonic string 

We leave the discussion of generalities of string theory, and move on to illustrate them 
quantitatively using the bosonic string theory. Although it cannot accommodate realistic 
physics (e.g. does not lead to spacetime fermions) and presents theoretical puzzles (e.g. 
its vacuum instability, signaled by a spacetime tachyon in its spectrum), it is a very useful 
playground for the purpose of fleshing out some of the above properties. Furthermore, the 
bosonic string theory plays an important role in the construction of heterotic superstrings, 
see Section 4.3. 


3.2.1 Quantization and spectrum of the closed bosonic string 

In this section we quantize the closed bosonic string and compute its spectrum of spacetime 
particles. The reader not interested in details is advised to go straight to the final recap in 
page 80. 


Worldsheet action, symmetries and conformal invariance 

The closed bosonic string theory corresponds to a genus expansion in terms of world- 
sheets with arbitrary number of handles, but without boundaries. The worldsheet S of a 
closed string propagating freely in spacetime is an infinite cylinder, which we parametrize 
by the two coordinates t, a, collectively denoted a — 0, 1. The closed bosonic string 
propagating in flat D-dimensional Minkowski space is described by a set of worldsheet 
fields X M (r, a), with M — 0, ..., D — 1, describing its embedding into spacetime. In the 
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Polyakov formulation there is also an additional 2d metric g a b(U a). The action is (3.4), 
namely 

Sp[X,g] = --^-f f d 2 $ (-g) 1 ' 2 g ab d a X M d b X N r,MN, (3.15) 

4jrcr' Jy. 

with g = det(,[’„/,). It is easily shown to be classically equivalent to the Nambu-Goto action 
(3.2) as follows. Using Sg = — g g a b 8g ab , the classical equations of motion 8S/8g a b = 0 
read 

gab g cd d c x M d d x M + d a x M d b x M = o. (3.16) 

We define the metric induced on £ from the ambient spacetime metric »7w,v> by 

h ab = r,MN d a X M d b X N . (3.17) 

The equations of motion (3.16) give 

hab= \gab g cd h cd => { -h)V 2 = l -(-g)V 2 g‘ d h cd , (3.18) 

where the second equation follows from taking determinants in the first. Replacing it into 
(3.15) leads to the Nambu-Goto action (3.2) 

Sp[X(S), gcias(l)] = —f d (-/0 1/2 = 5 NG [X(§)]. (3.19) 

2na' Jy 

The Polyakov action allows a nice quantization of the 2d worldsheet theory, for which it 
is important to keep track of the following global and local symmetries: 

• .D-dimensional spacetime Poincare invariance is a global symmetry of the worldsheet 
theory; it leaves the 2d coordinates f a invariant, and acts on the 2d fields as 

X' M {S) = A M N X N (i;) + a M , 

g'abiH) = gabiS). (3.20) 

• Invariance under 2d local worldsheet coordinate reparametrizations, for which the fields 
X M (£) behave as scalars, while g ab (H) is a 2-index tensor, 

S ,a = $'“($). 

x' M (!') = x M (%), 

. . 9£ c d% d 

gabG)=g^g^gcd($)- (3.21) 

• Weyl invariance, i.e. invariance under local rescalings of the 2d metric 

X' M ($) = X M ($), 

g' b ($) = Q($)gab($). 


(3.22) 
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In order to quantize the system, we need to gauge-fix the local invariances. The repa- 
rametrization of the two coordinates f a and Weyl invariance can be used to remove the 
degrees of freedom of g a b, by setting the so-called conformal gauge 

gab = Vab ■ (3-23) 

This is always possible locally on the worldsheet, and even globally for our infinite cylin¬ 
der worldsheet topology. We thus have a flat system of orthogonal coordinates t, a. We 
choose a reference line, running in the t direction, to correspond to a = 0 , and denote i the 
total length of the string in the a direction. The choice of reference line is arbitrary, and 
eventually we will need to impose invariance of the theory under its translation in a , see 
later around (3.46). 

The Polyakov action in this gauge reads 

S F = --!—[ d 2 l;r, ab d a X M d b X N r, MN . (3.24) 

Aita' Jy, 

The equations of motion are 2d wave equations 

( d, 2 - ) X M = 0, (3.25) 

whose general solution is a superposition of left- and right-moving traveling waves 

X M {t,a) = X^{t + a) + X^{t-a). (3.26) 

Even though the metric g a b is removed, the equations of motion (3.16) must still be 
imposed as constraints in the remaining system. In components they read 

d,X M d,X M + d a X M d a X M = 0, d,X M d a X M = 0. (3.27) 

Defining the left- and right-moving worldsheet coordinates g = t ± er; they can be 
rephrased as the so-called Virasoro constraints 

d HL X M d^X M = o, dt: R X M d HR X M = o. (3.28) 

The condition (3.23) still leaves a set of left-over local symmetries. Indeed, the metric 
(3.23) is ds~ — — d£,[ d^R, which is unchanged under the combination of the change of 
coordinates 


Hl -* f L (h), Hr /*(&), (3.29) 

and a suitable Weyl rescaling. Reparametrizations (3.29) preserve the conformal structure 
of the 2d metric (i.e. the angles), and are known as conformal symmetries. 

Theories invariant under this symmetry, like (3.24), are called conformal field theories 
(CFTs), and play a prominent role in worldsheet physics and string theory. The role of 
conformal symmetry in the UV properties of string theory, sketched in Section 3.1.4, can 
be understood from the geometric interpretation of conformal symmetry in the euclidean 
2d theory. Defining x = — it, the worldsheet coordinates ^l.r — 1 x ± a can be regarded 
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as complex coordinates z, z on the worldsheet. In fact, they can be promoted to indepen¬ 
dent variables, for which the conformal transformations (3.29) read z —» f(z), z —> f(z), 
namely are holomorphic reparametrizations of the worldsheet. Mathematically, 2d surfaces 
related by holomorphic reparametrizations are said to have the same complex structure, and 
surfaces defined up to these transformations are known as Riemann surfaces. As mentioned 
in Section 3.1.3, conformal transformations can be regarded as including local rescalings 
on the worldsheet, e.g. the transformation z! — e~ lz maps a small disk 0 < |z'| < € to a 
semi-infinite tube with Imz e (—oo, log c) and periodic Re z. 


Light-cone quantization 

Different quantization procedures are possible at this point. We proceed in light-cone quan¬ 
tization, which uses a simple gauge-fixing of the conformal symmetries, allowing to solve 
the Virasoro constraints explicitly, but at the price of giving up manifest Lorentz invari¬ 
ance. Other quantization procedures, like covariant BRST quantization, preserve manifest 
Lorentz invariance, but involve technical tools beyond the scope of this book. 

We define the spacetime light-cone coordinates 

X ± = 4= (X° ± A 1 ), (3.30) 

V2 

and use the index i = 2,... , D — 1 for the remaining coordinates. The Z)-dimensional 

Minkowski spacetime metric is q^ _= q _= — 1 , qij = &ij, so for a vector V M we have 

V_ = - V+, V+ = - V~, and V/ = V‘. 

The solution (3.26) to the wave equation (3.25) for the light-cone coordinate X + reads 
A + (£) = aJ(£l) + X r (^r). Since t = (£z, + %r)/ 2, it transforms under (3.29) as t -» 
[/l(Il) + /r(£*)]/ 2, and we may use f L , R = 2X + R to set 

X + (t,a) = t. (3.31) 


This gauge fixes the conformal symmetries, and breaks manifest Lorentz invariance. 
The Virasoro constraints (3.28) become linear in X~ 


9 


_ _ 1 
Hl Xl - 2 


( ■ \ 2 

1 / • \ 

(%.n) - 



(3.32) 


and can be solved by determining X in terms of X '; the only degree of freedom of X 
remaining in (3.24) is the center of mass term, 

If 1 

x (t) = - I do X (t,o ). (3.33) 

C Jo 

The lagrangian from (3.24) reads 


L = -— [ do (2 d,X~ - d t X' d t X' + daX 1 d a X' ) 

47104 Jo \ > 

4^7 ^ do (—d t X' d t X‘ + d a X l d a X i ) . (3. 


34) 


2na' 


d,x (t) — 
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Actually x it) evolves linearly, with constant momentum 

„+ _ 9L _ £ 

P ~ ~ ~ P ~ d(d,x~) ~ ~2na' ’ 

hence the length of the string in light-cone gauge grows with the p + momentum 

t = 2na' p + . 

The momenta conjugate to X' ( t , er) are 

dC 


n l (t,a) = 


1 


d,X'(t,c r), 


d(d,X‘) 2 na' 

and we obtain a hamiltonian describing D — 2 free bosons in two dimensions: 


H = p_d t x (t) + f da n ; (f, a) d t X l (t, a) — L 
Jo 

= —'— [ da ( d,x‘ d t x‘ + d a X‘ d a X‘ ) 

Ana' Jo v > 

= \ f da ( 2na f II f II, + — l — d a X‘ d a X‘ ) . 
2 Jo \ 2na' ) 


(3.35) 


(3.36) 


(3.37) 


(3.38) 


Oscillator expansions and spectrum of states 

It is convenient to expand the functions X' L R (3.26) in oscillation modes. For closed 
strings, the appropriate boundary conditions follow from periodicity in a 

X' (t, a + £) = X' (t, a). (3.39) 

The corresponding general form of Xi , Xr is the oscillator expansion 


: A D; I U X—' 

x L (t + v)= t + ( ? + ct ) + 'Vt 12 


2 2 p+ 


: A Pi I U V—' U n 

x R ( < t -°)= xf + tr^(t-a) + J- 12 — 


—27 zi n ( t-\-cr)/£ 


ne Z—{0} 


2 2 p+ 


-> X‘(t, a) = x l + J-- t + iJ— Y" 
p+ V 2 ' 

1 n^O 


0 —2ni n ( t—o)/i 


ne Z—{0} 


.,i 


r.i 


(3.40) 


n(t+cr)l _j_ ^n_ 2ni n{t—cr)i 
n n 


The coefficients x l , pi define the center of mass coordinate and momentum, while the two 
infinite sets of coefficients a l n , a l n describe the amplitudes of the momentum n mode for 
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left and right movers. Promoting the worldsheet degrees of freedom x , p + , X 1 , II' to 
operators, with canonical commutators, we obtain 


[ x 'P + ] = ~C [*'. 


Pi 


= iS 1 ;. 


[a l m , ah = [«J„, ««] = m 8 ,j 8 m - n , [u‘ m , a(j = 0. 

The hamiltonian (3.38) can be expressed in terms of the oscillators as 

1 


D—l 2 

h = J 2 Pi 


i=2 


2 p+ ot'p+ 


J2 J2 ( ) + E 0 + E 0 


- i n> 0 


(3.41) 


(3.42) 


We get the quantum mechanics of the center of mass motion and two infinite sets of 
decoupled harmonic oscillators. Here we have normal-ordered the creation and annihilation 
modes, and Eq, Eq are the zero point energies, to be discussed below. 

The Hilbert space of string states is obtained by defining a groundstate, as a space- 
time momentum eigenstate annihilated by the positive modding oscillators. Ignoring the 
momentum label, we denote it by |0) and have 


a'|0> =a'|0) =0 V/7 > 0. (3.43) 

Excited states are constructed by acting on |0) with creation operators a‘_ n , ce l _ n , with 
n > 0. These operators can be applied in all possible ways, but there is an important addi¬ 
tional constraint for physical states. Recall that our parametrization of the worldsheet had 
an implicit arbitrary choice of reference line a — 0. The physical spectrum must be invari¬ 
ant under changes in this choice, i.e. under translations in ct. These are generated by the 
a-momentum operator 


P a = dc r n,- d a X‘ = — (N - A0, (3.44) 

Jo f 

where we have defined the oscillator number operators 

N = ^ • (3-45) 

i n >0 i n >0 

Physical states must thus obey the so-called level matching constraint 

N = N. (3.46) 

For future reference, we advance that the worldsheet theory is made up of two decoupled 
systems of left and right movers, whose quantum evolution is determined by independent 
hamiltonians. The only relation between the left and right sectors is in the level matching 
constraint satisfied by physical states. 
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Each string oscillation state corresponds to a particle from the spacetime viewpoint, 
whose mass is obtained from the mass shell condition 


M 2 = -p 2 = 2p+p- -p iPi . (3.47) 

Since p~ = id x + —id, = H, we have M 2 = 2p + H — p,pj, and from (3.42) we get 


a' M 2 
2 


N + N + Eq + Eq. 


(3.48) 


Hence the masses of spacetime particles increase with the number of oscillators in the 
corresponding string state. The mass formula also includes the zero point energies Eq, Eq. 
Noting in (3.41) that the modes a l n , u‘ n contribute n to the oscillator number, the zero point 
energy is naively 


| uvj 

E 0 = E 0 = j E "• 

i n= 1 


(3.49) 


This is formally infinite, but its regularized value can be defined in the so-called zeta 
function regularization, as the limit e 0 of the non-singular part of 


j CO 

Z(e) = - J2 ne ~‘ 

n =0 


1 d 

2 de 


CO 


E e “‘ 

n=0 



1 d 

2 de 


1 


1 


This prescription produces the values 


Eq = Eq = — 


D — 2 
24 


(3.50) 


(3.51) 


Alternatively, they could be obtained from the modular invariance in Section 3.2.2. 


Light spectrum, critical dimension, and low-energy physics 
The spectrum of light particles in the theory corresponds to the string states with smallest 
number of oscillators and satisfying (3.46). We have 

N = N = 0 | k) a' M 2 /2 = —(D — 2) /12, 

N = N= 1 a^ai^k) a’M 2 /2 = 2 - (D - 2)/12. (3.52) 

In the light-cone gauge there is manifest invariance only under an S O (D — 2) subgroup 
of the Lorentz group. It is possible to test the restoration of full Lorentz invariance, by 
constructing the Lorentz generators in terms of the oscillator operators, and checking their 
commutation relations. The computation shows that full Lorentz invariance is obtained 
only for a specific value of the spacetime dimension, the critical dimension D — 26. The 
appearance of the critical dimension from demanding full Lorentz invariance is consis¬ 
tent with its derivation from the conformal anomaly mentioned in Section 3.1.4 (see also 
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Section E.l); indeed, manifest Lorentz invariance is lost in gauge fixing the conformal 
symmetry with the light-cone condition (3.31). 

It is actually possible to use a shortcut to recover the critical dimension, using only a nec¬ 
essary condition for restoration of full Lorentz invariance. Recall that in a Z)-dimensional 
Lorentz invariant theory, physical polarization states of particles belong to representations 
of the little group, i.e. the subgroup of Lorentz group preserving the particle ZLmomentum. 
For massive particles, the D-momentum can be brought to the form P — (M, 0, ..., 0) 
in the particle rest frame, and the little group is SO(D — 1). For massless particles, the 
Z)-momentum can be brought to the form (E,E, 0,...), and the little group is 
SO(D — 2). The states in the second line in (3.52) transform as a two-index tensor with 
respect to SO(D — 2) and cannot be arranged into a representation of SO(D — 1). Hence 
these states must correspond to physical polarizations of massless particles, and this forces 
D — 26. Fixing this value from now on, the mass formula reads 


a' M 2 
2 


= N + N - 2. 


(3.53) 


The light states, suitably decomposed in irreducible representations of SO(24) are: 


Sector 

State 

a'M 2 

SO (24) 

26d field 

o 

II 

II 

s; 

1 k) 

-4 

1 

T 

N = N = 1 

a l -i 

0 

m+0 + i 

B mn , </> 


where the Young tableaux 0, □□ denote the two-index antisymmetric and traceless sym¬ 
metric tensor representations, and the “+1” indicates the trace. It is possible to show 
that massive states appear in SO (24) representations which can actually combine into 
representations of SO(25), the little group for massive particles. 

The string groundstate corresponds to a 26d spacetime tachyonic scalar field T (x ). This 
tachyon indicates that the theory just constructed is at a local maximum (rather than a 
minimum) of a putative spacetime scalar potential, and is therefore unstable. Despite much 
recent progress in understanding tachyons and their condensation in open string sectors, 
see Section 6.5.2, the fate of the theory upon closed string tachyon condensation is still 
unknown. Happily, these tachyonic instabilities are absent in the superstring theories, on 
which we focus in coming chapters. 

The massless two-index tensor splits into irreducible representations of SO(24). Its 
trace corresponds to a scalar field, the dilaton (p, whose vev fixes the string interaction 
coupling constant g s by (3.6). The symmetric traceless part is the 26d graviton Gmn, 
while the antisymmetric part is the 26d 2-form field Bmn■ As mentioned in Section 3.1.1 
these fields have interactions invariant under spacetime changes of coordinates and gauge 
transformations (3.11), consistently with their reduced number of physical polarization 
modes. 
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For completeness, let us introduce the 26d effective theory for these massless fields 
(ignoring momentarily the tachyon) at energies below M s . Its computation is beyond our 
scope, and we simply quote its structure 

S 26d = ^lJ d26x (-G) l/2 e~ 2 * ( R-^H MNP H MNP +4d M ct> 3 M </>) + 

where G — det (Gmn), R is the 26d curvature scalar, and Hmnp = 3 [mBnp], where the 
brackets indicate antisymmetrization of indices. The constant kq is discussed below. As 
expected, the effective action is invariant under the spacetime local symmetries. 

The above action is said to be in the string frame, since its fields are naturally associated 
with the above string oscillation Hilbert space states, or equivalently are those appearing 
in (3.8), (3.9). From the spacetime viewpoint, it is also convenient to redefine the fields as 

4> = <t> - </>o; Gmn = e^-^GMN, (3.55) 

where </>o is the dilaton vev. This produces the action in the so-called Einstein frame 

S 2 E 6 J' = ^2 / d 26 X(-G) 1/2 (^R- ±- e -WH MNP H MNP -^d M 4> d M j >) + O(a'), 

with indices raised/lowered by G. It describes 26d gravity in the canonical Einstein-Hilbert 
form, with gravitational coupling constant K — K^e ^°, coupled to a scalar and a 2 -form 
gauge potential. Morally the 26d Planck scale is M 2 % bd = M 24 /g 2 . The cutoff of the the¬ 
ory is M s , above which full string theory takes over and completes the above effective 
theory. 


Final recap 

The results of the above quantization can be summarized as follows. The dynamics boils 
down to (D — 2) free 2d bosons X 1 (t. a) describing string oscillations transverse to the 
worldsheet, with hamiltonian (3.38). They obey periodic boundary conditions (3.39) lead¬ 
ing to an oscillator expansion (3.40) in terms of two infinite sets of decoupled harmonic 
oscillators a‘ n , a‘ n . The spectrum is obtained by applying negative modding operators to 
a groundstate, subject to the level matching condition (3.46). Each state corresponds to a 
spacetime particle with mass (3.53), and the light spectrum is (3.54). 


3.2.2 One-loop vacuum amplitude and modular invariance 

Although the closed bosonic string theory cannot lead to realistic models of particle physics, 
it is a useful toy model for diverse features of string theory. We now focus on the remark¬ 
able UV properties of string theory, in the simplest diagram exhibiting them. This is the 
one-loop vacuum amplitude, also known as partition function, with a free closed string 
propagating and closing onto itself, defining a worldsheet with the topology of a two-torus 
with no external legs. From the spacetime viewpoint, the amplitude computes the one-loop 
correction to the vacuum energy, namely the spacetime cosmological constant. 
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(a) 

e i 


i * ^2 

Figure 3.9 A two-torus can be constructed by modding out the two-dimensional plane by translations 
in a two-dimensional lattice. The unit cell is a parallelogram with sides identified, (a) The simplest 
case of rectangular two-torus: a closed string of length i evolves for some time t = T 2 1 and closes 
back to the initial state, (b) The more general class, where the closed string is glued back to the 
original state modulo a shift by r \l in the reference line in a. 



Considerations on this amplitude lead to a crucial consistency condition, modular invari¬ 
ance (which must be satisfied by all closed string theories), as follows. The amplitude 
requires summing over all possible inequivalent worldsheet geometries with two-torus 
topology. It is therefore crucial to incorporate all possible geometries, and to avoid pos¬ 
sible overcountings. Indeed a given geometry can admit several different interpretations: a 
diagram corresponding to a two-torus with circle lengths l\ and £2 can be regarded either 
as a closed string of length l\ propagating over a distance £ 2 , or as a closed string of 
length £2 propagating over a distance l\. These seemingly different processes are related 
by the exchange a -o- f, and so correspond to different reparametrizations of the same 
worldsheet geometry. Modular invariance is the invariance under these “large” coordinate 
transformations (i.e. not continuously connected to the identity). It controls the UV behav¬ 
ior of amplitudes, because it relates the UV regime of a given channel to the IR of the dual 
channel (amplitudes for highly energetic long strings propagating over short times turn into 
amplitudes for short strings propagating over long times). 

The worldsheet geometry 

We first characterize the possible geometries of the worldsheet E with two-torus topol¬ 
ogy. A two-torus can be described as the two-dimensional real plane, modded out by 
translations by vectors in a two-dimensional lattice, see Figure 3.9. The simplest such 
worldsheet geometries are rectangular two-tori, as shown in Figure 3.9(a), and correspond 
to a closed string (of o -length £) evolving for a time t 2 £ and closing back onto itself. 
Denoting z = cr + i t, the two-torus is defined by the identifications z = z + l,z = Z + i T 2 &. 

There is a more general possibility, however, which exploits the freedom to choose the 
reference line a — 0. The geometry in Figure 3.9(b) corresponds to a closed string of length 
£ which evolves for a time t 2 £, and glues back to its original state, up to a shift by ri£ in 
the reference line. The two-torus is defined by the identifications z = z + l and z = z + r£, 
with r = ri + i ti . The parameter r thus characterizes the different worldsheet geometries. 
Mathematically, it labels the complex structure of the two-torus, and characterizes genus 
one Riemann surfaces, i.e. two-torus worldsheet modulo conformal transformations. 
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Computation of the one-loop vacuum amplitude* 

We wish to compute the amplitude Z(r) for a worldsheet geometry with parameter r. We 
use the euclidean formulation of the 2d theory, and perform the computation in the operator 
formalism. To compute the amplitude, we consider the Hilbert space H c i of closed string 
states at t — 0, apply hamiltonian evolution until t — til and glue the resulting state to the 
initial one, modulo a o -translation by r \l. Namely 

Z(t)= {st\e~ T2eH e iT ' ep ° |st.). (3.56) 

|st.)eWci. 


For the closed bosonic string, H, P a are given by (3.42), (3.44), and we obtain 


Z(r) = tr n A {e- T2tH e ir ^ P ) = tr Wcl [ exp ( - W&rf) q N+E ° q* +& ° 


(3.57) 


where we have introduced 


q = e zmx . (3.58) 

The above trace should run through the Hilbert space H c i. of physical states, constrained 
by the level matching condition (3.46). It is simpler, however, to trace over states in an 
extended Hilbert space H with unconstrained oscillator structure. Happily the final result 
is unchanged since contributions from unphysical states cancel out upon integration over 
geometries. In particular, integration over ri automatically projects onto physical states 

j dxi e 2nir ^ N ~^ ~ S Nif f. (3.59) 

We therefore evaluate Z(r) as a trace over states characterized by the center of mass 
momentum, and the arbitrary oscillator occupation numbers. 

n n ( s -»r j < 3 . 60 ) 

n,i m,j 


Since the different pieces in these states are decoupled, the total Hilbert space splits as a 
product of Hilbert spaces for the center of mass and for each oscillator 

n = H c . m . <g> (<8)25 2 goo J U iin ) L ® (®£ 2 ! Hi,n) R ■ (3.61) 

The trace over H splits as a product 


Z(r) = Z c . m .(r) 


q Eo T\i,nZi,n(r) 


2 


(3.62) 
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(a) T-* * +1 


(b) 


-1/t 


e 2 


T T+1 
^ 2 / 

ei z= 1 


e-, z=1 


-1/ T 

• t.t 

O eT=%j 

1 * Z=1 


e 2“ e 1 


Figure 3.10 Modular transformations relating equivalent two-tori, (a) A transformation r —»■ r + 1 
simply corresponds to changing the basis vector ?2 in the lattice, (b) A transformation r —»■ —1 /t 
corresponds to an exchange of the basis vectors e\, ?2> an d an overall rescaling. 


where 


Zc.m.(r) = tr Hc.m .exp > Zi,n( x) = tr Hi n q N >’" , with Nj, n = a l _ n ct l n . 

The trace over the center of mass degrees of freedom is 

Zc. m .(r) = n L X‘ f (A-|^ 2 "' Ei pf I Pi) = V 2*(fZ e ~ T2 ™' p2 )" 4 

= V24(4jrVr 2 )“ 12 , (3.63) 


with Ly a regularized length along x', and V 24 = |~[ L x , a regularized 24d volume. 

Let us compute the oscillator factors. For a single oscillator, the trace over states 
(ot'_ n ) K 10 ), for fixed i, n gives a contribution 


K K 

Zi.n(T) = E <°l (<) ^ V, ' n («-») 10) = E 




(3.64) 


k=o 


K =0 


Replacing (3.63), (3.64) into (3.62), we get 


Z(r) = y 2 4(4^Vr 2 )- 12 q l/24 UZi (1 -q n ) 


-48 


= F 24 ( 47 rVr 2 )- 12 |/ 7 (r)r 48 , 


where we have used the definition of the Dedekind i) function (A.3). The infinite spacetime 
volume factor simply implies that the only well-defined quantity is the amplitude per unit 
volume, and will be ignored in similar computations in later chapters. 


The T 2 modular group 

The complete partition function involves a sum over all inequivalent geometries, without 
overcounting. A crucial observation is therefore that the characterization of worldsheet 
geometries by r is actually not one-to-one, but rather there are different values of r cor¬ 
responding to the same geometry. For instance, as shown in Figure 3.10, two geometries 
corresponding to r and x + 1 are defined by the same two-dimensional lattice, hence are 
equivalent two-tori. In a slightly trickier way, geometries corresponding to r and — 1/r are 
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- 1/2 1/2 

Figure 3.11 Fundamental domain Fq of r. Any point in the upper half plane can be mapped to some 
point in Fq using the basic modular transformations r—► r + 1, r —> — 1/t. 


also equivalent, upon exchanging the roles of the two basis vectors (hence the roles of er 
and t) and an overall rescaling. 

It is possible to show that these two transformations r —> r + 1 and r —► — 1/r generate 
the whole set of equivalences of T 2 geometries, called the modular group of the two-torus. 
Its elements have the general form 

at + b 

r —y - with a,b,c,d eZ and ad — be = 1. (3.65) 

cr + d 

The modular group is SL(2, Z), since the parameters a, b, c, d can be written as a 2 x 2 
matrix of integer entries and unit determinant. This group appears in this book in very 
different contexts. We already encountered it in Section 2.5.2 when discussing S-duality 
in J\f = 4 supersymmetric field theories, and will show up again in Section 6.3.1 when 
discussing type IIB string self-duality. It also arises when discussing T-duality symmetries 
of heterotic toroidal orbifold compactifications, see Section 9.6. In the present physical 
context, it corresponds to “large” changes of coordinates, under which the worldsheet torus 
geometry is invariant. 

The set of inequivalent geometries is therefore characterized by the parameter r in the 
upper half complex plane t 2 > 0, modulo SL( 2, Z) transformations. A choice of funda¬ 
mental domain Fq of r, shown in Figure 3.11, is 

— 1/2 < t! < 1/2, |t| > 1. (3.66) 


Modular invariance of the partition function 

The closed bosonic string partition function Z(r) should be the same for equivalent tori, 
since physics cannot change upon reparametrizations of the worldsheet. So Z(r) should 
be modular invariant, i.e. invariant under the SL( 2, Z) modular transformations. This is 
not obvious a priori, since our gauge fixing and quantization dealt with “small” coordinate 
changes (continuously connected to the identity), whereas modular transformations imply 
“large” changes of coordinates. Invariance under the latter is however required to define a 
consistent sum over 2d geometries and hence a consistent string theory. 
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Happily, the above partition function is modular invariant, as is easily shown using the 
modular transformation properties of Dedekind’s t] function (A.4), 

.—48 *-^+1 


Z( r)~r,- 12 |i;(r)r 


Z(r)~r 2 - 12 |^(r)r 48 


r 2 “ 12 |'?( r)|“ 48 , 

12 


,-t/r (n 2 + r 2 2 ) 


r!2 


T ^-^ = .- 12| , 7 (r)r48 . 


(3.67) 


The complete vacuum amplitude (per unit spacetime volume) is obtained by summing over 
inequivalent geometries, i.e. integrating r over the fundamental domain 

d 2 x 


Z = / 
Jf 


(47rVr 2 ) 12 \r](r)\ 


F 0 4t 2 


-48 


(3.68) 


where dr r/(4r 2 ) is an SL( 2, Z) invariant measure in r parameter space. 


UV behavior of the string amplitude 

The restriction of the above integration to the fundamental region Fq removes the region 
r ~ 0, which corresponds to the UV regime of strings propagating for a very short time 
(t 2 ~ 0). This regime is actually mapped by r —*■ — 1/r to the region around r —> i oo, 
which is in Fq , but corresponds to an IR regime of string propagating for a very long time 
(t 2 — oo). This is a particular realization of the mechanism mentioned in Section 3.1.3. 
The lesson that UV regimes turn into dual IR channels follows from the geometry of the 
worldsheet, and holds in any string theory. In the bosonic theory, this IR channel is actu¬ 
ally divergent due to an exponential contribution e +t2 from the spacetime tachyon. This 
is an artifact of bosonic string theory, however, absent in tachyon-free theories like the 
superstrings. 


3.2.3 Toroidal compactification of closed bosonic string and T-duality 

As discussed in Sections 1.4.1 and 3.1.6, compactification is a canonical mechanism to 
obtain low-energy 4d physics in a theory with extra dimensions. In bosonic string theory, 
we are interested in compactifications M 4 x X 22 , with X 22 a 22d compact manifold. The 
simplest possibility is compactification on a torus, for which the most interesting phenom¬ 
ena are already present in the circle compactification of just one dimension. We thus focus 
on the circle compactification of the 26d closed bosonic string theory to a 25d theory. 

Results in this section are useful in the construction of toroidal compactifications of 
superstrings (and orbifolds thereof). Also, they are relevant in the construction of ten¬ 
dimensional heterotic string theories, in Section 4.3. 

Kaluza—Klein toroidal compactification of bosonic string theory 

We start by applying the Kaluza-Klein field theory compactification to the massless spec¬ 
trum of the closed bosonic string. This provides a good approximation to the large radius 
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string theory compactification, when a 1 corrections are negligible, and can be used for 
comparison with the full string theory results derived later. 

The KK compactification on an S 1 of length L = 2jt R of the 26d massless fields Gmn, 
Bmn, 4> can be carried out in close analogy with Section 1.4.1, leading to 


26d field 
Gmn 
Bmn 
<t> 


25d fields 

gfiv, A,j,, a, 

<t>. 


(3.69) 


where M, N and /x, v denote 26d and 25d indices, respectively. As in the 5d model in 
Section 1.4.1, the field A M arises from the mixed metric component G^ 25 , and has a U(l) 
gauge invariance inherited from local reparametrizations of the S 1 coordinate, i.e. x 25 —> 
x 25 + A.(x M ) implies A^ —> A^ — d^X. These transformations are generated by (local) 
translations in x 25 , so the KK momentum mode k plays the role of C7(l) charge. Similarly, 
the 26d gauge invariance (3.1 1) of the 26d 2 -form Bmn leads to a similar gauge invariance 
of the 25d 2-form h llv , and a U (1) gauge invariance of the mixed component A jt ~ /^ 25 ,/x ■ 
States charged under A are absent in held theory, but exist in string theory as winding 
states, see later. 

The 26d effective action produces a 25d effective action for these fields. Skipping details, 
we just note the relation between their Planck scales by the analog of (1.44), 


M 


23 

p,25d 


= M 


24 

p,26d 


L ~ 


m} a l 


(3.70) 


The value of L is related to the vev of the “radion” held a, which is a modulus held, i.e. has 
vanishing potential. It is a general feature that parameters of the compactihcation geome¬ 
tries correspond to massless moduli helds in the lower-dimensional theory. The presence 
of moduli in string compactihcations poses phenomenological problems with experimental 
bounds on hfth forces, and with cosmological evolution. However, they can be stabilized 
to minima of dynamical scalar potentials in compactihcations with additional ingredients, 
described in Chapter 14. 

Concerning massive string states, recall that KK compactihcation on S 1 of states of mass 
M give a shifted KK mass formula 


m 


2 

k 



(3.71) 


Hence in the regime E 1/ R M s , string resonances are far heavier than KK replicas of 
massless helds, and can be neglected. 


Toroidal compactification of closed bosonic string theory 

We now consider the string theory description of the S 1 compactihcation. From Sec¬ 
tion 3.1.5, the worldsheet action for a string propagating in M 25 x S 1 is given by (3.8) 
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Figure 3.12 Closed string states in S 1 compactifications. The closed string 1 is closed already in 
flat 26d space, and has no winding. Closed strings 2, 3 and 4 are closed only after the periodic 
identification defining the circle. States 2 and 3 have opposite winding numbers w = ± 1, and state 
4 has multiple winding w = 2. 


with a metric in M25 x S 1 . In fact, this geometry is defined as a quotient of M26 by a 
translation, so it is locally flat and the worldsheet action is simply given by (3.4). This may 
seem puzzling, but simply means that the dynamics of the strings oscillations is locally 
identical for the theory on M25 x S 1 and on M26- The difference between both geometries 
is indeed a global effect, i.e. the identification x 25 ~ x 25 + 2 nR. Consequently the effects 
of the compactification do not arise at the level of the local structure of the worldsheet, but 
in the boundary conditions for the 2d worldsheet fields. 

Since the local worldsheet dynamics is exactly as in the uncompactified theory, the 
degrees of freedom are the 2d bosons X' ( t , er) with local hamiltonian as in (3.38) 

H = - f do ( 2 na' n, n, + —— 3 a x‘ d a X‘ ^. (3.72) 

2 Jo V 2jror' / 

In order to express it in terms of oscillator modes, we need to specify the boundary condi¬ 
tions. For X', i = 2,, 24, we have the usual periodic boundary conditions 

x‘{t,o + i) = x‘(t,o) for i = 2,... ,24. (3.73) 

For X 25 , the periodicity in x 25 allows a more general boundary condition 

X 25 (f, 0 + t) — X 25 (t, o) + 2nR w, we Z. (3.74) 

For w — 0 it reduces to the standard periodic boundary condition, but for w ^ 0 it describes 
a closed string winding around S 1 a number of times given by w, see Figure 3.12. The sign 
of the winding number w corresponds to the orientation of the string. It is easy to show 
that interactions between the different string states conserve the total winding number. 
Different values of w correspond to different closed string sectors, all coexisting in the 
theory; the complete spacetime 25d spectrum is given by the string states in all possible 
winding sectors. 
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Since the X 1 , i = 2,..., 24 behave as usual, their oscillator expansion is (3.40). On the 
other hand, the mode expansion for X 25 has the structure 


A 25 =* 25 


k/R 


2 icRw 


i 



a n g—2ni n (t+a)/t 
tl 


a n g—2 Tti n (t—a)/l 
tl 


As in field theory, the center of mass momentum is quantized P 25 — k/R, k e /. 

The hamiltonian differs from that of the uncompactified theory only in new contributions 
to d a X 25 from winding (potential energy from string stretching). In fact 


H = H m= 




dct 


1 


/ 2 itR 2 


24 7 

= £ * 


i=2 


2 not' \ l 

(k/R) 2 R 2 w 2 
2p+ ' 2p+ + 2 a' 2 p + 


a' p + 


(N + N - 2), 


(3.75) 


where H w= o is given by (3.42) and we use the number operators (3.45). The Hilbert 
space is constructed by defining groundstates, labeled k, w, and applying oscillator creation 
operators. The level-matching constraint is P a — 0, with 


P a = I da IT; d a X l = (N - N + kw). 


Pff = / 


Each state corresponds to a particle in the 25d spacetime, with mass 

24 t.2 r»2 9 

M 2 5d = 2p^H-Y J p}= Yl + ^ 1 +-,^ + N-2). 

i=2 


(3.76) 


(3.77) 


Winding states arise from the extended nature of the string, so only the w — 0 sector can 
correspond to the point particle limit of the theory. Indeed, states with non-zero winding 
are very massive and decouple in the large radius limit, a'/R 2 1. The Kaluza-Klein 

description should hold in this regime, and indeed the mass formula for w = 0 reproduces 
(3.71) with M the 26d mass in (3.53). 

Forgetting the tachyon and its KK replicas, the massless modes are 


10 ) -> 

guv, v , <p. 


) 1°) ■+ 

V 


1 ) 10) -+ 



a^a^lO) -> 


(3.78) 


where pt, v are 25d indices. The right-hand column describes the spacetime fields in a 
notation consistent with the KK analysis. As in field theory, massive states with internal 
momentum k are charged under the gauge boson A ~ G /l: 25 - In addition, in string theory 
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there are states charged under A jL ~ 11/ 1,25, given by winding states. Indeed the coupling 
(3.10) leads to 


L 


Bmn d a X M d b X N e ab -> 


m: 


da B^, 25 d a X zi dtX^-w dt A^x' 1 , (3.79) 


/‘ 


where in the last step the string coordinate is reduced to its center of mass piece, since 
oscillators average to zero. Thus winding states couple to A jt with charge w. 


Modular invariance of toroidally compactified closed bosonic string 

Winding states are genetically massive, and irrelevant at low energies. They can however 
become light at particular values of R , known as critical radii, as we discuss further in 
Section 5.2.2 in the more interesting setup of heterotic theories. Even at general radius, 
they play a crucial role in ensuring the good UV behavior of string amplitudes, as follows 
from the modular invariance of the one-loop partition function. Using arguments similar to 
Section 3.2.2, one can obtain 


CO 

Z(r) = |??(r)r 48 ^ exp 

k,w=—o o 


-7TT2 


a'k 2 R 2 w 2 
~W + a' 


+ 2nir\ kw . 

(3.80) 


The first factor is the trace over 25d center of mass momentum, the second is the trace over 
oscillators, and the third traces over internal momentum and winding degrees of freedom. 
This expression is clearly invariant under r —> r + 1, and invariance under r —> — 1/r 
can be shown by using the Poisson resummation (A. 13) on both sums over k and w. In this 
process, momenta and winding exchange their roles under a -o- t, showing that winding 
states are crucial to obtain a modular invariant theory. 


Left and right sectors in toroidal compactification 

Closed string dynamics splits into decoupled left and right sectors. For future convenience, 
it is useful to recast some formulae making this split manifest. For instance, the A 25 
oscillator expansion gives 


A 25 (t + a) = 


X 2 R 5 (t-a) = 




„25 


0 -27Ti n (t+a)/l 


2,25 


e 


—27 ri n it—a)ft 


(3.81) 


with the left- and right-moving “momenta” 


a' / k wR \ a' ( k wR 

2~l^ + "^]’ PR ~ \ ^2 \ H~ 
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(3.82) 
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where the square root factors are introduced to simplify upcoming expressions. These 
sectors evolve with hamiltonians 


H l = 


Hr = 


1 24 
i 24 

E* 


1 a'p+ 


1 ( P l + N + E \ 


4 p+ ot'p + 


1 ' ^ + N + E 0 j . 


(3.83) 


They contribute to the mass of spacetime particles as M~ — Mr + M r, with 


a'Mj pj a'M 2 pi 

- k = LL +N _ i, - k = EA + N _ i. 

2 2 2 2 


(3.84) 


The level-matching constraint relating both sectors is just M j — M 2 R . 
In this language, the partition function (3.80) can be written 


Z(r) = tr WL q a 'r +H >‘ tr w * q a ' p+HR = {2na' t 2 )~ 23/2 \q(r)\~ 48 ^ 


EL _£i 
q 2 q 2 , 


(M.,M)er u 


where Tj j is the lattice of the vectors (pi , pr) in (3.82). In this language, modular 
invariance is a consequence of the lattice Tj j being even and self-dual, see Appendix A. 
Invariance under r —> — 1/r follows from self-duality of T|.i, using the Poisson formula 
(A.14). Invariance under r —> r + 1 follows from f ij being even: the square of any vector 
is an even integer, with respect to the Lorentzian scalar product 


(.PL, PR) ■ (. Pl . Pr) = ( PlPl ~ PRPr ) = kw' + k'w. (3.85) 


T-duality 

The existence of winding states in string theory leads to an amazing property, known as 
T-duality, which generalizes (in suitable sense) to other string theories. The mass formula 
(3.77) is invariant under the T-duality transformation 


R 


R 


k o w. 


(3.86) 


Namely, the complete spectrum of the theory at radius R is the same as the spectrum of 
the theory at radius R' — a'/R, up to a relabeling of k and w. This extremely striking 
equivalence of two very different geometrical interpretations is possible because when the 
naive geometric intuitions hold in one theory, they fail in the other. Indeed if R 2 a !, so 
that stringy a' corrections are small, and classical geometry is a good approximation to 
the physics of the system, then R' 2 « a', and the T-dual system has strong stringy effects, 
invalidating familiar geometric intuitions. 
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An important consequence of T-duality is that the R —»■ 0 limit corresponds to a decom- 
pactification limit of the T-dual theory, R' —> oo; the infinite tower of winding states becom¬ 
ing light in the R —»■ 0 limit are interpreted as an infinite tower of KK momentum states 
becoming light in the R r -» oo limit. 

T-duality is not just an accidental property of the string spectrum, but rather an exact 
property of the fully fledged string theory. The two theories are equivalent, even at the 
interacting level, since they are described by equivalent worldsheet theories, as follows. 
Let us split the worldsheet theory into decoupled left and right sectors. Given the fields 
Xf, X 2 ^, there are two ways to construct a physical spacetime coordinate, namely 

X 25 = X 2 L 5 + xj?, X ,25 = xf-X| 5 . (3.87) 

They are related by a flip of the right-moving coordinate, i.e. at the level of momenta 

PL -»• PL, PR -PR. (3.88) 

Using (3.82) this corresponds to the T-duality transformation (3.86), so X 25 and X' 25 
describe string compactifications on radii R and R' = a! / R. T-duality can thus be described 
as a parity operation on right movers. This viewpoint is useful in the generalizations of the 
T-duality concept to superstrings. 

A last important point is that T-duality also acts non-trivially on the dilaton. Using (3.6), 
the equality of the 25d Planck scale (3.70) of the dual theories requires 

e~ 2< ^ R = e“ 20 ' R' =*■ = e R a'~ l/2 . (3.89) 

T-duality is our first example of a non-trivial equivalence of different string theories. 
This and other dualities play an important role in the structure of the theory, in particular 
beyond the perturbative regime. 


3.3 Open bosonic string 

The open bosonic string provides an excellent playing ground to learn about general prop¬ 
erties of open strings. The latter play a fundamental role in the construction of type I 
superstring, Section 4.4, and in the description of D-branes, Section 6.1. 


3.3.1 Quantization and spectrum of the open bosonic string 

Open strings are strings with endpoints, and upon propagation they span worldsheets with 
boundaries. Recall that theories with open strings necessarily include closed strings, so the 
total spacetime particle spectrum is given by the closed plus open string oscillation states. 
The fact that open strings couple to closed strings implies that they share the same local 
worldsheet structure, and both have identical local dynamics (with differences arising only 
as global boundary conditions). 
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Many of the properties of open strings are illustrated by the open bosonic string, whose 
closed string sector is the closed bosonic string, and so is defined in D = 26 dimensions; the 
worldsheet fields are the X M (t, a) and the worldsheet metric g ab {t , cr), with the Polyakov 
action (3.15). The open string oscillation states are obtained by quantizing the theory on 
a worldsheet geometry given by an infinite strip, parametrized by coordinates t, er, with 
a e [0, £], so string endpoints are at a — 0, l. In contrast, with the closed string, there is a 
natural choice of reference line cr = 0 at an open string endpoint, so there is no symmetry 
under a -translations and no level matching constraint for physical states. Since the local 
dynamics on the open string worldsheet must be identical to the closed string one, the only 
physical excitations are the fields X 1 (t, cr), with light-cone hamiltonian (3.38) 

H = - [ da ( 2i to! n, n, + —— d a X l d a X l . (3.90) 

2 Jo \ 2na' ) 

This describes the freely oscillating fields X‘{t,a) obeying a 2d free wave equation, 
yielding a superposition of left- and right-moving waves. The general expansion is 


; X Pi a V—* 

Xi(, + <r)= 2 V( , + ff ) + 'V 2 ^ 


y_ £ -rti v ( t+a)/l 




(3.91) 


with v a modding to be fixed by the boundary conditions. The above expansion conven¬ 
tionally differs from the closed string in a factor of 2 in the exponents. This is related to 
the doubling trick, which is used to describe the open string interval a e [0, £] as a Zo 
quotient of a circle of length 2£. 

Boundary conditions are determined by requiring the vanishing of boundary terms in the 
variational principle derivation of the equations of motion from (3.24) 


SS P = 


= — f 

2na' Jy, 
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2jca' j_ 


d 2 i; i 1 ab d a x M d b sx M 


dt(SX M d a X M ) 


<7=0 
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2na' Jy 


d 2 %8X M d a d a X M - (3.92) 


The second term leads to the same equations of motion as for the closed string, while the 
first corresponds to the boundary terms. In a Poincare-invariant theory 8X M are uncon¬ 
strained, 1 and the vanishing of the boundary terms requires 


da X 1 


a=o,e 


= 0. 


(3.93) 


1 This is not the case for open string sectors describing lower-dimensional D-branes in Section 6.1. The breaking of Poincare 
invariance is interpreted as the presence of a D-brane in the configuration. 
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These are Neumann boundary conditions on both open string endpoints, thus known as 
Neumann-Neumann or NN boundary conditions. They describe free endpoints, with no 
momentum flow, and link the left and right dynamics by 

daX^ + d a X' R — 0 at a — Q,l. (3.94) 

Namely a left-moving wave is reflected at a boundary into a right-moving one (and vice 
versa). Imposing the boundary condition at a = 0 we obtain 

(3.95) 


The boundary condition at a = l requires 

a l v sinjrv = 0, hence teZ. 


(3.96) 


The identification of left and right movers in (3.95) implies that (Poincare invariant) open 
strings can couple only left-right symmetric closed strings. It also implies that the Hilbert 
space of an open string is exactly like one of the sides (say the left sector) of a closed string. 
Indeed, the hamiltonian (3.90) in terms of the oscillator modes becomes 


H = 


1 


Yoj± _ 

2 p+ ’’’ 2 a'p+ 



(3.97) 


This is similar to the left-moving piece of the closed bosonic string hamiltonian, except for 
a factor of 2 tracing back to the oscillator expansion. The spacetime mass formula reads 


The lightest modes are: 


a'M 2 
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(3.98) 


(3.99) 


where □ is the Young tableaux notation for the vector representation. We obtain a 26d 
tachyonic scalar, and a U ( I) massless gauge boson. Note that we get the correct Lorentz 
little group for the massless particles. To this sector of open string states we have to add 
the closed string states (3.54). 

In contrast with the closed string tachyon, the physical meaning of the open string 
tachyon is relatively well understood. The corresponding instability signals that the the¬ 
ory is actually sitting at a maximum of the potential for this field, and tends to roll down 
to a more stable minimum. The tachyon condensation process admits a spacetime picture 
similar to that in Section 6.5.2, in terms of decay of unstable spacetime-filling objects, the 
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l 


Figure 3.13 Open-closed duality: An open string propagating a time 2 Ti is geometrically the same 
as a closed string propagating a time T'l with T’ = 1/(2 T). (b) Displays an unfolding of (a) with the 
worldsheet given by a rectangle with two sides identified. 


D-branes to be introduced in Section 6.1. In the present case, the final configuration surpris¬ 
ingly corresponds to a closed bosonic string theory, with no open string sector. Although 
open string sectors of the bosonic theory are unstable, they provide a useful warm-up for 
the more interesting (and stable) open string sectors in superstrings. 


3.3.2 Open-closed duality* 

We now consider the UV behavior of open string amplitudes, in the simplest one-loop open 
string diagram, namely the vacuum to vacuum amplitude given by the annulus or cylinder 
diagram. This corresponds to an open string evolving for a time 2 Tl and glueing back to 
itself, see Figure 3.13. 

The amplitude is easily computed as a trace over the open string Hilbert space. An 
important difference with respect to the torus amplitude for the closed bosonic string is 
that there is a fixed reference line, and no freedom to shift it, thus no analog of r \; the only 
parameter of the geometry to integrate over is T. We have 

r°° dT 

z= / — Z(D, (3.100) 

Jo 47 

where I /(2T) is a suitable integration measure, and 

Z(T) = Tr Hop e - 2TtH °v- = Tr c . m . e ~ 2,ta ' T ^ A 2 Tr osc . (3.101) 

Defining q = e 27Tl ( ,T \ the traces organize in modular functions with parameter r = i T. 
Computing the traces in a by now familiar way we have 

Z= f°° (8jrVrr 12 r](iT)~ 24 . 

Jo 47 


(3.102) 
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The labeling of geometries in terms of T is one-to-one, and there is no modular invariance 
for the annulus. This implies that the UV region T —> 0 is not cut off from the amplitude, 
and leads to a divergence. However, there is an interpretation of this limit as an 1R regime of 
a dual channel, which now involves closed strings, see Figure 3.13. This property, known 
as open-closed duality, is the fact that the annulus diagram can be regarded, in a dual 
channel, as a closed string diagram (in this case, a tree exchange between two boundaries). 

We can indeed recast the amplitude (3.102) as a closed string one. Note that the exchange 
of the roles of a and t in the annulus requires a rescaling to bring the new a coordinate to 
the light-cone convention of having length i, and hence the closed string propagates for a 
time T'l with T' = 1/(2 T). Using the modular transformation properties 


?7(f/(27’')) = (2T') 1/2 ri(2iT'), 


(3.103) 


the amplitude (3.102) can be written 



(3.104) 


This has the structure of a sum over closed string states with some peculiarities: there is 
no power-like dependence on T', meaning that due to momentum conservation the closed 
states are created out of the vacuum with zero momentum; also, there is no analog of ri 
since the closed string does not close onto itself; finally, due to the absence of integra¬ 
tion over ri, the level matching on closed string states is imposed explicitly, leading to a 
doubling of the argument of the oscillator ;/ functions. 


3.3.3 Chan-Paton indices and non-abelian gauge symmetries 


An essentially new feature of open strings is that they have endpoints. This allows to con¬ 
sider the introduction of degrees of freedom located at these preferred points, in a way 
consistent with the open string interaction vertices. It is indeed possible to introduce dis¬ 
crete degrees of freedom at the endpoints, known as Chan-Paton indices, described by 
labels a = 1,..., N taking N possible values. These labels will shortly be interpreted as 
indices under a suitable gauge group, and as D-branes later in Sections 5.3.4 and 6.1.2. The 
Chan-Paton indices have trivial dynamics, and just propagate unchanged, thus providing 
a label for each boundary of the worldsheet. Their behavior in open string interactions is 
shown in Figure 3.14. For bosonic strings, the value of N is arbitrary (but in superstrings 
it is eventually constrained, see Sections 4.4.1 and 4.4.3), and in principle each value of N 
defines a different theory. 

The quantization of open strings with Chan-Paton factors is straightforward. Since 
Chan-Paton indices are non-dynamical, they do not enter in the hamiltonian, and simply 
label N 2 open string sectors, characterized by two independent indices at their endpoints. 
The quantization of each ab sector proceeds as in Section 3.3.1, resulting in just a multi¬ 
plicity of N 2 for each state in the string spectrum (note that for oriented strings, the ab and 
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Figure 3.14 Open string interaction vertex with Chan-Paton factors. 


ba open string sectors are different). Labeling the groundstate in each open string sector 
by its Chan-Paton indices, the lightest states from open strings are as follows: 
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a'M 2 

50(24) 
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A^osc — 0 
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A^osc — 1 

a' \\ab) 
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where we have momentarily denoted the oscillator number operator by N 0 sc- The open 
string theory in Section 3.3.1 can be regarded as the particular case N — 1. 

We obtain N 2 gauge bosons and N 2 scalar tachyons. The multiplicity of gauge bosons 
corresponds to a non-abelian enhancement of the gauge group to U (N), as suggested by 
the N x N matrix structure of the states. A more detailed argument is as follows. The gauge 
boson A aa in each a a open string sector generates a(/(l) gauge factor. Using the rules of 
open string interactions in Figure 3.14, the gauge bosons A aa , Abb for a ^ b do not interact 
among themselves, since they do not have common indices, and generate a U ( 1) v Cartan 
subalgebra. On the other hand, ab open string states interact with the A aa and Abb gauge 
bosons through the corresponding endpoint. From Figure 3.14 it can be shown that they 
carry charges (+1, —1) under the generators U(l) a , U (1)/,. Since charges of gauge bosons 
under Cartan generators correspond to roots of the gauge Lie algebra, the gauge group is 
enhanced by N 2 — N non-zero roots of the form 

(+1, —1, 0, (3.105) 

where underlining means permutation of the non-zero entries. These are the non-zero roots 
of U ( N ), so the gauge group in a theory of open strings with A'-valued Chan-Paton indices 
is U (N). Similarly, the tachyonic scalars and other states in the open string sector transform 
in the adjoint representation of U ( N ). 

The fact that open string interactions, and in particular gauge interactions, take place 
through their endpoints, allows to assign gauge quantum numbers to the latter. The end¬ 
points a = 0, i transform in the d+i, Q_i representation under U(N) = SU ( N ) x U( 1), 
in Young tableaux notation for the fundamental and anti-fundamental. The C/(l) charge, 
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denoted by the subindices, is always correlated with the non-abelian representation, so it 
is often not made explicit. In this view, Chan-Paton indices label states in the non-trivial 
gauge representation carried by the string endpoints. The above assignment reproduces 
the quantum numbers of open strings, which carry two oppositely charged endpoints and 
transform in the P x □, which is the adjoint of U(N). It is often convenient to package 
similar states in all the ab sectors into a single linear combination 



(3.106) 


ab 


where O contains the oscillator part. The N x N matrix of coefficients X is hermitian and 
provides a representation of U ( N ) as the tensor product □ x □, represented by the rows 
and columns of X. 

As already mentioned, the value of N is unconstrained in the bosonic theory. In particu¬ 
lar, open-closed duality is obeyed trivially, as the cylinder amplitude is just (3.102), up to a 
multiplicity factor of N 2 . The absence of constraints for N in the bosonic theory is related 
to the presence of open string tachyons. Indeed, the interpretation of open string sectors in 
Section 6.1 allows to regard N as the number of D-branes. In the bosonic theory these are 
unstable and can decay by tachyon condensation, thus interpolating among different values 
of N. In superstrings, open strings sectors describe stable D-branes, and their multiplicity 
N corresponds to a conserved charge, which is constrained by a topological consistency 
condition of the vacuum. 

It is remarkable that the simple addition of non-dynamical Chan-Paton degrees of free¬ 
dom leads to the rich dynamics of non-abelian gauge symmetry from the viewpoint of 
spacetime. This introduces an extremely simple way to obtain non-abelian gauge symme¬ 
tries in string theory, exploited to build particle physics models in Chapters 10 and 11. We 
postpone the study of other properties of open string sectors, like their effective action or 
behavior under compactification and T-duality, to later chapters. 


3.4 Unoriented bosonic string theory* 


The theories we have been considering are oriented string theories, described by orientable 
worldsheets. We now turn to unoriented string theories, and illustrate their construction for 
closed and open bosonic strings. The main motivation to study unoriented string theories 
is their role in the construction of the type I superstring, Section 4.4, and other type II 
orientifolds. We advise the reader not interested in these constructions to skip this section 
in a first reading. 

3.4.1 Generalities of unoriented string theories 

Unoriented string theories can be defined by simply including unorientable worldsheets 
in the genus expansion of the theory. It is however convenient to present an equivalent 
but more intuitive construction, known as orientifold quotient or orientifolding. Consider a 
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Klein bottle Moebius strip 


Figure 3.15 The Klein bottle (a) and Moebius strip (b) geometries as rectangles with suitable 
identifications of sides indicated by arrows. 

string theory with identical left- and right-moving worldsheet sectors, like closed bosonic 
string theory. 2 We would like to construct a new string theory as a quotient by the symmetry 
f2, called worldsheet parity, that exchanges left and right movers. In other words, the new 
theory is obtained by imposing that states related by left-right exchange are considered 
equivalent 

|A) l ® \B) r = \A) r ® \B) l . (3.107) 

Since Q flips the orientation of the string, this quotient is known as orientifold. 

This identification implies a drastic modification of the genus expansion, as already 
manifest for instance in the one-loop vacuum diagrams. The usual contribution is the 
torus, which corresponds to closed string states which evolve and are glued back to the 
original state. In the orientifold quotient theory, we can in addition consider processes in 
which the closed string state is glued back to the original, up to the action of f2, i.e. ori¬ 
entation reversal. The diagram, shown in Figure 3.15(a), corresponds to a Klein bottle. 
A similar argument for open strings produces worldsheets with Moebius strip geometry, 
see Figure 3.15(b). The genus expansion of orientifold theories thus contains unorientable 
worldsheets, so they are unoriented string theories. The terms unoriented theories and 
orientifold theories are used interchangeably. 

A general worldsheet for an unoriented string theory can be described as a sphere with 
an arbitrary number of handles and crosscaps (and boundaries if the theory includes open 
strings). A crosscap is a local surgery operation that introduces non-orientability in a sur¬ 
face. It corresponds to cutting a small disk in the surface and identifying antipodal points in 
the resulting boundary to close back the surface. For instance, a sphere with one crosscap 
corresponds to RPo, the real projective plane. Several non-orientable surfaces are displayed 
in this representation in Figure 3.16. In the genus expansion of an unoriented string theory, 
an amplitude mediated by a worldsheet with g handles, n c crosscaps, and «/, boundaries is 
weighted by a factor of g s x = e~ x ^, where 0 is the dilaton vev and y is the general Euler 
characteristic 

X = 2 - 2g - n c - n b . (3.108) 

2 Or also type IIB superstring, Section 4.4.2. Giving up maximal Poincare invariance, as in compactifications, allows the 
introduction of slightly modified orientifold quotients, which are valid for type IIA theories, see Sections 5.3.2 and 10.1.3. 
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Figure 3.16 Several examples of non-orientable surfaces constructed by glueing crosscaps and 
boundaries to a sphere. 

Unorientability is a global property of the surface, hence the orientifold quotient does 
not modify the local structure on the worldsheet. In particular, properties like the critical 
dimension of the orientifold theory are inherited from the parent oriented theory. 

The spectrum of the unoriented theory is obtained from the spectrum of the parent 
oriented theory by truncating onto Q invariant states. This also follows from the genus 
expansion: the spectrum of a theory can be obtained by extracting the states that con¬ 
tribute in the one-loop vacuum amplitude. The sum of one-loop vacuum contributions 
from the torus and the Klein bottle can be written in terms of the parent Hilbert space 7Y or . 
sketchily as 



^ = 2Tr Hor . [ 


Tr-Ho, q Hh q HR + Tr Wor q H ^q HR 


The piece ^ (1 + £2) is a projector that only keeps Q invariant states. The sum over topolo¬ 
gies thus projects out states non-invariant under f2. A similar conclusion holds for open 
strings, by summing over the cylinder and Moebius strip diagrams. 


3.4.2 Unoriented closed bosonic string 


Let us focus on closed bosonic string theory to flesh out these ideas, and obtain the precise 
action of £2 on the string states. Since the local dynamics on the worldsheet is unchanged, 
it is enough to determine the action for the degrees of freedom remaining after gauge fix¬ 
ing. The action £2 maps the worldsheet fields X 1 (t, a ) to X^(t, a ) defined by the 
condition 


X l Q (t,o) = X‘(t,l- er). 


(3.109) 


where the sign flip in a encodes worldsheet orientation reversal. Using the oscillator 
expansion (3.40) we obtain 


£2 : x 


P 



(3.110) 
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which corresponds to an exchange of the left and right movers, as expected. Defining the 
groundstate as ^-invariant, the spectrum of the quotient theory is obtained by applying 
^-invariant combinations of creation operators. The lightest states and their properties are: 
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I-* o 

|0> 

tlo> 

-4 

0 

1 

m + 1 

T 

Gmn, </> 


Besides the closed string tachyon, the theory contains a massless 26d graviton and a mass¬ 
less dilaton (whose vev controls the string coupling g s ). The massless 2-form Bmn has 
been projected out by the orientifold. 

There is an interesting new ingredient in the UV behavior of orientifold theories, as 
compared to their parent oriented theories. Already at the one-loop level there is a new 
diagram, the Klein bottle, corresponding to a closed string propagating for a time Ti and 
closing onto itself up to the action of £2. The UV regime corresponds to T —> 0, and can 
be mapped to the 1R of a dual channel of small closed strings propagating between two 
crosscaps for along time T'l with T' — 1 /(AT) —*■ oo, see Figure 3.17(a). The computation 
of Klein bottle diagrams, in the physically more relevant context of superstrings, is further 
discussed in Appendix D. 


3.4.3 Unoriented open bosonic string 

As already suggested, it is also possible to perform an orientifold quotient of a theory with 
open string sectors. Here we describe the orientifold quotient of the open bosonic strings. 
Given that the main ideas are already familiar, we sketch the computation of the spectrum, 
emphasizing only the main novelties. 

The action of £2 maps the fields X 1 ( t , er) to X l a (t, a) satisfying (3.109). Using the mode 
expansions (3.91), we get 

£2 : jc 1 '-► jc 1 '; p‘ p l \ a‘ n (—1)" (3.112) 

which exchanges left and right sectors, up to a sign. The action of £2 on the oscillator 
groundstate can be taken to be trivial. 

For an open string theory with N -valued Chan-Paton indices, there is a non-trivial action 
of £2 on the latter. Indeed, £2 flips the orientation of the open string, and exchanges the two 
endpoints, mapping the ab open string sector to the ba sector. In terms of the Chan-Paton 
matrix X in (3.106), the action of £2 can be expressed in terms of a unitary matrix yo acting as 


£2 : X —» /q X . 


( 3 . 113 ) 
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Figure 3.17 Dual channels for the Klein bottle (a) and Moebius strip (b). The topology of the dual 
channel becomes manifest by cutting the left-most diagrams along the dashed line, and glueing them 
as in the middle diagram. The right-most diagrams provide the dual channel interpretation as a tree- 
level closed string exchange between two crosscaps (a), or a crosscap and a boundary (b). 


The transposition of X exchanges rows and columns, and corresponds to exchange of string 
endpoints. Applying this twice one obtains 

^-*Kq(kq) (3.114) 

The condition S3 2 = 1 then requires 

Yn=±Yn- (3-115) 

For the two sign choices, it can be brought without loss of generality to the form 
0 ~projection : Kq = ljv, 

0 + projection : yo = t'ejv /2 = i ( ^ / for IV even. (3.116) 

llV/2 0 ) 

The two projections lead to different unoriented open string theories, and are also known 
as SO and Sp projections for reasons to become clear shortly. Note that the 0 + -projection 
is possible only for N even. 
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The spectrum of the unoriented string theory is obtained by keeping the states invariant 
under the combined action of Q on the oscillators and Chan-Paton indices. The com¬ 
ponents of the groundstate X a b\ab) (or any state with even total oscillator number) are 
-invariant for 

Kb \ab) -> X = (3.117) 

Also the components of the massless state X a t,u l _ j I ab) (or any other state with odd oscil¬ 
lator number) are invariant for 

Kbot'_x \ab) ->• X = -Yci^Yq 1 - (3.118) 

For the 0~ projection the groundstate survives for X — X T , yielding N(N + l)/2 surviving 
tachyons, out of the original N 2 , while the first excited states survive for X — — X 1 , yielding 
N(N — l)/2 gauge bosons. The matrix structure implies that the gauge bosons produce an 
SO(N ) gauge symmetry, under which the tachyons transform in the two-index symmetric 
representation. For the 0 + projection the conditions (3.117), (3.118) can be shown to lead 
to USp(N) gauge bosons and tachyons in the two-index antisymmetric representation. The 
light states for the 0 ± projections are thus: 


Projection 

Sector 

State 

a'M 2 

SO (24) 

26d field 

Gauge 

o~ 

^Vosc — 0 

k|0> 

-1 

1 

T 

m + i 


Nose — 1 

a|_ 1 A.|0> 

0 

□ 

a m 

SO(N ) 

0+ 

Nose — 0 

X\0) 

-1 

1 

T 

B+ 1 


Nose — 1 

x io) 

0 

□ 

a m 

USp(N) 


where we use Young tableaux notation for Lorentz and gauge representations, with I. :i I 
denoting the two-index symmetric traceless representation, and “+1” the trace piece. The 
above gauge representations are consistent with the gauge representation assignments for 
single open string endpoints, as follows. Since Q flips the string orientation, exchanging the 
two endpoints, it identifies the® at a = 0 with the Qat a = l. The open string thus trans¬ 
forms in a representation contained in the tensor product □ x □ =1:11 + 04-1 (determined 
by the precise T2 action as described). 

Similar to closed unoriented strings, the UV behavior of unoriented open string ampli¬ 
tudes is controlled by a new interesting dual channel in worldsheet diagrams. Indeed, 
consider the new one-loop vacuum diagram in open unoriented theories, namely the Moe- 
bius strip. It can be described as an open string propagating a time 2Ti and closing 
onto itself up to the action of £2. Its UV limit T —> 0 actually corresponds to an IR dia¬ 
gram in a dual channel of small closed strings propagating for a long time T'l with 
T' = 1/(8 T) —> oo between a boundary and a crosscap, see Figure 3.17(b). The computa¬ 
tion of Moebius strip diagrams, in the physically more relevant context of superstrings, is 
further discussed in Appendix D. 
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In this chapter we construct the superstring theories in flat Minkowski spacetime. Their 
main advantage with respect to bosonic string theory is that they lead to spacetime fermions. 
In addition, they naturally lead to spacetime supersymmetry, which guarantees the absence 
of spacetime tachyons, and thus provide stable vacua. There are five such superstring the¬ 
ories, called the type IIA and IIB theories, the Eg x Eg and SO(32) heterotic theories, and 
type I theory, which we study in that order. These superstrings are the best studied string 
theories, and have been efficiently applied to the construction of realistic particle physics 
models, to be developed in later chapters. 


4.1 Fermions on the worldsheet 

We would like to construct new string theories which avoid the shortcomings of bosonic 
string theory, and in particular can lead to spacetime fermions. This requires modifying the 
worldsheet theory. However, the modification cannot amount to just changing the world- 
sheet action keeping the same 2d fields, since as discussed in Section 3.1.5 this just leads 
to the same bosonic string theory in a different spacetime background. Rather, we need to 
modify the worldsheet field content. 

The most elegant modifications of the field content of a theory are those based on a 
symmetry principle; this is exploited by superstrings, whose worldsheet theory contains 
additional 2d fermionic fields as required by a 2d supersymmetry on the worldsheet (hence 
the name). Concretely, there is a set of fermionic fields i j/ M (^), partners of X M (f), and 
which are 2d spinors, but transform as vectors under the spacetime Lorentz group (since 
supersymmetry commutes with global symmetries). In addition, there is a worldsheet grav- 
itino i), related to g a b(%)- It is important to emphasize that the presence of worldsheet 
fermions and worldsheet supersymmetry does not automatically imply the appearance of 
spacetime fermions and spacetime supersymmetry .' The subtle appearance of the latter is 
discussed in Section 4.2.3. 

1 Indeed there exist string theories, like the type 0 theories, with worldsheet fermions and supersymmetry, but with neither 
spacetime fermions nor spacetime supersymmetry. These theories have essentially no application to particle physics model 
building, and will not be discussed in this book. 
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Despite the new 2d field content, general results based on geometrical properties of the 
worldsheet extend to the superstrings. For instance, the description of the genus expan¬ 
sion, the reinterpretation of UV regimes as IR dual channels; or symmetry properties, like 
invariance under 2d diffeomorphisms, Weyl and conformal symmetries, their gauge-fixing, 
and the level matching conditions for closed strings. This facilitates the quantization proce¬ 
dure, since it suffices to supersymmetrize the worldsheet field content and hamiltonian of 
the bosonic theory after light-cone gauge fixing. Therefore, the propagation of superstrings 
on D-dimensional Minkowski space will involve (D — 2) free bosonic fields X 1 (t, a) and 
free fermionic fields i/F (f, er), for i =2,..., D — 1. Note, however, that since the field 
content differs from that in the bosonic theory, the critical dimension will be different. 
We therefore keep the spacetime dimension arbitrary, and eventually determine it from 
restoration of the appropriate symmetries in the quantum theory. 

We now turn to the study of the different superstring theories, and from now drop the 
implicitly understood prefix “super.” 


4.2 Type II string theories 

Type II string theory is a theory of closed strings, with worldsheet fields X' (t, a), x[r' (t, a), 
i = 2,.. ., D — 1 , in the light-cone gauge. The theory describing the propagation of the 
string on Minkowski space is free, and the fields obey 2d wave equations. As for the closed 
bosonic string theory, it is conceptually useful to split the worldsheet theory into left and 
right sectors, with fields X' L (t + cr), \//' L (t + <7), X' R (t — cr), \// R (t — <7). These are decoupled 
(except for a level matching condition in forming physical states), so we will describe most 
features for just, e.g., the left sector. 


4.2.1 NS and R boundary conditions 

Since we have closed strings, worldsheet bosonic fields obey periodic boundary conditions 

X i L (t+a+l) = X i L (t + cr), (4.1) 

leading to an oscillator expansion (3.40) 


XUt + a) = - 


Pi 


2 ' 2 p+ 

These modes have commutation relations 




—2ni n (/+cr)/£ 


ne Z—{0} 


[ X 1 , Pj] = iS); [a l m , a[j = m Sij S m - n 
The hamiltonian for bosons (thus labeled with B ) is 


(4.2) 


(4.3) 




d reg. 1 

with Ers = - (D — 2), 

0 24 
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Concerning the fermionic fields, their local dynamics correspond to free oscillations, as 
expected from their 2d supersymmetry relation to the bosons. Since any observable of 
the 2d theory is quadratic in the fermions, periodicity of physical observables is consis¬ 
tent with periodic or antiperiodic fermion fields. Hence there are two consistent boundary 
conditions: 

Neveu-Schwarz NS i fr‘ L (t + ct + l) = ~ x l r \(t + er), 

Ramond R \Jr l L (t + cr + l) = t/r l L (t + cr). (4.4) 

These can be chosen independently for left and right sectors, 2 but the choice must be shared 
by all values of i due to Lorentz invariance. It would seem that this produces four different 
kinds of closed strings, namely NS-NS, NS-R, R-NS, and R-R strings, according to the 
boundary conditions obeyed by the left and right fermions. We will see in Section 4.2.2 
that modular invariance actually forces these possibilities to coexist, and form just different 
sectors of the same theory. 

We now construct the fermion Hilbert spaces for NS and R boundary conditions. 


Neveu-Schwarz (NS) sector 

Antiperiodic boundary conditions require the oscillator modding to be half-integer, leading 
to the oscillator expansion 


r L (t + <x) = J %- £ ^+ 1/2 e~’ l7ti(r+l,Z){f+a)l1 . (4.5) 

rsZ 

Note that there are no zero modes in the expansion. The oscillator modes have anticommu¬ 
tators 


{^+1/2’ ^H + l/2} — ^ J !$m+l/2,-(H+l/2)- 

The hamiltonian for the fermions in the NS sector (thus labeled with Fns) is 

OO 

X! ('" + 2 ) ^-r- 1/2 ^,'+1/2 + E 0 NS ’ 

r=0 

where the zero point energy for NS fermionic oscillators is 

1 l “*“ > 1 

£<f NS = (D - 2) (" + i) I' -1 (D - 2). 

n =0 

This follows from a zeta-function regularization of the sum, generalizing (3.50) 


Hfks.l — 


a' p + 


(4.6) 


(4.7) 


(4.8) 


7 — 


. CO 

= 2 > 


, re g- 1 
■«) = -77 


1 


n =0 


H—a(l — a) for 0 < a < 1. (4.9) 

24 4 “ ~ 


2 


To prevent confusions, we use the roman font R for “Ramond,” and the italic R for “right.” 
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The total bosonic and fermionic hamiltonian for the 2d theory in the NS sector is 


«N S.L=' L,P ‘ 


4 p+ a'p- 1 


JVfns + Np 


D — 2 

16 


where we have introduced the fermionic and bosonic number operators 

OO 

^NS = X! ( r + 0 VC-1/2 fr+ 1/2- N B = X! “-«<• 
i r= 0 i n> 0 

The contribution of the left-moving sector to the spacetime mass is 

,2 


M^ L =2p+H L -Wpl 


(4.10) 


(4.11) 


(4.12) 


namely 


a' M, 


D-2 

P = Nf ns + N b - - [ g-. 


(4.13) 


The spectrum in the NS sector is obtained by defining a groundstate |0)ns annihilated by 
all positive modding oscillators 


^ + 1 /2 |0)ns = o Vi, Vr > 0; <|0) NS = 0 Vi,V«>0, (4.14) 

and applying negative modding oscillators in all possible ways. Note that each fermion 
oscillator can be applied at most once, due to their anticommuting character. In Young 
tableaux notation, the left-moving states with smallest contribution to the mass are as 
follows: 


State 

(«' m ns,J/2 SO(D- 2) 

|0)ns 

(D-2) , 

16 1 

i/2 10) NS 

1 (0—2) n 

2 16 U 


(4.15) 


It is already possible to compute the critical dimension from the proper implementation 
of Lorentz symmetry in the quantum theory. The above states will eventually combine 
with states in the right sector, satisfying the level matching condition M 2 L = M ^, to form 
physical states corresponding to spacetime particles of mass M 2 = M 2 L + = 2. So 

already at this stage the left states must form representations of SO(D — 1) or SO(D — 2) 
little groups for massive or massless particles, i.e. M / ^ 0 and M /, = 0, respectively. The 
states in the first excited level form a representation of SO(D — 2) and do not suffice to 
form a representation of SO(D — 1). Therefore they must be the left part of a massless 














4.2 Type II string theories 


107 


particle, with Mp = 0. This fixes the value of the critical dimension D— 10. Using this 
value, the above table of light left states in an NS sector reads: 


State 


50(8) 

|0)ns 

1 

2 

1 

1 /21 0)nS 

0 

8 y 


where 8y denotes the vector representation of 50(8). 


Ramond (R) sector 

Periodic boundary conditions require integer modding for fermionic oscillators, 

r L (t +a) = i^ r r e~ 2 ” ir « + °^. (4.17) 

rsZ 

The anticommutation relations read 

=S ij 8 m ,- n , (4.18) 

and the hamiltonian for the fermions in the R sector (thus labeled with Fr) is 

Hf ‘ L = 2^ ( E ' *> + . (4.19) 

with 

E 0 Fr = - l - (D - 2) f] r I’ 1 (D - 2) < R !' i, (4.20) 

r= 1 

where we anticipate that R and NS sectors coexist, and already use the critical dimension 
D— 10. The total hamiltonian in the R sector, and the left-moving contribution to the 
spacetime mass, are 

y. n 2 l 

Hr.l = ' + ' + ( n f r + Nb), 

4 p + a' p + v 7 

a'Mx , 

—^L = N Fr + Nb . (4.21) 

Note the vanishing zero point energy due to 2d boson-fermion cancellation. We have 
introduced the oscillator number operators 

OO 

N FR = J2 r 'l /, -r'! /, r' a -n a h■ 

r= 1 n> 0 


(4.22) 
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The groundstate is naively defined as annihilated by positive modding oscillators 

f r \0) = 0 Vi, Vr > 0; <|0) = 0 V/, Vn > 0, (4.23) 

However, an important difference with respect to the NS sector is that there are fermion 
oscillator zero modes i/tq, whose contribution to the string state energy is zero. This implies 
that the groundstate is degenerate, with the fermion zero mode operators relating different 
states. This action must be consistent with the anticommutation relations (4.18) restricted 
to the zero mode sector 

j (4-24) 

so the set of groundstates must form a representation of this Clifford algebra. Its construc¬ 
tion is sketched below, although the result can be anticipated: the operators i fr^ behave as 
Dirac matrices of the SO( 8 ) symmetry group, acting on the set of groundstates which thus 
must transform as an SO( 8 ) spinor. To carry out the construction in more detail, we define 
the operators 

A* = -j= ( ± ) for a = 1, ..., 4, (4.25) 

with anticommutation relations 

{A~,A+)=& ab (4.26) 

and all other anticommutators equal to zero. We define a “lowest weight state” by 
A“|0) = 0, and build the set of groundstates by application of the A+ operators, i.e. 

10) A+|0> 

A+A+|0) A+A+A+10) (4.27) 

A+A+A+A+|0) 

They transform in a 16-component spinor representation of 50(8). This representation 
describes a non-chiral spinor, and is reducible into two opposite-chirality representations. 
These are denoted 85 , 8 c and correspond to the two columns in (4.27), which have opposite 
eigenvalues of the parity operator F = iAq ''' V'o ■ 

Since any excited state is massive, the table of light states in a R sector only includes the 
groundstates just discussed: 


State 

/2 

50(8) 

| 8 C > 

0 

8 c 

| 8 5 > 

0 

85 


(4.28) 
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4.2.2 Modular invariant partition functions 

To form physical states corresponding to spacetime particles, we must combine left and 
right states, each in the NS or R sector, obeying the level matching condition 

M 2 l = M\. (4.29) 

The glueing is constrained by the eventual requirement of modular invariance of the result¬ 
ing theory. This property is so restrictive that it is in fact more practical to first construct 
modular invariant partition functions, and later determine the corresponding glueing pre¬ 
scriptions. The reader not interested in these details may wish to skim through this and the 
next section, directly to Section 4.2.4. 

The closed string partition functions splits into left and right sector partition functions 

Z(r) = Tr Wcl ( e~ x * m e ix ^ p ) = (47rVr 2 )- 4 Tr Hl q N+E ° Tt Hr q" +E °, (4.30) 

where the first factor is the center of mass momentum piece, and N, Eq denote the total 
(bosonic and fermionic) left-moving oscillator number operator and zero point energy (and 
analogously for the right-moving N, Eq). 

Since the partition function factorizes, we now consider the structure of the partition 
function for left movers, in the NS or R sector. As usual, the traces over the different 
degrees of freedom (fermions and bosons, for each spacetime direction, and each oscillator 
modding) factorize, and we get products of traces. The trace over the bosonic oscillators is 
computed just like in bosonic string theory 

Tr 7-t bos . q NB+E ° = (4.31) 

To compute the partition function over the infinite set of fermionic oscillators, consider first 
the case of a single fermionic oscillator, i jf' v , f l _ v , with general modding v > 0. Its Hilbert 
space has just two states, the vacuum |0) and f_ v \0), so its contribution to the partition 
function is 


Tr w#ii q N *+ E ? = q E ° V (1 + q v ). (4.32) 

For several decoupled fermionic harmonic oscillators, we simply get the product of parti¬ 
tion functions for the individual ones. The results can be written compactly in terms of the 
modular functions defined in Appendix A. For instance, the partition function for eight NS 
fermionic coordinates is given by 


Tr WNS q N * ns+*o 


F NS 


oo 

n (l + 9"— 1 / 2 ) 

n =1 



(4.33) 
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The partition function for eight R fermionic coordinates is given by 


Tr n R q 


Nf r +e 0 fR 


16 


1/24 


1(1 + ?") 


H= 1 



(4.34) 


where we have taken into account the 16-fold degeneracy of the groundstate. 

Using (A. 12), it is easy to observe that modular transformations mix sectors with differ¬ 
ent boundary conditions. For instance, (4.33) and (4.34) are related by 


& 


[»r 


►T + l 




r ° 

L 1/2 


>-l/r 




1/2 

0 


(4.35) 


This implies that a modular invariant theory must contain coexisting string states in dif¬ 
ferent sectors. The precise glueing prescription is most easily described by first propos¬ 
ing a modular invariant partition function, and later extracting its physical interpretation. 
Consider the two partition functions for left-moving fermions 



(4.36) 


where we have introduced a factor of 1 /2 for latter convenience. The terms added up in 
this partition functions are sometimes referred to as “spin structures,” as they relate to the 
different periodicities of worldsheet fermions along the (f, er) directions on the toroidal 
geometry. 

The two choices Z± are invariant under r —> r + 1 and r — 1/r, up to phase fac¬ 
tors, hence we can construct two modular invariant theories with (left x right) partition 
functions 


typellB : Z + Z + , typellA: Z + Z_. (4.37) 

They define the type IIB and type IIA string theories. The theories defined by Z_Z+, 
Z_Z_ are actually related to the above by spacetime parity, as explained shortly, and do 
not lead to new theories. 

Note that the theta function identity (A.8) implies the vanishing of the partition function. 
This signals the cancellation of the one-loop spacetime vacuum energy, due to spacetime 
supersymmetry of these theories. However, formal modular invariance of the above expres¬ 
sions is still a meaningful criterion, which ensures the finiteness of string amplitudes with 
external legs, which do not vanish identically. Similarly, the theta function with charac¬ 
teristic (1/2, 1/2), although formally zero, must be present in (4.36), and its sign has 
implications for the physical spectrum. 


4.2.3 GSO projection: the type IIA and type IIB theories 

We now consider the physical interpretation of the above fermionic oscillator partition 
functions. The combination of theta functions with first characteristic 0 and 1 /2 implies 
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the coexistence of states in NS and R sectors. On the other hand, the presence of theta 
functions with different second characteristic implies a projection onto states with even or 
odd worldsheet fermion number, known as the Gliozzi-Scherk-Olive or GSO projection, 
as follows. 

Let us introduce the operator (—l) f , anticommuting with any fermionic oscillator 


(~D F r v = -r v (- d f 


(4.38) 


String states with even or odd number of fermionic oscillators have (—1)^ eigenvalue +1 
or — 1. Using this, we can interpret the NS sector contribution to (4.36) as 



^ Tr7^ NS q N+E °— 1 Tr^ NS q N+E °(—l) F 


= Tr H NS 


M l-(-D F 
1 2 


(4.39) 


where here N and Eq refer to the fermion number operator and zero point energy in the 
NS sector. The operator ^[1 — (—l) f ] is a projector restricting the contribution to states 
with an odd number of fermionic oscillators. The GSO projection on the NS sector thus 
removes states with an even number of fermionic oscillators; for instance, it removes the 
tachyonic groundstate |0)ns from the physical spectrum, while leaving the massless states 
^i/ 2 | 0 )ns in the physical spectrum. 

Similarly, the R sector pieces of the partition functions (4.36) correspond to 


: 1,- (#[f] 4 ±#[:g] 4 ) = iTr„ l9 »«» 


= Tr 


Hr 


q 


N+E 0 


i±(-i y 


N+Eo 


(-i r 

(4.40) 


where now N and Eq are the fermion number operator and zero point energy in the R 
sector. The GSO projections implied by Z± differ in their action on the R sector. Focusing 
on the light states, the GSO projection associated to Z + projects out the R groundstates in 
the 85 , while leaving those in the 8 c in the spectrum; whereas the GSO projection associ¬ 
ated to Z_ projects out the R groundstates in the 8 c while leaving those in the 85 in the 
spectrum. 

The two projections are related by spacetime parity, which exchanges 85 -o- 8 c- There¬ 
fore, the Z_Z_ theory is just the parity reflected image of the Z+Z+ theory, while the 
Z_Z_|_ theory is the image of Z + Z_. The two essentially different theories are the type 
IIB and IIA theories in (4.37), defined by having equal or opposite left and right GSO 
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projections on the R sector. Their partition functions in terms of GSO-projected Hilbert 
space traces are schematically 

= (Tr H ns ,gso ~ ^Wr.gso- ) x (^Hns.gso — 4T?-t RGS0± ) 

= Tr WNS,GSO Tr -H NSiG SO ~ Tr WNS,GSO Tr WR, GSO± 

~ Tr Wr,gso_ Tr Wns.gso + Tr n R,GS0_ Tr Wr,gso± ’ (4-41) 

in hopefully obvious notation. This determines the precise glueing of left and right sectors 
with NS and R fermions, into NS-NS, NS-R, R-NS and R-R states (often written unhy¬ 
phenated, especially for NSNS, RR). We now turn to the computation of the spacetime 
spectrum. Incidentally, the negative sign in the contribution from NS-R and R-NS states 
anticipates that these states are spacetime fermions. 


4.2.4 Massless spectrum of type IIB and IIA string theories 

The modular invariant partition functions for type II theories implement a GSO projection, 
which in the NS sector removes the tachyonic groundstate, and leaves the state |8y). On 
the R sector, the type IIB theory has equal GSO projections, which at the massless level 
remove the states |8s) and leave the states |8c), on both left and right sectors. The type 
IIA theory has different GSO projections, with the |8c) surviving in the left sector, and the 
18^) surviving in the right sector. 

The spacetime massless particle spectrum is obtained by glueing these GSO-surviving 
left and right states with Mj = M j, — 0, which therefore satisfy the level matching condi¬ 
tion (4.29) automatically. 


Type IIB string theory 

The massless spectrum has the following structure: 


Sector 

1 )l ® 1 )r 

SO( 8) 

lOd field 

NS-NS 

8y <g) 8y 

1 + 28y + 35y 

<t>, Bmn, Gmn 

NS-R 

8y <8> 8c 

85 + 56s 

^a > ^Ma 

R-NS 

8c 0 8y 

85 + 56s 

K a 

R-R 

8c 0 8c 

1 + 28 c + 35 c 

0 , Cmn, Cmnpq 


where a is a chiral lOd spinor index. The NS-NS sector contains a dilaton scalar </>, a 
two-index antisymmetric tensor Bmn (a two-form Bf), and a 2-index traceless symmet¬ 
ric tensor Gmn, describing the graviton. The R-NS and NS-R sectors produce fermions, 
concretely two Rarita-Schwinger fields f m a, which are gravitinos of the spacetime super- 
symmetry of the theory (see below), and two spinors ). a , known as dilatinos. The R-R 
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sector contains several p-forms (p-index antisymmetric tensors), namely a scalar (or 0 - 
form) a, often called axion, a 2 -form Cmn, and a 4-form Cmnpq with self-dual field 
strength, in the sense of Section B.3. These are denoted also as Co, C 2 , C 4 . 


Type IIA string theory 

The massless spectrum has the following structure: 


Sector 

1 )l 0 1 )r 

SO( 8) 

10d field 

NS-NS 

> 

00 

0 

00 

1 + 28 v + 35 v 

<P, Bmn, Gmn 

NS-R 

8y 0 > 8 s 

8c + 56c 

'/'ha 

R-NS 

8c 0 8y 

8s + 56s 

*Ma 

R-R 

8c 0 8s 

8y + 56y 

Cm, Cmnp 


where a, a are opposite-chirality spinor indices. The NS-NS sector contains a dilaton tp, 
a 2-form B2, and a graviton Gmn- The R-NS and NS-R sectors contain fermions, two 
opposite-chirality gravitinos 1 ^., fL, and two opposite-chirality dilatinos a! X„. The 
R-R sector contains the 1- and 3-forms, C\, C 3 . 

Type IIA and IIB string theories enjoy several important local symmetries in spacetime: 

• Local changes of coordinates in spacetime, with Gmn as the graviton. 

• Gauge transformations (B.21) of the p-forms, 

C p ^C p +dA p - U (4.44) 

for p even in type IIB and odd in type IIA theories. These fields behave as generalized 
gauge potentials. There are no states charged under them in the perturbative spectrum, 
but non-perturbative brane states couple to them, see Section 6 .1. 

• Gauge transformations (3.11) of the NS-NS 2-form ZL, just as for the bosonic theory. 
Similarly, the coupling (3.10) implies that strings are charged under this 2-form gauge 
field. 

• Local supersymmetry, with 32 supercharges arranged in two 16-component spinors in 
lOd. The spectra correspond to the gravity multiplet of chiral or non-chiral lOd Af= 2 
superalgebra, for type IIB (equal chirality supercharges) or type IIA (opposite chirality 
supercharges) theories, respectively. 

Let us conclude by emphasizing once again that the appearance of fermions and space- 
time supersymmetry is not an automatic consequence of the existence of worldsheet fer¬ 
mions and worldsheet supersymmetry. Rather these are features which arise from the 
structure of the GSO projection. 
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4.2.5 Effective action and anomaly cancellation* 


The high level of supersymmetry strongly constrains the effective actions for the above 
massless states. They correspond to the unique chiral or non-chiral lOd AT — 2 supergravity 
theories, whose bosonic part is described below. Due to the absence of UV divergences in 
the type II string theories, they provide a finite ultraviolet completion of these supergravity 
theories. Applications of type II theories to particle physics model building are based on 
the so-called orientifold compactifications, and are described in Chapters 10 and 11. 


Anomaly cancellation 


There is an important consequence of the well-defined quantum behavior of type IIB the¬ 
ory. The theory is chiral and it has potential gravitational anomalies from the contribution 
of the massless chiral fermions and the self-dual 4-form field. These anomalies would ren¬ 
der the theory non-unitary and thus ill-defined. Anomaly cancellation in lOd imposes a 
highly constraining set of conditions, which are very remarkably satisfied by the massless 
field content of the theory. This cancellation, miraculous from the effective field theory 
perspective, is a low-energy manifestation of the good quantum behavior of type IIB string 
theory. Indeed, anomalies arise when there exists no regulator consistent with the classical 
symmetries of the theory, so they are ultimately not restored in the quantum theory. Type 
IIB theory is free of UV divergences, due to modular invariance, and acts as a regulator of 
the effective theory, preserving all its symmetries. Hence, modular invariance ensures that 
no anomaly can arise, or equivalently that all potential lOd anomalies cancel. Note that 
type IIA theory is non-chiral and thus trivially anomaly-free. 

Type IIB effective action 

Although the construction of the lOd effective actions for type II strings (and other upcom¬ 
ing string theories) is beyond the scope of the present book, we review their bosonic sector. 
For type IIB, the lOd effective action is 


2/4Siib = Jd l0 x (-Gy2[e- 2 ^R + 4d M cf>d M ( p- ^|// 3 | 2 )- [\F\\ 


2 — 21 ^ 31 — 5 I -^ 51 2 


C 4 A H 3 A 
.0 d 

where 2 k^ 0 — {Itx) 1 a' 4 . Also, \F p \ 2 is defined in (B.22), and 



(4.45) 


1 


1 


Fl = Ft, — Co Hi, F$ = F 5 — -C 2 A Hi + -Z ?2 A F 3 . 


(4.46) 


The action should be complemented with a self-duality constraint on the 5-form field 
strength. Note that the kinetic term of the NSNS 3-form field strength Hi and the RR 
ones, If, If differ in factors involving the dilaton. 
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Type IIA effective action 
For type IIA, the lOd effective action is 

2/4%a= J d l0 x(-Gp [V 2 * + 43^0 3^0 - ^|// 3 | 2 ) ~\\F 2 \ 2 - \\F 4 \ 2 

- \ f B 2 aF 4 aF 4 . (4.47) 

2 JlOd 

where again 2k^ q = (flit) 1 a' 4 , \F p \ 2 is defined in (B.22), and 

F 4 — dA 2 — A\ A Hy. (4.48) 

As in the type IIB case the kinetic term of the NSNS 3-form field strength If and the RR 
ones. If, F 4 differ in factors involving the dilaton. 

For future reference in Chapter 14, we mention that type IIA supergravity admits a 
deformation by a mass parameter m, known as Romans mass, which may be regarded as 
a background field strength Fq= — m. The resulting Romans theory contains additional 
contributions from its kinetic term plus additional Chern-Simons couplings 

5^ = 5ha -[ d^xi-G^m 2 +-^ f mF l0 , (4.49) 

4/Cjq J 2/Cj 0 Jwd 

where Siia is obtained from (4.47) by the replacement 

1 1 

I ‘2 —>• F 2 + mB 2 , F 4 —> F 4 + —tnB 2 A B 2 , F 4 —> F 4 + —tnB 2 A B 2 . (4.50) 

For completeness we also introduce the lid A/" = 1 supergravity action, which is the 
low-energy approximation to the dynamics of M-theory, see Section 6.3.2. The relevant 
fields are an lid graviton Gqc, a 3-form C 3 , and a gravitino with M, a being lid 
vector and spinor indices, respectively. These fields fill out the gravity multiplet of lid 
Af=l supersymmetry. The bosonic piece of the action is 

2k iiSnd = Jd n x(-G) l 2 (R— i|G 4 | 2 ) - l - J^C 3 a G 4 a G 4 , (4.51) 

where G 4 — dC 2 and /q 1 is the 1 Id gravitational strength. 


4.2.6 An aside: bosonization* 

For future reference in the fermionic construction of the lOd heterotic string and its 
application to model building in Chapter 8, we introduce the concept of bosonization/ 
fermionization. This is a phenomenon relating different 2d field theories, by a (non-local) 
change of fermionic variables to bosonic ones or vice versa; this is consistent in 2d since 
all representations of the S O (2) Lorentz group are one-dimensional, and there is no well- 
defined concept of spin. Although the idea is far more general, we restrict to the simple 
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setup of free field theories, and only at the level of their partition functions, see Section E. 1 
for a complementary description. 

Consider two left-moving free fermions with NS boundary conditions. This system is 
equivalent to a left-moving boson parametrizing a circle of the so-called critical radius 
R — s/a', as follows. The partition function of the fermionic theory is 



(4.52) 


Using the infinite sum expansion of theta functions (A.6), this can be recast as 



(4.53) 


which corresponds to the partition function of the bosonic theory, with rj describing the 
oscillator contribution, and n labeling the discrete left momentum pi . There is no center 
of mass momentum factor, since such degree of freedom is absent for purely left bosons 
with no right sector partner. 

The idea can be used to bosonize the complete left-moving sector of a type II superstring. 
Using (A.6), the fermionic partition functions (4.36) can be recast as 





(4.54) 


«l,n2> w 3> w 4 




By gathering terms we can write 





r=(«i,n2,n 3 ,n 4 ) 




Defining the lattices A* of vectors of the form 


(«l, n 2 , n 3 , n 4 ), 





even, odd for A 



(4.55) 


we have 



reAi 


(4.56) 
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where F sX . is spacetime fermion number. This expression is a partition function for four 
left bosons parametrizing a four-torus, with left-moving momentum in the lattice A*. In 
this bosonized language, the mass formula reads 

a 1 Mr r 2 1 

—L = Nb+Npb + ---' (4.57) 

where Np B is the number operator for the bosonized fermions, quantized in integers. Mass¬ 
less states have Np — Np B = 0, and in the NS sector are of the form r — (± 1,0, 0, 0), and 

in the R sector (for e.g. A + ) are r = ± (j> 3 , ~ 5 ), where underlining denotes per¬ 

mutations of entries. These are just the SO( 8 ) weights of the 8 y and 8 c representations 
associated to massless states. 


4.3 Heterotic string theories 

As already emphasized, left and right sectors in closed string theories provide well-defined 
independent 2d quantum field theories. The closed string theories we have constructed 
hitherto have left and right sectors described by similar degrees of freedom. However, it is 
conceivable to construct new string theories with different left and right degrees of free¬ 
dom. Indeed, heterotic strings (from the greek heteros, meaning different) are constructed 
by taking, e.g., the left sector to be that of the bosonic theory and the right sector to be that 
of the superstring. 


4.3.1 Quantization 

Despite its asymmetric 2d field content, the construction leads to well-behaved string 
theories, with automatic 2 d conformal invariance, and achieving modular invariance as 
described later on. The physical degrees of freedom in the light-cone gauge can be bor¬ 
rowed from previous constructions. In the right sector there are 8 bosons X' R (t — a) and 8 
fermions ir' R (t — cr), for i = 2,..., 9. In the left sector there are 24 bosons, split for conve¬ 
nience as X' L {t + <j), i = 2,.... 9 and X R (t + er), I = 1,..., 16. Note that we have already 
fixed the number of fields in each sector, a choice eventually confirmed by restoration of 
spacetime Lorentz invariance. Since the number of fields differs for left and right movers, 
an immediate question is the spacetime dimensionality of the theory. The heterotic string 
has ten physical spacetime dimensions 

X i (t,o) = X i L {t + o) + X i R (t- 0 ), i = 2,... ,9, (4.58) 

and there is only lOd Poincare invariance for the flat space theory. The 16 extra left-moving 
bosons X R (t + er) do not correspond to physical spacetime dimensions, but can be regarded 
as compactified on a 16d torus of stringy size R = slot '", as made precise below. 

Let us consider the quantization of heterotic strings propagating on flat lOd spacetime. 
The quantization of the right degrees of freedom X' R , \I/' R works as in Section 4.2.1. The 
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bosons X' R satisfy periodic boundary conditions and have oscillator expansions given by 
the right sector version of (4.2) 


x‘ R (t-a) 


x l 

~2 


Pi 

2p+ 


(t 



E 

neZ-{0) 


—2jri n ( t—a)/l 
n 


(4.59) 


The fermions satisfy NS or R boundary conditions and have oscillator expansions given by 
the right sector version of (4.5), (4.17): 


f' R (t -a) = i 



Y V r+v e - 27li(r+v){t - a)li 

re Z 


(4.60) 


with v = 1/2,0 for the NS, R sectors. The oscillators have the familiar (anti)commutation 
relations, and the right sector hamiltonian is 

y. p 2 1 

Hr = ' ' H- —— ( Nb + Np + Eq) 

4 p + a' p + 

OO 

N r = EE a'_ n a l n , Nf = Y. ( r + y ) V-r-v ^ r+v » Eo=-2v(l-v). (4.61) 

i n >0 r =0 

The quantization of the left degrees of freedom X' L , i =2, ..., 9, is also standard, with 
periodic boundary conditions and oscillator expansions (4.2). Following (4.58), they pair 
up with X‘ R to form physical coordinates of lOd spacetime. The left-moving degrees of 
freedom X 1 (t + a) do not have right sector partners to pair up with; they can, however, be 
regarded as the left-moving part of coordinates whose right-moving part has been frozen to 
zero. This is possible for toroidally compactihed dimensions at the critical radius R — *fa, 
as follows. Recall the mode expansions (3.81) for left- and right-moving bosons in a circle 
compactification of the bosonic theory, 


X PL I w X—' 

X R {t + a) — - H— (: t + a) + iJ — ^ — e 

2 V2 a'p+ V 2 n 


—2iti n {t-\-cr)/t 


ne Z-{0} 


X R (t-c r)=~+ (t-<T) + iJ— Y ~ e 

2 VWp+ V 2 ne ^ [Q] n 


—Ini n ( 


with left and right momenta (3.82) 


PL 


a' / k wR 
2 V R + "a 7 " 


PR 


wR 


2 \ R 


(4.62) 


(4.63) 


The right sector dynamics can be made trivial, X R = 0, while still leaving non-trivial left 
sector dynamics, by imposing 


x = 0, a n = 0, k = w, R = V a 1 . 


(4.64) 


The center of mass position is removed, the internal torus is frozen at the critical radius 
VcF, and momentum and winding are related and can be described by just the left-moving 
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momentum pi. The purely left-moving bosons of the heterotic string are described by a 
16d generalization of this mode expansion 


(4.65) 


X\{t + a)= , _ (f + cr) + ij — Y JL e ~^in(t+aMi' 

J2a' V 2 n 

P ne Z—{0} 

We point out that the factor y/2a' makes momenta P 1 adimensional; these momenta belong 
to a 16-dimensional lattice Ai6 discussed below. 

The total left-moving hamiltonian is 

ypf , E/Cp 7 ) 2 , i 


H l = 


t Nb - 1), 


4 p+ 2 a'p+ a'p+ 

with Nb = y y a i _ n a i n +yy (4.66) 

i n >0 I n>0 

The physical spectrum of spacetime particles is obtained by glueing left and right states, 
satisfying the level-matching condition Mj = M . with 


ol'M\ 


a'M 2 


= N b + N f - 2v(l - v), 


2 =^ + T- 1 - 


(4.67) 


where P 2 = J] /( Pi) 2 . As for type II theories, the construction of consistent theories is 
highly constrained by modular invariance, as studied next. 


4.3.2 Modular invariance and the two heterotic string theories 

To construct consistent theories, it is again simpler to first propose a modular invariant 
partition function, and later describe its implications for the physical spectrum. The parti¬ 
tion function is factorized in a spacetime momentum piece, times the left and right sector 
partition functions, with a structure 

Z(r) = (4jra'r 2 y 4 \r,^)\- 16 Z f (x) Z x ,(r). (4.68) 

The first factor corresponds to the center of mass momentum piece, while the second is 
the trace over the oscillators of X‘ R , X‘ L . The factor Z,/, is the trace over the right-moving 
fermionic oscillators in i J/' R . To obtain a nice modular behavior, the natural proposal for 
it is of the form (4.36). The two choices Z± lead to equivalent theories, related by lOd 
spacetime parity. For concreteness we take 

A = r‘(4;] 4 -»[*] 4 -»[ l f] 4 +*[l?] 4 )‘. (4.69, 

This choice of partition function for i fr' R implies the coexistence of NS and R sectors, and 
a GSO projection removing the NS tachyon and selecting, at the massless level, the states 
|8y) and 8c) in the NS and R sectors, respectively. 
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Finally, the piece Z x i is a trace over the oscillators and left momentum for the 16 purely 
left-moving bosons X p . It takes the form 

Z x ,( r) = )? (r )- 16 J2 ^ 2 - ( 4 - 7 °) 

Pe Ai 6 


Different choices of the lattice A | () define different heterotic theories. However, there are 
strong constraints on A[g arising from modular invariance of (4.68). Using the transfor¬ 
mation properties of modular functions in Appendix A, invariance under r —> r + 1 boils 
down to the requirement 


E 

P eAif 


0 27r/(r+l)P 2 /2 _ 


E 


2 iri r P 2 /2 


Pe A,, 


(4.71) 


Invariance thus requires A 15 to be an even lattice, namely P 2 e 2Z for any P e A k,, see 
Appendix A. Invariance under r -» — 1/r requires 


Z xI (-1/t) = Z x i(t). (4.72) 

Using (A.4) and the Poisson resummation (A. 14) we have 
Z x; (-l/r) = (-ir)-%(r )- 16 £ 

PeAi S 

= >)( r )~ 16 | . ! /a t e ~ 2nirp ’ 2 ^ 2 , (4.73) 

and invariance requires the lattice to be self-dual, A * 6 = A ig, see Appendix A. 

Modular invariant heterotic theories are thus obtained for even and self-dual “compacti- 
fication” lattices A if,. 3 Even and self-dual lattices (with euclidean signature scalar product) 
have been mathematically proven to be very rare, and for instance exist only in dimensions 
multiple of eight. Happily this includes our case of interest of 16-dimensional lattices, for 
which there exist only two inequivalent even self-dual lattices. They are defined as follows: 

(i) The Spin( 32 )/Z 2 lattice A 50(32), given by vectors of the form 


(n\, 
! 1 + 


, « 16 ) 

. ”16 + j) 


with n j e Z, and ffj nj =« 


(4.74) 


(ii) The x lattice, which is the direct sum A£ 8 x ® T/jg of two 8d lattices T , each 

given by vectors 


(«1, •••. ”8) 

("1 + 2 > •• • > n 8 + 3 ) 


with nj e Z, and nj = even. 


Namely, Ap sX p s is given by vectors ( V ; V'), with V, V' e T^g. 


(4.75) 


3 


This is similar to the requirement in Section 3.2.3, but for euclidean signature scalar product, as corresponds for purely 
left-moving momenta. The Narain lattice in Section 5.2.2 encompasses these two kinds of even self-dual lattices. 
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The two possible lattices define two different lOd heterotic string theories, whose lOd 
gauge groups are related to the above lattice names, as shown below. 


4.3.3 Massless spectrum of heterotic string theories 

The spectrum of these theories is obtained by glueing GSO-projected right states with left 
states, with level-matching M 2 — M j { . For light states, the GSO-projected right states can 
be taken from Section 4.2.1, and correspond to the | 8 y) in the NS sector and | 8 )c in the 
R sector, both with M 2 R — 0. The lightest left-moving states, using (4.67) are given in the 
table below: 


Ns, P 

State 

(a'M 2 ) /2 

50(8) 

N b = 0, P = 0 

10 ) 

-1 

1 

N b = 1, P = 0 

aLilO) 

0 

8 v 

N b = 1, P = 0 

aiilO) 

0 

1 

N b = 0, P 2 = 2 

l^> 

0 

1 


The left groundstate has negative Mj and cannot be level-matched to any right state. 
Therefore, there are no spacetime tachyon fields in the theory. 

The left states in the last row have P 2 = 2, and can be regarded as additional massless 
states arising from the compactification on the stringy size torus. For the A e s xE s lattice, 
the momenta P with P 2 = 2 are of the form 

( ±,±, 0 , 0 , 0 , 0 , 0 , 0 ; 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 

\{±, ±, ±, ±, ±, ±, ±, ±; 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) with #- = even, 

( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ; ±,±, 0 , 0 , 0 , 0 , 0 , 0 ) 

i(0, 0,0,0, 0,0,0, 0;±,±,±,±,±,±,±,±) with #-= even, (4.77) 

where ± denotes ±1 and underlining means permutation over the corresponding entries. 
These vectors are the non-zero roots of the x Eg Lie algebra (hence the lattice name). 
For the AgQ( 32 ) lattice the momenta P with P 2 = 2 are 

( ±, ±, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 ) , (4.78) 

which are the non-zero root vectors of SO(32). Also note that momenta of the form 
P = j (±, ±,..., ±) have P 2 = 4 and give rise to massive states. 
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The massless spacetime particle spectrum has the following structure: 


Sector 

1 )l x | )r 

50(8) 

lOd field 

NS 

8y X 8y 

1 + 28 y + 35 y 

<P, Bmn, Gmn 

R 

8y x 8c 

85 + 565 

Ma 

NS 

of£_j |0) x 8y 

8y 

A (I) 

NS 

|P) X 8y 

8y 

a {F) 

A M 

R 

a'llO) x 8 C 

8c 

X (I) 

R 

\P) x8 c 

8c 

> (P) 


where IP) denotes the different states with P 2 — 2. 

The massless fields in the upper part correspond to a scalar dilaton <p, a two-index anti¬ 
symmetric tensor field Bmn ( a 2-form Bi), a graviton G m n , a gravitino \I/Mu , and a 
dilatino /_„. The NS and R fields Am, in the lower part correspond to gauge bosons 
with respect to a spacetime non-abelian gauge symmetry, and the corresponding gaug- 
inos. The fields A ( ^ are gauge bosons of a t/(1) 16 Cartan subalgebra, which heuristi- 

cally can be thought of as arising from the Kaluza-Klein mechanism in the internal 16d 

( P) 

toroidal compactification, in analogy with Section 1.4.1. The additional gauge bosons A M 
carry momentum P/ in the I th direction, which gives their charge under the 17(1)/ gauge 
symmetry. As mentioned above, these momentum vectors (4.77), (4.78) correspond to 
roots of Lie algebras, and hence the corresponding gauge bosons in the string spectrum 
realize this algebra as a gauge symmetry in spacetime. The heterotic theory defined by 
AfgxSg has spacetime gauge bosons (and gauginos) of E% x E&, and is known as the 
x E% heterotic string theory. The theory defined by Aso(32) has spacetime gauge bosons 
(and gauginos) of 50(32), and is known as the 50(32) heterotic string theory (or some¬ 
times as the Spin(32)/Z2 heterotic, since this is the actual global structure of its gauge 
group). 

These theories enjoy several important local symmetries in spacetime, as follows: 

• Local changes of coordinates in spacetime, with Gmn as the graviton. 

• Gauge transformations (3.11) of the 2-form B 2 , just as for the bosonic theory. Similarly, 
the coupling (3.10) implies that strings are charged under Bi. 

• Eg x Eg or SO(32) gauge symmetry, under which the gauge bosons and their gauginos 
transform in the adjoint representation. States with momentum P in the 16d lattice trans¬ 
form in a representation with weight vectors P. It is worth emphasizing that the E8 x P’x 
theory is the only string theory containing gauge symmetries with exceptional groups 
at the perturbative level, and consequently upon compactification can contain massless 
spinor representations 16 of 50(10) at the perturbative level. 

The appearance of non-abelian gauge symmetry in heterotic theories is intimately 
related to an underlying algebraic structure on the worldsheet theory, a Kac-Moody 
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algebra, realized in terms of the internal bosons X 1 as shown in Section E.3. This view¬ 
point is useful in the study of general properties of gauge groups and representations in 
heterotic compactifications. 

• Local lOd AT = 1 supersymmetry, corresponding to a single gravitino field. There are 
16 supercharges which can be arranged as a lOd spinor. The massless fields in the 
upper part of the table above correspond to the gravity multiplet, and those in the lower 
part to vector multiplets of the gauge group. As for type II superstrings, the appear¬ 
ance of spacetime supersymmetry is related to the GSO projection. There are indeed 
other choices of modular invariant partition functions which lead to non-supersymmetric 
heterotic string theories. These have not been exploited for phenomenological model 
building, and we omit their discussion. 


4.3.4 Effective action and anomaly cancellation 


The effective action for the above massless states is fixed by supersymmetry and describes 
the lOd Af = 1 supergravity multiplet, coupled to vector multiplets in the relevant gauge 
group. Given the good UV behavior of the theories, they provide a quantum theory includ¬ 
ing gauge and gravitational interactions. Applications of heterotic theory to particle physics 
model building are described in Chapters 7 and 8. The consistency of the theory also 
implies cancellation of lOd gauge and gravitational anomalies, in a very non-trivial way 
involving a novel contribution, known as the Green-Schwarz mechanism. 


Effective action of heterotic theories 

The bosonic part of the lOd effective action for the heterotic string theories is 



(4.80) 


where here and in what follows tr „ is the gauge trace normalized to the vector represen¬ 
tation of SO( 32), or of the SO (16) subgroup of in the Eg x E% theory. Note that 
IF 2 I 2 = 2 /\v/,v F MN , according to (B.22). Finally, H 3 is given by 


l h = dB 2 — — (C 03 — cof rdv ), 


(4.81) 


with gauge Chern-Simons terms 



(4.82) 


and a similar expression (involving the spin connection) for the gravitational Chern-Simons 
cu grav , with — tr R 2 , where R is the curvature 2-form, see Section B.3. 
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(a) 


rJ" 





tr F4 (tr R 2 _ tr /=2) 


tr R 2 -tr F 2 


tr F4 


Figure 4.1 Infrared contributions to the one-loop six-leg amplitude in heterotic string theory, (a) The 
standard field theory hexagon anomaly, controlled by the chiral massless spectrum of the theory, (b) 
The Green-Schwarz diagram, which involves a tree-level coupling and a one-loop coupling, and a 
tree-level exchange of the 2-form. 


Anomaly cancellation and Green-Schwarz mechanism 


There is an important consequence of the well-defined quantum behavior of heterotic 
string theories; the theories are chiral, and have potential gravitational, gauge, and mixed 
anomalies from one-loop hexagon diagrams, see Figure 4.1(a). Their contribution to most 
anomalies cancel, but in contrast with type IIB theory there remains a mixed anomaly 
contribution to the six-point scattering amplitude, with factorized structure encoded in the 
anomaly polynomial 


A hex . ~ trF 4 A(trF 2 - tr F 2 ). 


(4.83) 


As described for type IIB, the UV finiteness of the theory implies a gauge invariant regu¬ 
larization of the theory, and hence no anomaly should be possible. Thus the above infrared 
contribution from the hexagon anomaly diagram should cancel against a different infrared 
contribution from a diagram corresponding to the same stringy topology. This anomaly 
cancellation mechanism, uncovered by Green and Schwarz in 1984 (and known under their 
name) is shown in Figure 4.1(b), and remarkably is only possible for Eg, x Fg and SO (32). 
Its structure is closely related to the above lOd effective action (4.80), which contains a 
term of the form 



12 



involving the gauge and gravitational Chern-Simons terms. The cross term contains a cou¬ 
pling of the B field to two gauge bosons or two gravitons, which upon integration by parts 
can be written in differential form language as 






4.3 Heterotic string theories 


125 


On the other hand, there is a term coupling the 2-form with four gauge bosons, which can 
be shown to arise as a one-loop correction 

W4 = f Bi A tr F 4 . (4.86) 

JlOd 

The combination of these two terms produces a factorized contribution to the six-point 
amplitude, canceling the hexagon anomaly (4.83). 

The definition (4.81) implies the following modified Bianchi identity for Hg, 

dHg = j (trR 2 - trF 2 ) . (4.87) 

(For the Eg x Eg heterotic string, there is a tr F 2 contribution from each Eg gauge factor.) 
This modified Bianchi identity has important implications in the 4d heterotic compactifi- 
cations on Calabi-Yau spaces in Section 7.3. 

The Green-Schwarz anomaly cancellation mechanism has analogs in general 4d string 
compactifications, where certain U(l) mixed triangle anomalies are canceled by diagrams 
involving the exchange of 2-form fields, as described in Section 9.5. 


4.3.5 Fermionic formulation* 


Using the ideas in Section 4.2.6 it is possible to construct the heterotic string by replacing 
the 16 bosonic coordinates X 1 by 32 left-moving fermions X A . In fact, we can use (A. 6 ) to 
rewrite the partition functions Z x i in terms of theta functions, as 


A£ 8 x £ 8 : Z x i(t) = 


A so (32) : Z x i( t) = 


n(T r 16 

>7(rr 16 





(4.88) 


The modular invariance of the complete partition function can be easily checked also using 
this expression. The structure of these partition functions describes the analog of the GSO 
projection for the 32 fermions. For the SO( 32) theory we introduce (— 1) Fa , anticommut¬ 
ing with the //'. The partition function describes the coexistence of NS and R sectors, and 
imposes a GSO projection onto (— 1 ) Fa = +1 states. For the Eg x Eg theory, the fermions 
split in two sets of 16, denoted /, A1 , a A i , with their respective operators (— 1) 7 | , (— 1 ) Fl . 
For each set of 16 fermions there are NS and R sectors, and a GSO projection onto states 
with (— 1) F; = + 1. In other words, there is a sum over spin structures for the 32 inter¬ 
nal fermions. We leave the reconstruction of the massless spectrum in terms of fermionic 
degrees of freedom as an exercise for the interested reader. For future reference we sim¬ 
ply mention that left-moving NS fermion bilinears A(j I/2 /,^| /2 |0), A, B = 1. n, lead to 

SO (2 n) gauge bosons. In the Eg x Eg theory, the SO(16) from each NS sector is enhanced 
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to E 8 by additional gauge bosons arising from the degenerate Ramond groundstate, which 
transforms as a spinor 128 of SO(16). 


4.4 Type I string theory 


In this section we describe the construction of type I string theory. This is a theory of 
unoriented open and closed superstrings, and requires background material from Sec¬ 
tions 3.3 and 3.4. The construction is somewhat involved and proceeds in several steps. 
We show that a theory of open oriented superstrings is actually inconsistent due to an 
uncanceled charge (the “RR tadpole”). Next we show that the attempt to construct a theory 
of closed unoriented superstrings fails for a very similar reason. Type I string theory is 
then obtained by combining open and closed unoriented strings in a way such that their 
individual inconsistencies cancel. 

With hindsight, we emphasize that the problems with oriented open superstrings are 
secretly related to demanding lOd Poincare invariance. This requirement is natural in 
constructing the vacua of new lOd string theories. However, it can be relaxed in describ¬ 
ing non-Poincare invariant states in a theory, like the D-branes in Section 6.1, for which 
oriented open superstrings indeed play a crucial role. 


4.4.1 Oriented open superstrings 

Construction 


It is natural to consider the construction of open superstring theories, i.e. open strings cou¬ 
pling to a closed superstring sector, and sharing its local worldsheet dynamics. Recalling 
that boundary conditions for open strings relate the left and right oscillators (by swapping 
them upon bouncing off the string endpoints), it is clearly not possible to construct open 
heterotic string theories. Concerning type II theories, a (lOd Poincare invariant) open string 
sector can potentially couple only to a completely left-right symmetric closed superstring, 
namely type IIB theory. 

The worldsheet degrees of freedom for the open superstring are thus locally the same as 
for the type IIB string. In the light cone gauge they are given by X' L (t + er), ir l L (t + er), 
X‘ R (t — er), i ir' R (t — er), with i = 2,... ,9. Note that we have already fixed the spacetime 
dimension to the critical value. The quantization of the bosonic piece works exactly as for 
the open bosonic string in Section 3.3. For worldsheet fermions, as in closed superstrings, 
there are two possible choices of boundary conditions, also denoted NS and R 


NS: ii l L = -\lf‘ R at a = 0 , 
i jr‘ L = ijf' R at <7 = £, 


R: \jr l L = \jf l R at er = 0, 
\l/ l L = \jr' R at o=l. 


This can be understood as (anti)periodicity along the circle present in the “doubling trick” 
mentioned in Section 3.3.1. Only the relative sign between er — 0, l is physical, and other 
choices of signs relate to these by field redefinitions. The general mode expansion for left 
and right fermions reads 
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x[r' L (t + a) = iJyrJ2 #+« 


re Z 


^' R (t -a) = iJ — ft+v 


-7ti(r+v)(t+cr)/l 


-7ri(r+v)(t-o)/l 


re Z 


(4.89) 


For NS boundary conditions, we have 

a = 0 Y,{+r+» + *Uv)e-* i{r+V)t/l = * -+ #+„ = -#+„, 

r 

o=l ^2 ty'r+v cos7r(r + v) e ~ 7Il< - r + v '> t / i = o -» v = -. (4.90) 

r 

For R boundary conditions, we have 

a=0 Y,(+r+v-tUv)e-* i(T+v)m = 0 - #+« = #+«. 

r 

0 = 1 J2 ri+v sin7T ( r + v ) e- Ki(r+v)t/l = 0 -> u = 0. (4.91) 

r 

As for bosons in (3.95), left and right fermionic oscillators are identified (up to a sign). 
Therefore the open superstring quantization, hamiltonian and Hilbert space are very similar 
to, e.g., the left sector of a type IIB string (except for factors of 2 from the exponent in the 
mode expansion). The hamiltonian and mass formula for spacetime particles are given by 

" = + ^ N ‘ + Nr -~ 2 “ <1 -“T 

a'M 1 = N b + N Fv - 2v(l - v), (4.92) 


where Np, and Np v are the bosonic and fermionic oscillator number operators, and v = 
1/2, 0 for NS, R sectors. In the NS sector, there is a groundstate annihilated by positive 
modding operators 

<|0> = 0, yF_ 1 / 2 |0> = 0, Vn > 0, V/, (4.93) 

and the Hilbert space is built by applying negative modding oscillators. In the R sector, 
there are fermion zero modes, which satisfy a Clifford algebra (4.24). The groundstate is 
degenerate and forms an 85 + 8 c spinor representation of the spacetime SO( 8 ) Lorentz 
group. The light states in the NS and R sectors have a structure as in (4.16), (4.28). 

At this point a natural question is whether consistency of the theory requires the coexis¬ 
tence of NS and R sectors, and a GSO projection on their spectra. This is indeed required 
for a consistent coupling to the sector of closed strings, as shown in Section D. 1 from open- 
closed duality (recall Section 3.3.2). The required open string GSO projection is exactly 
as that on e.g. the left sector of a type IIB theory. For the light NS states, it eliminates the 
tachyonic groundstate and leaves the massless state | 8 y). On the R sector it projects out 
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Figure 4.2 (a) Disk diagram leading to a tadpole for the RR 10 -form Cjo in theories with a lOd 
Poincare invariant sector of open strings, (b) Crosscap diagram leading to a tadpole for the RR 
10 -form Cio in lOd Poincare invariant unoriented theories. 


the 1 85 ), and leaves the | 8 c) groundstate. The massless spectrum of the open superstring 
is as follows: 


Sector 

State 

u'M 2 

50(8) 

lOd field 

NS 

1/2 l^)NS 

0 

8 y 

Am 

R 

18 c> 

0 

8 c 



The spacetime fields correspond to a lOd U( 1) gauge boson, and its gaugino superpartner, 
filling out a 17(1) vector multiplet of I Od Af = 1 supersymmetry. The complete massless 
spectrum of the theory also includes the closed type 1IB string sector (4.42). 

The addition of N -valued Chan-Paton indices to the open superstring is carried out 
as in Section 3.3.3, and is easily shown to be compatible with open-closed duality, see 
Section D.l. The /V-valued Chan-Paton indices lead to an N 2 multiplicity of the above 
spectrum, corresponding to a U(N) enhancement of the gauge symmetry. 


The RR tadpole 

The above construction would seem to produce an infinite family of consistent theories of 
oriented open and closed superstrings, labeled by the Chan-Paton index range N. Actually, 
there is an additional consistency condition, known as RR tadpole cancellation, which 
renders all these theories inconsistent. This inconsistency is in fact manifest already at the 
effective field theory level, as uncanceled gravitational and gauge anomalies of the lOd 
Af = 1 U ( N ) vector multiplets from the open string sector (as mentioned in Section 4.2.4, 
the lOd Af= 2 gravity multiplet from the closed string sector is anomaly-free). 

The microscopic inconsistency of the open string sector can be shown as follows. There 
is a disk diagram, shown in Figure 4.2(a), describing a tadpole; namely, the emission of a 
closed string out of the vacuum, or a one-point vertex for a spacetime field in the closed 
string sector. The computation of this diagram is carried out in Section D. 1, but Poincare 
invariance alone already suggests that the sourced fields can only be the graviton and dila- 
ton in the NS-NS sector, and a 10-form field C 10 in the RR sector. The latter is actually 
non-propagating - its field strength would be an 11-form, vanishing identically in a lOd 
spacetime - and does not appear in the physical spectrum of spacetime particles. However, 
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the disk tadpole diagram implies that it does appear in the lOd spacetime action in a 
source term 



(4.95) 


where the factor of N arises from the Chan-Paton indices on the disk boundary, and <2disk 
is a non-zero numerical coefficient. The RR 10-form does not appear anywhere else in the 
lOd action, so its equations of motion <5Sc 10 /<5Cio = 0 read 


N = 0. 


(4.96) 


Rather than a condition on the field, we obtain a consistency condition on the theory, forc¬ 
ing the absence of open string sectors. It is thus not consistent to couple a lOd Poincare 
invariant oriented open string sector to type I1B theory. 

This kind of RR tadpole cancellation conditions play a very important role in any model 
with open string sectors. For future reference, it is useful to reinterpret it as follows. The 
RR 10-form can be regarded as a generalized gauge potential, and IV (9 disk as a background 
charge in spacetime. A non-zero background charge is inconsistent with the gauge field 
equations of motion. This is analogous to the inconsistency of the equations of motion for 
an electromagnetic gauge field in a compact space sourced by a charge distribution with 
non-zero total charge. The analogy will become manifest in the analysis of RR tadpole 
cancellation conditions in compactifications, e.g. in Sections 5.3.4 and 10.3.1. 

Incidentally, let us comment on tadpoles for NSNS fields. Since these fields are dynam¬ 
ical and have kinetic terms, the tadpole does not imply an inconsistency of the theory, but 
rather a linear source term in the lOd action. These signal that we are not expanding the 
theory around a minimum of its potential, but rather around a point with non-zero slope. 
For spacetime supersymmetric string theories, cancellation of RR tadpoles automatically 
implies the cancellation of NSNS tadpoles. This follows from “abstruse” identities of the 
theta functions appearing in their computation, see Appendix D. Equivalently, because the 
D-branes secretly described by the open string sector (see Section 6.1) are BPS, and so have 
equal tension and charge (recall Section 2.4.2). For non-supersymmetric theories, no such 
cancellation occurs, and the tadpoles contribute non-trivially to the dynamics of spacetime 
fields. For instance, the open bosonic string theories have disk tadpoles for the graviton 
and the dilaton. 


4.4.2 Unoriented closed superstring 

The 12 orientifold quotient 


In Section 3.4.1 we introduced a general construction of (unoriented) string theories as 
quotients of left-right symmetric closed string theories by worldsheet orientation reversal 
12. It is natural to apply this recipe to the left-right symmetric type IIB theory, to produce 
an unoriented superstring theory. To construct this quotient, we need to obtain the action 
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of £2 on the different mode operators, and truncate the Hilbert space of the type IIB theory 
to the ^-invariant set. 

The worldsheet theory is described by the bosonic and fermionic fields X'(t,cr), 
x/f' (t, a). The action of Q maps the bosons X 1 to Xq, satisfying (3.109) and leading to 
(3.110) as in the bosonic theory. The action of £2 on the fermions V/' maps them to \I/q , 
satisfying 

= (4.97) 


Recalling the oscillator expansions (4.5), (4.17), collectively written 

xjr 1 0 1, a) = ij ^ \ #+„ e ~ 27Ti (r+vXt+a)/e + f' r+v e~ 2Ki (r+ " )(r “° r)/€ ] , (4.98) 


re Z 


with v — 1/2,0 for NS and R fermions, we have 


£ 2 : V r+v *>(-l) 2v r r+ v 


(4.99) 


In constructing ^-invariant states, there is a subtlety in the RR sector. Since the left and 
right states in this sector are spacetime spinors, they anticommute, and £2 acts on physical 
states as \A)p x \B)p —> |A)^ x \B)p = — \B)p x \A)r\ the ^-invariant RR states are 
therefore of the form \A)p x \B) p — \B)p x | A) p. Note also that states in the NS-R sector 
must combine with states in the R-NS sector to form invariant combinations. The massless 
spectrum of the theory is given by: 


Sector 

State 

SO( 8 ) 

lOd field 

NS-NS 

[ 8 y> <g> 18v > Is 

1 A 35 y 

0, Gmn 

NS-R + R-NS 

| 8 v> <S> 8 c) + 8 c) ® | 8 y 

) 85 + 56s 

Mol 

R-R 

[ 8 C ) ® 8 C ) ]a 

28 c 

Bmn 


where the subindices A, S indicate that the (anti)symmetric combination should be kept. 
This spectrum corresponds to the gravity multiplet of lOd Af— 1 supersymmetry. Note that 
the orientifold projection has removed the NS-NS 2-form, and one linear combination of 
the two gravitinos of the original J\f = 2 supersymmetric type IIB theory. 


The RR tadpole 

The theory as it stands is not consistent, as already manifest at the effective field theory 
level by the lOd anomalies of the lOd Af — 1 gravity multiplet. As in the oriented open 
string theories studied before, lOd Poincare invariance suggests that the pathology of this 
theory also corresponds to an uncanceled tadpole for the RR 10-form Cio- It indeed arises 
from the crosscap diagram in Figure 4.2(b), which leads to a spacetime coupling 

^'Cio — Gcrosscap / C 10 . (4.101) 
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The computation in Section D. 1 shows that the coefficient Qcrosscap is non-zero, thus lead¬ 
ing to inconsistent equations of motion. As in the previous section, the inconsistency can be 
regarded as the presence of a spacetime filling background charge for the gauge field Cio- 
A 10 Poincare invariant theory of unorientecl closed superstrings is therefore inconsistent 
due to an uncanceled RR tadpole. 


4.4.3 Unoriented open and closed strings: type I string theory 

The key idea underlying the construction of type I string theory is to consider a theory 
of unoriented open and closed strings, such that the RR tadpoles from the (simultaneously 
present) disk and crosscap diagrams cancel against each other. Namely, with both couplings 
(4.95) and (4.101) present, it is possible to obtain a consistent theory if there is a choice of 
N satisfying the constraints from the Cio equations of motion 

Q crosscap + JVGdisk = 0. (4.102) 

The closed string sector of the theory is the 12-orientifold of type IIB theory in the previous 
section. The open string sector is given by unoriented open superstrings, discussed next. 

Open unoriented superstrings 

Unoriented open superstrings are constructed generalizing the unoriented open bosonic 
strings in Section 3.4.3. The action of £2 on worldsheet bosons is given by (3.112), while 
the action on fermions can be obtained from the relation 

f^{t,a) = f{t,l-a), (4.103) 

and the expansion (4.89), namely 

f r+v e~ 7li{r+m+rT '> /e + ^ r+v e ~ ni{r+v){t -^ 11 1 , (4.104) 

re Z 

with v — 1/2, 0 for NS and R fermions. The resulting 12 action on oscillators is 

12 : f r+v <-► e-**^ f r+v . (4.105) 

This is supplemented by i fr' r+v = e 2niv f +v from (4.90), (4.91). This introduces phases 

e i7i(r+ 3 / 2 ) on Njj osc in a tors _ r _i/ 2 , so in order to define a Zt action on physical NS 

states, like i/t_i/2|0}ns> there must be a non-trivial action of 12 on |0)ns> which can be 
shown must be given by 

^|0>ns = e- i7r/2 |0> NS . (4.106) 

Finally, the action of 12 on the Chan-Paton indices is specified by a matrix yq as in (3.116), 
i.e. = 1^ or yq = icy/ 2 for the SO or Sp projections, respectively. 

The unoriented open string spectrum is obtained by considering the 12-invariant states of 
the corresponding oriented open string spectrum, under the combined action of 12 on the 


fit, a) = ij — 


in 
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groundstate, oscillator operators, and Chan-Paton indices. The light NS states in the parent 
oriented theory are using the notation (3.106). The Q-invariance condition is 

X = -y^ T Yv- (4.107) 

It can be shown that in the R sector the Q action on the 8 ( ) groundstates is a minus sign, 
leading to the same Q-invariance condition. This is consistent with spacetime supersym¬ 
metry of the string spectrum. Indeed the total massless spectrum is as follows: 


Projection 

Sector 

State 

a'M 2 

50(8) 

lOd field 

Gauge 

SO 

NS 


0 

8y 

Am 

50(A) 


R 

k|8 c ) 

0 

8c 

*-ct 

B 

Sp 

NS 

^—1/21^) 

0 

8y 

Am 

USp(N) 


R 

k|8 c > 

0 

8c 


m 


It fills out SO(N) or USp(N) vector multiplets of lOd Af —1 supersymmetry (gauge 
bosons and gauginos), for the SO and Sp projections, respectively. 

Cancellation ofRR tadpoles 

As suggested above, the precise choice of projection and the value of N are constrained by 
cancellation of RR tadpoles. The computation in Section D.l shows that the crosscap and 
disk tadpole coefficients are related as 

2 crosscap = ±32g disk , (4.108) 

with the positive and negative signs for the Sp and SO projections, respectively. The RR 
tadpole cancellation condition reads N ± 32 = 0, and so it is satisfied for an open string 
sector with N — 32 and SO orientifold projection. The resulting theory is known as type I 
string theory. 


4.4.4 Massless spectrum of type I string theory 

Type I string theory is thus a consistent theory of unoriented open and closed strings. Its 
massless spectrum is as follows: 


Sector 

State 

50(8) 

lOd field 

Gauge 

Closed NS-NS 

[|8v>® I8y)ls 

1 + 35y 

<P, Gmn 


NS-R + R-NS 

| 8 y)®| 8 c ) + | 8 c )®| 8 y) 

85 + 56$ 

kff, fMa 


R-R 

[|8c>®|8c>I.1a 

28 C 

Bmn 


Open NS 

*|8v> 

8y 

Am 

50(32) 

R 

k|8 c > 

8c 

6t 

B 












4.4 Type I string theory 


133 


The massless fields in the closed string sector correspond to a scalar dilaton a 2-form 
Z ?2 (often denoted C 2 in notation inherited from the parent IIB theory), a graviton Gmn, a 
gravitino i/fMa and a dilatino X a . The massless fields in the open string sector Am, '-d are 
gauge bosons and gauginos of the SO(32) spacetime gauge symmetry. The theory enjoys 
the following spacetime local symmetries: 

• Local changes of coordinates in spacetime, with Gmn as the graviton. 

• Gauge transformations of the RR 2-form given by (4.44) or (B.21), for p — 2. 

• SO(32) gauge symmetry, under which gauge bosons and gauginos transform in the 
adjoint representation. 

• Local lOd Af — 1 supersymmetry, corresponding to a single gravitino field. 

There are 16 supercharges which can be arranged as a lOd spinor. The massless fields 
in the closed string sector correspond to the gravity multiplet, and massless fields in the 
open string sector to SO (32) vector multiplets. As usual, the appearance of spacetime 
supersymmetry is related to the GSO and G projections. Indeed, there exist unoriented lOd 
open string theories with no spacetime supersymmetry. 


4.4.5 Effective action and anomaly cancellation 

The lOd effective action for the above massless states is fixed by supersymmetry, and 
describes the lOd, M = 1 gravity multiplet, coupled to SO (32) vector multiplets. Type I 
string theory provides an UV completion for this theory, and thus of its gauge and gravita¬ 
tional interactions. Applications of type I theory (and other generalized orientifold theories) 
to particle physics model building are described in Chapters 10 and 11. It is interesting to 
point out that the finiteness of amplitudes in type I theory is very closely related to RR tad¬ 
pole cancellation. For instance, for the one loop vacuum-to-vacuum amplitude, the Klein 
bottle, Moebius strip, and cylinder diagrams each lead to UV divergences, which cancel 
out in the total sum due to RR tadpole cancellation. 


Effective action of type I theory 
The bosonic part of the lOd effective action of type I is 


where 


S10 = 


£/• 

z/c 10 J 


d l0 x (-G)i 


I R + 4d M <P d M (p ~-\F 3 \ 2 


A" f d w x(-Gr-e~*Tr v \F 2 \ 7 

2 si I, J 


10 = K\o2(2jr) 7 / 2 a', F 3 — dC 2 - y 2 (a> 3 —a> grdv ). 


8 To 


*10 


(4.109) 


(4.110) 


Here co 3 , a>g rav are the gauge and gravitational Chern-Simons terms. Recall also that accord¬ 
ing to (B.22), \f 2 \ 2 = \f mn f mn . 
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(a) ^ ^ (b) 




tr (tr R 2 _ tr /= 2 ) 


tr F 4 


tr R 2 -tr F 2 


Figure 4.3 Infrared contributions to the one-loop six-leg amplitude in type I string theory, (a) Shows 
the standard field theory hexagon anomaly, controlled by the chiral massless spectrum of the the¬ 
ory. (b) Shows the Green-Schwarz diagram, which involves two disk couplings and a RR 2-form 
exchange. 

Several terms of the above action can be understood as arising from the worldvolume 
action (6.6), (6.15) of D9-branes, certain spacetime filling objects present in the vacuum of 
type I theory, see Section 6.1. 

Incidentally, the massless spectrum of type I and SO(32) heterotic theories are identical, 
and their lOd effective actions are given by the same lOd TV" = 1 supergravity theory (albeit 
in different variables). This is actually related to the non-perturbative duality between the 
two theories, see Section 6.3.5. Still, their perturbative expansions are very different, e.g. 
as reflected in the different dilaton dependences in type I and heterotic effective actions. 
This will be relevant in Section 16.1.1 for the discussion of gauge coupling unification in 
4d compactifications of these theories. 


Green-Schwarz anomaly cancellation 


An important implication of the UV finiteness is the anomaly cancellation in type I theory. 
Since the massless spectrum of type I theory is exactly as for the SO(32) heterotic, the 
anomaly cancellation discussion in effective field theory is essentially as in Section 4.3.4. 
Namely, there is a non-vanishing hexagon anomaly, with factorized structure (4.83), and 
which is canceled by a Green-Schwarz mechanism involving the Chern-Simons terms in 
Fj and a coupling (4.86), now for the RR 2-form C 2 . The microscopic diagrams involve 
worldsheets with annulus/cylinder topology, shown in Figure 4.3, and the Green-Schwarz 
couplings arise from disk diagrams. This Green-Schwarz anomaly cancellation mechanism 
has analogs in 4d orientifold compactifications of Chapters 10 and 11. 


4.5 Summary 


In this chapter we have introduced the five different lOd superstring theories. They contain 
fermion fields in their massless spectrum, and interestingly the heterotic and type I theo¬ 
ries contain also non-abelian gauge symmetries. The five theories have a high degree of 
spacetime supersymmetry, with the same number of supercharges as 4d Af — 8 in type II 
theories and of 4d Af — 4 in heterotic and type I theories. This spacetime supersymmetry 
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guarantees the absence of tachyons, and allows the detailed study of these theories and their 
compactifications. In 4d compactifications, the degree of supersymmetry can be reduced, 
leading to theories with 4d Af = 1 (or no) supersymmetry, with potential particle physics 
model building applications. 

Although the ingredients in the construction of these theories are rather different, and 
they seem pretty much disconnected, there are several non-trivial relations among them. 
This occurs already at the perturbative level, by the T-dualities upon toroidal compactifica- 
tion in Chapter 5, and the mirror symmetry for compactifications on Calabi-Yau spaces in 
Section 10.1.2. But also most strikingly at the non-perturbative level, by the string dualities 
in Section 6.3. These relations lead to analogous dualities among their 4d compactifica¬ 
tions, as will become manifest all along this book. 


5 

Toroidal compactification of superstrings 


In this chapter we study the toroidal compactification of superstrings. The main motiva¬ 
tion is to produce 4d theories at low energies, as a preliminary tool for toroidal orbifold 
constructions, and as a warm-up for more involved Calabi-Yau compactifications. Toroidal 
compactifications also frame interesting T-dualities among different superstring theories. 
We mostly focus on circle compactification of one dimension, which generalizes easily to 
compactifications to 4d. 


5.1 Type II superstrings 

We start with the circle compactification of type II theories, and the T-duality relation 
between type IIB and IIA compactifications. 


5.1.1 Circle compactification 

Consider type IIA or IIB theories compactified to 9d on a circle S 1 of radius R, namely 
x 9 — x 9 + 2 ttR. As in Section 3.2.3 for closed bosonic string theory, the local 2d dynam¬ 
ics on the worldsheet is exactly as for the uncompactified theory; the only modifications 
arise from global considerations, and imply a quantized center of mass momentum in the 
compact dimension, and the inclusion of winding boundary conditions for the worldsheet 
bosons, 

X 9 (t,o +1) = X 9 {t,a) + 2nRw. (5.1) 


In a sector of momentum k and winding w, the center of mass piece of the bosonic mode 
expansion is the analog of (3.81), 



with 


fX _pfi 

V a' 2p+ 


(t + er) + (osc.), 



V a 1 2 p+ 


(t - a) + (osc.), 


PL 




(5.2) 
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The fermionic degrees of freedom are described exactly as in non-compact lOd theory. The 
spacetime mass formulae are given by 


a'M 


L = EM. + N b + N f + E 0 , 


a'M 


R = ^ + N b + N f + E 0 , (5.3) 


with Eq = —1/2,0 in the NS, R sectors, and similarly for Eq. The level-matching con¬ 
straint is simply Mp = M ^. 

These expressions provide the spectrum of 9d states at any radius R. For large R, the 
winding states are very heavy and the light spectrum reduces to the momentum excita¬ 
tions of states of the lOd theory, appropriately decomposed with respect to the 9d Lorentz 
symmetry. This precisely corresponds to the field theory KK compactification result, as 
expected in the large volume limit a'/R 2 1. For illustration, consider the spectrum of 

9d massless fields. The process of KK compactification and truncation to the zero mode 
amounts to decomposing the 50(8) representations of lOd massless fields into represen¬ 
tations of the 9d 50(7) group. Working with left and right sectors independently, the 
required decompositions are 


8 y —»■ 7 + 1, 85 —» 8 , 8 c —> 8 , 


(5.4) 


where 7 and 8 are the vector and the unique spinor representation of 50(7). Note that 
the lOd chirality is lost upon reducing to 9d, since there is no concept of chirality in odd 
dimensions. The glueing of left and right pieces can be carried out in the lOd theory, with 
subsequent decomposition into 5 O (7) representations, or first decomposing and glueing 
subsequently. The resulting representations and 9d fields are shown in the following tables, 
where M, N,... and pt, v,... are lOd and 9d indices respectively, and a is a spinor index. 
Generalization to compactification to lower dimensions is straightforward. For type IIB 
theory on S 1 we have: 


Type IIB on S 1 


NSNS: 8 V ®8 V 
(7 + 1) <g> (7 + 1) 


NS-R: 8p ® 8 C 
(7 + 1)® 8 


8y ® 8\/ = 

7®7 = 

(7 ® 1) + (1 ® 7) 

1®1 = 

® 8c = 

7 ® 8 = 
1®8 = 


35 v +28^ + 1 
27 +21 +1 

7 + 7 
1 

56 s + 85 
48+8 

8 


Gmn- Bmn . <t> 
G^ v , B^ v , <j> 

G9p . s 9/x 

G 99 

Mr 1 1 1 

T fior> 


(continued) 
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R-NS: 8 c ®8 v 

—>• 8 c ® 8 y = 

565 + 85 

*M*^l 

8 ® (7 + 1) 

8 ® 7 = 

48+8 

Y /lot > 


->■ 8 ® 1 = 

8 


R-R: 8 c 0 8 c 

-*■ 8 C ® 8 C = 

1 + 28 c + 35 c 

a, C MN , C M npq 

8 ® 8 

-*■ 8 ® 8 = 

1 + (7 + 21) + 35 

a -> C 9 ii-, Cfjiv, C^nvp 


Note that self-duality of the RR 4-form relates the component C /Jvpa to Ct.) llvp , so it is 
not an independent field. The 9d field content of type IIA theory on S 1 gives: 


Type IIA on S 1 


NSNS: 8 y® 8 y 
(7 + 1) ® (7 + 1) 


NS-R: 8 V ® 8 S 
(7 + 1) ® 8 


R-NS: 8 c ® 8 p 
8 ® (7 + 1) 

R-R: 8 c ® 85 
8 ® 8 


II 

00 

0 

00 

35y + 28 y + 1 

GmN’ b mn > <t> 

7 ® 7 = 

27 +21 +1 

G^v, B^,, 

(7 ® 1) + (1 ® 7) 

= 7 + 7 

g 9 /a> B 9/1 

1®1 = 

1 

G 99 

8 y ® 85 = 

56 c + 8 C 


7® 8 = 

48+8 

,/,l il 

Y lion ^a 

1 ® 8 = 

8 


8 c ® 8 y = 

56 s + 85 


8®7 = 

48+8 

, ,,2 12 

v iLcr> ot 

8 ® 1 = 

8 

*9a 

8 c ® 85 = 

8 y + 56 V 

Cm » Cmnp 

8 ® 8 = 

fl + 7) + (21 + 35) 

C 9 , CCfivp 


The 9d theories from S 1 compactification of type II theories have 32 supersymmetries, 
i.e. the equivalent of A f = 8 in 4d. 


5.1.2 T-duality for type II theories 

Circle compactifications of type IIA and IIB theories lead to the same 9d massless spec¬ 
trum, as shown in the previous tables; rather than being an accident, this is a manifestation 
of the T-duality relation between the two theories, described next. 

Recall from the bosonic theory. Section 3.2.3, that T-duality relates two theories com- 
pactified on circles of radii R and R' = a' / R. A convenient derivation is to start with the 
theory compactified on a circle of radius R. decompose the worldsheet field parametrizing 
the S 1 as X(t.a) = Xp + Xr, and use the decoupled left and right degrees of freedom 
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to form the coordinates of the T-dual theory X'(t, a) = X / — Xr. The T-dual describes a 
theory compactified on a circle of radius R'. 

We can apply the same strategy in type II theory to construct the T-dual of, e.g., type IIB 
on a circle of radius R. As in the bosonic theory, the T-dual coordinate X 9 ’ = Xp — Xr 
describes a compactification on a circle of radius R' = a'/R. However, an important nov¬ 
elty is that by worldsheet supersymmetry T-duality acts non-trivially also on the worldsheet 
fermion \[r 9 , transforming the original i// 9 (t, a) = \j/ 9 L + i [r 9 R into the T-dual x[r 9 '(t, a) = 
f 9 — i[f 9 R . T-duality is effectively a spacetime parity operation on the right-movers, and 
hence turns the type IIB Ramond groundstate |8c) into an |8j) right-moving ground- 
state in the T-dual theory. The change of GSO projection for right-movers upon T-duality 
means that the T-dual of type IIB on a circle of radius R corresponds to type IIA theory 
compactified on a circle of radius R' = a' / R. 

The flip in the GSO projection can be derived more explicitly as follows. Recall the 
construction of Ramond groundstates in Section 4.2.1, in terms of the operators 

A± = -^ (fl a ± if 2 0 a+l ) . (5.5) 

T-duality in direction 9 flips —» — xj/2 on the right movers, and so A^ -o- A’J. Hence 
the groundstates |0) and ())' of the original and T-dual theory, defined by A“|0) = 0 and 
A'~ 10)' = 0, are not the same, but rather 0)' = Aj}~|0); they have opposite eigenvalue of 
(— \) F , and thus lead to different GSO projections in the original and T-dual theories. 

It is easy to check the effect of T-duality on the 9d reduction of the massless lOd fields, 
by comparing their 9d spectra. For instance, for bosonic fields 

IIA IIB, 

B 9 ^ < - 

^ ti, CtyfJL, 

) C\jivp * ^ Gy/y, C^iLVf)- (5.6) 

In the NSNS sector, the mixed components of the metric and B-field are exchanged; in 
the RR sector, p-forms with an index along the T-dualized direction, lose it and become 

(p— l)-forms, and /;-forms with no index along the T-dualized direction, gain it and 

become (p + l)-forms. Hence T-duality explains the equivalence of the massless 9d spec¬ 
trum noticed in the previous section. 


5.1.3 Compactification of several dimensions and background fields* 

In S 1 compactifications the only parameter associated to the internal space is the radius R. 
Upon compactification of several dimensions, there is a larger set of parameters describing 
the internal backgrounds, and it is interesting to describe the compactification for generic 
values of these moduli. This is nicely encoded in terms of the Narain lattice of left and right 
momenta generalizing (5.2). We consider compactification on a ^/-dimensional torus T , 
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defined by periodic coordinates x m — x m + 2 tt R. and implement general torus geometries 
via an internal (flat) metric G mn . We also allow a constant internal background NSNS field 
B mn , with vanishing field strength. The parameters G mn , B nm are actually vevs for mod¬ 
uli fields of the resulting lower-dimensional theory. Concerning other massless fields, the 
dilaton controls the string coupling as usual, and we restrict to vanishing RR backgrounds, 
as there is no simple description of their coupling to the worldsheet theory. 

The light-cone gauge-fixed action for the bosonic coordinates of a string propagating on 
such background is, from (3.8) and (3.9), 


L = 


— f 

2na' J 0 


da 


-G mn (d t X m d t X n - d a X m d a X") + B mn d,X m d a X" 


(5.7) 


The presence of the backgrounds and the periodicity of the coordinates x‘ do not modify 
the worldsheet fermions or the oscillator piece for the worldsheet bosons. Thus it is enough 
to work with the center of mass piece in the mode expansion of the 2d bosons, which 
includes momentum and winding terms. 


X. yt, G) — Xq ~t X t T - —~—W (T, 


2:r R 

T 


where x'" are later related to quantized momenta k m . Replacing into (5.7) gives 

2 n R 


L 


11 


(2ixR\ 2 m „ 


x m x n - 

(- ) ww 

2 


V i J 


■ —-— B mn x m w n 


(5.8) 


(5.9) 


The canonical momentum conjugate to x m is 


8L l ( 2 txR „\ 

Pm= dl^=2^d \ G ' nnX + ~ BmnW ) ’ (5 ' 10) 

and must be quantized as p m = k m /R, with k m e Z. This leads to 

x m = C ^( k j---B np w p \. (5.11) 

p + \R a J 

Replacing in (5.8) and splitting into left and right movers, we have left and right momenta 
generalizing (5.2), 


[a! 

kfn R n 

s 

II 

>T 

— H— ~(G mn — B mn )w 

V l 

R a' 

fod 

k m R 

PR,m = \ XT 

~ 3—7 {—G mn — B mn )w 

V 2 

R a' 


(5.12) 


The mass formulae for particles in the lower-dimensional theory have the structure (5.3), 
also with the level matching condition M~f = M~ R . 
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The dimension 2d lattice Td,d of momenta {pi, p R ) is known as the Narain lattice. It is 
self-dual, and even with respect to the Lorentzian ( d , d) signature scalar product 


(PL, PR) ■ (Pi!, PR') = P?p'r m - P m R p' R , m = * Z. 


(5.13) 


These two properties ensure modular invariance of the 1-loop partition function, which 
contains a piece 


Z(r) = ... ^ q 

( k,W ) 


Pi 


2 



E 


q 


eL 

2 



(PL,PR)£Pd,d 


(5.14) 


completely analogous to that of the bosonic string. Conversely, any even self-dual (d , d) 
signature lattice is of the form (5.12), so the latter parametrization exhausts the modular 
invariant toroidal compactifications of type II theory. 


5.2 Heterotic superstrings 

We now turn to the circle compactification of heterotic string theories, without and with 
backgrounds for the internal components of the lOd gauge fields (Wilson lines). These 
backgrounds allow to establish a T-duality between the S 1 compactifications of the two 
heterotic theories. 


5.2.1 Circle compactification without Wilson lines 

Consider a heterotic string theory compactified to 9d on an S 1 parametrized by a periodic 
coordinate, x 9 — x 9 + 2 jt R. As in the bosonic and type II theories, the compactification 
only modifies the theory by the inclusion of winding sectors, and the restriction to quan¬ 
tized momenta in the compact direction. Therefore, different sectors of the theory will be 
labeled by left- and right-moving momenta 


PL,R 



(5.15) 


as well as the internal 16d lattice left-moving momenta P 1 in the E& x Eg or Spin(32)/Z2 
lattices. The mass formulae are given by 


a'M 2 

2 


P 2 
~2 



1 , 


a'M 2 R 

2 


L ^+N B +N F + E 0 . 


(5.16) 


and the level-matching condition is Mj = M 2 R . The spectrum of massless states at large 
radius corresponds to the field theory KK reduction of the massless fields of the lOd theory, 
as expected. We skip its detailed description, which can be easily worked out in analogy 
with the type II examples above. The resulting spectrum corresponds to a 9d theory with 
16 supersymmetries, and containing the gravity multiplet coupled to vector multiplets of 
an Es x E& or 5(9(32) gauge group. 
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The toroidal compactification to lower dimensions is similarly obtained by simply de¬ 
composing the fields with respect to representations of the corresponding Lorentz group. 
Notice that, in any of these compactifications, chirality is lost. In particular, compacti- 
fications to 4d lead to theories with 4d AT = 4 supersymmetry, which are automatically 
non-chiral. Still, toroidal models are the starting point of orbifold compactifications, which 
do produce chiral theories, see Chapter 8. 


5.2.2 Heterotic compactification with Wilson lines 

The heterotic compactifications in the previous section are not the most general circle com¬ 
pactifications on which strings can be quantized exactly. In particular, it is possible to turn 
on a non-zero background for the internal components of the gauge fields A^, where a 
denotes an index in the Lie algebra of the lOd gauge group. These so-called Wilson line 
backgrounds modify the spectrum of the lower-dimensional theory in interesting ways. 


Field theory description of Wilson lines 

The possibility to introduce Wilson lines in compactifications of extra dimensions is already 
present in field theory KK compactifications, as we now review in a toy model. Consider 
a 5d Yang-Mills gauge theory with gauge group G compactified to 4d on a spacetime 
M 4 x S 1 . We introduce the periodic coordinate x 4 — x 4 + 2n R, and consider a constant 
background for A^. Locally, this is pure gauge and could be removed, but globally the 
gauge parameter would not be well-defined in S 1 ; for instance, for G = 17(1), the gauge 
background can be locally gauged away with a gauge transformation 

A^ —> A^ + d^X with X = —{Af)x 4 , (5.17) 

but X is not periodic and hence not globally well defined on S 1 . The Wilson line is thus 
physically observable; for a general group G, it can indeed be measured by the gauge- 
invariant quantity 

W a = Tr exp N J A a j = Tr exp ( 2niRA a 4 ). (5.18) 

The Wilson lines A(f are matrices in the adjoint representation of the 5d gauge group, and 
can be diagonalized without loss of generality. Equivalently one can restrict to Wilson line 
backgrounds for the Cartan generators of the 5d group, which we denote A^, with I — 
1,..., rank G. From the analog of (5.18), the A^ are periodic with period 1 /R. For later 
use, it is convenient to rescale the Wilson lines into adimensional quantities, with period 1, 

A\ = RA\. (5.19) 


The presence of Wilson lines modifies the KK compactification to 4d, and changes the 
spectrum of light 4d fields. Indeed, consider the 5d Yang-Mills action 

S 5 d = f Tr T M nT mn , (5.20) 

Jm^xS 1 
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with 


Tmn = \mAn] + [Am, An\, Am = Ah? 0 , 


(5.21) 


a 


where T a are generators of the gauge group G. Expanding this action around the back¬ 
ground configuration, the terms \[Am, An~\\ 2 lead upon compactification to terms of the 
form 


Tr\[A M , A N ]\ 2 Tv\[A„, A 4 ]\ 2 Tr (A^A ai1 ), for [T a ,A 4 ] / 0. (5.22) 


Namely there are mass terms for the 4d vector bosons associated to generators not com¬ 
muting with the Wilson line background. The unbroken 5d gauge group is broken in the 
compactification to a 4d group given by the commutant, i.e. the subgroup commuting with 
the internal gauge background. A generalization of this mechanism for discrete Wilson 
lines will be exploited in model building in heterotic compactifications in Sections 7.3.3, 
7.4.2, and 8.3. 

In the basis where Wilson lines are rotated to the Cartan subalgebra, we can give a more 
precise description of the surviving 4d gauge group, using the Cartan-Weyl basis { Hi , E a } 
of the Lie algebra. Gauge bosons in the Cartan subalgebra commute with the Wilson lines, 
and thus remain massless in 4d, so the rank of the gauge group is preserved. For generators 
E a associated with some non-zero root a, the corresponding gauge bosons survive in the 
massless sector if the commutator [A*, E a ] — ///, £„] oc a/ A^ vanishes. 

Wilson lines are described from the 4d perspective as vevs of scalars in the adjoint rep¬ 
resentation of G, and correspond to moduli of the compactification, i.e. have vanishing 4d 
scalar potential. The physical properties of the 4d theory depend on their vevs. For instance, 
for generic Wilson lines the surviving 4d gauge group is the Cartan subalgebra U (1)', with 
r = rank G. At particular loci there are enhanced non-abelian gauge symmetries, e.g. for 
zero Wilson lines the 4d group is the whole G. Starting from a point of enhanced symmetry, 
turning on small Wilson lines corresponds from the 4d viewpoint to a Higgs mechanism 
by adjoint scalar vevs. 

An alternative description of the KK compactification with Wilson lines, valid for fields 
in general representations of the gauge group, is as follows. The internal momentum of a 
KK mode in a gauge invariant theory is given by a covariant derivative; in the presence of 
Wilson lines, the momentum in the circle direction thus suffers a shift with respect to its 
naive quantized value, as 



(5.23) 


where Wilson lines are normalized as in (5.19), and q l denotes the charge of the corre¬ 
sponding field under the I th U( 1) factor in the Cartan subalgebra. The KK states have 
masses shifted as m 2 — pj, and there is a massless zero mode only if 


q • A 4 G Z. 


(5.24) 
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For fields in the adjoint representation, this general rule reproduces the above breaking of 
the gauge group. 


The generalization to T“ compactification of several dimensions is simple. It is possi¬ 


ble to introduce gauge backgrounds A” along all internal directions. In order to obtain a 
vacuum of the theory, the background should have vanishing non-abelian field strength, 
hence the backgrounds must be constant and commuting, [A m , A n ] — 0; they can be diag¬ 
onalized simultaneously, and parametrized in terms of Wilson line backgrounds Aj n for the 
Cartan generators. Each Wilson line acts independently, and the modified KK compactifi¬ 
cation is defined by shifted internal momenta p m = k m +qi A* m . There are massless modes 
for fields satisfying q ■ A m e Z, for all Wilson lines A m in T d . In the next section this 
effective field theory description will be recovered from the string theory description in the 
large radius regime, as expected. 


Heterotic string with Wilson lines and heterotic Narain lattice* 


In this section we review the general toroidal compactification of heterotic string theory 
in a general background for the metric G mn , 2-form B mn , and Wilson lines Aj n , where 
I = 1, ..., 16 runs through the Cartan subalgebra of the lOd gauge group E& x Eg or 
SO( 32). The coupling of the worldsheet bosons to the metric and 2-form are as in (5.7), 
and the coupling to the Wilson lines is given by 



(5.25) 


The quantization of the string in this background is slightly more involved than for type 
II, due to the purely left-moving character of the X 1 , and we simply quote the result. The 
backgrounds modify neither the worldsheet fermions nor the bosonic oscillators, and their 
effect on the bosonic center of mass piece is encoded in suitable left and right momenta 


P[ = P l + RA^w" 1 , 



PL,m — 


P R,m — 


(5.26) 


This momentum lattice is the (heterotic) Narain lattice. The mass formulae are 



(5.27) 


and the level matching condition Mj = M 2 R . The lattice of momenta (5.26) is self-dual, 
and even with respect to the (16 + d, cl) signature Lorentzian scalar product 



(5.28) 
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This ensures that the partition function for these theories is modular invariant for any choice 
of background fields, so they define consistent vacua of the theory. Similarly, any even 
and self-dual (16 + d, r/)-signature lattice can be expressed in the form (5.26). Note the 
parallelism with the type II discussion in Section 5.1.3. 

At large R the string prescription reproduces the field theory KK reduction, as expected. 
Let us show it restricting for simplicity to square tori G mn = S mn , and vanishing B-field 
B mn = 0. At large radius the winding states are heavy and the light spectrum arises from 
the w — 0 sector, for which the momenta have the form 

P[ = P', PL.m = PR,m = y/%(k m -P-A m )/R, (5.29) 

using the notation (5.19). Modulo an irrelevant sign, they reproduce the shifted momentum 
formula (5.23) of KK compactification with Wilson lines. Massless states of the lower¬ 
dimensional theory correspond to states with P 2 = 2 and P ■ A m e Z, namely KK zero 
modes of lOd gauge bosons and gauginos, associated to generators commuting with the 
Wilson lines. For generic Wilson lines the 4d gauge symmetry from the lOd gauge group 
is U (l) 16 , and is enhanced at particular points in Wilson line moduli space. 

In the stringy regime of small radii, the spectrum can differ from the KK approxima¬ 
tion. In particular there can be more dramatic enhancements of the gauge group, even 
to groups larger than the lOd one, if states with non-zero momentum and/or winding 
become massless. This occurs if the Narain lattice (5.26) contains left-moving momenta 
satisfying 

p l+Pl= 2 ’ (5.30) 

leading to additional massless left states which can pair up with the right groundstates 
to produce massless vector multiplets. For illustration, we consider an example leading 
to a 4d non-abelian gauge group SO(44), saturating the maximal rank 22 for Af = 4 
vector multiplets (with an extra U( l) 6 from graviphotons in the gravity multiplet, recall 
Section 2.4.1). It is obtained from an even self-dual lattice with vectors (Pp, pj\ pu ) of 
the form 


(pi--- 

■, P 16 ; n\,... 

, n \,... 

■. «e) - 

Ep^ + 

^ ^ Mm — 

= even, 

E n '"> = 

=even. 





/ 

m 


m 


(pi,.. 

■, P16; n\,... 

, n 6 ; n\, ... 

■ - «e) ■ 


y ^ Km — 

= odd, 

E”™ = 

odd, 





1 

m 


m 


(pi + 

5, ■ ■ ■, P 16 + 

2 ’ n i + 2 ’ 1 

..,n 6 + 

1. j + 1 
2 ’ n 1 + 2 


+ 0 ’ 






Ew 

-}- ^ ^ Yl m 

= even, 

E 

n' m = even, 




1 

m 


m 



(pi + 

5, ■ ■ ■, P 16 + 

2’ d - 2’ ' 

..,n 6 + 

2 ' n \ ' 2 


+ 2 )’ 






Ew 

”f~ ^ ^ Win 

= odd, 

E^ 

'm = odd - 

(5.: 




1 

m 


m 
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It corresponds to compactification on a T 6 given by the SO (12) root lattice, at the critical 
radius, with a suitable Z?-field and Wilson line, see Section 8.4.1 for a similar exam¬ 
ple. Massless states corresponding to the non-zero roots of SO(44) arise from vectors 
(±, ±, 0, ...; 0 , ..., 0 ; 0 , ..., 0), where underlining means permutation of entries. 


T-duality of Eg x Eg and SO (32) circle compactification 


In circle compactification of the Eg x Eg and SO (32) heterotic strings with general Wilson 
lines, they lead to the same gauge group f/(l) 16 , and the same spectrum of 9d massless 
fields. Rather than an accident, this is a manifestation of a T-duality relation between the 
two theories, acting non-trivially on the compactification radius and the Wilson line back¬ 
grounds. A detailed discussion is beyond our scope, and we merely state the result for a 
particular choice of Wilson lines, preserving an unbroken SO (16) 2 , the maximal common 
subgroup of Eg x Eg and SO (32). 

Consider the compactification of Eg x Eg and SO (32) heterotic theories on S*’s of radii 
R and R' respectively, with G99 = 1, G[ )() — 1, and Wilson lines 



for SO(32), 


(A") = (1,0, 0,0, 0,0, 0,0; 1,0, 0,0,0, 0,0,0) for Eg x Eg. (5.32) 


The Narain lattices (5.26) for these two compactifications are actually equivalent for R' — 
of /(2R). This implies the two theories are described by the same worldsheet theory, and 
are therefore equivalent. 


5.3 Type I toroidal compactification and D-branes 


The circle compactification of the type I superstring provides a new illustration of the 
insights from T-duality; in the present context, it provides an easy first contact with 
D-branes. 


5.3.1 Circle compactification without Wilson lines 


We start by discussing the simplest case of compactification on a circle of radius R. with 
no Wilson lines. The compactification manifests differently in the closed and open string 
sectors of type I theory, as we now describe. 

Closed string sector 

The toroidal compactification of the closed sector of type I is simply the £2 projection of 
the toroidal compactification of type IIB theory in Section 5.1.1. In an S 1 compactification, 
different sectors of the parent type IIB theory are characterized by the momentum k and 
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winding w in (5.2). The effect of £2 on k, w, is obtained by recalling that £2 maps X' to Xq 
defined by 

xl l (t,<r) = X i (t,e-c r). (5.33) 

Applied to X 9 , we get that £2 acts as x 9 —»■ x 9 , k —> k, w —» —w. Hence ^-invariant states 
are linear combinations of opposite winding states, schematically of the form \ w) + | — w); 
note that the winding number is conserved only for modulo 2 in this theory, an observation 
which will prove relevant in interpreting the T-dual theory. 

The w — 0 sector is mapped to itself under £2. Hence, invariant states are obtained by 
applying to the groundstate sets of oscillators which are ^-invariant by themselves; namely, 
symmetric combinations in the NSNS sector, antisymmetric combinations in the RR sector, 
and combinations of states in the NS-R and R-NS sectors. It is easy to check that the w = 0 
sector gives the KK reduction of the massless fields in the original lOd theory, as expected 
since the w — 0 sector is the only relevant one in the large radius regime. The massless 
states correspond to the gravity multiplet of a 9d theory with 16 supersymmetries. 

Open string sector 

This is our first encounter with circle compactification of open strings. Although we could 
have considered this question in the context of the bosonic theory, the discussion is simple 
enough to carry it out directly for open superstrings. 

Open strings with free endpoints cannot wrap around a compact dimension in a topolog¬ 
ically non-trivial way, so there are no winding sectors. Indeed, it is easy to see that open 
strings with NN boundary conditions (3.93) do not allow for a term linear in a in the oscil¬ 
lator expansion. The only effect of the circle compactification in the open string sector is 
the quantization of the internal momentum. The mode expansion for the worldsheet bosons 
is schematically 

Ic 

X 9 {t, a) = x 9 H-— + oscillators, (5.34) 

Rp + 

whereas that of worldsheet fermions is as usual. The spacetime mass formula is 

1 k 2 

M 2 = -(N B +N F + E 0 )+-y. (5.35) 

a' R 1 

Since there is no winding, this agrees with the mass formula (3.71) for field theory KK 
compactification. Massless states correspond to k = 0 and reproduce the SO (32) gauge 
bosons, one real scalar in the adjoint representation, and fermion superpartners (with respect 
to the 16 supersymmetries in spacetime). 


5.3.2 T-duality, orientifold compactifications and D-branes 

Let us consider the T-dual of type I theory compactified on a circle of radius R. The T-dual 
configuration, sometimes dubbed type I' theory, turns out to be best described in terms of 
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new objects, orientifoldplanes, and D-branes, related to the closed and open sectors in the 
theory. 


Closed string sector 

The closed string sector of type I theory is type IIB modded out by Q, compactified 
on a circle of radius R. The compact dimension is described by the worldsheet fields 
X 9 = X 9 L + X 9 r , fr 9 = \f 9 L + \[r R . Since the orientifold quotient by £2 is felt only glob¬ 
ally, via the introduction of non-orientable worldsheets in the genus expansion, it does not 
modify the local 2d worldsheet dynamics. Hence the T-dual theory is described by coordi¬ 
nates X 9 ' = X 9 l — X 9 r and fermions ft 9 ' = \fr R — i fi R . Using the results in Section 5.1.2, 
the local worldsheet dynamics of the T-dual theory is that of type IIA on a circle of radius 
R' = a ’/ R. Actually, since the original theory is a quotient by G, the T-dual is a quo¬ 
tient of this type IIA compactification. by an action G'; the action of G' on X', \[r 1 can be 
obtained from the action of G on X, \[r. Since £2 acts as X 9 -<->■ X 9 R , we find that G' acts as 
X 9 ' —»■ — X 9 '. Hence the T-dual is an orientifold of type IIA (compactified on the 
T-dual radius) by G' = Q7Z, the combined action of worldsheet parity G and a spacetime 
reflection Ti : x 9 —»■ — x 9 . 

The corresponding action on the worldsheet fermion, G' : \j/ 9 ' -* — fi 9 ', implies a flip 
of the GSO projection when exchanging the left and right sectors. It is then a consistent 
symmetry of type IIA theory, which has opposite GSO projections in the two sectors. This 
additional action in G' thus allows to relax the strict left-right symmetry requirement for 
unoriented theories imposed in Section 3.4. 

The action of QR. on the modes of the oscillator expansion can be obtained from 

X 9 n /(t,cj) = -X 9 \t,l-o), (5.36) 

and similarly for the worldsheet fermions. The result, consistent with T-duality, is that QR 
exchanges left and right oscillators, with suitable signs, and acts on center of mass quantum 
numbers as x 9 —x 9 , k 9 —> —k 9 , w 9 -* w 9 . 

Let us consider the geometric interpretation described by the T-dual closed string sector. 
The theory is essentially type IIA on a circle of radius R', modded out by a geometric 
action R (times G). This action has two fixed points at x 9 = 0, re If, see Figure 5.1; the 
action R can be regarded as a reflection with respect to any of these points. For instance a 
closed string (with w — 0 winding for simplicity) with center of mass away from the fixed 
point is mapped to a closed string at the image point, and with opposite momentum. The 
existence of these special points violates translation invariance in the internal direction (but 
preserves 9d Poincare invariance). Momentum is conserved only modulo 2, in agreement 
with the mod 2 conservation of winding number in the original type I compactification. 
Since G' = Q'R, also flips the string orientation, the subspace fixed under R, corresponds to 
a region where the orientation of a string can flip; heuristically, the image of a closed string 
at a fixed point is the same closed string with opposite orientation. These subspaces have 


5.3 Type l toroidal compactification and D-branes 


149 



Figure 5.1 Structure of the T-dual of type I without (a) and with (b) Wilson lines. The closed string 
sector corresponds to a type IIA on S 1 modded by an orientifold whose geometric action leaves two 
fixed points on S*, corresponding to two 08-planes at x 9 = 0, nR'. The open strings have their 
endpoints fixed at particular values in x 9 , corresponding to D8-branes. In (a) they are all located at 
x 9 = 0, while in (b) their locations are controlled by the parameters 0/. 


eight space dimensions (parametrized by (x ,..., x 8 ), with x 9 = 0, it R', plus time), and 
are known as orientifold 8-planes, or 08-planes for short. Generalizations of these objects 
will be a crucial ingredient in the constructions known as orientifold compactifications in 
Chapters 10 and 11. 


Open string sector 

Consider now the open string sector in the T-dual theory. The local 2d dynamics of the 
T-dual open string sector should be that of (an orientifold of) type IIA theory. In particular, 
it implies that the interior of open string worldsheets propagates in lOd. However, since the 
original open string sector does not have winding number in x 9 , the T-dual open string sec¬ 
tor has no momentum in x 9 , and leads to fields propagating only in 9d. This conundrum is 
clarified by computing the boundary conditions for the T-dual worldsheet fields X 9 '{t, o), 
\l/ 9l (t, a). Focusing on the bosonic fields, the NN boundary conditions (3.93) for X 9 {t, a) 
read 


d a X 9 (t, a) = d a X 9 L (t + o) + d a X 9 R (t - o) = 0 at a = 0, i. (5.37) 

Since <)„ X / = d, X / and i) n - X r — — i), X r , in terms of X' 9 we have 

d,X 9/ (t, a) = 0 at <t = 0, l. (5.38) 

These are Dirichlet boundary conditions on both endpoints, or DD boundary conditions for 
short. They imply that, although the inside of the open string can move in lOd, the open 
string endpoints cannot move from a fixed value of the coordinate x 9 . As will become 
clear in the next section, in the present situation (i.e. of vanishing Wilson lines in the 
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original type I) the open string endpoints are fixed at x 9 = 0. Namely, an equivalent set of 
DD boundary conditions for our system is 

X 9, 0,cr) = 0 at <x = 0, i. (5.39) 

Concerning fermions, the only relevant information is that a DD boundary condition flips 
the GSO projection. Namely a left-moving Ramond groundstate Sc) bounces back at the 
open string boundary as a right-moving Ramond groundstate 85). This is consistent with 
the coupling of this open string to a type IIA closed string sector. Needless to say, the 
remaining fields X' (er, t), for i = 2,..., 8, satisfy NN boundary conditions (and similarly 
for the associated worldsheet fermions). 

The spacetime picture of the T-dual open string sector is more manifest by looking at 
the mode expansion satisfying DD boundary conditions, 

q, 2 TtR' , 

X 9 (t, o) = — -—wo + oscillators. (5.40) 

The center of mass position and momentum are frozen to zero, so open string states are 
localized in the 9d plane x 9 = 0, see Figure 5.1(a). On the other hand, an arbitrary integer 
winding number is allowed; indeed open strings winding around the compact dimension 
cannot be unwound, since the endpoints must remain at a fixed location in x 9 . 

The locus where open string endpoints are located has eight space dimensions, plus time. 
It is usually referred to as Dirichlet 8-brane, or D8-brane for short. In the present picture, 
all open string endpoints are located at x 9 = 0, on top of an 08-plane, and it is not obvious 
that D8-branes and 08-planes are different objects. This additional intuition will become 
manifest upon the introduction of non-trivial Wilson lines in the next section. 

The open string spectrum has the familiar structure, and a mass formula 

^»2^2 j 

M lb= -(N B +N F + E 0 ), (5.41) 

where ab denote the Chan-Paton indices and Eq = — 1/2,0 in the NS, R sector. The 
massless sector is obtained for w — 0, oscillator structures as for massless lOd states, and 
any choice of Chan-Paton indices surviving the Q'R, orientifold projection (since the open 
strings are localized at an orientifold plane at x 9 = 0). In the NS sector we obtain 9d 
SO(32) gauge bosons, and one real scalar in the adjoint representation. In the R sector 
we obtain the gauginos, i.e. one 9d fermion in the adjoint representation. As emphasized, 
these fields propagate only on the volume of the D8-brane defined by x 9 = 0. Therefore, the 
model is a simple (and still not realistic) realization of the brane-world scenario described 
in Section 1.4.2. 

It is useful to describe the subset of supersymmetries of type IIA theory preserved by 
this orientifold compactification, in other words by the 08-planes and D8-branes. Let us 
denote the 32 supercharges of type IIA by two 16-component spinors Qp, Qr of 5(9(10), 
arising from the left- or right-moving sector, respectively (namely, Qi transforms left NS 
states into left R states, leaving the right part of the state invariant, and conversely for 
Qr). They have opposite spacetime chirality, namely T lo 0/ = —Ql and I' !(1 Qa' = Qr, 
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with F 10 = r° • • ■ T 9 , and T M being the lOd Dirac matrices. The orientifold and the open 
string boundary conditions exchange the left and right sectors, so they preserve a linear 
combination of the form 


Q — ^lQl + crQr, (5.42) 

where the coefficient e’s are .S' O( 10) spinors with same chirality as the Q’s. The model 
preserves 16 supersymmetries corresponding to the solutions of the condition 

e L = r°---r 8 e*. (5.43) 

This follows since both the orientifold action and the DD boundary conditions relate left 
and right sectors with a flip of the GSO projection, equivalently with the application of 
the Ramond fermion zero mode t/cq, which corresponds to the Dirac matrix T 9 from the 
spacetime perspective. The orientifold projection and the open string boundary condi¬ 
tions reduce by half the supersymmetry of the underlying type IIA theory. The fact that 
D8-branes preserve some supersymmetries implies, in analogy with Section 2.4.2, that 
they are BPS states of the theory, as further developed in Section 6.1. 


5.3.3 Circle compactification with Wilson lines 

As in heterotic theories in Section 5.2.2, type I compactified on S 1 contains 9d scalars in 
the adjoint representations of the gauge group. Their vevs parametrize the possibility of 
turning on Wilson lines Ag. Their effects on the compactification are remarkably simple, 
as we now describe. 

The closed string sector is insensitive to the presence of Wilson lines, since its states are 
neutral under the gauge symmetry. In the open string sector, the coupling to the Wilson 
line backgrounds follows from the worldsheet term (3.14). Recalling from Section 3.3.3 
that an open string with Chan-Paton indices ab has charge +1 and —1 under the a ,h and 
b th (7(1) factors in the Cartan subalgebra, the worldsheet coupling to Wilson lines is 

AS = J dt (^Ag — A^j d,X 9 . (5.44) 

In this expression, the Chan-Paton indices take values a = 1,..., 32, subject to the orien¬ 
tifold action, which reduces the number of free Wilson line parameters to 16. These can be 
parametrized as 

(4, .... Af) = --}—(p u 0 2 ,..., e 16 ; -e x , - 62 , ..., -016), (5.45) 

with the overall sign for later convenience. This can be regarded as the diagonalization 
(using complex variables) of the block-diagonal Wilson lines along the SO(32) Cartan 
generators, 


A 9 


1 

2tcR 


diag 





(5.46) 
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In the following we often use an extended set 9 a , a = 1,..., 32, with the understanding 
that 0i6 + a = — 9 a , as in (5.45). Note that the periodicity of the Wilson line A^ implies a 
periodicity 9 a ~ 9 a + 2 jt, a relevant fact for the T-dual interpretation. 

The whole modification from (5.44) for an open string in the ab Chan-Paton sector 
amounts just to a shift of the center of mass momentum. Recalling the overall sign in 
(5.45), the shifted momentum is 


k 

~R 


Ob - o a 

2n R 


(5.47) 


Hence it reduces to an effect already familiar from the field theoretical analysis. The 
spacetime mass formula in the ab sector is 


Kb = 



Ob-o a Sr 

2nR ) 


1 

a' 


(Np + Np + Eq), 


(5.48) 


with Eq — —1/2, 0 in the NS, R sector. For generic radius R and Wilson line parameters 
9 a ’s, the gauge group is broken to t/(l) 16 , since only a a states produce massless modes. If 
N eigenvalues have equal value 9 ^ 0, jt. there are additional massless fields, enhancing 
the gauge symmetry to U(N). Finally, when N eigenvalues have equal value 9 = 0 or 
9 = tx , the gauge symmetry is enhanced to SO(2N). 


5.3.4 T-duality and D-branes 

Many of the properties of this compactification are realized geometrically and become 
more manifest in the T-dual picture, to which we now turn. 

Closed strings are insensitive to Wilson lines, so the T-dual closed string sector is as 
studied in Section 5.3.2, i.e. type IIA theory on a circle of radius R', modded out by Q'R.. 
In the open string sector, the Wilson lines induce a non-trivial shift of the internal center 
of mass momentum. This turns into a shifted winding number in the T-dual. The mode 
expansion is 

q, 2 ttR' / . 9b — 9 a \ 

X 9 (t, a) = const. H-( w H-I a + oscillators. (5.49) 

l V 2n ) 

This implies that the open string endpoints of ab strings sit at different locations in x 9 . 
In other words, the DD boundary conditions obeyed by an open string with Chan-Paton 
indices ab are 

X 9 \t, a)| ff=0 = e a R\ X 9 '(t, a)\ a=l = 9 b R\ (5.50) 

(so the cr-independent constant term in (5.49) is 9 a R’)■ This implies that if 9 a , 9 b are dif¬ 
ferent, the string has a minimal stretching proportional to ( 9 b — 9 a ), equivalently a shift of 
the winding. The mass formula following from (5.49) is 

2 R’ 2 I . 9 b -9 a \ 2 1 

M - = ^{ w ' + ^r) +^ Nb + n ? + e 0 )- 


(5.51) 
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These features are clearer using the already introduced concept of D8-branes, as the loci 
where open strings end. The configuration contains 32 D8-branes, labeled by an index a, 
corresponding to the hyperplanes x 9 = 9 a R', with a = 1, ..., 32 and the understanding 
that 0i6+a = —0 a ; there are thus 16 D8-branes at independent locations, and their 16 orien- 
tifold images making the configuration invariant under the symmetry TZ, see Figure 5.1(b). 
In this language, the 2n periodicity of the type I Wilson line parameters 9 a is just the 
periodicity in the D8-brane position on the T-dual S 1 . An ab open string stretches from 
the ath to the b\h D8-branes (in general winding w' times around the circle), thus pro¬ 
viding a geometric interpretation of (5.51). This picture leads to the crucial insight, which 
permeates the construction of type II orientifold compactifications in Chapters 10 and 11, 
that Chan-Paton indices are labels for the different D-branes on which the open strings 
can end. 

The massless open string spectrum is easily recovered in this picture. In the generic con¬ 
figuration of D8-branes at different locations, and away from the 08-planes (which always 
sit at x 9 — 0, tt R' ). the only massless states arise from open strings with both endpoints on 
the same D8-brane, and the gauge group is C/ (1) 16 . When N D8-branes coincide, still away 
from 08-planes, there are additional ab massless states which enhance the group to U ( N ). 
Finally, when N D8-branes (and their orientifold images) sit on top of an 08-plane, the 
group is enhanced to SO(2N). In fact, the T-dual of the compactification without Wilson 
lines corresponds to taking all the 16 D8-branes (and their images) on top of the 08-plane 
at x 9 = 0. The localization of non-abelian gauge symmetries on the volume of coinci¬ 
dent D8-branes is a realization of the brane-world scenario of Section 1.4.2, extensively 
exploited in type II orientifold compactifications in Chapters 10 and 11. 

The spatial separation of D8-branes and 08-planes allows a geometric interpretation of 
the type I RR tadpole cancellation condition fixing the range of the Chan-Paton index. 
Under T-duality, the type I non-propagating RR 10-form loses its index along x 9 and turns 
into a RR 9-form field with indices along the non-compact dimensions.The crosscap and 
disk diagrams are localized on the 08-planes and D8-branes, and measure the charge of 
these objects under this RR 9-form gauge field. From the type I result, we obtain that 
an 08-plane has charge gos = — 1 60 d 8- Cancellation of RR tadpole diagrams is thus 
equivalent to the requirement (by Gauss law) that in a compact space the total charge must 
be zero; the —32 units of charge from the two 08-planes is canceled by the introduction of 
32 D8-branes. 

The above ideas generalize easily to lower-dimensional compactification on further cir¬ 
cles. This leads to more general orientifold compactifications, defined as toroidal com¬ 
pactifications of type IIA and IIB, quotiented by orientifold actions QR. with 'R. a Z 2 
geometric action flipping d internal coordinates (with d even/odd for type IIB/IIA the¬ 
ory), and acting suitably on R groundstates. Geometrically, the compactifications contain 
2 d Op-planes, with p — 9 — d, namely (p + 1)-dimensional planes fixed under R. The 
open string sectors of these models have DD boundary conditions along d dimensions, and 
describe Dp-branes, i.e. (p + 1)-dimensional subspaces on which open strings endpoints 
are located. The crosscap and disk tadpoles imply that these objects are charged under the 
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RR (p + l)-form with 

Qo P = ~2P~ 4 Q Dp . (5.52) 

The Op-planes and Dp-branes preserve 16 of the 32 supersymmetries of the parent type II 
theory. Denoting Qp, Qr the generators of the latter, the preserved supersymmetries are 
combinations of the form (5.42) satisfying 

e L = r°---r p €R. (5.53) 

In this language of D-branes and O-planes, type I theory can be described as containing 
one lOd spacetime filling 09-plane, whose —32 units of RR 10-form charge are canceled 
by 32 spacetime filling D9-branes, leading to open strings with NN boundary conditions 
and 32-valued Chan-Paton factors. 


6 


Branes and string duality 


We have studied the main properties of string theory in the framework of perturbation the¬ 
ory. However, on physical grounds we expect the theory to have interesting non-perturbative 
dynamics; for instance, because the low-energy limit of string theory contains gauge the¬ 
ories, which do have non-perturbative effects. Although a complete definition of string 
theory at the non-perturbative level is lacking, there is a considerable body of knowledge 
on some of its properties. In this chapter we introduce certain non-perturbative extended 
states known as branes, and review their role in non-perturbative string theory and in string 
duality. 


6.1 D-branes in string theory 

We start by uncovering the existence in string theory of certain non-perturbative states 
which admit a remarkably simple description. They are the Dp-branes, extended objects 
of p spatial dimensions, which at weak coupling can be defined as (p + l)-dimensional 
subspaces of spacetime on which open strings end. They are crucial in the study of non- 
perturbative dualities in string theory, but also in the construction of string compactifica- 
tions, as exploited in Chapters 10 and 11. In fact, we have already encountered D-branes 
in the orientifold compactification of Section 5.3. 


6.1.1 D-branes as non-perturbative states 

In Section 5.3.4 we described compatifications of type IIA or IIB string theory with sectors 
of open strings ending on certain lower-dimensional planes, the D-branes. In fact, these 
D-branes already exist in the theory in flat lOd spacetime, as can be recovered by taking 
a suitable decompactification limit. In this section we interpret these D-branes in lOd as 
non-perturbative states of type II theory (or quotients thereof, like type I in Section 6.1.3). 

Consider type IIA or IIB string theory in flat lOd spacetime, in the presence of a flat 
Dp-brane, i.e. a (p + 1)-dimensional plane with the property that the system contains 
sectors of open strings ending on it, see Figure 6.1. Since type II theory does not con¬ 
tain open strings in its vacuum, this suggests that the configuration at hand is actually an 
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Figure 6.1 String theory in the presence of a Dp-brane, along the directions x°, ..., xP. The closed 
string sector describes the fluctuations of the theory around the vacuum, while the sector of open 
strings characterizes the fluctuations of the non-perturbative object. 


excited state of type II theory. The Dp-brane should be regarded as a dynamical object, 
with the open string sector describing the excitations of the theory around it. This matches 
the fact that the open string sector does not preserve the lOd Poincare invariance of the 
vacuum. 

The properties of the D-brane can be studied in terms of the corresponding open string 
sector, or equivalently in terms of worldsheets with boundaries. For instance there are 
disk diagrams describing the emission of closed string states by the D-brane. For mass¬ 
less closed string states, these are identical to the tadpole diagrams of open string sectors 
in earlier chapters The corresponding emission of gravitons and components of the RR 
(p + l)-form along the brane volume encode the D-brane tension (energy per unit vol¬ 
ume) and RR charge. Using (3.7), the Euler characteristic of the disk is x = 1, so the 
D-brane tension scales with the string coupling as T p — 1 /g s , from arguments around (3.6). 
It diverges in the weak coupling limit, reflecting the non-perturbative nature of these states. 
It also implies its description as a formally rigid plane in the weak coupling regime, since 
it becomes static as T p —> oo. 

Note that, except for the special case of D9-branes, which are actually spacetime fill¬ 
ing, the D/j- brane has non-compact transverse dimensions. Hence the flux-lines of the 
corresponding RR field can escape to infinity, and there are no RR tadpole (i.e. charge) 
cancellation constraints. Consequently it is perfectly consistent to consider configurations 
of D-branes without orientifold planes. Moreover, the number of D-branes in the configu¬ 
ration is arbitrary; 1 configurations with different numbers of D-branes simply correspond 
to different states in the same type II theory, rather than to different theories. RR tad¬ 
pole conditions only reappear in compactifications, when all dimensions transverse to a 

1 For D7- and D8-branes, the backreaction of the branes on the geometry modifies the asymptotic behavior of spacetime in the 
non-compact setup, see Section 6.2. This introduces additional subtleties, like forcing the compactification for too large 
number of D-branes, hence resulting in an effective bound even for non-compact setups. 
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Dp-brane sector are compact, and indeed impose constraints on the D-brane configuration, 
as in Section 5.3.4, or later in, e.g., Sections 10.3.1 and 11.4.2. 


6.1.2 D-brane worldvolume spectrum and effective action 

The spectrum of oscillations for open string sectors ending on Dp-branes encode the fluc¬ 
tuations of the theory around the D-brane, and can be used to describe its dynamics. 
We construct this spectrum for D-branes in type IIA and IIB theory. Most results are a 
reinterpretation of those for open string sectors in Section 5.3.4. 


A single Dp-brane 

Consider first a configuration with a single Dp-brane spanning x°, ..., x p , and transverse 

to the directions x p+1 .x , see Figure 6.1. An open string with both endpoints on 

the Dp-brane has a worldsheet theory with 2d bosons X p (t, er), /x = 2, ..., p (in the 
light-cone gauge) and X' (t. o),i = p+1,... ,9, and their 2d fermion partners; the world- 
sheet bosons X 1 ' satisfy Neumann boundary conditions, and X' satisfy Dirichlet conditions 
(hence the name “D”-brane): 


NN: d a X p {a,t)\ a=0X = 0, 

DD: X‘{a,t)\ a=0 ,i = 0. (6.1) 


These indeed allow to drop the boundary terms in the variational principle derivation of 
the worldsheet equations of motion; this is already familiar for Neumann conditions, and 
for Dirichlet conditions it follows because in the variation 


SS P 



2 t;d a x i d a 8x i 

dt (SX'daX 1 ) 


0=1 

(7=0 


1 

2 not' 


L 


d 2 i;SX‘ d.daX 1 , 


( 6 . 2 ) 


the endpoints are fixed in the transverse directions, i.e. 8X' = 0 at a = 0, l. The mode 
expansions for these boundary conditions are 


„ ,, p fl /-ffj? /Ttna\ 

X p \o , t) = x 1 + —rt + 'J'Iol' Y — cos ( —— ) e 

p + —' n \ t / 

r n± 0 

, /-x—' “1 /Ttna\ 

X (tr,0 = sm(—) 


—Tii nt/1 


—Jti nt/i 


(6.3) 


n/0 


There is a similar expansion for fermions, with moddings n + v with v — 1/2, 0 in the 
NS and R sectors. Interestingly, each DD boundary condition in the R sector flips the 
sign between the left- and right-moving GSO projections. Therefore, type IIB theory is 
compatible with Dp-branes with odd p (even number of DD dimensions), while type IIA 
theory contains only Dp-branes with even p (odd number of DD dimensions). 
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From the structure of the oscillators, the spectrum of states is very similar to that of a 
purely NN open superstring sector. However, from (6.3), the open string center of mass is 
localized on the D-brane, so the corresponding particles propagate in its ( p +1 (-dimensional 
volume. Hence, the states must be expressed in terms of this lower-dimensional Lorentz 
group. In particular, the massless states are as follows: 


Sector 

State 

SO(p- 1) 

(p + l)-dim field 


NS 

*- 1/2 IO> 

Vector 

Gauge boson A IL 

(6.4) 


^ 1 / 2 | 0 > 

Scalar 

9 — p real scalars <p‘ 


R 

| 8 C > 

spinor 

fermions ). a 



The multiplicity of fermions can be obtained from group-theoretical decomposition of the 
8 c, and will be described explicitly in examples as needed. The above spectrum corre¬ 
sponds to a f/(l) vector supermultiplet with respect to 16 supersymmetries in (p + 1 ) 
dimensions. This is also often described as the dimensional reduction of the lOd A/" = 1 
vector multiplet. A prototypical example is the D3-brane, whose massless open string states 
fill out a U (l) vector multiplet of AC = 4 supersymmetry in 4d, given by one gauge boson, 
six real scalars, and four Majorana fermions, recall Section 2.4.1. 

The supersymmetry of the open string spectrum reflects that the Dp-brane preserves 
half of the supersymmetries of type II theory, and is a BPS state, generalizing the discus¬ 
sion in Section 2.4.2. The supersymmetries preserved by a Dp-brane are combinations of 
left- and right-moving supersymmetries of the form (5.42), i.e. Q = e / Q / + crQr, 
satisfying 


€i = r 0 -..r p € R . 


(6.5) 


D-brane effective action 

Open string modes on the D-brane describe the dynamics of the D-brane. This is partic¬ 
ularly manifest for massless open string states; for instance, the (9 — p) massless real 
scalars <// on the Dp-brane are the Goldstone bosons of the translational symmetries of 
the vacuum, broken by the presence of the brane . 2 This implies that the vevs of these 
scalars parametrize the Dp-brane position in the transverse space R 9-p . Going further, 
non-trivial profiles <p l (x 11 ) for these scalar fields describe fluctuations of the embedding of 
the Dp-brane worldvolume W /)+ ] on spacetime (analogous to the notion of worldline for 
point particles, or worldsheet for fundamental strings). The bottom line is that the (p + 1)- 
dimensional effective action for the massless open string modes is the worldvolume action 
describing the dynamics of the Dp-brane, and is known as D-brane action. 

2 Similarly, the fermions are goldstinos of the supersymmetries of the vacuum broken by the presence of the D-brane. 
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Figure 6.2 Closed string exchange between parallel Dp-branes. 


There are several techniques to obtain this action, but we skip their description and 
merely present the result for the bosonic sector . 3 The D-brane action contains two pieces, 
the first being known as Dirac-Born-Infeld (DBI) action, 

Sdbi = -At p I d p+l x ey/— det(P[G + B] — 2na'F). (6.6) 

Jw p+ i 

The coefficient fi p is given by 


_ ( aT (p+1)/2 

~ (2n)P 


(6.7) 


As mentioned below, it is related to the D/t-brane tension (and charge). Its computation, for 
which we refer to the Bibliography, involves the evaluation of the annulus/cylinder diagram 
in Figure 6.2, describing the interaction between two parallel D-branes by exchange of 
NSNS and RR closed strings. 

We have also introduced R[£], the “pullback” of a spacetime tensor E into the brane 
worldvolume, i.e. the induced worldvolume tensor. In particular, one has 


P[G] pv = G pv + G p i a„0 f + G iv + d lj( p l d v (t>J G u . (6.8) 

This introduces the dependence of the action on the embedding fields cp l (x p ). Finally, E /lv 
is the field strength of the worldvolume gauge field. 

A heuristic interpretation of the DBI action is as follows. The DBI action describes the 
coupling of the D-brane to the NSNS fields, in particular to gravity. Ignoring the 2-form 
coupling and the gauge field strength dependent contributions, and taking constant dilaton, 
the coupling to the metric reproduces a generalized Nambu-Goto action of an extended 
/^-dimensional brane with tension fi p /g s 

%G,D P = — f d p+1 x (~g) 1/2 , (6.9) 

gs J 


3 


The action as described below suffices for our present purposes. A more general version for the non-abelian case is introduced 
and employed in Section 15.4.1. 
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with g — det P (6’]; note the analogy with (3.2). The coupling of B in combination with 
the metric can be understood because both fields arise microscopically from string states 
^/^lO). Finally, the appearance of F through the combination B — 2:ra'F is 
required by invariance under the Z ?2 gauge transformation (3.11) in the presence of world- 
sheets with boundaries; indeed, using the couplings (3.10), (3.13) the worldsheet action 
contains the terms 

S ws = f — 2uot r f A\. (6.10) 

Jy JdY 

This is invariant under a lh gauge transformation, only if accompanied by a shift of A \ to 
cancel the boundary term. Namely 

B2->B2+dA[ , A\ -*■ A\ + -- -Ai. (6.11) 

2ttu' 

Note that the second piece is not a gauge transformation for the D-brane worldvolume 
gauge field. The above invariance implies that all physical observables must depend on the 
gauge invariant combination 

2 na' T = 2ita! F — B 2 , (6.12) 

where here and in what follows the pullback of B is understood implicitly. 

Expanding the DBI action (6.6) in a', or in the field strength, the first term beyond (6.9) 
is a Yang-Mills action for the worldvolume gauge field 

l-(p-3)/2 n 

Sym = - -- . p _, / d p+l x (-g) 1/2 tr F^ FP\ (6.13) 

4g s (2jr)P - J 

and its supersymmetric completion involving the scalar fields and fermions. We have intro¬ 
duced a trace with hindsight, anticipating the upcoming non-abelian generalization for 
coincident D-branes. From (6.13), the (p+ 1)-dimensional (dimensionful) gauge coupling 
constant is 

g 2 M = g s a ,(p - 3) ' 2 (2jT) p - 2 . (6.14) 


The second piece of the effective action describes topological couplings to the RR fields, 
known as Chern-Simons (CS) terms. It formally reads 


Scs = Pp 



A e 2 ™'F-B 2 A A (r) 


(6.15) 


In the above expression it is implicit that the CS action picks up only the terms corre¬ 
sponding to (p + 1)-forms, suitable for integration over the worldvolume W p +\. The 
first factor corresponds to a formal sum of the spacetime RR <r/-form fields C q , pulled 
back onto the brane volume. The third factor is the so-called A-roof polynomial A(R) = 
1 — 24 ( 87 ^) t- r R 2 + ■ ■ ■, where R is the curvature 2-form defined in Section B.3, so is rel¬ 
evant only in the presence of spacetime curvature. Finally, the second factor includes a 
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contribution from the worldvolume gauge field - combined with the NSNS 2 -form as in 
(6.12). To display its physical meaning, consider the expansion of (6.15), for vanishing B 3 
for simplicity, 

Scs=H P lf Cp+i + (2na') I C p -\AtvF (6.16) 

\Jw p+ 1 Jw„ + i 

+ h2na') 2 f C P -3 AtrT 2 - 1 f C p - 3 A tr R 2 + • ■ ■ ) , 

2 Jw p+ 1 24(87T ) J Wp+1 J 

where gauge traces are introduced with hindsight for the upcoming non-abelian general¬ 
ization. The topological nature of the CS action relates to the fact that it describes the 
RR charges of D-branes. The first term in (6.16) is the Dp-brane coupling to the RR 
(p + l)-form. The subsequent terms describe the fact that worldvolume gauge held back¬ 
grounds (or spacetime curvature) induce lower-dimensional D-brane charges. For instance, 
a Dp-brane carrying a non-trivial instanton background f F 2 = 8 t r 2 k (see (13.3) in Chap¬ 
ter 13) couples to C p - 3 with coefficient 

pt p lj(27Ux') 2 (%Jt 2 k) = kptp- 4 . (6.17) 

Namely there are k units of induced D(p — 4)-brane charge. Conversely, a D(p — 4)-brane 
inside a Dp-brane can be regarded as a gauge instanton on the latter, see Section 13.1.2. 
The induced D-brane charges from (6.16) will also be relevant in type IIB orientifold 
models in Section 11.4. 

We finally note that for D9-branes, the last line in (6.16) produces the gauge and gravi¬ 
tational Chern-Simons terms in the lOd type I effective action in Section 4.4.5 (save for a 
gravitational 09-plane contribution whose discussion we skip). 

Stack of coincident Dp-branes 

It is possible to consider configurations of several parallel D-branes, either separated in 
transverse space or in the limit of coincident D-branes. This simply amounts to consider¬ 
ing several (p + l)-dimensional parallel planes and considering all possible sectors of 
open strings ending on them. From the perspective of D-branes as dynamical objects, 
the stability of configurations of parallel branes is due to an exact cancellation of their 
mutual interactions. These correspond to the cylinder diagram of Figure 6.2, which can be 
computed as a one-loop open string diagram, which vanishes due to supersymmetry via 
the -function abstruse identity - see (D.2) for a related computation. This supersymme¬ 
try underlies the BPS character of D-brane states, and implies a relationship between the 
D-brane tension and charge, both controlled by pt p as described above. This relation pro¬ 
vides an alternative interpretation, in the closed string channel, for the zero-force among 
parallel branes, since it entails an exact cancellation between exchange of NSNS fields (in 
particular, gravitational attraction) and RR fields (in particular, Coulomb repulsion from 
the (p + l)-form interaction). 
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We thus consider n D/r-branes, labeled a — I. n, spanning the directions 

x°, ..., x p , and sitting at the locations x‘ a in the (9 — p) transverse directions, i — 
p, , 9, see Figure 6.3. The computation of the open string spectrum is a simple gen¬ 
eralization of the single D-brane case, and analogous to systems in Section 5.3.4. There 
are n 2 open string sectors, labeled ab, corresponding to open strings stretching from the 
<7th to the /nil D-brane. Note that we are presently working with oriented strings, so ab 
and ba open strings are different. For each of these n 2 sectors, there are NN boundary 
conditions for the worldsheet bosons X p (t, a) and DD for X' (/, er) (and their respective 
fermion partners). Explicitly, for an ab string we have 

d a x p (o.t) | ff=0>/ =o, 

X' (er, ?)| cr _ 0 = x' a ; X‘(cj, t)\ a=l = x‘ b . (6.18) 

The spacetime mass formula is the familiar one for open strings, including an additional 
contribution from stretching between the two D-branes 

M ab= + ^(N B +N F + Eo), (6.19) 

' \ zita' I or 

i=p +1 \ / 

with Eq = —1/2, 0 in the NS, R sectors. 

For n coincident D-branes, there are massless states in all n 2 sectors, leading to an 
enhancement of the gauge symmetry to a U (n) group. The massless sector corresponds 
to a (p + 11-dimensional theory with U(n) gauge bosons, (9 — p) real scalars in the adjoint 
representation, and a number of fermions in the adjoint. Note that all these open string 
sectors actually have endpoints on the same geometrical plane, but differ in the D-brane 
label on their endpoints; this is exactly the Chan-Paton degree of freedom introduced in 
Section 3.3.3, which we can now regard as labeling multiple underlying D-branes. 
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The D-brane interpretation of Chan-Paton labels is particularly advantageous for geo¬ 
metrically separated D-branes. In a generic such configuration, the aa open strings lead 
to U( 1)" gauge bosons (plus scalar and fermion partners), while the lightest ab open 
strings are massive, with mass squared proportional to (x' a — x' b Y, and have charges 
(+1, —1) under U{\) a x (7(1)/,. The process of continuously moving away from coinci¬ 
dent to slightly separated D-branes can be described as motion along a flat direction on the 
D-brane worldvolume theory, corresponding to a Higgs mechanism by the adjoint scalars. 
This is in agreement with the interpretation of the scalar 0', or rather their n independent 
eigenvalues upon diagonalization, as the D-brane positions x' a in transverse space. 

We conclude by mentioning that the effective action for worldvolume massless fields 
in coincident D-branes is a non-abelian generalization of (6.6), (6.15). For our present 
purposes, it suffices to promote fields to the adjoint representation, and to take traces, 
as implicitly done in (6.13), (6.16). A more complete action is briefly touched upon in 
Section 15.4.1. 


6.1.3 D-branes in type I string theory* 

Type I theory is constructed as an orientifold quotient of type IIB theory, which leaves the 
RR 2-form (and its dual 6-form, in the sense of Section B.3) in the massless spectrum. 
The theory contains Dl- and D5-branes coupling to those tensors. Their properties are 
described by suitable open string sectors, as above. The computations are however slightly 
more involved than in type II theories, since type I already contains open string sectors in 
its vacuum. These can be included in the D-brane language by regarding the type I vacuum 
as containing 32 spacetime filling D9-branes, on which open strings can end. 

Type I D5-brane 

The computation of the worldvolume spectrum for type I D5-branes is similar to that of 
type IIB D5-branes, with the additional ingredients of the D5-D9 open string sectors and 
the orientifold projection Q,. 

We start working with oriented strings, postponing the Q projection to a later stage. Con¬ 
sider a system of k coincident D5-branes, along the dimensions 012345, and N spacetime 
filling D9-branes. This D5/D9-brane configuration is a prototype of other Dp/D(p + 4)- 
brane systems. The configuration preserves eight supersymmetries, given by the solu¬ 
tions of (6.5) for p — 5,9 simultaneously. The theory lives on the 6d worldvolume of the 
D5-branes, and has 6d J\f — 1 supersymmetry. This is the 6d analog of 4d J\f = 2, to which 
it relates by dimensional reduction, so it shares its supermultiplet terminology (in Section 
2.4.1); concretely, there are 6d Af — 1 vector multiplets (gauge boson plus one 6d Weyl 
fermion) and hypermultiplets (one 6d Weyl fermion plus two complex scalars). 

The D5-D5 open string sector gives a U ( k ) vector multiplet of the 16 supersymmetries 
preserved by the D5-brane alone. In 6d AT — 1 terms this correspond to a U(k) vector 
multiplet, and an adjoint hypermultiplet. In the D5-D9 and D9-D5 sectors, open strings 
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have the familiar NN boundary conditions on the direction 2345, and ND conditions on 
6789, namely 

3 <T X' (f,cr)| o . =0 = 0, d t X i (t,a)\ (r=i =0, for i = 6, 7, 8, 9. (6.20) 

The ND boundary conditions restrict the string center of mass to the D5-brane location 
x' =0, and forbid momentum and winding. Also oscillator moddings are shifted by 1/2 
with respect to their usual values, yielding bosonic oscillators otJ, +1 / 2 and fermionic 
oscillators V^+v+i/ 2 > with v = 1/2, 0 for NS, R. The mass formula is 

a'M 2 = N B + N F , (6.21) 

with vanishing zero point energy Eq = 0 in both the NS and R sectors. In the NS sector 
the DN boundary conditions shift the oscillator modding and lead to fermion zero modes 
in the directions 6789. The massless groundstate is degenerate and corresponds, after the 
GSO projection, to two 6d scalars (transforming as a Weyl spinor under the 5(9(4) rotation 
group in 6789). In the R sector there are fermion zero modes along 2345, so the massless 
groundstate is degenerate, and after the GSO projection transforms as a 6d chiral spinor. 
Both sectors gather into one 6d Af = 1 hypermultiplet, which due to Chan-Paton multiplic¬ 
ities transforms in the bi-fundamental representation (k, N) under the D5- and D9-brane 
symmetries. 

We now impose the £2 projection, which fixes the number of D9-branes to N = 32 by RR 
tadpole cancellation, and acts on their Chan-Paton indices as the matrix yq,9 introduced 
in Section 4.4.3. The £2 action on D5-brane Chan-Paton indices is given by a k x k matrix 
Yn,S> which, as can be shown, must be antisymmetric in order to yield an action satisfying 
£2 2 = +1 on D9-D5 and D5-D9 states. Without loss of generality, 

Yn ,9 = I 32 ; Yn,5 = ^ q /2 ^ , (6.22) 

with k even for consistency. The £2 projection in the D5-D5 open strings acts with opposite 
signs on oscillators along DD and NN directions, as follows from imposing X&(t, a) = 
X(t, —a) on the corresponding mode expansions. This implies different projection condi¬ 
tions for the 6d Af = 1 hyper and vector multiplets, i.e. 

v.m. : k = h - m - : x = Yn,5 xT Yqj- (6.23) 

This yields a 6d USp(k ) vector multiplet, and one hypermultiplet in the two-index anti¬ 
symmetric tensor representation (reducible into a singlet plus the rest). 

The D5-D9 and D9-D5 sectors are swapped by £2, so we may compute just the former 
and not perform any projection. It gives one 6 d half-hypermultiplet 4 in the representa¬ 
tion (k, 32) under the USp(k )55 x 50(32)99 symmetry. Although 6 d chiral theories are 
notoriously plagued with potential gauge anomalies, the D5-brane worldvolume theory is 
remarkably a chiral anomaly-free 6 d theory, for any value of k. 


4 


Recall from Section 2.4.1 that a half-hypermultiplet contains two real scalars and one Weyl fermion satisfying a reality 
condition, and exists for multiplets in pseudoreal gauge representations. 
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Type I Dl-brane 

The worldvolume theory on type I Dl-branes can be worked out similarly, as we now 
sketch. A system of Dl-branes along 01 in type I theory preserves eight supersymmetries, 
corresponding to solutions of (6.5) for p — 1,9 simultaneously. All the supercharges have 
the same 2d chirality, so the supersymmetry on the Dl-brane worldvolume is known as 2d 

JV = ( 0 , 8 ). 

To construct the spectrum, consider k Dl-branes and N D9-branes before the orientifold 
projection. The Dl-Dl massless sector gives a U(k) gauge symmetry (non-dynamical in 
2d), and eight real scalars and eight fermions in the adjoint. In the D1-D9 and D9-D1 
sectors, the eight light-cone directions have DN boundary conditions, and the zero point 
energy contribution to the spacetime mass is Eq = 1/2, 0 for the NS, R sectors; all states 
in the NS sector are massive, but there are massless states from the (non-degenerate) R 
sector groundstate, which gives a 2d spinor transforming in the (k, N) under the Dl- and 
D9-brane gauge symmetries. 

The £2 action on Chan-Paton factors is implemented by the matrices 

Kfi,9 = I 32 ; Yn, 1 = 1 k- (6.24) 

The orientifold projection on Dl-Dl states leads to a 2d theory with (non-dynamical) 
SO(k ) gauge symmetry, eight left chirality fermions in the adjoint, and eight real scalars 
and eight right chirality fermions in the two-index symmetric representation (reducible as 
a singlet plus the traceless part). The D1-D9 and D9-D1 sectors are swapped by f2, so we 
keep the former and not perform any projection; it leads to one left chirality spinor, in the 
representation (k, 32) under SO(k )n x S'< 9 ( 32 ) 99 . The complete 2d field theory is free of 
anomalies. Incidentally, the k = 1 theory is closely related to a heterotic string worldsheet 
theory, for reasons explained in Section 6.3.5. 


6.2 Supergravity description of non-perturbative states* 

D-branes provide an example of non-perturbative states in string theory. Such states do not 
correspond to oscillation states of the string, but rather should be thought of as analogs 
of solitons in quantum field theory, like magnetic monopoles in certain gauge theories. 
Consequently it should be possible to construct non-perturbative states in string theory as 
collective excitations of the spacetime fields, described as classical solutions of the space- 
time equations of motion. In contrast to gauge field theory, in string theory there is no 
spacetime action for the complete theory, rather only the lOd supergravity effective actions 
for the massless fields, in Sections 4.2.5,4.3.4, and 4.4.5. Classical solutions of these effec¬ 
tive theories provide at best an approximate description of certain non-perturbative states 
of string theory. However, for BPS states, many properties are protected by supersymme¬ 
try against quantum and a' corrections, and can be reliably studied in the supergravity 
approximation. 

The idea is illustrated for D-branes in Figure 6.4. The interaction of D-branes with 
closed strings leads to a non-trivial background for the metric and RR fields, which can be 
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Figure 6.4 A Dp-brane interacts with closed strings via open strings (a), creating an effective super¬ 
gravity background (b) which describes the backreaction of the D-brane tension and charge on the 
configuration. 


described as a solution to the supergravity equations of motion. The supergravity approach 
allows also the construction of other non-perturbative branes, for which no microscopic 
open string description exists. 

In the following we just quote the supergravity solution for certain p-brane states in the 
different string theories, focusing on the simplest states, carrying charge under a single 
p-form field. In each string theory, for any ( p + l)-form gauge potential (including duals, 
in the sense of Section B.3), there exist BPS p-brane solutions (i.e. objects with p spatial 
dimensions, plus time) charged under it. These charges can be measured by computing 
the H%—p flux around a (8 — p)-sphere surrounding the object in the transverse (9 — p)- 
dimensional space, as in (B.25) for d — 10. They are moreover quantized from the general 
arguments in Section B.3. We denote by x^, p = 0,..., p, the (p + 1) dimensions along 
the brane worldvolume, and x m , m = p + 1, ..., 9, the (9 — p) transverse dimensions. 

The Dp-brane solution 

These are states describing objects with p spatial dimensions plus time, and charged under 
the RR (p+l)-forms, so they exist for p odd in type IIB theory, p even in IIA, and p = 1, 5 
in type 1 (and do not exist in heterotic theories). The supergravity solution for N coincident 
D-branes is, for p < 6, 

ds 2 = Z(r)~ l ^ 2 ri llv dx^dx v + Z(r)^ 2 dx m dx m , 
e 2 « = Zirf-M 2 , 

Z(r) = 1 + p 1 -? = gs Na ,(1 -Py 2 (4jr) (5 -P ) ' 2 r (^) , 

h 8-p = ^^d(vol) s 8-p, (6.25) 

where r — I 2 is the radial coordinate in the transverse space R 9-p . Also d(vol) s $- P 

is the volume form of a unit (8 — p)-sphere surrounding the Dp-brane location in R 9-p , 
so that the solution describes a state with charge N under C p + 1 , namely f s g~,, lh-p = N, 
where H^- p = *H p + 2 . The solution has Poincare invariance along the coordinates x 1 ', 
but only rotational invariance in the x m , corresponding to a (p + 1)-dimensional object, 
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Figure 6.5 Two artistic views of the p-brane supergravity solutions. The second picture (b) shows 
only the transverse directions, where the p-brane looks point-like. 

point-like in the transverse The solution asymptotes to flat lOd spacetime at large 

r, and at smaller r develops a throat of characteristic size p — g s N, see Figure 6.5 for a 
pictorial view of the solution. The supergravity solution allows to recover other properties 
of Dp-branes, like their tension and preserved supersymmetries. 

The above solutions apply for p < 6, and although D7- and D8-branes exist in the 
corresponding theories, their supergravity description does not have asymptotically flat 
spacetime. Also, the D9-brane exists only as part of the vacuum of type I, and not as a 
state. 


The NS5-brane solution 

This solutions exists in type IIA, type IIB, and heterotic theories, but not in type I. It car¬ 
ries magnetic charge under the (NS) 2-form ZL in these theories, or equivalently electric 
charge under its dual 6-form potential B The solution only excites the metric, 2-form, 
and dilaton, and reads 

ds 2 — rp lv dx ll dx v + Z(r)dx m dx m , 

e2 * = z{r) =£ + 7^h’ 

H 3 = *678 9 d(p- (6.26) 

The qualitative picture of the NS5-brane solution is as in Figure 6.5, for p = 5, but there are 
some important differences. First, the NS5-brane tension computed from the above solution 
scales as Tnss ~ 1 /g 2 , so that NS branes are heavier than Dp-branes at weak coupling. 
Second, in contrast with Dp-branes, there is no microscopic description of these states even 
at weak coupling. A heuristic explanation from (6.26) is that the effective string coupling 
e 2< P blows up at the core r —> 0, even for arbitrarily small coupling g s at asymptotic infinity 
r 00 . 


The FI solution 

Last but not least, type IIA, IIB and heterotic string theories contain BPS solutions charged 
electrically under the (NS) 2-form Z? 2 - They actually correspond to the fundamental string. 
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described effectively via the supergravity background it creates (whose structure we skip). 
The fact that the fundamental string, denoted FI in this context, can be described on an 
equal footing with other BPS extended objects of the theory has far reaching consequences, 
explored in the next section. Finally, note that since type I theory contains open strings, the 
fundamental string can break, and thus it carries no charges and is not BPS. 

6.3 Strings at strong coupling and lOd string duality 

Since string theory contains extended objects with different numbers of spatial dimensions, 
it is not a theory of strings only. Rather, the fact that the string appears to play the role 
of fundamental object is an artifact of the perturbative limit g s <$; 1, in which all other 
extended states are heavy and decouple from the dynamics; at finite coupling g s all branes 
are expected to be on equal footing, leading to a complicated structure for the theory, for 
which no appropriate formulation has been proposed yet. 

This viewpoint suggests that there may exist other limits in parameter space in which the 
theory simplifies again, and admits a description in terms of other fundamental objects. In 
this section we explore the limit g s —> oo of lOd string theories, and characterize 
the resulting theories, known as “dual” to the original string theory. In certain cases, the 
theory at infinite coupling turns out to be another string theory, a phenomenon known as 
string duality. In other situations, the infinite coupling limit leads to new theories without 
known microscopic description, like M-theory. Although there are no rigorous proofs for 
these duality statements, there is considerable body of evidence supporting the conjectured 
results. 

A heuristic argument to propose candidate objects dominating the dynamics at strong 
coupling is to consider the brane states with lowest characteristic energy scale. From the 
Dp-brane tension T p ~ a'~^ p+v> ^ 2 / g s , we obtain the mass scale M — a'~ l / 2 g s 
while for the NS5-brane M — a l ~ l ^ 2 g~ 1 ^; the lowest energy scale is thus attained by the 
Dp-brane with lowest p in the theory. 


6.3.1 The type IIB SL( 2, Z) self-duality 

Consider the type IIB theory at strong coupling, g s -» oo. From the above argument the 
fundamental object governing the dynamics is the D1-brane. This is an extended one¬ 
dimensional object, a string, suggesting that the dual theory is a string theory. To constrain 
it further, we note that the set of massless states is protected by supersymmetry, and at 
strong coupling it is still given by the lOd JV = 2 chiral supergravity multiplet. This is 
compatible only with the dual theory being again a type IIB string theory, with the original 
D1-brane as the fundamental string. 

This suggestion in fact fits nicely with a symmetry of the low-energy effective lOd super¬ 
gravity theory. The action (4.45) once rewritten in the Einstein frame (see Section 14.1.1) 
is invariant under the transformation 


(6.27) 
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with the RR scalar Co, the 4-form C 4 , and the Einstein frame metric invariant. This 
symmetry maps g s —> 1 /g s , hence relates the strong and weak coupling regimes. It also 
simultaneously exchanges the NSNS and RR 2-forms (up to a sign, in order to leave 
the lOd CS couplings invariant), and hence the objects charged under them, the funda¬ 
mental string and the Dl-brane (and the magnetically charged NS5- and D5-branes). This 
so-called S-duality 5 is proposed to be a symmetry of the full string theory. 

Actually, the Einstein frame type IIB supergravity action has a larger S L (2. R) symme¬ 
try acting on the 2 -forms and the complex string coupling r = Co + i /g s as 


at + b 6 b 2 \ fa Z?\ / B 2 \ 

cr + d’ \C 2 ) \c d) \C 2 ) ’ 


(6.28) 


with ad — be = 1. This continuous group cannot be a symmetry of the full string theory, as 
it violates charge quantization; however, this property is preserved by a discrete SL(2, Z) 
subgroup, which is indeed promoted to a symmetry of the full type IIB string theory. It is 
generated by the r —> — 1/r action (6.27), and the action r —> r + 1, which is a discrete 
version of the perturbative axion shift symmetry, broken to a discrete subgroup by D-brane 
instanton effects, as in Chapter 13. 

The SL(2, Z) symmetry of type IIB organizes BPS branes in SL(2, Z) multiplets. In 
particular, there are ( p , q) strings, which can be regarded as bound states of p FI’s (funda¬ 
mental strings) and q Dl-branes. Similarly, they have dual ip, ^)-fivebranes. Of particular 
importance are the (p, q) 7-branes, which are relevant in the construction of generalized 
type IIB compactifications, known as F-theory models, to be developed in Section 11.5. 

The type IIB SL( 2, Z) S-duality group is formally identical to the T 2 modular group, 
described in Section 3.2.2 in a different context. This tantalizing hint for an underlying 
geometrical interpretation will be physically realized in Section 6.3.4. 


6.3.2 Type II A and M-theory on S 1 

Using the scaling argument in the introduction, the strong coupling dynamics of type IIA 
theory is dominated by the DO-branes. These are not string-like states, hence the dual the¬ 
ory is not a string theory. In order to gain insight into the nature of the dual theory, we focus 
on bound states of k DO-branes, whose mass is k/g s in string units. At g s —> oc there is an 
infinite tower of states, with equally spaced masses, becoming light simultaneously. This 
is tantalizingly similar to the spectrum of KK momentum states in a decompactification 
limit, and suggests that the strongly coupled type IIA theory is related to an lid theory 
on M 10 x S 1 , and that the IIA strong coupling limit is the S 1 decompactification limit. 
The full lid theory describing the infinite coupling limit of type IIA theory is known as 
M-theory. Although it is a quantum theory including lid gravity, it is not a string the¬ 
ory, and it has no adimensional coupling constants; this absence of perturbative expansion 

^ The name is motivated by its formal analogy with the perturbative T-duality R —> 1 /R, and by the fact that it acts on the 
dilaton, often denoted S in 4d compactifications. 
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parameters makes difficult a complete formulation for its microscopic structure, despite 
several partially satisfactory proposals. 

There is, however, a precise formulation for the low-energy effective theory of lid 
M-theory. It is given by lid supergravity, with action (4.51). Its massless fields are an 
lid metric ^, a 3-index antisymmetric tensor and an 11 d gravitino i// ; ^-. with 

hatted 1 Id indices. Indeed this is the unique 1 Id theory with the right supersymmetry struc¬ 
ture, and moreover can be shown to reduce to the lOd IIA supergravity action (4.47) when 
compactified on S 1 . This leads to the relation between the IIA coupling, the string tension 
and the M-theory S 1 radius 

g, = (MnR) 3 ' 2 ,^ = , (6.29) 

M[\ R 

where M\\ is the 1 Id Planck scale defined by 2k \ \ = (2jr) 8 M 1 _ 1 9 , and R is measured in the 
lid metric. In particular the KK reduction of the massless fields produces the IIA massless 
sector, as given by the following list: 


MN 


"MNP 




M,a 


Gmn 

graviton 

Gm, to C\ 

RR 1-form 

Gio.io <P 

dilaton 

Cmnp -*■ C 3 

RR 3-form 

CmN 10 -*■ B 2 

NSNS 2-form 

V' Ma > V'TWii 

gravitinos 

'AlO.O!’ V f 10,Q' ~* V'oo tfe 

dilatinos 


The M-theory lift of the different type IIA p-form fields implies an M-theory lift for the 
type IIA brane states charged under them, denoted Mp-branes. M-theory contains BPS 
M2- and M5-branes, which can be constructed as lid supergravity solutions. We skip 
their detailed discussion, and merely describe their relation to type IIA branes upon S 1 
compactification, given by the table below: 


IIA 


M-theory on S 1 


DO-branes •«- 

—> KK momenta of 1 Id supergravitons 

IIA string 

-*■ M2 wrapped on S 1 

D2 «- 

-»■ unwrapped M2 

D4 <- 

-*■ M5 wrapped on S 1 

NS5 

-> unwrapped M5 

D6 -e- 

-> Kaluza-Klein monopole 


The type IIA D8-brane has no well-defined lift to lid, but this is partly expected since 
it does not have flat space asymptotics. The D6-brane lift is not an M-brane, but rather 
a purely geometrical background, known as a Kaluza-Klein monopole because it carries 
magnetic charges under the KK gauge field, and is further discussed in the next section. 
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Figure 6.6 Pictorial view of the multi-center Taub-NUT geometry. It is an S 1 fibration over R 3 , with 
fiber degenerating over the centers x a . The geometry contains non-trivial 2-cycles C a b associated to 
pairs of centers, x a ,Xf,. 


6.3.3 Enhanced gauge symmetries from singularities in M-theory* 

D 6 -branes will play an important role in a class of compactifications in Chapter 10. For 
future reference in Section 10.7.2, we introduce their description in M-theory and the 
mechanism leading to enhanced gauge symmetries by geometric singularities. This is also 
useful for the F-theory models in Section 11.5. 

The D 6 -brane supergravity solution sources the type IIA metric, dilaton, and RR 1-form 
field. In the M-theory lift all these fields become components of the 1 Id metric, hence the 
M-theory lift of a D 6 -brane stack must be a purely metric background in 1 Id supergravity, 
i.e. not involving M2- or M5-branes. We thus have a geometry of the form M 7 x X 4 , with 
X 4 a non-compact geometry asymptoting to R 3 x S 1 , with R the space transverse to the 
D 6 -branes and S 1 the M-theory compactification circle. The space X 4 must preserve half of 
the supersymmetries (in terms of the holonomy group introduced in Section 7.2.1, it must 
have SU (2) holonomy), and this very restrictive condition, together with the asymptotics, 
fixes the metric to be of the form 

2 V(x) 10 , - ,-*\2 

ds = —- — dx H--— (dx + co ■ dx ) , 

N 1 

y(ir) = l + V———, Vx5=Vf(i). (6.30) 

, \x-x a \ 

a= 1 

This is known as the N -center Taub-NUT geometry, or Kaluza-Klein monopole. The 
coordinates x parametrize R 3 , and u> is formally identical to the 3d vector potential for 
N Dirac magnetic monopoles at the locations x a e R 3 . Indeed the N positions x a , corre¬ 
spond to the D 6 -branes locations in R 3 , and their magnetic charge N under the RR 1-form 
becomes a non-trivial twisting of the S 1 fiber over the base R 3 . The points x a are called 
centers and define points in R 3 over which the S 1 fiber shrinks to zero size. The full geom¬ 
etry is smooth, however, as long as the centers are not coincident. A sketch of the geometry 
is depicted in Figure 6 . 6 . 
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Before considering the very interesting case of coincident centers, let us display some 
additional geometrical elements. Around each degenerate fiber over a center x a , the geom¬ 
etry supports a normalizable harmonic 2-form a> a . The component of the M-theory 3-form 
along it, C 3 = co a A A|, produces a 1/(1) gauge boson, interpreted in the type IIA pic¬ 
ture as the D 6 -brane worldvolume 1/(1). In addition, the geometry contains non-trivial 
2-cycles with topology S 2 . These can be constructed by considering a segment in R 3 join¬ 
ing any two centers x a , x/,. times the S 1 fiber, see Figure 6 . 6 ; since the S 1 shrinks to zero 
size at the centers, the resulting two-dimensional surface is topologically an S 2 , which we 
denote C a b • In the reduction from M-theory to type IIA, states corresponding to M2-branes 
wrapped on the 2 -spheres C a b become fundamental strings stretching between the «th and 
£>th D 6 -branes (the ba open string is obtained from M2-branes wrapping C„b with oppo¬ 
site orientation, or equivalently from anti-M2-branes, see Section 6.5). The mass of the 
wrapped M2-branes is controlled by the volume of C a b, which is proportional to \x a — 3c*|, 
in agreement with the stretching contribution to the type IIA open string mass formula. 
Also, the coupling of M2-branes to the M-theory 3-form implies that these states carry 
charges (+ 1 , — 1 ) under the U (l) a x U ( 1 )& gauge factors. 

The above structure of 2-cycles and wrapped M2-branes provides insight into the physics 
of the Taub-NUT geometry for coincident centers. When k centers coincide, x ai = ... = 
x ak , the geometry (6.30) becomes singular. This is related to the fact that the corresponding 
S 2 ’s shrink to zero size. A basis of collapsing 2-cycles is given by the (k — 1) 2-spheres 
C apap+l . These singularities are called A^-\ singularities, because the intersection pattern 
for these independent S 2 ’s reproduces the Dynkin diagram of A^-i- This mathematical 
curiosity has a stunning physical interpretation in M-theory, because M2-branes wrapped 
on the S 2 ’s collapsed at such singularity correspond to new charged massless states, which 
produce an enhanced non-abelian U (k) gauge symmetry. In particular, M2-branes on the 
independent cycles C ap a p+l reproduce the gauge bosons of the simple roots of the U ( k ) = 
Ab -1 Lie algebra. This mechanism provides the M-theory picture of the gauge symmetry 
enhancement on coincident D 6 -branes. 

In conclusion, M-theory at an Ak~\ singularity develops an enhanced U ( k ) gauge sym¬ 
metry. This phenomenon generalizes to other simply-laced non-abelian symmetries, i.e. 
ADE Lie algebras, as follows. The Ah-\ singularities can also be described as C 2 /Zh orb- 
ifolds , 6 in the language of Section 8.1. These are quotients of C 2 by a geometric rotation 
iz\,zi) -*■ (e 27ri / k zi, e~ 27ri / k Z 2 ), which belongs to SU( 2), implying that the geome¬ 
try preserves half of the supersymmetries. This is true for other orbifolds C 2 /T, with 
T e SU( 2), which actually have a mathematical classification in one-to-one correspon¬ 
dence to the A-D-E classification of Lie algebras, as determined by the Dynkin diagram 
intersection pattern of the collapsed S 2 ’s. Extending our above arguments, this has the 
physical explanation that M-theory in an ADE singularity produces an enhanced ADE 
gauge symmetry. 


^ Incidentally, the process of continuous separation of coincident centers replaces the singular point by finite-size S^’s, and 
corresponds to the blowing-up mentioned in Section 8.2.6. 
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As described above, the Ak~\ singularities are related to systems of k coincident 
D6-branes. Similarly, the Dy singularities produce SO(2k) symmetries and are related 
to systems of 2k D6-branes on top of an 06-plane. Finally, Ey, and E% singularities 
cannot be related to any perturbative D6-brane system, and are genuinely M-theoretical. 
These singular geometries will play an important role in M- and F-theory model building 
in Sections 10.7.2 and 11.5. 

6.3.4 M-theory on T 2 and type IIB on S 1 

Upon compactification, non-perturbative dualities combine non-trivially with perturbative 
dualities like T-duality, eventually leading to an intricate duality web. We now describe an 
illustrative 9d example. 

Recall from Section 5.1.2 that type IIA compactified to 9d on an S 1 of radius R is 
T-dual to type IIB on a dual S 1 of radius R' — a'/R. This leads to a relation between 
M-theory compactified on T 2 and type IIB compactified on S 1 . A careful analysis relates 
the parameters of both theories as follows: the type IIB complex coupling r is identified 
with the complex structure parameter r = Ry/ R\ e'° of the M-theory T 2 , described in terms 
of two periodic coordinates of radii R\, Ry forming an angle 9. The type IIB S 1 radius R 
is related to the M-theory T 2 area A by A ~ 1 /R. The decompactified lOd type IIB 
string theory can be obtained by taking M-theory on a T 2 in the limit of vanishing area, 
with the tower of light KK modes in this limit arising from M2-branes wrapped multiple 
times on T 2 . 

This 9d duality provides a geometric interpretation for the type IIB SL( 2, Z) duality, in 
terms of the SL( 2, Z) modular group acting on the complex structure r of the M-theory 
T 2 (mathematically identical to that described in Section 3.2.2 in a different context). It 
is easy to relate the BPS branes in both theories, and we skip this detailed discussion. We 
merely point out that type IIB ( p , q) 7-branes become geometric backgrounds in M-theory, 
similar to the above Taub-NUT geometries, in which a (/?, q) 1-cycle of T 2 shrinks to zero 
size. The geometrization of the type IIB SL( 2, Z) and of the ( p. q) 7-branes are important 
ingredients in F-theory compactifications, whose construction and properties we postpone 
to Section 11.5. 


6.3.5 Type I/SO (32) heterotic duality 

Let us turn to the analysis of the strong coupling limit of type I theory. From the heuristic 
scaling argument on page 168, the fundamental object dominating the strong coupling 
dynamics is the BPS Dl-brane. This is a string-like object, suggesting that the dual theory 
is a string theory. Since the massless spectrum of the theory is protected by supersymmetry, 
and is given by the lOd AT = 1 gravity multiplet coupled to vector multiplets of SO (32), 
the dual theory must be either again a type I theory or an SO (32) heterotic theory. The 
criterion for the right choice is that the dual theory must have a BPS fundamental string, 
so it cannot be a type I theory (whose fundamental string can break and is not BPS); hence 
the dual theory is an S O (32) heterotic theory. 
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This is also supported, in the low-energy approximation, by the fact that the effective 
actions (4.109), (4.80) for type I and the SO(32) heterotic theories are equivalent up to a 
change of variables 


0LypeI — (phet.i (G v//v)typcl — e ^ het (GmaO het> 
(^3)typel = (#3)het., (Aso(32))typeI = (Aso(32))het., 


(6.31) 


which implies (g. s )het = l/(£s)typei- This suggests that the type 1 theory at coupling g s 
is equivalent to the SO (32) heterotic at coupling g' s = 1 /g s . Consequently the strong 
coupling limit of type I theory is described by a weakly coupled 50(32) heterotic string 
theory, and vice versa. Additional supporting evidence comes from the type I Dl-brane 
worldvolume spectrum in Section 6.1.3, which can be shown to be a particular (so-called 
Green-Schwarz) formulation of a heterotic worldsheet theory, in the fermionic version of 
Section 4.3.5. 

This duality would seem to lead to some potential puzzles. For a start, heterotic the¬ 
ory contains massive spinor representations of SO(32), naively absent in type I theory. 
Although these states are non-BPS, they are stable and should be present in the type I dual; 
they are actually realized as stable non-BPS DO-branes, discussed later in Section 6.5.3. 
A second potential problem is that the SO(32) heterotic theory is T-dual to the Zsg x Ay 
theory, and hence can develop exceptional symmetries upon circle compactification. This 
is not possible for perturbative type I theory, but can occur in suitable strong coupling 
regimes, as discussed later in Section 6.3.7. 

6.3.6 M-theory on S 1 /Z 2 and Ex x Eg heterotic 

For reasons that should become clear at the end of this section, the strong coupling limit of 
the E8 x £78 heterotic is trickier to analyze directly, and we cannot resort to the heuristic 
scaling argument. Instead we start with the seemingly unrelated question of other possible 
M-theory compactifications to lOd, besides S 1 . The only such compactification is on the 
quotient S 1 /Z 2 , which a posteriori can be argued to provide the strong coupling dual of the 
Z ?8 x E 8 heterotic. 

Consider the compactification of M-theory on S 1 , modded out by a Z 2 action with 
generator 6 acting as 



(6.32) 


This is a symmetry of the lid supergravity action (4.51), with the flip of the 3-form 
required for the lid Chern-Simons coupling G 4 G 4 C 3 to be invariant. The construction 
is a (geometrically simpler) M-theory analog of the string theory orbifold constructions in 
Section 8.1. The quotient space is an interval I, so the M-theory spacetime M 10 x I has 
two identical lOd boundaries at x 10 = 0, jzR, see Figure 6.7. 

We may expect that for large R the system can be well described by taking the quotient 
of the supergravity effective theory. This corresponds to projecting the massless spectrum 
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Figure 6.7 Spacetime geometry of the Horava-Witten theory. M-theory on Mjq x S 1 /Zj has an 1 Id 
supergravity bulk with two lOd boundaries with localized Eg vector multiplets. 


of M-theory on S 1 onto invariant states. The resulting fields in the notation of Section 6.3.2 
are Gmn, <P, Bmn , ^Ma, and t/r„. This corresponds to the gravity multiplet of lOd Af= 1 
supersymmetry, reflecting the fact that the Z 2 action breaks half of the supersymmetries. 

This field content is chiral, and in fact anomalous, rendering the theory inconsistent. 
Hence, if M-theory is a consistent theory, it must manage to cancel the anomalies by pro¬ 
ducing additional massless fields beyond those in the supergravity prescription. Indeed, the 
expectation that the dynamics of M-theory on S 1 /Z 2 can be approximated by supergravity 
fails, even for large R , near the orbifold fixed points; the key observation is that the action 
x 10 —» —x 10 relates points which are arbitrarily close together as one approaches either 
of the two fixed points x 10 = 0, rr R. Tt is at these loci that the microscopic structure of 
M-theory can show up and produce effects beyond the supergravity approximation. This 
can (in fact for consistency must ) include the appearance of additional massless states, in an 
M-theory generalization of twisted sectors in string theory orbifolds, see Chapter 8. Now 
recall from Section 4.3.4 that cancellation of gravity multiplet anomalies by the Green- 
Schwarz mechanism is only possible for Eg x Eg or SO(32) vector multiplets. In the 
present situation, the existence of two identical boundaries implies that for consistency 
there must appear one additional massless lOd Af = 1 vector multiplet of Eg on each 
boundary. 

The bottom line is that compactification of M-theory on the interval S /Z 2 leads to the 
lOd Af — 1 gravity multiplet, arising from the Z 2 invariant fields of M-theory in the lid 
“bulk,” plus lOd = 1 1?8 x £g vector multiplets, each factor propagating on each lOd 
boundary of spacetime. This system, depicted in Figure 6.7, is known as the Horava-Witten 
theory. 

The Horava-Witten theory has precisely the same massless spectrum as the Eg x Eg 
heterotic theory. Moreover, the supergravity effective action is determined by the matter 
content and supersymmetry, and is identical in both theories, with the M-theory S 1 radius 
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related to the heterotic coupling as g s — (MuR) 3 / 2 . It is then natural to promote this to a 
full equivalence, and propose that the strong coupling regime of the x heterotic is 
described by the Horava-Witten theory in the large R regime. 

It is easy to match the BPS states of heterotic string theory with M-brane states in 
SVZ 2 . The M2-brane wrapped on S'/Zt produces the fundamental string of heterotic 
theory, while the unwrapped M2-brane is not invariant under the Z 2 action, and does not 
correspond to a BPS brane. The M5-brane wrapped on S 1 /Z 2 is also not invariant, but 
the M5-brane sitting at a point in S 1 /Z 2 does survive the projection and corresponds to 
a heterotic NS5-brane. The position of the M5-brane in the interval is parametrized by a 
worldvolume scalar field, and can interpolate between the two boundaries. The possibility 
to introduce such M5-branes will be exploited in compactifications in Section 7.5. 

As a final remark, note that the Z 2 quotient violates translational invariance in the 
M-theory S 1 , hence there is no conserved momentum quantum number, and so KK states 
are not BPS. This is why, in contrast to previous cases, the study of BPS states in the 
heterotic theory is not as insightful to identify the strong coupling limit of the E$ x E% 
heterotic as a decompactification limit. 


6.3 .7 Type l' and Horava-Witten theory* 

The microscopic origin of the E g vector multiplets in Horava-Witten theory is not manifest 
in the above construction, which just relies in the consistency of M-theory. However, it is 
possible to gain insight into the appearance of these massless degrees of freedom by using 
the duality web in 9d. In the following we re-derive the structure of Horava-Witten theory 
starting from the 9d type T theory in Section 5.3, namely the T-dual to type I theory on 
S 1 . The construction also provides a partial answer to the M-theory lift of the type IIA 
D8-brane, an open issue in Section 6.3.2. 

Consider type IIA on S 1 modded out by the orientifold action £21Z, with the geometric 
action 1Z: x 9 —> — x 9 on the S 1 introducing two 08-planes. Cancellation of RR tadpoles 
requires the introduction of 32 D8-branes, which we choose to distribute in two sets of 16, 
on top of the 08-planes, leading to SO( 16) 2 gauge sectors. Regarding the S 1 /Z as an inter¬ 
val, the configuration contains type IIA theory in a lOd “bulk,” with its spectrum truncated 
by a Z 2 projection, and with 50(16) vector multiplets located at each 9d boundary. 

The construction is reminiscent of the Horava-Witten theory, and can indeed be con¬ 
nected to it by a strong coupling limit, as follows. In the bulk we have type IIA theory, 
which at strong coupling lifts to lid M-theory by growing an extra S 1 . We thus get 
M-theory on S*/Z 2 x S 1 , with the type IIA DO-brane states reproducing the KK momenta 
on S 1 . The 9d boundaries of type I', supporting the S 0(16) gauge symmetries, become 
the lOd boundaries of Horava-Witten theory, which should support E% gauge symmetries. 
This is actually not contradictory, since the lOd boundary actually contains the S 1 factor, on 
which suitable Wilson lines can break the 1 Od E& group to the 9d S0( 16). From the type I' 
perspective, the KK replicas of the S 0(16) gauge bosons arise from a tower of states of 
2k DO-branes bound to the 08-plane, and transforming in the 120 of 50(16); on the other 
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Figure 6.8 Artistic view of the different string theories and lid supergravity as different limits of a 
unique theory underlying their duality relations. 

hand, states of 2k + 1 DO-branes bound to the 08-plane, and transforming in the 128 spinor 
representation, provide the tower (with no zero mode) of KK modes of the additional lOd 
E § gauge bosons. All these DO-brane towers become light in the strong coupling limit, 
signaling a decompactification limit, in which the boundary gauge symmetry is enhanced 
to Eg. 

The above relation can be derived from a chain of previously studied dualities, as fol¬ 
lows. The type V configuration is T-dual to type I with Wilson lines breaking the gauge 
symmetry to 5<9(16) 2 . From Section 6.3.5, this is equivalent to the 50(32) heterotic on 
S 1 with SO (16) 2 -preserving Wilson lines. The latter, using Section 5.2.2, is T-dual to the 
E8 x E$ heterotic on S 1 with SO (16) 2 -preserving Wilson lines, which finally can be related 
to the Horava-Witten theory, namely M-theory on S 1 /Z 2 x S 1 , with Wilson lines on S 1 
breaking each E$ to 50(16). 


Final remarks 

The study of strong coupling behavior of string theories adds a new layer in our under¬ 
standing of string theory. In particular, it shows that all theories are related to each other, 
and to the novel M-theory, by a rich web of dualities, as depicted in Figure 6.8. Different 
string theories are actually regarded as different perturbative limits of a unique underly¬ 
ing theory, sometimes called also M-theory, in a qualitatively broader sense. Despite the 
lack of a proper formulation of the latter, this unified view of the different string theo¬ 
ries is extremely appealing. Moreover, as discussed in the next section, there are further 
far-reaching dualities relating string theory to other physical theories, like quantum field 
theories. Interestingly, this rich web of dualities eventually manifests as relations among 
different constructions of phenomenologically interesting particle physics models in string 
theory. 
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6.4 AdS/CFT and gauge/gravity dualities 

In Sections 6.1 and 6.2 we have introduced two different descriptions of the same kind 
of object, the Dp-branes in string theory. The equivalence of these two descriptions, in 
a particularly simple limit, leads to a new and far-reaching duality, known as AdS/CFT 
correspondence (also, gauge/gravity or gauge/string correspondence). 

Consider a system of N coincident D3-branes in lOd type IIB theory. It can be described 
in terms of open strings with endpoints on its worldvolume, with /V-valued Chan-Paton 
factors. In general, these strings have massless and massive modes on the 4d brane world- 
volume, which are moreover coupled to massless and massive states from the closed string 
sector in the lOd bulk. The system, however, simplifies enormously in the low-energy 
limit: first, all massive stringy states decouple; second, the massless closed strings decou¬ 
ple, since their (gravitational strength) interactions scale with the energy as E 2 /M 2 . The 
dynamics reduces to a 4d Af — 4 supersymmetric U ( N ) gauge field theory with coupling 
g^ M ~ g s , recall (6.14), and a decoupled lOd theory of free gravitons. The center of mass 
U( 1) in the 4d gauge theory is actually decoupled, and drops out of the coming 
discussion. 

Consider now the D3-brane system as a supergravity solution. The metric in (6.25) for 
p — 3, in polar coordinates in R 6 , is 

ds 2 = Z(r)-^r lllv dx' 1 dx v + Z{ry- (dr 2 + ^ds^, Z = 1 + A7Tgs ^ a , (6.33) 

The dilaton is constant and there are N units of RR 5-form flux on the S 5 in the R 6 
transverse to the branes. The solution has a throat of characteristic size R with 

R 4 = AngsNoi' 2 , (6.34) 

and asymptotes to flat lOd space. Type IIB string theory (including its full dynamics) on 
this background provides an alternative description of the D3-brane system, and we would 
like to consider a low-energy limit similar to that studied above. As before, there is a sector 
of weakly interacting low-energy gravitons, whose wavelength is too large to be sensitive 
to the throat size R, and so effectively propagate in flat lOd space. In addition, there is a 
further sector, localized in the throat region and hence decoupled from the above, which 
survives in the low-energy limit due to the following crucial effect. In a curved back¬ 
ground the energy is properly defined with respect to an asymptotic observer at infinity, 
and so excitations located at the position r in the radial coordinate have their energies red- 
shifted by Z 1 / 4 ; hence, in the low-energy limit the theory contains a sector corresponding 
to excitations of arbitrarily high energy but located sufficiently close to r — 0. This sector 
corresponds to full-fledged type IIB string theory in a background given by the so-called 
near-horizon limit r —> 0 of (6.33), i.e. 

r 2 R 2 

ds 2 = -j^p^dx^dx 1 ' H--r/r 2 + R 2 ds 2 5 . 


(6.35) 



6.4 AdS/CFT and gauge/gravity dualities 


179 


The 4d coordinates and the radial coordinate combine together into a 5d anti-de-Sitter 
geometry, AdSs, while the remaining coordinates describe a constant radius 5d sphere 
geometry, S 5 . Both 5d spaces have curvature length R. 

Comparison of the low-energy limit of both descriptions thus leads to a surprising new 
equivalence. Type 1IB string theory on AdSs x S 5 with radius R and N units of RR 5-form 
flux on S 5 is equivalent to a 4d A’ = 4 SU ( N ) gauge field theory. The equivalence surpris¬ 
ingly relates a string theory and a quantum field theory, in particular a theory containing 
gravity to a non-gravitational theory. There is however no obvious contradiction, since the 
equivalence is a “strong-weak” duality, in the following sense. The type IIB string theory 
description is under control when the curvature length is large compared with the string 
length R 2 A> a'; in this regime the a' expansion is a good approximation to the worldsheet 
dynamics, and the spacetime theory reduces to the familiar type IIB massless modes propa¬ 
gating on AdSs x S 5 . On the other hand, the gauge theory description is under control in the 
perturbative regime, namely for small X = #ym N ■ the latter parameter is the ‘t Hooft cou¬ 
pling, which is the effective coupling in the gauge theory loop expansion for general num¬ 
ber of colors. The relation (6.34) implies that the well-understood regime of string theory 
on low-curvature geometry is actually related to large N gauge theory in the large ‘t Hooft 
coupling regime; similarly the well-understood perturbative regime of the gauge theory 
maps to the poorly-understood regime of string theory on a space of string scale curvature. 

The duality is also surprising in that it relates a 5d gravitational theory (once we perform 
the KK reduction on the compact S 5 ) to a 4d non-gravitational theory. Actually, this is a 
very explicit example of holography, a concept originally introduced in the study of black 
hole physics. It states that a gravitational system in a (d + 1) dimensional region should 
admit a description in terms of a non-gravitational theory with degrees of freedom on the 
^-dimensional boundary. Indeed, the (conformal) boundary of AdSs is located at r oo 
and corresponds to a 4d Minkowski space (with coordinates x 11 ), on which the holo¬ 
graphic dual gauge theory description lives. Dualities of this kind are often referred to 
as holographic duality, or gauge/gravity or gauge/string correspondence. 

The duality is also known as AdS/CFT correspondence, since, as mentioned in 
Section 2.4.1, the 4d Af = 4 SYM theory is actually a 4d conformal field theory. This is 
nicely encoded in the dual AdS geometry, since AdSs has an SO(2, 4) isometry group, 
which is precisely the conformal group in four dimensions. In particular the rescaling 
isometry of AdSs 

—» Ax IJ ' , r —> A - 1 r, (6.36) 

corresponds to a rescaling in the 4d gauge theory coordinates. The radial direction r (some¬ 
times called the holographic direction) relates to the energy scale in the dual gauge theory 
side. Physics near r —*■ oo in the AdS side are dual to UV gauge theory phenomena, while 
physics at r —> 0 in the gravity side are dual to IR gauge theory phenomena. 

There are other simple matchings of symmetries between the two dual theories. The 
50(6) isometry of S 5 matches the R-symmetry of J\f = 4 theories, and the SL( 2, Z) 
S-duality of type IIB agrees with the S-duality of 4d Af = 4 gauge field theories, described 
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in Section 2.5.2. More significantly, there is a growing amount of non-trivial dynamical 
(rather than purely kinematical) evidence for the correctness of the AdS/CFT correspon¬ 
dence. 


Generalizations and the conifold throat* 

The gauge/gravity correspondence generalizes in several interesting directions, and its 
applications provide a most active research area in string theory. We merely sketch a 
class of constructions for reference in later chapters. There is a class of gauge/gravity 
dual pairs, maintaining conformal invariance but with lower supersymmetry, based on run¬ 
ning the above argument for D3-branes at a 6 d conical singularity Yg rather than in flat 
space. Denoting by X 5 the 5d base of the 6 d cone Yf,. the upshot is that type IIB on 
AdSs x X 5 , with N units of RR 5-form flux on X 5 , is dual to a 4d gauge theory with 
conformal invariance, whose spectrum and interactions are determined by Y(>. 

A prototypical example is obtained by taking Y(> to be a singular conifold, described as 
the subspace of C 4 defined by the equation 

w\ + w 2 + W 3 + w 4 = 0. (6.37) 

Incidentally, this is a simple example of a (non-compact) Calabi-Yau geometry, see Sec¬ 
tion 7.2. The gravity side of the dual pair is given by type IIB on AdSs times a 5d space 
called T\ \, with S 2 x S 3 topology. The dual gauge theory is given by the worldvolume 
theory on N D3-branes at a conifold geometry, see (11.72) in Section 11.3.4. It is a 4d 
J\f = 1 SU ( N ) x SU ( N ) gauge theory, with chiral multiplets A\, A 2 in the (□, □) and 
B\, lh in the (□,□), interacting through a superpotential W = f, /e:/;/tr ( A , Aj />’/). This 
gauge theory admits an interesting non-conformal generalization obtained by taking dif¬ 
ferent ranks for the two gauge factors; this theory has a non-trivial renormalization flow, 
and reproduces non-trivial infrared gauge phenomena, like confinement and chiral sym¬ 
metry breaking. The gravity dual has a more involved structure and is only approximately 
AdS. The interior throat is capped at a finite value of the redshift factor, providing the 
gravity dual of the gauge theory dynamical scale. Such throats appear naturally in certain 
string compactifications, as described in Section 14.1.3, and provide a natural string theory 
embedding of the warped extra dimensions scenario of Section 1.4.3. 

6.5 Brane-antibrane systems and non-BPS D-branes 

In a relativistic quantum theory, for every particle or object in the theory there exists the 
corresponding anti-particle or anti-object. String theory thus contains antibranes, and in 
particular anti-D/j-branes, which we review in this section using open string techniques. 


6.5.1 Anti D-branes 

An anti-Dp-brane, denoted D/?-brane for short, can be described as an object with p 
extended spatial dimensions and propagating in time, with the same coupling to NSNS 


6.5 Brane-antibrcine systems and non-BPS D-branes 


181 


closed string fields as a Dp-brane (in particular with the same tension) and opposite sign 
in the Chern-Simons action (6.15) coupling it to RR closed string fields (in particular 
opposite RR charges). It can also be defined as a Dp-brane with a change of worldvolume 
orientation, since the orientation flip changes the sign of the integrals in the Chern-Simons 
worldvolume action, while leaving the DBI action (6.6) invariant; the change of orientation 
can in particular be implemented as a time reversal, making this definition analogous to the 
description of anti-particles as particles traveling backwards in time. 

From this definition it follows that a flat Dp-brane in flat space is BPS, and preserves 
half of the supersymmetries. A Dp-brane along the directions 0,1, ..., p preserves the 
linear combinations of supercharges Q — cl Ql + €rQr, with 

e L = -r°---rPe R . (6.38) 

This condition is obtained from that of Dp-branes (6.5) with a sign flip due to change of 
orientation. The supersymmetries preserved by a Dp-brane are precisely the supersym¬ 
metries broken by a Dp-brane along the same directions, and vice versa. This implies 
that a configuration containing parallel Dp- and Dp-branes simultaneously, e.g. a brane- 
antibrane pair, breaks all the supersymmetries. Indeed, this is expected from the fact that 
branes and antibranes carry the same tension but opposite charge, so the overall state 
has non-vanishing energy and zero charge, and thus is not a BPS state. In analogy with 
electron-positron annihilation, branes and antibranes attract each other and eventually 
annihilate. Much of this process can be understood in terms of the open strings in the 
Dp-Dp brane system, as we describe in the following. For concreteness we focus on type 
II theories, and postpone the type I discussion to Section 6.5.3. 


6.5.2 Open string spectrum and brane-antibrane annihilation 

Consider N Dp-branes along the directions x°, .... x p in flat lOd space. There is no abso¬ 
lute way to distinguish isolated Dp-branes from Dp-branes, so at weak coupling they are 
described as a (p + 1)-dimensional plane on which open strings can end. The quantiza¬ 
tion of the open string sector, and the resulting spectrum, is exactly as for Dp-branes. The 
massless sector is a (p + 1)-dimensional U(N ) vector multiplet with respect to the 16 
supersymmetries preserved by the Dp-branes. 

Consider now a configuration with a Dp brane-antibrane pair, both spanning x°,..., x p 
and sitting at different points in x p , xp in the transverse R 9 “A The pp open strings with 
both endpoints on the Dp-brane are insensitive to the presence of the antibrane, and lead 
to a Dp-brane worldvolume {/(1) vector multiplet under the Dp-brane supersymmetries. 
Conversely, pp open strings lead to a Dp-brane worldvolume U( 1) vector multiplet under 
the Dp-brane supersymmetries. Finally, there are pp and pp strings, stretching between 
both objects. These open strings have standard NN boundary conditions along x°, .... x p 
and DD along x p+] , ..., x 9 , respectively. However, they differ from pp or pp strings in 
having the opposite GSO projection, as we now show from open-closed duality. Consider 
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a cylinder diagram with one boundary on the Dp-brane and another on the Dp-brane. This 
diagram is closely related to a cylinder diagram obtained by replacing the Dp-brane by a 
putative second Dp-brane. For our present purposes, we focus on the worldsheet fermion 
contribution to these diagrams, which for the Dp-Dp cylinder is identical to that in eqs. 
(D.3) and (D.2), in the closed and open string channels respectively. The Dp-Dp cylinder 
amplitude is obtained by simply flipping the sign of the last two contributions (with upper 
characteristic 1 /2) in (D.3); indeed this flips the sign of the RR exchange between the two 
objects, keeping the NSNS one unchanged. Translating into the open string channel, this 
flips the sign of the contributions of theta functions with lower characteristic 1/2 in (D.2), 
effectively flipping the GSO projections in both the NS and R Dp-Dp open string sectors, 
as announced. 

Given the non-standard GSO projection, the resulting pp + pp spectrum is 
non-supersymmetric, consistently with the fact that such open strings feel the breaking 
of all supersymmetries. The light spectrum is: 


Sector 

State 

M 2 

(p + l)-dim. field 

NS 

|0) N s 

1 . ]Xp~Xp\ 2 

2a’ " r (2jm') 2 

Complex scalar 

R 

|8s> 

lx p -Xpl 2 

(27TQ' / ) 2 

Fermions 


All states have charges ±1 under the U(l) p x U{l) p symmetry. For stacks of multiple 
branes and antibranes, they transform in the (□, □) of the non-abelian gauge symmetries. 

For large separation between the Dp- and the Dp-branes, all such open string states are 
massive. However, the configuration is not stable, due to a non-vanishing attractive force 
due both to NSNS and RR exchange. The brane-antibrane pair is driven towards short 
separations, and upon reaching \x p — x p \ < 2 tt 2 u' it develops a tachyonic mode. The 
spacetime interpretation of the tachyon is an instability against brane-antibrane annihila¬ 
tion, and the expected endpoint of tachyon condensation is the type II vacuum, with no 
open strings. The tachyon mass is of the order of the string scale, so a full microscopic 
description of its condensation requires string field theory tools and is well beyond our 
scope. 

Antibranes and brane-antibrane systems are interesting ingredients in model building, 
since they introduce sources of non-supersymmetric dynamics under reasonable control. 
They will appear in Section 15.3.1 to construct de Sitter vacua, and in Section 16.6.2 to 
engineer models of cosmological inflation. They are also useful in the construction of stable 
non-BPS states in string theory, as described in the next section. Finally, more general non- 
supersymmetric D-brane systems provide an extra flexibility in D-brane model building, 
as used in Chapters 10 and 11. 
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6.5.3 Orientifolds and stable non-BPS D-branes* 

Orientifold action on Dp-branes 

We now describe the orientifold projection on open strings ending on Dp-branes. For open 
string in pp sectors, the orientifold projection works exactly as in the corresponding pp 
open string sector, with the only modification of an additional minus sign for Ramond 
states. This follows from open-closed duality in the Moebius strip diagram, for Dp- or 
Dp-branes. Considering the closed channel diagram, describing the NSNS and RR 
exchange between the (anti)branes and the orientifold plane, there is a sign flip in the 
antibrane RR couplings. This translates into a sign flip in the orientifold action on pp 
Ramond states, as compared with pp Ramond states. 

As an example, consider N D3’s on top of an 03 ± -plane. In the 03 _ /D3 system, the 
NS sector produces 4d SO(N ) gauge bosons and six real scalars in the adjoint 0, while 
the R sector produces four Majorana fermions, which due to the additional minus sign 
transform in the □□. For the 03 + /D3 system, there are USp(N) gauge bosons, six real 
scalars in the □□, and four Majorana fermions in the 0. The spectra are completely 
non-supersymmetric, in agreement with the fact that Op-planes and Dp-branes preserve 
opposite supersymmetries. It is tachyon-free, however, since the antibrane and the ori¬ 
entifold plane cannot annihilate. Of course, the tree-level massless scalars receive loop 
corrections, which can jeopardize or improve the stability of these systems. In fact, there 
is an open string one-loop correction from the Moebius strip diagram, which equivalently 
describes the 03/D3 interaction by closed string exchange. For the 03 _ /D3 system, the 
interaction is repulsive and the system at one-loop is unstable, with a runaway behavior 
pushing the D3-branes infinitely away from the 03-plane. For the 03 + /D3 system, how¬ 
ever, the interaction is attractive and pulls the D3-branes on top of the 03-plane, thus 
stabilizing the tree-level flat directions. This is a nice illustration that the use of Dp-branes 
can lead to non-supersymmetric systems under relatively good control. 

The type I D5 -brane 

It is interesting to point out that O-planes and anti-D-branes can preserve common super- 
symmetries. A simple example is the type I D5-brane, with preserved supersymmetries 
given by 

e L = r°---r%, e L = -r°---r 5 e«. (6.39) 

This corresponds to 6d Af= F supersymmetry, where the prime denotes that these super- 
symmetries are opposite to the 6d AT — 1 that would be preserved by D5-branes, recall 
Section 6.1.3. The computation of the 55 spectrum is similar to that of the type I D5-brane, 
with the additional sign in the action on R states. We obtain 6d A f = V vector multiplets 
of USp(N ) and one hypermultiplet in the 0. The sign flip makes gauginos and hypermul- 
tiplet spinors exchange roles in going from the 55 case to the 55 case, thus flipping the 
Af= 1 supersymmetry to Af= T. The 59 sector is mapped by Q to the 95, so we compute 
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the former and impose no projection. The computation is similar to a 59 sector, up to the 
flipped GSO projection, and yields one bi-fundamental 6d AT = 1' half-hypermultiplet. 

The non-BPS D7-brane in type I theory 

In orientifolds of type II theories, the orientifold projection may remove the tachyonic open 
string mode of brane-antibrane systems, leading to stable non-BPS brane states. There are 
several prototypical examples of stable non-BPS Dp-branes (denoted Dp-branes) in type 
I theory, including the DO-brane, which produces non-BPS states in the SO(32) spinor 
representation. For future reference, we focus on a different example, the type I D7-brane. 

The type IIB RR 8-form (dual to the RR scalar, in the sense of section B.3) is odd under 
the orientifold action Q, and is thus projected out in type I theory. Correspondingly, Q 
maps a type IIB D7-brane to a D7-brane, so the only invariant states are pairs of N D7- and 
D7-branes, carrying no 8-form charge. These are non-BPS, and to assess their stability we 
need to carefully compute the Q action on the D7-D7 sector tachyon. Before the orientifold 
projection the 77+77 sector contains a complex tachyon, and 8d spinors, both in the (□, □) 
of U(N)i x U ( N)j. The Q action exchanges the D7- and D7-branes, leading to a single 
t/(TV) gauge group; it also maps the 77 sector to itself (and similarly for the 77), leading 
to a truncation of the spectrum. Without entering the details, it projects the tachyon fields 
to the 0 of U (N). Therefore, for a single D7-D7 pair, i.e. N = 1, there is no tachyon and 
it corresponds to a stable non-BPS D-brane, the type I D7-brane. For higher N, there are 
tachyon fields which can condense and lead to partial or total annihilation; for odd N, the 
antisymmetric matrix of tachyon vevs has necessarily one zero skew-eigenvalue, signaling 
that annihilation is not complete and there remains one left-over D7-D7 pair, while for even 
N all skew-eigenvalues can be non-zero, leading to total annihilation. From the spacetime 
perspective, type I D7-branes carry a discrete Z 2 charge, so that a single D7-brane is stable, 
but higher numbers of D7-branes can annihilate pairwise. 

Actually there is a natural interpretation of this Z 2 -valued charge, in terms of the 
D9-brane gauge fields. In the previous discussion we have not taken into account the 79 and 
79 sectors, which actually contain a complex tachyon in the (N, 32) of U(N)z x SO( 32)g 
surviving the Q projection. This signals an instability of the D7-brane, even for N= 1, 
not towards annihilation into the vacuum, but rather towards dissolution of the D7-brane 
as a gauge field background in the D9-brane (forming a D9-D7-brane bound state). Such 
gauge field backgrounds must be non-trivial only in the transverse 2d, hence are charac¬ 
terized by embeddings of the S 1 at infinity into the gauge group. Using Section B.4, they 
are classified by TT 1 (0(32)) = Z 2 , where 0(32) is the actual global structure of the type 
I gauge group; this reproduces the Z 2 valued D7-brane charge. Such discrete charges are 
known as K-theory charges, since the classification of gauge bundle topologies (modulo 
brane-antibrane annihilation) can be mathematically formulated in terms of the so-called 
K-theory groups. In the compactifications with D-branes and orientifolds in Sections 10.4.2 
and 10.6, there are non-trivial consistency conditions from cancellation of D-brane 
K-theory charges, in addition to standard D-brane RR charge cancellation. 


7 


Calabi-Yau compactification of 
heterotic superstrings 


In Chapter 5 we showed that toroidal compactifications of superstrings can lead at low 
energies to 4d theories, albeit with too much supersymmetry to allow for chirality, an 
essential ingredient of particle physics. We will thus be interested in constructing more 
general classes of compactifications leading to chiral theories in 4d, an enterprise starting 
in this chapter and reaching until Chapter 12, and for which it is convenient to give an 
aerial view. 


7.1 A road map for string compactifications 

There are different options to achieve the construction of chiral 4d compactifications in 
string theory, summarized in Figure 7.1, and roughly classified according to the under¬ 
lying lOd or lid theory taken as starting point. In this book we will study in turn het¬ 
erotic compactifications, type IIA orientifolds and type IIB orientifolds. In this chapter 
and Chapter 8 we describe different varieties of heterotic string compactifications, whose 
4d effective action is studied in Chapter 9. We consider models in the geometric realm, 
using Calabi-Yau manifolds and toroidal orbifolds, and in the more abstract non-geometric 
conformal field theory (CFT) framework, using asymmetric orbifolds, free fermions, and 
Gepner constructions. In Chapter 10 we study type IIA orientifold constructions with gauge 
fields localized on D6-branes, and matter fields at their intersections. We consider explicit 
examples in toroidal orbifold compactifications, as well as Gepner constructions. Super- 
symmetric type IIA models with intersecting D6-branes are related to purely geometric 
compactifications of M-theory on manifolds with G 2 holonomy, as we will also review. 
Finally in Chapter 11 we describe different setups of type IIB orientifold compactifica¬ 
tions. They include orientifolds of toroidal orbifolds, systems of D-branes at singularities, 
and compactifications with magnetized D-branes. The non-perturbative regime of type IIB 
orientifolds with 7-branes is better described in terms of F-theory compactifications, also 
described there. The 4d effective action of these classes of models is studied in Chapter 12. 
Within these classes of constructions we present explicit examples of models whose mass¬ 
less spectrum and couplings come close to the structure of the SM, usually referred to as 
semi-realistic models. 
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/Wth(G 2 ) 



F-th(CY 4 ) type IIB(09,05) 

Figure 7.1 Five large classes of chiral 4d string constructions. 

Many of these different classes of compactifications in the various underlying theories 
are related by dualities, and so must be considered as complementary tools to explore 
different corners of an underlying unique string/M-theory, as suggested in Figure 7.1. 

There are some common general features of the compactification backgrounds consid¬ 
ered in the different setups. In most constructions we consider compactifications with 
factorized background geometry M 4 x Xg, where X 6 is a compact space. This essen¬ 
tially assumes that the only non-trivial background turned on is the metric. Generaliza¬ 
tions including additional fields, e.g. field strength backgrounds for p-form fields, lead to 
compactifications beyond the factorized ansatz, and are covered in Chapter 14. 

For reasons explained in the next section, most constructions are also devised to pro¬ 
duce 4d JV = 1 supersymmetric models, and are based on compactifications on Calabi-Yau 
(CY) manifolds (or their non-geometric analogs). Although specifically applied to heterotic 
compactification in this chapter, CY spaces are useful for all the different classes of com¬ 
pactifications summarized above, and their properties permeate the subject of 4d string 
model building. For instance, they play an important role in type II orientifold compacti¬ 
fications in Chapters 10 and 11, in which gauge sectors arise on the volume of Dp-branes 
wrapped on non-trivial cycles on the Calabi-Yau geometries. 

Finally, in geometric compactifications on curved spaces, the background metric is not 
flat, and according to Section 3.1.5 the worldsheet 2d theory is interacting and in gen¬ 
eral not exactly solvable. The analysis is therefore carried out in the large volume regime 
a '/ R 2 <-£ 1 (with R denoting a typical curvature radius of X 5 ), where the lOd supergrav¬ 
ity approximation is reliable. A full string theory description of these compactifications is 
available only in some special cases, like orbifolds or other abstract CFT constructions. 

7.2 Generalities on Calabi-Yau compactification 

We start by introducing Calabi-Yau manifolds, and motivating their use in string com¬ 
pactification. As mentioned above, these geometric results are valid for supersymmetry 
preserving heterotic and type II (orientifold) compactifications. 
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7.2.1 Supersymmetry and holonomy 

There are several motivations to consider string compactifications preserving supersymme¬ 
try. For starters, they are automatically stable and do not contain tachyons. Also, they are 
simpler to study from the theoretical point of view; regarding the compactification back¬ 
grounds from the supergravity perspective, solutions to the (first-order) supersymmetry 
conditions can be shown to automatically be solutions to the (much more involved, second- 
order) supergravity equations of motion. From the phenomenological point of view, super- 
symmetric backgrounds may provide a good starting point to construct particle physics 
models, if supersymmetry is broken at low energies compared with the fundamental string 
scale, as reviewed in Chapter 2; this approach must be complemented by a discussion 
of supersymmetry breaking, which we postpone to Chapter 15. Finally, even if super- 
symmetry is not realized at the TeV scale, it is reasonable to consider supersymmet¬ 
ric compactifications as toy models to learn the behavior of more general string theory 
compactifications. 

The condition that compactification on Xg leads to some unbroken supersymmetry can 
be described as follows. Around each point P in M4 x X6 the spacetime is locally lOd and 
we have a local set of lOd supercharges, which transform as spinors of 5(9(10) (two for type 
II theories and one for type I and heterotic theories). The supersymmetries of the 4d theory 
correspond to supercharges which are well-defined globally on X6. Since Xg is curved, 
local supercharges at different points in X6 are related by parallel transport 1 with the 5(9(6) 
spin connection corresponding to the metric in Xg. In fact, a local supercharge at a point 
P parallel transported around a closed loop C will in general come back to P rotated by a 
non-trivial 5(9(6) element Re- Supercharges which get rotated upon parallel transport do 
not lead to globally well-defined supercharges; hence the condition that compactification 
on Xg preserves some supersymmetry is that there exist non-trivial 6d spinors £ (x m ) in X6, 
called Killing spinors, which are covariantly constant in Xg 


Vx 6 ri*'") = 0. (7.1) 

These define the internal profile of the supercharges surviving as supersymmetries of the 
4d compactification. Equivalently, (7.1) is the equation defining the 6d wave function of 
the KK zero mode corresponding to the 4d gravitino, see Section 7.2.4. 

The condition for the existence of solutions to (7.1) can be recast in terms of the holon¬ 
omy group of Xg. The set of rotations Rp suffered by the spinor, for all possible closed 
loops C, is called the holonomy group of Xg (see Figure 7.2), and depends on its metric 
via the spin connection. For a general 6d manifold, the holonomy group is 5(9(6), and no 
component of a lOd spinor (transforming as 6d spinors 4 or 4 under it) remains unrotated; 
equivalently, there are no Killing spinors, so compactification on a generic holonomy space 
breaks all the supersymmetries. In order to preserve some supersymmetry, Xg must be a 

1 Parallel transport of (e.g. a vector or spinor) x along a path x m (s) parametrized by s, is defined by a one-parameter family 
X (5), satisfying (dx m /ds)V m x(s) = 0, with a suitable covariant derivative. 
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Figure 7.2 The holonomy group is given by the set of rotations Rc experienced under parallel 
transport around all possible closed loops in the manifold. 


manifold of special holonomy, i.e. its holonomy group must be a subgroup of 5(9(6) under 
which the decomposition of the 4 contains a singlet. This is satisfied by manifolds of 5£/(3) 
holonomy, for which a chiral lOd spinor decomposes under the holonomy group times 4d 
Lorentz group as 

50(10) -* 50(6) x 50(1,3) -* 50(3) x 50(1,3), 

16 (4,2) + (4, 2') (3,2) +(3, 2')+ d,2)+ (1,2'), 

where 2, 2' denote the left- and right-handedness under the 4d Lorentz group. The 50(3) 
singlet components in the last column lead to four unbroken 4d supercharges Q a , Q< y for 
each lOd spinor supercharge, while the others are broken by the compactification. Hence, 
compactifications of heterotic string theories on 50(3) holonomy manifolds lead to 4d 
J\f = \ supersymmetry, and have potential application to particle physics model building, 
as explored in later sections. Type II compactifications lead instead to 4d J\f = 2 super- 
symmetry, and are studied later in Section 10.1.1. Although non-chiral due to their high 
supersymmetry, their orientifolds (including type I models) preserve only J\f = 1, and their 
applications to model building are studied in Chapters 10, 11. 

The above general argument using the holonomy group can be applied to determine the 
unbroken supersymmetries by different geometries in various dimensions. For instance, 
compactifications on manifolds with smaller holonomy groups lead to enhanced supersym¬ 
metry (since there are additional singlet spinor components). As discussed in Chapter 5, 
compactification on tori, which has trivial holonomy, preserves all supersymmetries, lead¬ 
ing to 4d J\f = 8 for type II, and 4d Af — 4 for heterotic and for type II orientifolds. Also, 
there exists a unique compact manifold (of dimension 4) with SU{2) holonomy, called K3. 
Compactification on K3 x T 2 leads to 4d M = 4 for type II and 4d J\f — 2 for heterotic and 
type II orientifolds. These theories are interesting from the theoretical viewpoint, but not 
relevant for particle physics model building. Hence in the following, we focus on spaces 
with strict SU( 3) holonomy. Other (larger) holonomy groups are useful in model build¬ 
ing applications of M- and F-theory. For instance, compactification of M-theory on 7d 
spaces of G 2 holonomy produces 4d Af — 1 models, see Section 10.7.2; compactification 
of M-theory on 8d manifolds of SU(4) holonomy leads to 3d Af = 2 supersymmetric the¬ 
ories, which can be lifted to 4d Af = 1 models using the so-called F-theory, as described 
in Section 11.5. 
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7.2.2 Calabi-Yau manifolds 

In principle it would seem difficult to determine explicitly whether a given 2N -dimensional 
manifold X admits a metric of SU(N) holonomy, since in principle it would require an 
explicit computation of the metric, and of its holonomy group. This is actually beyond 
present techniques, and in fact there are no analytic expressions of the metric of any (non¬ 
trivial) compact SU( 3) holonomy manifold (although they can be computed numerically). 
Happily there are powerful mathematical theorems which ensure the existence of SU(N ) 
holonomy metrics for manifolds which satisfy the so-called Calabi-Yau condition (and are 
hence called Calabi-Yau manifolds or CY IV-folds), which are easy to verify in concrete 
examples. According to Calabi’s conjecture, proved by Yau, an N -dimensional complex 
manifold which is Kahler and has vanishing first Chern class admits an SU(N ) holon¬ 
omy metric. In the following we crack down on this jargon to get the essential ideas (see 
Appendix B for some useful background on geometry and topology). 

An /V-dimensional complex manifold is a 2/V-dimensional manifold on which one can 
introduce local complex coordinates which can be patched together globally in a consis¬ 
tent way (i.e. with holomorphic transition functions). More concretely, a 2N -dimensional 
manifold is a complex manifold if it admits a globally defined complex structure, i.e. a 
mixed tensor /" satisfying 2 / 7 ” // ; = —S l m . This tensor can be used to define local complex 
coordinates (hence its name), as follows. Split the real coordinates in two sets x J , y ] for 

j = 1, ..., N, so that locally / = ( f ), and construct complex coordinates as 

\ Ijv 0 J 

dz^ = dxj + ilj, dy and dzj = dx■' — il j k cbc. Note that a given real differential manifold 
can admit many complex structures. A familiar example, is provided by the 2-torus, whose 
possible complex structures are parametrized by a complex number r; the two real coor¬ 
dinates x, y can be combined to form complex coordinates via dz = dx + rdy (as already 
encountered in Section 3.2.2 in the study of worldsheet geometries). 

On a complex manifold, one can introduce a metric whose only non-zero components 
are mixed, namely gq. Using this metric to lower one index from the complex structure 
we obtain a 2-form with mixed indices 


J = gij dz‘dz j , (7.3) 

(with implicit wedge products). A manifold is Kahler if this form is closed 

dJ = 0, (7.4) 

in which case it is called the Kahler form. The relevance of the Kahler condition in our 
setup is that the condition (7.4) constrains the metric such that parallel transport does not 

2 There is an additional condition required for local complex coordinates to patch together holomorphically, given by the 
vanishing of the Niejenhuis tensor 


Knn = 9[n^] “ I [ m l n] d r I q = °- 


(7.2) 
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mix holomorphic and antiholomorphic indices, i.e. the holonomy group is at most U(N) — 
SU(N) xU( 1). Further reduction to SU(N) requires the absence of holonomy in the overall 
t/(l) factor, and is related to the “vanishing of the first Chern class.” This requires that the 
curvature 2-form Rq defined in Section B.3 is cohomologically trivial, although we will 
not need further details. 

Given a topological space satisfying the Calabi-Yau conditions, we would like to count 
the number of free parameters in the choice of its SU(N ) holonomy metric. This is the 
analog of the choice of compactification radius for a compactification on a space with 
the topology of a circle. This number of parameters is given in terms of certain topologi¬ 
cal invariants, the Hodge numbers, which refine for complex manifolds the Betti numbers 
in Section B.l. In a complex manifold, the classification of p-forms and their cohomol¬ 
ogy classes (and similarly p-chains, p-cycles, and their homology classes) can be refined 
according to their number of holomorphic and antiholomorphic indices. For instance, the 
3-cohomology group in a complex threefold Xf, splits as 

H\X 6 ) = H 3 '°(X 6 ) + H 2 ’ l (X 6 ) + H 1 ’ 2 (X 6 ) + H°'\X 6 ), (7.5) 

where H p ' q corresponds to forms with p holomorphic and q antiholomorphic indices (with 
basis dz n A - • - A dz lp A dz, 1 1 A• • - A dz Jp ). The integers h pq = 6imH p ’ q (X) are topological 
invariants, known as Hodge numbers. It is useful to also define the Euler characteristic, as 
the weighted sum of Hodge numbers 

3 

*(X 6 ) = J2 (-1 ) p+q h p , q (X 6 ) = 2[/7 U (X 6 ) - h 2 p(X 6 )]. (7.6) 

p,q=0 

Hodge numbers are usually displayed in a diamond-shape diagram, known as Hodge dia¬ 
mond. For the case of CY threefolds Xe i.e. manifolds of SU( 3) holonomy (and not in a 
proper subgroup like SU(2)), the Hodge diamond has the structure 

hop 1 

hip hop 0 0 

h 2 p hip hop 0 hip 0 

hjp h 2 p h 1,2 hop = 1 h 2 i h 2 p 1 
h 2 p h 2i2 / 13,1 0 hip 0 

/? 3 2 h 2 p 0 0 

h 2 p 1 

The unique (3, 0) form, which we denote by f2, is very important. In fact, a CY N -fold 
can be equivalently defined as a Kahler manifold admitting a nowhere vanishing ( N , 0) 
form Q. 

In the above discussion, the Kahler form is related to the complex structure via the 
metric. Turning this around, Yau’s theorem guarantees that a choice of complex structure 
and of Kahler form (more precisely, of its cohomology class) determines the underlying 
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CY metric uniquely. We may use this argument to count the number of free parameters of 
the SU{ 3) holonomy metric in a given CY manifold, as follows: 


• The Kahler form is closed by (7.4). Moreover it cannot be exact, as (7.3) implies 

[ jAjAj-f ^detgdz'dz' ■ ■ ■ dr'df = Vol(X 6 ), (7.7) 

Jx 6 Jx 6 

while an exact J = dA would give f J ■ ■ ■ J = f d(AJ ■ ■ ■ J) = 0. Thus J is cohomo- 
logically non-trivial and (1, 1), so may be expanded in a basis { w a | of // 1 ■' (X), 


*1,1 

J = Y / t a co a . (7.8) 

a =1 

There are thus h\ t \ real parameters involved in the choice of the Kahler class. These are 
known as Kahler moduli of the CY, and control the sizes of even-dimensional 2n -cycles 
of the internal space, whose volumes are measured by integrating the 2/;-form J n over 
them, in analogy with (7.7). 

• The choice of a complex structure tensor is equivalent, via contraction with Q, to the 
choice of a (2, 1) form I-j. = C2/y / /;. Expanding on a basis, there are hi. \ complex 
parameters involved in the choice of the complex structure. These are known as complex 
structure moduli of the CY, and control the sizes of 3-cycles of the internal space (whose 
volumes are measured by integrating Q over them). 

Thus the parameters required to specify a unique metric in a given CY compactification 
space are h\.\ real Kahler moduli and h 2,1 complex structure moduli. In concrete examples, 
see next section, these numbers range from a few to the hundred. 

We conclude by mentioning the direct connection between the geometric and the string 
theory viewpoints on the CY condition. In the string theory context, the original condition 
was the existence of a covariantly constant spinor f. Using it to sandwich products of Dirac 
matrices T, , l'y one can construct the forms 

Jq = -if t r i Tjf, S2 ijk = f r T,T ; Tyfc§, (7.9) 

which can be shown to satisfy precisely the criteria of the Kahler form and the holomorphic 
3-form appearing in the geometric viewpoint. 


7.2.3 Examples 

We now present several tools to construct explicit examples of CY threefolds. 3 

^ To this list we could add the smooth CYs obtained upon blowing up the singularities of the toroidal orbifolds considered in 
Chapter 8. 
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Hypersurfaces in complex projective spaces and the quintic 

A large class of CY manifolds can be constructed as hypersurfaces in (weighted) complex 
projective spaces. The complex projective space P„ or CP„ is defined as C " +1 with the 
origin removed, with the identification 

(Zl, • ■ ■ , Zn+ 1 ) (^Zl, • • • , A-Zn+l), (7.10) 

where A is a non-zero complex number, A e C* = C — {0}. The n + 1 coordinates 
Z 1 are called homogeneous coordinates, and points in CP„ are denoted [z\, ..., z n + 1 ]. 
For example, when z n +\ ^0, we may use the C* action (7.10) to set z n +\ — 1, and use 
(zi,..., z n ) as local (so-called affine) complex coordinates. Complex projective spaces are 
compact Kahler manifolds, and its Kahler form is inherited from that of the parent C " +1 

/ = dz\dz.\ H-b dz n +\dz n +\- (7.11) 

The Kahler form on CP„ is further inherited to any subspace defined by holomorphic 
equations. This can be used e.g. to construct the so-called quintic CY, as a hypersurface of 
CP 4 defined by fs(zi, ..., Z5) — 0, where fs(zi) is a homogeneous polynomial of degree 
5 in the homogeneous coordinates Zi • For instance 


Zj + Zo + Z 3 + Z 4 + Z 5 — 0. (7.12) 

This condition together with the scalings in (7.10) reduce the number of independent real 
coordinates from ten to six. For general fs, the hypersurface CY is denoted CP 4 [ 5 ]. The 
CY holomorphic 3-form is locally given by an expression of the form 

zjdadadz 4 

(3/s/azs) 

where again wedge product is understood. This is invariant under (7.10) precisely because 
the degree of f$ cancels the C* weights of the Zi in the numerator. The non-trivial Hodge 
numbers of the quintic are \ = 1, hi, \ — 101. The Kahler modulus corresponds to an 
overall rescaling of the Kahler form (7.11), while the complex structure parameters cor¬ 
respond to the coefficients of monomials in f$, of the form zf 1 ■ ■ • Z 5 5 , with total degree 
5, and pi < 3 (monomials with some /;, = 4 may be removed by linear redefinitions of the 
Zi). The list of such independent monomials is 

Z1Z2Z3Z4Z5- Zizjzj, ZiZjz\, zfz 3 j, ZiZjZkZj (7.14) 

with different subindices within a monomial; this indeed gives 1 + 30 + 30 + 20 + 
20 = 101 independent deformations of (7.12). This CY admits a Z5 x Z5 “freely act¬ 
ing” symmetry, i.e. without fixed points, generated by the actions zk ~k +1 and zk —> 
exp(2jtik/5)zk, respectively. The quotient by these symmetries is a new CY manifold with 
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(h ||, /? 2 , i) = (1,5), since the Kabler form is invariant and survives in the quotient, and 
there are five complex structure moduli, associated to the five invariant monomials 


(ZjZ 2 Z 5 H- ), (Zi7374 H-), (z\Z2Z?i, H- ), {z\£z\ H- ), Z1Z2Z3Z4Z5, (7.15) 


with the dots implying cyclic subindex permutations. 

The above construction may be generalized using weighted complex projective spaces 
WCP* 1 ,... i jt n+1 as ambient spaces. These are defined by taking C' ,+ l minus the origin, and 
imposing the identification 

(zt. Zn+ 1) -» (^Zl, • • • , ^ n+1 Z„+l). (7.16) 

These spaces are compact and Kahler, with Kahler form essentially inherited from (7.11). 
The compact subspace WCP^defined by the equation f p {z\ ,..., " 5 ) = 0, with 
f p a degree p homogeneous polynomial, is Calabi-Yau if p = k\+- ■ -+£ 5 . Its holomorphic 
3-form has the structure (7.13) with /j -> f p . CYs in this class may have singularities, 
inherited from the ambient space; they are harmless in string theory, however, as will be 
clear from the study of orbifolds in Chapter 8 . 


Complete intersection CYs and the Tian-Yau manifold 

It is possible to construct CY manifolds as subspaces of higher-dimensional complex pro¬ 
jective spaces CP 4 + r . Using n independent equations f ) — 0, with /,• being a degree pi 
polynomial, the resulting subspace, denoted CP 4 + r [;?i,..., p r ] , is CY if ]C p t — r + 4. 
The holomorphic 3-form has the local structure 


ZldZ2dZ3dZ4 

(3/i/9z 5 )---(3/ r /9z 4+ ,.)' 


(7.17) 


Since these CY spaces are defined as the intersection of the hypersurfaces /, = 0, they are 
known as complete intersection Calabi-Yau spaces. The construction can be generalized 
to subspaces of weighted projective spaces WCP^..,* 4 +r [pi,..., p r ], with CY condition 
- kj = pi, and holomorphic 3-form (7.17). 

Finally, these constructions can be generalized by considering ambient spaces given by 
products of (possibly weighted) complex projective spaces. As should be familiar by now, 
the CY condition amounts to requiring that for the C* action in each complex projective 
space, the sum of the degrees of the polynomial equations equals the sum of the weights 
of all the coordinates. Consider an illustrative example, with ambient space CP 3 x CP 3 , 
defined by three equations of degrees (1, 1), (3, 0) and (0, 3) under the two C* actions. For 

instance, denoting X{, y;, i = 1.4, the homogeneous coordinates of CP 3 x CP 3 , we 

consider the defining equations 

fl = ^2*iyi = 0 , f2 = ^2(Xi) 3 = 0, / 3 = ^(v ,) 3 = 0 . 

i i i 


(7.18) 
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The information can be displayed in a table of weights under the C* actions: 

x\ x 2 x 3 x 4 y\ y 2 y 3 Y4 fi f 2 h 

(C*)i 1 1 1 1 0 0 0 0 1 3 0 

(C *) 2 0 0 0 0 1 1 1 1 1 0 3. 

The Euler characteristic of this CY manifold is x = —18, with h 2 \ = 23, hip = 14. The 
23 complex structure moduli correspond to the monomials 

XiXjXk, yiyjyk i^j^k^i; xiyj i, j e (1,2,3,4) (7.19) 

with a monomial x\y\ excluded, assuming it appears in the defining equation (7.18). This 
yields 4 + 4 + 15 monomials. For future reference, we mention that this space has a freely 
acting Z 3 symmetry, generated by 

(* 1 , X 2 , x 3 , X 4 : yi, y 2 , V 3 , T 4 ) -> (xi,a 2 x 2 , ax 3 , ax 4 ; yi,ay 2 , a 2 y 3 , a 2 y 4 ), (7.20) 

(where a = exp(2 ni /3)). The quotient by this symmetry is a new CY, known as the Tian- 
Yau manifold, with Euler characteristic / = —18/3 = — 6 . The reader can check that 
only 9 of the 23 complex structure monomials are invariant under this symmetry so that 
h 2 i =9 in this manifold and hence h\p — 6 . This implies that when used for heterotic 
compactifications with “standard embedding,” as in Section 7.3.2, it leads to a model with 
three net generations, studied in Section 7.3.3. 

Toric CY manifolds* 

The largest known class of CY manifolds is based on a simple generalization of the above 
ideas, known as toric geometry. The basic strategy is to generalize the above table of 
weights beyond the factorized structure. More specifically, we consider 3 + r + s complex 
coordinates z, parametrizing C 3+r+J , and introduce r C* actions, labeled by n = I, 
under which Zi has non-negative weight q ! n . The quotient of C’ +r+ ' v (with a suitable set 
of points removed) by (C*)' leads to a compact Kahler space with (3 + s) complex dimen¬ 
sions, that we use as ambient space for the CY space. The latter is defined as a subspace 
described by .v independent equations f m (zi ) = 0, m = 1 . ..., s, of degrees p mn under the 
nth C* action. The CY condition is simply that for each n we have qq n = p mjl . 

These spaces are known as toric CYs, and their construction and properties (like Hodge 
numbers) are computable in terms of the “charge” matrices qj n , . Systematic 
computer-based searches using these and related techniques have led to the construction of 
around 30000 CY manifolds, with different Hodge numbers (h ij, h 2 .1 )• Figure 7.3 shows 
the distribution of h\ \ + h 2 \ versus the Euler characteristic / = 2{h\ \ — h 2 , 1 ) of such 
CY manifolds for h u < h 2 \. Typical values of Hodge numbers are in the hundreds, with 
a maximal value of hip +h 2 p obtained for CYs with (hip, h 2 p) = (491, 11), (251, 251). 
Only examples with hip < h 2 p are shown because the figure for h\ \ > h 2 p would be 
symmetric under the exchange hip h 2 p \ for each CY manifold with Hodge numbers 
(hip, h 2 p) there is a mirror manifold with Hodge numbers exchanged, h\ \ -o- h 2 \. This 
is a numerical manifestation of the mirror symmetry described in Section 10.1.2. 
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Figure 7.3 Distribution of h\ j + /! 2 ,i versus x = 2{h\ \ — hj.ll forCY toric constructions. Only 
CY’s with h | i < I 12 . l are depicted, since others are related to these by mirror symmetry, described 
in Section 10.1.2. (Figure reproduced from Kreuzer and Skarke (2002)). 


7.2.4 Massless modes in compactifications on curved spaces 

The computation of the 4d massless spectrum in compactifications on CY manifolds is 
largely based on the Kaluza-Klein compactification approach, which provides a good 
approximation in the large volume regime. In fact, since massless fields are often counted 
by topological invariants of the compactification, their number is unchanged even if one 
moves away from the large volume regime (although other features, like their couplings, 
etc, do in general change). In the following we consider the KK compactification of differ¬ 
ent massless lOd fields to 4d on a compact 6 d manifold X 6 . We keep the discussion general, 
and restrict to the CY case only if explicitly stated. Also, we use x 1 ' for the 4d non-compact 
coordinates, x m for the coordinates in X 6 , and x M for all coordinates collectively. 

Scalar fields 

Consider a free lOd scalar <p(x M ) on M 4 x Xg. The basic strategy to compute the massless 
4d fields is a clever generalization of the KK circle compactification in Section 1.4.1. The 
generalization of the Fourier decomposition (1.37) is an expansion 

0(x°, ...,x 9 ) (7.21) 

k 

where the internal profiles </; ( k / (x m ) are eigenfunctions of the laplacian Ax 6 in Xg, charac¬ 
terized by a label (or set of labels) k, and with eigenvalues —7 (k) (negative for compact Xf>). 
The above expansion is always possible, since eigenfunctions of Ax 6 form a basis of 
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functions in X6. Moreover, since the lOd dalambertian factorizes as □ i <>/ = Ax 6 + Qw, 
the 4d fields fifAx 1 ') obey the 4d equation of motion 

= 0. (7.22) 

Hence, the eigenvalue X k manifests as the squared mass of the corresponding 4d field. 
Massless 4d fields are associated to solutions of the zero mode equation in X(, 


Ax 6 </4(* m ) = 0. (7.23) 

Although upcoming zero mode equations are in general difficult to solve, there are gen¬ 
eral results concerning the number of solutions. For the case at hand, it is a standard 
result (familiar from electromagnetism) that the Laplace equation in a compact space has 
a unique solution (given in fact by the constant function). We thus get a single massless 4d 
scalar field from the original lOd scalar field. 

The basic idea generalizes to fields with other Lorentz index structures. An expansion 
ansatz into products of internal profiles times 4d fields leads to separation of variables for 
the kinetic term operator of the lOd field. Massless 4d fields are related to solutions of the 
zero mode equation in X6 for the internal part of the kinetic term operator. The number of 
solutions of such equations can be computed from general results, with no need to solve 
the equations themselves. 


Antisymmetric tensor fields: p-fonns 

Let us apply this idea to the KK compactification of a lOd /7-form field C p (x M ), i.e. an 
antisymmetric /7-index tensor with gauge invariance (4.44), C p —> C p +d A p _i. The ansatz 
leading to separation of variables will contain terms of the form 

C p (x M ) = c q (x m )C p - q {x»), (7.24) 

where the subindices denote the degree of the form, and wedge product is implicit. We 
have dropped the subindices denoting the lOd, 6d, or 4d nature of the fields (otherwise 
manifest in the coordinates they depend on), and the label k. In short, a lOd /7-form can 
lead to 4d (p — r/j-forms by pointing q indices along a g-form in X6. From Section B.2, 
the kinetic term operator for lOd /7-forms can be written 

Akw = (dcfi + d^d)x 6 + A 4 d- (7.25) 

In order to get massless 4d fields, the zero mode equation for the q -forms on X6 is 

{ddt + d f d)c q (.x m ) = 0, (7.26) 

where here and in similar expressions the subindex “6d” is implicit. Since this kinetic 
operator is positive definite, zero modes must satisfy dc q = 0, d 1 c q =0, and are harmonic 
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forms, see Section B.2. There is exactly one harmonic 17 -form per ^-cohomology class, 
hence the number of zero mode (/-forms in X 6 is the Betti number b cj (Xf,), which depends 
only on the topology of X 6 . Note that regarding scalar fields as 0-forms we recover our 
earlier result, since bo(Xu) = 1 for any compactification space X 6 . The classification of 
( 7 -form zero modes by cohomology also follows from the fact that they must be closed 
dc q — 0 (so that they have vanishing field strength, and hence internal kinetic energy), and 
gauge invariant, i.e. defined up to transformations c q ~ c q + df q _ \. The bottom line is that 
the number of 4d massless (p — < 7 )-forms arising from a lOd p-form is given by b q (Xe)- 
This will be widely used, e.g. in Sections 10.1.1 and 12.1. 

The gauge invariance of the lOd forms descends to a gauge invariance of the 4d (p — q)- 
forms; this has in fact already appeared in the study of the S 1 compactification of the 
bosonic string and the superstrings, in Sections 3.2.3 and 5.1.1. 

The number of massless fields is a topological invariant, and so the counting cannot 
change by continuous deformations of the system, like the addition of interactions which 
modify the structure of the kinetic term operators. Therefore our results using the free field 
description are valid even when the corresponding fields are interacting (as is actually the 
case in supergravity theories). 


Spinors 

A similar approach can be followed to describe the KK compactification of lOd spinors 
i/fiod- In the compactification ansatz there are components of the form 

1nad(.x M ) = X6d(x m )ir4d(^), (7.27) 

where the quantum numbers of X6d, i'Ad under the 6 d and 4d Lorentz groups follow from 
the decomposition of the 50(10) spinor representation under 50(6) x 50(1, 3), 

16= (4,2) + (4,2'), (7.28) 

where 2, 2 ' denote the left- and right-handedness under the 4d Lorentz group. The kinetic 
operator for the lOd spinor is the Dirac operator p\od , covariantized with the spin con¬ 
nection (and the gauge connection in the presence of gauge backgrounds under which the 
spinor is charged). Acting on the (4, 2) component it factorizes as p\ od = pud + pAd , so 
the number of massless 4d left-handed Weyl fermions is given by the number of solutions 
of the zero mode equation on X(, 

pK6d(x m ) = 0, (7.29) 

namely the dimension of the kernel of pud- Similarly, acting on the (4, 2'), the lOd Dirac 
operator factorizes as piod = PXd + AL’ and the number of massless 4d right-handed 
Weyl fermions is the dimension of the kernel of p ()d . For spinors neutral under any gauge 
background, the zero mode condition is a rewriting of the Killing spinor condition (7.1), 
so in CY compactifications the SU( 3) holonomy dictates the existence of one massless 4d 
fermion per lOd fermion. For spinors carrying additional (e.g. gauge) quantum numbers 
introducing new terms in the covariantized Dirac operator, there are general results relating 
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the number of zero modes to topological invariants of the configuration, see Sections 7.3 
and 7.4. One particularly important quantity is the difference, 

ind p — dim ker p — dim ker p 1 , (7.30) 

known as the index of the Dirac operator on X(,; since it counts the difference of the 
numbers of left- and right-handed 4d spinors, it computes their net chirality. Powerful 
mathematical results, known as index theorems, state under which conditions such index 
can be non-zero, and provide formulae for its computation. 

Metric 

In KK compactifications the lOd metric can produce different kinds of 4d fields: 

• The component G jLV with both indices in the 4d non-compact directions has an internal 
structure that corresponds to a scalar field in X^. The zero mode equation is thus a scalar 
Laplace equation (7.23), which has a unique solution. Therefore the lOd graviton leads 
to a unique 4d graviton. 

• The components G /lm with one 4d index and one index in X (l leads to 4d vector bosons, 
with internal structure of a vector field in X () . The condition to obtain a massless 4d 
gauge boson is that the 6 d vector is a Killing vector associated to a continuous isom¬ 
etry of X 5 . In other words, the 4d gauge group is the group of reparametrizations of 
x m leaving X(, invariant, as already appeared in S 1 compactifications in Sections 1.4.1, 
3.2.3, and 5.1.1. For the case of CY spaces (with holonomy SU(3), and not in a smaller 
subgroup), however, it can be mathematically shown that there are no continuous isome¬ 
tries, so there are no 4d gauge bosons arising from the KK compactification of the 
lOd metric. 

• The components G mn with both indices in X 6 lead to 4d scalar fields. The massless 
4d scalars correspond to moduli, whose vevs parametrize the geometry of the inter¬ 
nal space. This is the generalization of the relation between the G 99 component of the 
metric and the compactification radius in S 1 compactifications. For the case of interest 
of CY compactifications, we have already described these parameters in Section 7.2.2: 
there are h\ \ real scalars (Kahler moduli), and hi_ \ complex scalars (complex structure 
moduli). 


Gravitinos 

The KK compactification of gravitinos is closely related to the discussion of the number 
of preserved supersymmetries in Section 7.2.1. Consider the component where the vec¬ 
tor index is along the non-compact 4d dimensions, while the spinor index splits as a 6 d 
spinor times a 4d spinor; massless 4d fields from such components lead to 4d gravitinos. 
Their number provides the number of supersymmetries preserved by the compactification, 
namely the zero mode equation for the internal 6 d field is the Killing spinor equation (7.1). 
For CY threefolds, there is a single Killing spinor on X 9 , so each lOd gravitino leads to 
one 4d gravitino. 
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Finally, the components where the vector index is along X(, give rise to 4d spin 1/2 
fermions. Their internal structure is that of 6 d spinors, with an additional SO{ 6 ) vector 
index. Massless 4d fermions thus arise from zero modes of the Dirac operator p( t for 
a 6 d spinor transforming additionally in the 6 of the SO( 6 ) acting on the tangent space. 
Specializing (7.29) for this case, the zero mode equation is 

p6X6d(x m ) = 0. (7.31) 

For CY compactifications, explained later, they merely provide the superpartners of the 
Kahler and complex structure moduli. This fits the intuition that the lOd graviton and grav- 
itinos, related by lOd supersymmetry, lead upon compactification to 4d massless modes 
which are related by the 4d supersymmetry. 

It is time to put this technology to work and describe the massless spectrum of CY com¬ 
pactifications of heterotic strings. Compactifications for type II theories are studied in 
Section 10.1, and their orientifolds are discussed in Chapters 10 and 11. 


7.3 Heterotic CY compactifications: standard embedding 

We now initiate the study of compactifications of heterotic string theory on Calabi-Yau 
threefolds. They have potential phenomenological application to the construction of parti¬ 
cle physics models, as we will emphasize. Note that in the supergravity approximation, the 
SO( 32) and /ig x £g heterotic compactifications are described in a very similar formalism, 
differing only in the group theory, and the resulting 4d gauge structures; for concreteness 
we focus on the E g x Eg compactifications, which are also more often considered for string 
phenomenology. We first consider the simplest compactification ansatz for internal gauge 
backgrounds, the so-called standard embedding, leaving its generalization for later sec¬ 
tions. Also, in Chapter 8 we construct heterotic compactifications with exact worldsheet 
CFT description, including toroidal orbifolds, free fermion models, and Gepner models. 
They can be regarded as fully stringy versions of the geometric CY compactifications. 


7.3.1 The gravity multiplet and compactification moduli 

The lOd massless fields of the E g x E% heterotic theory are the lOd TV" = I gravity mul¬ 
tiplet (whose bosonic content is the metric Gmn, the 2 -form Bmn, the dilaton (p) and 
the lOd TV" = 1 vector multiplets (with bosonic content given by the gauge bosons A a M ). 
We consider the compactification of this theory on a CY threefold and for the moment 
focus on the KK reduction of the gravity multiplet. Since there is one lOd gravitino, the 
compactification leads to a 4d TV" = 1 theory; this allows for chiral representations of the 
4d gauge group, as will be explicitly discussed later on. In order to simplify the discus¬ 
sion, we carry out the KK compactification for the bosonic fields, and use the structure of 
4d TV" = 1 supermultiplets to complete the 4d massless fermion content. The supermulti- 
plets we will need are the vector and chiral multiplets, described in Section 2.1. The KK 
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compactification of the 1 Od J\f = 1 gravity multiplet is shown schematically in the table 
below: 


Het 

Gravity 

/il l Chiral 

/i 2 i Chiral 

Chiral 

G - 

8pv 

h i i Kahler 

2 / 72,1 Cmplx. Str. 


B 


B n 


B/i v 

0 






Here we denote any of the h\ \ scalars that arise from the lOd 2-form with 6 d indices 
along a harmonic (1, l)-form in X(,. Note also that we need to dualize the 4d 2-form B jlv 
into a 4d scalar in order to fill out a standard chiral multiplet, as mentioned in Section B.3, 
and described more explicitly in Section 9.1.1. The end result is the 4d Af = 1 gravity 
multiplet, and /ti,i + h 2 ,i + 1 chiral multiplets (which are neutral under the 4d gauge group 
to be discussed later). 

For future reference, we mention the higher-dimensional origin of the massless fermions 
in these chiral multiplets. Those in the 4d dilaton chiral multiplet arise from the lOd 
dilatino, through zero modes satisfying (7.29). The fermion partners of Kahler and complex 
structure moduli arise from the lOd gravitino, with the vector index along the 6 d internal 
space. Their zero modes are defined by a refined version of (7.31), in which the 6 of SO(6) 
splits as 3 + 3 under the SU( 3) holonomy group. Namely massless fields arise from zero 
modes of pi and of p^ = p ', whose multiplicities are determined by the CY Hodge 
numbers: 


dimker pi = /i u (X 6 ), dimker p\ = h 2 , i(X 6 ), (7.33) 


as indeed required to complete the above chiral multiplets. 


7.3.2 The vector multiplets: standard embedding 

The discussion of the KK compactification of the lOd JV = 1 vector multiplets requires 
taking into account an important ingredient in heterotic compactification on CY manifolds. 
In addition to the introduction of a non-trivial background for the internal components of 
the metric G mn , the theory requires the introduction of a non-trivial background for the 
internal components of the lOd gauge fields A" . This does not modify the KK reduction of 
the lOd gravity multiplet (since it is neutral under the lOd gauge group) but modifies that 
of the lOd vector multiplets. 

The presence of such backgrounds is compatible with 4d Poincare invariance, since only 
internal 6 d components of the gauge fields are turned on. Also, they can be made com¬ 
patible with 4d Af = 1 supersymmetry, see later. However, the important point is that such 
backgrounds are required for consistency of the compactification. Recall from Section 4.3.4 
that the lOd effective action for heterotic theories implies the modified Bianchi identity 
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(4.87) for B 2 , which for the Eg x £g theory reads 



(7.34) 


where F, F', and R are the two Eg gauge field strengths and the curvature 2-forms, respec¬ 
tively, see Section B.3. Since the left-hand side is an exact form in cohomology, so must 
the right-hand side. This requires to turn on non-trivial gauge field backgrounds satisfying 
the relation of cohomology classes 


[tr F 2 ] + [tr F' 2 ] = [trR 2 ]. 


(7.35) 


Note that in toroidal compactifications, the geometric curvature vanishes R = 0, and it 
is consistent to consider gauge backgrounds with zero field strength F = F' = 0, as in 
Section 5.2. Incidentally, the topological consistency condition for heterotic compactifica¬ 
tions, and its derivation, is very analogous to the RR tadpole cancellation conditions for 
type II orientifolds in Chapters 10 and 11. 

The upshot is that consistent heterotic CY compactifications require a non-trivial inter¬ 
nal gauge background for (some of the) lOd gauge fields. In general, these lie inside a 
subgroup H of the lOd gauge group G — Eg x Eg. We momentarily focus on a simple 
choice suggested by the structure of (7.35), and take the gauge field strength to be locally 
identical to the curvature 2-form, namely F = R point-wise; more general gauge back¬ 
grounds are discussed in later sections. Models with this “standard embedding” are known 
as (2, 2) compactifications, since their worldsheet CFT contains both left and right-moving 
AT— 2 superconformal algebras, see Section E.4. Models with non-standard embedding are 
known as (0, 2) compactifications. 

In CY geometries, the metric connection, and thus the curvature, lies inside 517(3), so 
the non-trivial gauge fields in standard embedding are in an 5(7(3) subgroup of the lOd 
gauge group, in particular of one of the Eg factors. The group Eg has a maximal subgroup 
x 5(7(3), under which the adjoint decomposes as 


Eg E 6 x 5(7(3), 

248 -* (78,1) + (1,8) + (27,3) + (27,3). 


(7.36) 


The standard embedding turns on a gauge field background in this 5(7(3) factor. The 4d 
massless spectrum can be described as follows: 

• There are vector multiplets of E(, x Eg. The 4d gauge bosons arise from the KK reduc¬ 
tion of lOd gauge bosons transforming as singlets under 5(7(3), and are associated to 
a constant 6d scalar zero mode, determined by a Laplace equation. The gauginos arise 
from the KK reduction of lOd gauginos transforming as singlets under 5(7(3), and are 
associated to the unique zero mode satisfying the Dirac equation (7.29) for a neutral 
6 d spinor. The gauge group £7, x Eg can heuristically be understood from arguments 
similar to Wilson line gauge symmetry breaking in page 143. Incidentally, we note that 
lOd gauge bosons singlets under 5(7(3) cannot lead to massless scalars, since this would 
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require aligning their Lorentz index along a harmonic 1-form in X 6 , and this is not 
possible because b\ (Xg) = 0 for CY spaces. 

• In addition, there are matter chiral multiplets transforming in the 27 and 27 of E(,. 
Fermions in the 27 arise from lOd gauginos transforming in the 3 of SU(3), with 6 d 
profile given by zero modes of the Dirac operator p 3. Similarly fermions in the 27 arise 
from zero modes of p 3 = p 3 . Since the gauge field strength is identified with the 
metric curvature, the zero mode multiplicities are identical to those in (7.33); thus the 
number of 4d Af — 1 chiral multiplets in the 27, 27 are given by 

n 27 = ^l,l(Xg), «27 = ^2,1 (Xg). (7.37) 

The scalars in these chiral multiplets arise from components of the lOd gauge bosons 
with their polarization along internal directions of X 6 . Mathematically these can be 
described as 1-forms transforming in the representations 3, 3 under the SU( 3) gauge 
backgrounds, see Section B. 1. Their zero modes are classified by the cohomology groups 
Z / 1 (X 6 , V), // 1 (Xg, V*), where V, V* denote the vector spaces of the 3, 3, respectively; 
these groups can indeed be shown to have dimensions /tpi (Xg), hj, 1 (Xg), as required to 
complete the supermultiplets. 

• Finally, there are also 4d massless singlet chiral multiplets, which are thus less relevant 
but which we discuss for completeness. Their fermions arise from lOd gauginos trans¬ 
forming in the 8 , and correspond to zero modes of the Dirac operator ps- Their scalars 
arise from lOd gauge bosons with internal Lorentz index, and transforming in the 8 
of 5(7(3). These zero modes (and hence the singlet chiral multiplets) are mathemati¬ 
cally classified by the cohomology group H l (Xg, End(V)), where End(V) describes 
the vector space of the 8 - formally regarded as “endomorphisms” acting on the vector 
space V of the 3 i.e. as 3 x 3 matrices - since 3 0 3= 8 (© 1 ). Although computable 
in explicit examples, the number of singlets cannot be expressed in terms of Hodge 
numbers of Xg. These singlets are usually denoted vector bundle moduli, since their 
vevs describe continuous parameters of the choice of gauge field background, keeping 
it in SU(3). 


7.3.3 Phenomenological application: E g GUTs and discrete Wilson lines 

The basic structure of the resulting spectrum is relatively close to a model of particle 
physics, as follows. The 4d gauge group Eg is a possible GUT extension of the Standard 
Model, as reviewed in Section 1.2.4. The unbroken group Z ?8 is completely decoupled, and 
may play as a hidden sector possibly triggering supersymmetry breaking by gaugino con¬ 
densation, see Section 15.2. The net number of families (not considering non-chiral pairs 
27 + 27) is given by the index (7.30) of pi, specifically 

1*27-*2fl = l*l,l(X6) — *2,t(Xg)| = i]/(Xg)|, (7.38) 

where / (Xg) is the Euler characteristic (7.6). Non-chiral 27 + 27 pairs may in principle get 
large masses after further gauge and supersymmetry breaking and hence one expects that 
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they can easily disappear from the massless spectrum. In addition, there are a number of 
singlets corresponding to (complex structure and Kahler) moduli of the compactification 
manifold and to vector bundle moduli. 

Discrete Wilson lines and gauge symmetry breaking 
Although the model has a GUT-like gauge group, it does not contain the GUT-Higgs adjoint 
multiplets necessary to break it to the Standard Model gauge group. In contrast with field 
theory, string theory is a rigid structure and we cannot choose to introduce this multi- 
plet by hand. In fact, even modifying the compactification ansatz, the possibilities to get 
the required adjoint representations are severely limited in string theory, see Sections 9.8 
and 17.1.2. However, for non-simply connected CY spaces (i.e. with II i (X(,) ^ 1, see 
Section B.4), there exists the interesting alternative of breaking the E(, group by turn¬ 
ing on non-trivial Wilson lines, bringing it closer to the SM gauge group. These Wilson 
lines are analogous to those in toroidal compactifications in Section 5.2.2, but differ in not 
being associated to continuous parameters, since CY manifolds have b\ (X6) = 0 and there 
are no Wilson line moduli. Rather they are discrete Wilson lines, defined by a discrete set 
of gauge transformations along the non-trivial homotopy cycles in ni(X6). CY manifolds 
constructed using the techniques in Section 7.2.3 tend to be simply connected, but an easy 
way to construct CY spaces with non-trivial II i (X<y) = G is to quotient a (simply con¬ 
nected) CY X(, by a freely acting symmetry G, i.e. with no fixed points, as in the Tian-Yau 
example (7.20). This moreover leads to a potentially interesting reduction of the number 
of generations, since y (Xf,) = x(X( l )/\G\, with |G| the number of elements of G. 

Let y ? denote the non-trivial homotopy cycle associated to an element g e G. The dis¬ 
crete Wilson line is an internal gauge background A " with vanishing field strength F mn = 
0, hence still preserving supersymmetry and the standard embedding condition. Its effect 
is encoded in the gauge invariant Wilson line operator 

U Yg = P exp fi £ A a m T a dx ,n ) , (7.39) 

where T a are the gauge generators. Any field (f> (x) defined on the quotient CY X6 suffers a 
gauge transformation upon moving around y g , inherited from the symmetry action on the 
covering CY space X6 

<p{x) = U Yg <f>(.gx). (7.40) 

Fields in the quotient are obtained by imposing invariance under the simultaneous action 
of the geometric symmetry G and its gauge embedding G generated by the U Y elements. 
The 4d gauge fields have a constant internal zero mode profile and are invariant under the 
G action, so they must be invariant under the G group to remain massless. The 4d gauge 
group is thus the subgroup of E(, commuting with the Wilson lines U Y . At the group theory 
level, the effect is thus similar to that of an adjoint Higgs scalar vev. 

To explore the possible structures of the unbroken gauge group, let us consider for nota- 
tional purposes the SU( 3) c x SU(J) /, x SU(3)r maximal subgroup of E6 , mentioned in 
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Section 1.2.4, and for simplicity focus on G = Z#, with generator y. Then the most 
general form for U Y commuting with the SM gauge group is 

U Y = (l 3 ) c ® diag (a, a, a~ 2 ) L <g> diag (y6, p, S) R , (7.41) 

where the three matrices act on the three SU(3) factors respectively, and a N — ji N — p N = 
S N = 1, ySp<5 = 1. For a ^ a~ 2 and /3, p, 8 all different (and N > 6), the unbroken group is 
SU(3) C x SU(2 )/ x U (l) 3 , whereas larger non-abelian groups may be obtained for some 
of these phases being equal or N < 6. For abelian G the rank of the gauge group cannot be 
reduced, since the corresponding U Yg are all commuting and can be diagonalized simul¬ 
taneously. However, there exist some examples of CY spaces with a non-abelian F1 i(X 6), 
which in principle allow for rank reduction through Wilson lines, although phenomenolog¬ 
ically interesting examples have not been worked out. 

Discrete Wilson lines and doublet-triplet splitting 

The addition of Wilson lines may have another interesting application related to the 
doublet-triplet splitting problem, mentioned in Section 2.6.2. Wilson lines do not mod¬ 
ify the standard embedding condition, and hence cannot change the net number of chiral 
fermions, still given by / (Xg)/2. However, they can easily modify the non-chiral content 
included in pairs (27+27). For illustration consider a compactification with n j (X () ) = Z,y 
with N > 4, and with generator embedded as a Wilson line (7.41) of the form 

Uy = (l3)c ® diag (a, a, u~ 2 )l <S> diag (a, a, oi~ 2 )r. (7.42) 

The unbroken gauge group is SU(3) C x SU(2)y x SU(2)r x f/(l) 2 . Consider now a 27 
in the massless spectrum, whose decomposition under the SU( 3) 3 subgroup is (3, 3,1) + 
(3,1, 3) + (1, 3, 3), which may be written as matrices 



( Ml 

M2 

M3 ^ 


( u\ 

u 2 

“3 ^ 


(H° u 

Hi 

e N 

Ql = 

d\ 

di 

<7.3 

, Qr = 

d{ 


d c 3 

, L = 

Hu 

H° d 



Ui 

d 2 

£>3 ) 



Dl 

D C J 


V e + 

VR 

N ) 


(7.43) 

Assuming for illustrative purposes that it is invariant under the geometric action G, it is 
easy to check that the only fields invariant under U y , are the EW Higgs doublets H u d\ 
these are thus the only fields remaining in the massless spectrum. In particular their color 
triplets partners, which would mediate dangerous proton decay, are absent, i.e. get a large 
mass (of order the compactification scale) from the Wilson line. Incidentally, since the net 
number of chiral fermions cannot change, there should be an extra set of Higgs doublets 
from one of the 27s. 

Discrete Wilson lines thus provide a nice mechanism to split the doublets from the 
triplets. Its implementation in standard embedding compactifications does not lead to fully 
satisfactory E(, GUTs, since there are colored E(, partners of the SM families (of D, D c 
type) which remain massless even after the introduction of Wilson lines. On the other 
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hand, the introduction of discrete Wilson lines is a very general possibility, which may be 
implemented in non-standard embedding compactifications, as described in Section 7.4, 
leading to more satisfactory models. Discrete Wilson lines play also an important role in 
the construction of the toroidal orbifold models, see Section 8.3. 

A 3-generation example from the Tian—Yau manifold 
Consider the heterotic compactification on the Tian-Yau manifold constructed in Sec¬ 
tion 7.2.3, which has / (Xf,) = — 6, (h 21 , h n) = (9, 6), and hence produces three net If, 
generations and six vector-like (27 + 27) pairs. Its construction as a quotient by the freely 
acting Z 3 symmetry (7.20) implies that Ili(X 6 ) = Z 3 , and we may introduce a Z 3 discrete 
Wilson line. Consider the choice 

U y = (l3) c ® («1 3 )l ® (al 3 )fl- (7-44) 

The unbroken gauge group is SU(3) C xSU(3)l x SU(3) r. incidentally the smallest possible 
with a Z 3 symmetry. The computation of the massless matter fields surviving the Wilson 
line projection requires the information of the transformation properties of the original 27s 
and 27s under the geometric Z 3 symmetry. This can be determined from their relation to the 
cohomology classes of the CY, e.g. the transformation properties of the monomials (7.19) 
associated to complex structure deformations. We skip this computation and the subsequent 
Wilson line projection, and simply quote the resulting massless spectrum, which in the 
notation in (7.43) reads 

3 Ql +3Q r + 3L + 4 (Q l + Ql) + 4 (Q r +~Qr) + 6 (L + L). (7.45) 

Note that the number of vector-like exotics has been substantially reduced. 

Further reduction of the gauge group to the SM can be carried out by taking suitable 
D-flat directions in the 4d effective theory, giving vevs to SM singlet scalars transforming 
like vr. Skipping this analysis, we simply mention that two stages of symmetry break¬ 
ing, assumed close to the string scale, can break SU(3) 3 down to the SM group and give 
large masses to all unwanted colored particles through Yukawa couplings. The final light 
spectrum is that of the MSSM, plus some additional extra vector-like charged and neutral 
leptons. A potential shortcoming of this class of symmetry breaking process is the diffi¬ 
culty to explain the absence of dimension-4 B and L violating operators, which generically 
appear once fields with quantum numbers of a vr scalar get vevs. This is a rather generic 
problem in many heterotic string constructions. 

This 3-generation model was historically the first to be constructed and analyzed, and 
nicely illustrates the construction of SM-like particle physics models from (2, 2) heterotic 
string compactifications. There are other CY spaces with |x(Xg)| = 6 , which have been 
constructed more recently, but whose heterotic model building phenomenology has not 
been explored. Although most of them have a large number of vector-like (27 + 27) 
pairs, making such analysis difficult, there is one example with {hip, hip) = (1,4). It 
is obtained as a quotient of a CY manifold defined by five monomial equations in (CP 2 ) 4 , 
and has {hip, hip) = ( 8 , 44). 
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7.4 Heterotic CY compactifications: non-standard embedding 


It is possible to relax the compactification ansatz beyond the standard embedding, so that 
the starting 4d gauge group (before turning on Wilson lines) is already closer to the Stan¬ 
dard Model; this provides a more flexible model building avenue. As mentioned above, 
these non-standard embedding models are also known as (0, 2) compactifications. 


7.4.1 Generalities 


The strategy is simply to choose a gauge background which lies in a larger subgroup H of 
E% x E8 , so that the 4d gauge group is smaller. The gauge background is constrained in 
order to preserve 4d Af = 1 supersymmetry, as described later on. 

Let us consider the computation of the 4d massless spectrum. Clearly, the KK compacti¬ 
fication of the lOd gravity multiplet is unchanged, and leads to the 4d gravity multiplet plus 
the dilaton, complex structure and Kahler moduli chiral multiplets. The KK compactifica¬ 
tion of the lOd vector multiplets is a simple generalization of the standard embedding case, 
with differences on group theoretical decompositions, and thus in the topological invari¬ 
ants counting the numbers of zero modes. Consider for simplicity the gauge background 
in a subgroup El of so that the second factor can be ignored. Let us denote G^d 
the 4d gauge group i.e. the commutant of H in £g, and consider the decomposition of the 
£78 adjoint 



248 -* (1, adjG^) + Rc.k) + (adj//, 1), (7.46) 


k 


where adj denotes the adjoint representation. For instance, for H = SU(4 ) we have G 4,1 = 
SG(10), and for H = .S'1/(5) we have G 44 — SU(5). As in the standard embedding case, 
the 4d gauge bosons and gauginos arise from the lOd vector multiplets transforming as 
singlets under H, and their 6d zero modes are the unique solutions to the Laplace and 
Dirac equations for neutral fields on X(,, respectively. 

Charged matter chiral multiplets in the representation Rc.it of G^d arise from the KK 
compactification of lOd gauge fields (with Lorentz index along X(,) and lOd gauginos 
transforming in the non-trivial representation Rn.k of H. The number of 4d scalars is 
given by the dimension of the cohomology group H l (Xg, Vr n k ), while the number of 4d 
fermions is the dimension of the kernel of the Dirac operator pR H k ; these are topolog¬ 
ical invariants of the configuration (i.e. X6 and the gauge background), which are equal 
for supersymmetry preserving backgrounds, but for which no closed expression exists in 
general. A more manageable yet interesting quantity is the net number of chiral multiplets 
in the representation Rg,£, given by the index (7.30) of pR H k 



(7.47) 
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where the last equality is the mathematical result known as the index theorem. In the last 
expression wedge products are implicit, the exponential is defined by formal Taylor expan¬ 
sion as in the Chern classes in Section B.3, A is the A-roof polynomial already appeared 
in a different context below (6.15), and integration over X6 picks the 6-form term in the 
expansion. These indices are non-zero in general, so the resulting spectrum is generically 
chiral. It is possible to use the above formula (and anomaly polynomials) to show that cubic 
non-abelian chiral anomalies cancel automatically, upon using (7.35). 

Finally, uncharged chiral multiplets, i.e. vector bundle moduli, arise from lOd gauge 
fields and gauginos transforming as adj H, whose discussion we skip. 

In order to provide explicit examples of this construction, one needs to take into account 
the requirement to preserve 4d Af = 1 supersymmetry. This imposes a set of conditions on 
the gauge background, the so-called Hermite-Yang-Mills equations 

(a) Fjj = 0; Fjj — 0; (b) g iJ F ij =0. (7.48) 

From the perspective of the 4d effective action, these correspond to vanishing of F- and D- 
term contributions to the scalar potential, in the language of Chapter 2. Note that these are 
automatically satisfied in the standard embedding ansatz F mn — R mn ; the first equation is 
satisfied since the curvature is a (1, l)-form, while the second follows from the vanishing of 
the first Chern class. For future comparison with similar conditions in type IIB orientifolds 
in Sections 11.4.2 and 11.4.3, we recast (7.48) in differential form language as 

(a) F 2 , o = Fq 2 = 0; (b) F A J A J = 0, (7.49) 

where Fjfi, To ,2 are the (2, 0), (0, 2) components of the field strength 2-form. Also, we 
have used gj ~ J A /, which follows from (7.7). 

In analogy with the Af — 1 supersymmetry conditions for the metric, these equations are 
difficult to solve explicitly. Fortunately, there is also a theorem (by Donaldson (1985) and 
Uhlenbeck and Yau (1986)) which guarantees the existence of a solution for these equa¬ 
tions for gauge backgrounds satisfying two (almost topological) conditions. A detailed dis¬ 
cussion of the conditions is beyond our scope, and we merely quote them for completeness: 


• The complexified gauge bundle is holomorphic. This is equivalent to (7.49a). 

• For such a holomorphic gauge bundle V, a solution to (7.49b) exists if the bundle sat¬ 
isfies a so-called stability condition. Mathematically, the stability condition is that the 
slope of the bundle, defined as 


n(Y) = 


/ Xfi J A J A F 

rank(V) 


(7.50) 


is smaller than the slope of any sub-bundle, > fi(V) for any sub-bundle V’ 

(roughly speaking, for any gauge background in a subgroup of the structure group of V). 
Physically, it means that the gauge background does not split dynamically into lower- 
energy gauge configurations, corresponding to the sub-bundles. 
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The classification or even the construction of stable holomorphic bundles over 
Calabi-Yau manifold is a developing field in mathematics, with partial results which have 
already been applied to the physics of heterotic string compactifications. Although these 
techniques are beyond our scope, in the next section we sketch a couple of examples to 
give a flavour of the main ingredients. Note also that giving vevs to 27 + 27 pairs along 
true F- and D-flat directions in (2, 2) models, leads also to (0, 2) vacua; thus some classes 
of (0, 2) models may be understood as deformations of (2, 2) compactifications. 


7.4.2 Examples* 

An SO(lO)-based example 

This example is based on a CY manifold X6, described mathematically as a double elliptic 
fibration over CPi. In other words, it is obtained by erecting the product of two T 2 ’s at each 
point in a base CPi, with complex structure parameters varying holomorphically along this 
base. More explicitly, it is defined by the equations 

y 2 = * 3 + fa (z)x + gfaz), 

y' 2 = x' 3 + + g' 4 (z), (7.51) 

where z is an affine coordinate in CPi and the subindices denote the degree of the cor¬ 
responding polynomial. In the language of toric geometry of Section 7.2.3, it can be 
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where fa, f2 are related to the two equations in (7.51). Here [z, z'] are homogeneous 
coordinates in the CPj base, and in a local patch z! can be eliminated using (C *)3 to 
set z! = 1. The coordinates (x, y, u) and (x', y' , u') describe the two T 2 fibers, and we can 
set u = u' = 1 using (C*)i and (C *)2 to recover (7.51). 

We consider the locus in which X6 admits a Z3 x Z3 symmetry generated by 
(z,x,y,x',y') -> (a 2 z, ax, y, x', y') and (z, x, y, x', y') -* (a 2 z, x, y, ax', /), with 
a = e 2jr '/ 3 , by suitably restricting the defining polynomials fa, g(,, fa, The Z3 x Z3 
acts by shifts in the T 2 fibers, and so is freely acting. The quotient X& = Xg/(Z3 x Z3) is 
a smooth CY, with H1 (Xg) = Z3 x Z3, later used to introduce discrete Wilson lines. The 
numbers of geometric moduli of X6 can be computed to be (hy y, hj. 1 ) = (3, 3). 

We continue the discussion in terms of the covering space Xf,. The gauge background 
on one is associated to a bundle V, with structure group SU( 4), so that G 4 d = 50(10) 
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in the absence of Wilson lines, and we may use the GUT language of Section 1.2.3 at this 
intermediate stage of the construction. Using the decomposition 

£g -» SU( 4) x 50(10), 

248 (1,45) +(4, 16) + (4,16) + ( 6 ,10) + (15,1), (7.52) 

and recalling the previous section, the number of 4d massless 50(10) families 16, conju¬ 
gate families 16, Higgses 10, and vector bundle moduli are 

7716 = dim H l (X, V), n jg = dim V*), 

/ 7 iq = dim H ^(X 6 , A 2 F), n\ — dim/Z^Xg, End(F)), (7.53) 

where V, V*, A 2 V, End(V) denote the vector spaces of the 4, 4, 6 , and 15 of SU(4j. 

This matter content is modified by the introduction of non-trivial Wilson lines. As in 
Section 7.3.3, we introduce Wilson lines along the non-trivial 1-cycles y g , y/ 7 , associated 
to the generators g, h of ni(X) = Z 3 x Z 3 , embedded into the Cartan subgroup U (l ) 5 C 
50(10) as 

U Yg = diag (o' 2 l 3 , 1 2 ), U Yh = a 2 l 5 . (7.54) 

They lead to the breaking 

50(10) -A 50(5) -X- 50(3) x 50(2) x 0(l)y x (7.55) 

For the matter multiplets, surviving 4d states must be invariant under the combined Wilson 
line plus geometric action of Z 3 x Z 3 . Working out the group theory, the Wilson line phases 
picked up by fields in the original 50(10) multiplets are 

16 [(3, 2; 1, l) a a2 + (3,1; -4, -l) a 2,„ 2 + (1,1; 6 , 3)j „ 2 ] 

+ [(3,1; 2, -l) oM + (1, 2; -3, -3) u ] + (1,1; 0, 3)i, a , 

10 -> [(3,1; -2, - 2 )„ 2 V + (1, 2; 3, 0) lV ] + c.c., (7.56) 

where the entries in parentheses denote the representations and charges under the gauge 
group (7.55) and subindices denote the phases under U Yg , U Yh . The computation of the 
geometric action requires the detailed construction of the gauge bundles, and information 
of the Z 3 x Z 3 action on the corresponding cohomology groups. Referring to the literature 
for the details, we simply quote the existence of a stable holomorphic 51/(4) bundle with 

dim//'(X 6 , V) = 27, dimZ/^Xe, V*) = 0, dimH l (X 6 , A 2 V) = 4, (7.57) 

and with the corresponding harmonic forms having g, h eigenvalues 

R g.H l (V) = 13 < 8 >diag(l, 1, l, a, a, a, a 2 , a 2 , a 2 ), R g H i {A 2 V) = diag(l, l, a, a 2 ), 

R h.H l (V) = 13 ® diag(l, a, a 2 , 1, a, a 2 , 1, a, a 2 ), R h H i (A 2 V) = diag(a, a 2 , a 2 , a). 

(7.58) 

The massless spectrum is given by the states invariant under the combined Z 3 x Z 3 actions 
in (7.56), (7.58). As the reader can check, it is given by three quark and lepton generations 
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(including right-handed neutrinos), and one Higgs doublet pair. The complete definition 
of the heterotic compactification actually requires specifying the gauge background on the 
second Zsg, such that the consistency condition (7.35) is satisfied. Since these additional 
choices do not modify the structure of the visible sector, we skip their discussion, and 
rather turn to some phenomenological properties of the above MSSM-like sector. 

The gauge group is 5(7(3) x SU(2) / x Ui\)y x U(I)b-l and there are three families 
of SM quarks and leptons (plus right-handed neutrinos), and one pair of Higgs doublets. 
In addition, there are 13 vector bundle moduli. The massless spectrum is relatively simple 
compared to other heterotic constructions like the orbifolds or fermionic models in the next 
chapter. In particular there are no massless exotic fractionally charged states, which often 
appear in other heterotic string constructions. Since the only SM singlets charged under 
U(\)b-l are the vr sneutrinos, they must acquire vevs to break the U{\)b-l symmetry, 
leading to R-parity violation. In order to avoid the generation of large R-parity B/L- 
violating dimension-4 couplings, the U (1 )b-l breaking should occur not much above the 
EW scale. Finally, in this particular model the leading Yukawa couplings can be shown to 
yield one massless generation and two generations with EW scale masses. 

SU(5)-based examples 

Another class of models is based on a quotient of the CY X6 in (7.51) by a freely acting 
2,2 symmetry. Introducing an SU( 5) bundle, the decomposition 

£ 8 -* SU( 5) x 517(5), 

248 (24,1) + (5,10) + (5,10) + (10,5) + (10, 5) + (1, 24), (7.59) 

shows that, before Wilson lines, the 4d gauge group is 5(7(5) and there are matter multi- 
plets in representations 5, 5, 10, 10, with multiplicities computed by suitable cohomology 
groups. The introduction of Zt Wilson lines can break the group down to the SM 5(7(3) x 
5(7(2) x (7(l)y. There exist models leading to three quark-lepton families, plus a vary¬ 
ing number of Higgs doublet pairs. Models based in 5(7(5) have the generic problem that 
it is difficult to ensure the absence of /i/T-violating dimension-4 Yukawa couplings. The 
most explored example in this class has the nice feature of not producing such R-parity 
violating couplings, but also the drawback of yielding D-quarks and leptons massless at 
leading order. 


7.4.3 Models with U( 1) bundles 

In the previous discussions we have taken the internal gauge background to lie in a simple 
subgroup of the lOd gauge group. The extension to semi-simple subgroups is straightfor¬ 
ward. A more non-trivial generalization is the inclusion of non-trivial gauge backgrounds 
on (7(1) subgroups, referred to as (7(1) bundles. They lead to a more general class of 
constructions, with novel properties; for instance, they can lead to 4d (7(1) gauge factors 
without the use of CY spaces with non-trivial n i (X6) to support Wilson lines. 
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One relevant comment in this respect is the following. A natural suggestion to reproduce 
the structure of the SM is to consider gauge backgrounds on 5(7(5) x U (1) r. Here the 
first SU( 5) gauge background leads to the breaking Eg -» 5 (7(5) gut > and the (7 (1) y 
background is along the hypercharge generator in 5(7(5 )gut , thus breaking the group 
down to 5(7(3) x 5(7(2) x (7(l)y. However, in such a construction the hypercharge gauge 
boson becomes massive due to the lOd gauge Chern-Simons described in Section 4.3.4. 
Indeed, the 2-form kinetic term (4.84) produces upon compactification a 4d term with the 
structure 

\Hy\ —> ^9/i B mn — — B mn — , (7.60) 

where the superindex Y stands for the hypercharge generator. For a non-vanishing hyper¬ 
charge flux Fjj f 0, the cross term in this expression corresponds to a Stiickelberg mass 
term (see Section 9.5.2) for the hypercharge gauge boson. It becomes massive, by swal¬ 
lowing a combination of the scalars If -, which lie in Kahler moduli, recall (7.32). Hence 
the suggestion is not phenomenologically viable in the heterotic setup. It will however be 
revisited in F-theory model building in Section 11.5.3. 

Nevertheless, heterotic compactifications with (7(1) bundles display several interesting 
features, in particular concerning cancellation of (multiple) (7(1) mixed anomalies, by a 
4d version of the Green-Schwarz mechanism, and the generation of (7(1) masses (both 
for anomalous and non-anomalous (7(l)’s). However, their study is very analogous to the 
magnetized D-brane models in Section 11.4, as expected from heterotic-type I duality, and 
we skip their detailed discussion. 


7.5 CY compactifications of Horava-Witten theory 

As described in Section 6.3.6 the lOd Eg x Eg heterotic theory can be realized as Horava- 
Witten theory, 1 Id M-theory on the interval I = S 1 /Z 2 . In the large interval radius regime, 
the configuration describes the strong coupling regime of the heterotic theory, in terms of 
lid supergravity on M 10 x I, coupled to I Od J\f = 1 vector multiplets on the boundaries. 
In this section we explore the CY compactification of this theory. 


7.5.1 Strong coupling description of heterotic CY compactification 

We consider 11 d supergravity on M 4 x Xg x I, coupled to the boundary Eg vector multiplets 
propagating on M 4 x X 6 , in the presence of non-trivial gauge backgrounds in subgroups 
Hi, H 2 of the corresponding Eg’s, see Figure 7.4; these compactifications are known as 
Horava-Witten compactifications or heterotic M-theory models. Many of its properties are 
identical to the corresponding heterotic CY compactification, for instance the consistency 
condition (7.35), or the computation of the 4d massless spectrum. Therefore, any smooth 
CY compactification of the Eg x Eg heterotic theory can be automatically lifted to a smooth 
CY compactification of Horava-Witten theory. The system provides a particular realization 
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i=s Vz 2 



Figure 7.4 Compactification of Horava-Witten theory on a CY manifold Xg. The figure also depicts 
the possibility of introducing M5-branes wrapped on holomorphic 2-cycles E; and located at points 
in the interval. 

of the brane-world scenario introduced in Section 1.4.2. Some aspects of the effective 
action are discussed in Section 9.2, and some implications for gauge coupling unification 
are reviewed in Section 16.1.1. 

There is, however, a novel feature arising in this lid lift. From Section 6.3.6, the het¬ 
erotic 2-form Bi and its field strength Hr, are lifted to the M-theory 3-form C 3 and its 
field strength G 4 . Since the Bianchi identity (7.34) for Hj is related to the Green-Schwarz 
cancellation of anomalies from the vector multiplets, localization of the latter at the 
boundaries leads to localized contributions to the Bianchi identify for G 4 in the 1 Id picture. 
Namely 

(^^lmnpio — (-Q^lmnp^( x ) ~ ( 64 )lmnp^( x ~ tc R)’ (7.61) 
where the relative minus sign arises from the boundary orientations in the lid picture, and 

04 = tr F 2 - \r R 2 , Q' A = tr F' 2 - * tr R 2 . (7.62) 

In general it is not possible to have trF 2 = (1 /2)tr R 2 locally, due to quantization of the 
Chern and Pontryagin classes, see Section B.3. Consequently, the G 4 background neces¬ 
sarily varies along the interval. Although a detailed study of the complete supergravity 
background is beyond our scope, we explain an interesting effect. Since the flux G 4 gravi¬ 
tates, it induces a variation of the CY metric along x 10 , which can be averaged as a variation 
of the Kahler moduli t a in (7.8), sourced by the 4-forms (7.62). At leading order this is 
governed by a Laplace equation, 

d 2 xl0 t a - eslPMx 10 ) + P' a S(x W - */?)], 


(7.63) 
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with the expansion parameter, and coefficients 



where p, v are the interval length and CY volume, and /3 a = —fi' a due to (7.35). The 
solutions are linear t a (y) ~ t a ( 0) + €sf5 a \y\- Restricting to the overall CY size modulus 
t, we obtain a linear variation with slope with fi = f x ^ Qy A J. This leads to a 
modification of the gauge kinetic functions, involving the Kahler moduli, as we describe 
in Section 9.2. 


7.5.2 Models with fivebranes* 


Given the interesting dynamics of the heterotic 2-form Z ?2 (or its Horava-Witten lift) it is 
worthwhile to explore a further generalization of its Bianchi identity. This corresponds to 
the introduction of NS5-branes, described in Section 6.2 as non-perturbative states with 
(5+1) extended dimensions, coupling magnetically to Z? 2 - They can be introduced in 
heterotic CY compactifications, preserving 4d Poincare invariance, by letting them span 
M 4 x E, where E is a non-trivial homology 2-cycle in X(,, which must be holomorphic 
for the NS5-brane to preserve supersymmetry. In a configuration with N a NS5-branes on 
2-cycles E a , (7.34) is modified to 



(7.65) 


a 


(and similarly for the SO( 32) heterotic case). Here <$ 4 (E a ) is the Poincare dual of the 
2-cycle E,, (see Section B.l), namely a delta 4-form supported on E a and with legs in 
the CY directions transverse to it. Incidentally, note that a NS5-brane on a 2-cycle con¬ 
tributes as a gauge instanton background (on the dual 4-cycle), see Section 13.1. In fact a 
NS5-brane can be regarded as a gauge instanton in the zero size limit, sometimes denoted 
“small instanton,” which can in fact continuously turn into a semiclassical gauge instanton 
background. 

Since NS5-branes are non-perturbative, and the effective string coupling diverges at their 
core, it is more natural to describe these configurations in the strong coupling dual theory. 
For the SO( 32) heterotic, this corresponds to type I compactifications with D5-branes, thus 
closely related to Chapter 11. For the Eg x Eg heterotic, this corresponds to compacti- 
fication of Horava-Witten theory, with M5-branes wrapped on the CY 2-cycles E a , and 
localized at points in the M-theory interval. The M5-branes need not be located on the 
interval boundaries, rather can be positioned at arbitrary points y a (with image M5-branes 
at —y a as required by the Z 2 symmetry). Lack of a proper microscopic description of M5- 
branes has relegated their role to just an extra ingredient to satisfy the consistency condition 
of the compactification. From (7.65) we can derive the generalization of (7.35) 


[tr F 2 ] + (tr F' 1 } - [trR 2 ] + £ YJEJ = 0, 


a 


(7.66) 
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where the factor of 8 it 2 has been rescaled into the gauge and gravitational curvature terms, 
making them integer-valued cohomology classes, see Section B.3. The presence of the 
M5-branes backreacts on the CY metric leading to a piecewise linear evolution of the CY 
Kahler moduli along x 10 , with slope changing in crossing the M5-brane locations, see the 
references for details. 
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Heterotic string orbifolds and other exact 
CFT constructions 


In Chapter 7 we have studied the construction of 4d J\f = 1 heterotic string vacua by com- 
pactification on smooth CY manifolds. The analysis of such compactifications is however 
limited because their worldsheet theory is not exactly solvable. Therefore, we must rely on 
the Kaluza-Klein reduction of the lOd supergravity action, which provides a good approx¬ 
imation to the 4d physics only in the large volume regime. In this chapter we study 4d 
Af= 1 heterotic string vacua obtained from toroidal orbifold compactifications and other 
exact CFT constructions, which overcome this limitation. These are simple c/-exact com¬ 
pactifications, which share many properties with more general CY compactifications (and 
in fact are often closely related to them), and which allow a very explicit construction of 
phenomenologically interesting particle physics models. We describe toroidal orbifolds, 
which provide a free CFT description of geometries which can be regarded as singular 
limits of CY spaces. We also introduce asymmetric orbifolds and free fermionic models, 
which are also described by free worldsheet CFTs but in general do not admit a geomet¬ 
ric interpretation. Finally we describe Gepner models (and orbifolds thereof), defined by 
interacting but solvable CFTs and which can often be regarded as compactifications on CY 
spaces of stringy size. We focus on the E& x E% heterotic string theory, although the basic 
rules apply in complete analogy to the S O (32) theory. 


8.1 Toroidal orbifolds 

Let us start by describing the geometry of toroidal orbifolds. The main ingredients are use¬ 
ful for heterotic string compactifications, as well as for other string theories, like type II 
orientifolds. Toroidal orbifolds are defined by quotients of tori by a discrete group of sym¬ 
metries. The resulting geometries are locally flat, except at a set of singular points, which 
can be regarded as concentrating the curvature of the compact space. These points are sin¬ 
gular from the geometrical viewpoint, but are well behaved in string theory, as described 
in coming sections. 

Let us start with a simple example, with just two real dimensions. Define a 2-torus as 
the quotient T 2 = R 2 /A 2 , where A 2 is a lattice generated by two vectors {?i, (/}. Namely, 
points in R 2 differing by a translation in A 2 are considered equivalent 
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T 2 



Figure 8.1 The 2-torus geometry as a quotient of R 2 by translations in a two-dimensional lattice. 
The identification of opposite sides in the unit cell (shaded) yields a T 2 topology. 



Figure 8.2 Geometry of a T 2 /Z 2 orbifold. The orbifold action on the T 2 acts as a rotation by n, 
and has four fixed points. Any point in the torus (light shaded rectangle) can be mapped inside the 
orbifold unit cell (dark shaded). The picture on the right shows an artistic view of the resulting space. 


x = x + «i?i + n i, tl 2 £ Z. (8.1) 

The resulting space has the topology of a 2-torus, see Figure 8.1. 

Let us now construct a Zt orbifold of this 2-torus. Introduce the operation 6 defined as a 
reflection with respect to the origin, 0(3t) = —x, and denote by P the Z 2 symmetry group 
{1,0}. The orbifold T 2 / P is defined by identification of points of T 2 related by the action 
6. The resulting geometry is flat except at points fixed under the orbifold action; there 
are four points (A, B , C, D) in T 2 fixed under 6, equivalently points in R 2 fixed under 0 
modulo translations in A 2 

xf = 0 xf + for some ml e Z. (8.2) 

a 

The four fixed points Xf have coordinates (0, 0), ( 5 , 0), (0, j) or (|, j) in the basis 
{ei, ? 2 l- The point (0, 0) is fixed already in R 2 , while the other three are fixed in T 2 but 
not in R 2 (as they require non-trivial translations, i.e. some ml ^ 0). Points in T 2 fixed 
under an orbifold action become conical singularities in the quotient space, as shown in 
Figure 8.2. The toroidal orbifold can thus be defined as a quotient of R 2 by the so-called 
“space group” S, whose elements (0 k ; u) are given by rotations in the orbifold group P 
(called the “point group”) and translations in A 2 . Although possible, we will not consider 
here cases in which the orbifold rotation is accompanied by a translation in R 2 . 

These ideas easily generalize to orbifolds of T 6 , which are suitable for string com- 
pactifications. Such orbifolds can be defined as quotients R 6 /S, where S is the orbifold 
space group, generated by translations in a six-dimensional lattice A6, and rotations in a 
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symmetry group P of Ac,; equivalently, as a quotient T 6 /P, where the T 6 is a quotient 
R 6 /A 6 . For the identification of points under the orbifold twist to be well defined, the 
point group P must act crystallographically, namely its elements 0 must be symmetries 
of the torus lattice, i.e. 0<?,- e Ac,. A simple class of orbifolds have Ag given by a rank-6 
Lie algebra root lattice, and P generated by elements of its Weyl group. For simplicity, we 
restrict our discussion to abelian orbifold groups (defining abelian toroidal orbifolds), see 
later for explicit examples. 

It is convenient to define complex coordinates for the six extra dimensions as z 1 = 
-WU 1 + ix 2 ), and similarly for z 2 , z 2 ■ The generator 0 of the Z,y orbifold group can 
be written as an S O (6) rotation 


6 = exp [27 xi (ni /12 + V 2 J 34 + V 3 / 45 )], (8.3) 

where i ( (+ | are the SO( 6 ) Cartan generators, acting as rotations on the ith complex plane. 
The above action, in terms of the complex bosonic coordinates, reads 

z‘ -> e 27 tiv 'z‘ ■ (8.4) 

The rotation must be of order N, hence Nvj e Z. Also, for 0 N to act trivially on spinors, 
we must require Nvi = even. We fix our convention for twist vectors (iq, vj , V 3 ) such 
that — 1 < Vi < 1 . 

In general, non-supersymmetric orbifolds lead to tachyons in the spectrum, localized 
at the singular points. In order to avoid such instabilities, and also for phenomenolog¬ 
ical particle physics applications, we focus on compactifications preserving 4d Af = I 
supersymmetry. Using our intuitions from CY compactifications, recall Section 7.2.1, this 
requires the holonomy group of the internal space to be in SU (3). Since the underlying T 6 
is flat, the holonomy group is precisely the point group Z,y; the supersymmetry condition 
is thus that the generator (8.3) is in SU (3) i.e. ±rq ± 1)2 ± V 3 = 0 mod 1, for some choice 
of signs. The same condition can be recovered by explicit computation of the string spec¬ 
trum, in coming sections. Without loss of generality we take the twist vectors to satisfy the 
condition with all positive signs 

vi + V2 + 173 = 0. (8.5) 


Abelian subgroups of SU (3) are of the form Zjy or Z,y x Z y/. Groups Z,y are gener¬ 
ated by an order N twist 0, so its elements are 6 k with k = 0,..., N — 1. The groups 
Z/v x Z m have two generators 6, a>, of orders N, M, with M a multiple of N\ the ele¬ 
ments have the structure 6 k co l , with k = 0,..., N — 1, Z = 0, ..., M — 1. Products of more 
Z/y’s are not contained in 577 (3) (or can be brought to the earlier forms). The structure 
of abelian orbifold twists is very constrained, and there is a finite set of twists, given in 
Table 8.1, compatible with Af = 1 SUSY, and with crystallographic symmetries of 6-tori. 
Note that the order of twists preserving precisely 4d J\f — 1 is constrained to six possi¬ 
ble values N = 3,4, 6, 7, 8, 12. For N — 2, 3, 4, 6 there are twists which lie in SU (2) and 
thus preserve an enhanced 4d Af— 2. However, they are interesting since they can appear 
as a subset of larger orbifold groups preserving only Af = 1. Note also that twists of the 
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Table 8.1 Possible abelian orbifold actions preserving 4d Af — 1 or Af — 2 
supersymmetry and acting crystallographically. We denote them by the orbifold group 
they generate, and use a prime to distinguish groups of the same order. Note, however, 
that some twists can appear as elements in a larger orbifold group 


Af = 2 

Z 2 

3(1, -1,0) 

Z 3 

3(1, -1,0) 

z 4 

1(1,-1,0) z 6 

Id--1.0) 

Af = 1 

z 3 

3(1, 1.-2) 

z 4 

*(1.1,-2) 

Z 6 

5(1.1--2) Z' 

5(1, 2, -3) 


Zy 

7(1,2, —3) 

Z 8 

g(l. 2, —3) 

Z 8 

g(l, 3, -4) 



Z 12 

n(i’ 4 > -5) 

7 ' 

^12 

13(1>5, -6) 





same order can have different geometric action on the T 6 complex coordinates, as hap¬ 
pens for N = 6, 8, 12. Finally, even for a given set of t> a ’s, the orbifold may be compatible 
with different T 6 geometries; for instance, the Z 3 orbifold action is compatible with dif¬ 
ferent 6-tori, e.g. defined by the root lattice of SU (3) 3 or that of £.>>• Some properties of 
orbifolds are independent of the underlying torus lattice, and depend only on the orbifold 
twist eigenvalues. For instance, the Hodge numbers are independent of the lattice choice 
as long as it defines a factorizable T 6 = T’xT 2 xT 2 . Other properties instead depend on 
the whole space group structure, for instance those related to the presence of Wilson lines, 
see Section 8.3, or the Hodge numbers of orbifolds with non-factorized 6-tori. 


8.2 Heterotic compactification on toroidal orbifolds 

We are now ready to describe the construction of orbifold compactifications of the heterotic 
string. However, many ideas are also useful in the construction of orbifold compactifica¬ 
tions in other string theories, like type II orientifolds. We use a Lorentz index notation 
adapted to compactification, analogous to that used in Chapter 7, with indices m, n,... = 
4,... ,9 and i, j,... = 1, ..., 3 for real and complex compact dimensions respectively, 
and use p = 2, 3 for non-compact coordinates transverse to the light-cone (or sometimes 
abusing notation, p = 0, ..., 3). 


8.2.1 Untwisted and twisted sectors 

Recall from Section 4.3 the worldsheet degrees of freedom of the heterotic string in the 
light-cone gauge, in the bosonic formulation; there are right-moving bosons and fermions 
Xft, X'ft, with p = 2, 3, m = 4,... 9, and left-moving bosons X R , X'f, X ! L , 

with I = 1,..., 16. It is convenient to combine the coordinates X m (t, a) into three com¬ 
plex bosonic coordinates Z' (1 . a) (and conjugates), and similarly right-moving fermions 
f R (t — er) are complexified into 4i' R (t — a). In compactifications on a toroidal orbifold 
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Figure 8.3 Three types of closed strings in a Zj orbifold: string 1 is closed already in R 2 , string 2 is 
a winding mode, closed in T 2 but not on R 2 : both are in the untwisted sector of the orbifold. Finally, 
string 3 is not closed in either R 2 or T 2 , but is closed in the orbifold quotient, and belongs to the 
twisted sector. Note that twisted strings must be centered around the orbifold fixed points. 


T 6 /P, the orbifold group P acts on the Z ! , as inherited from the geometric action (8.4). 
In addition, we may specify a non-trivial action on the internal coordinates X 1 , namely an 
embedding of the orbifold action in the gauge degrees of freedom. Denoting the group of 
such actions by G, we have the structure 


T 


6 

R+L 


P 


16,Het 
L _ 

G 


( 8 . 6 ) 


where Tj 6 llct denotes the internal 16d “torus.” A large class of such orbifold actions on 
the X 1 can be represented by letting the Z/y generator 0 act as a shift 


0 : X 1 -* X 1 + V 1 . 


(8.7) 


For this gauge action to represent the Z,y orbifold action, we must have 

NV e A l6d , (8.8) 

where Aim is the Eg x E$ or Spin( 32)/Z2 lattice, recall Section 4.3.2. The shift action 
can be regarded as a non-trivial gauge transformation associated to the twist, felt locally 
around the orbifold fixed point, and morally due to a gauge field strength background F“ n 
hidden at the singular points. 

The spectrum of closed strings in the resulting orbifold falls in two sectors, see 
Figure 8.3. The untwisted sector corresponds to strings which are closed already on the 
underlying torus, before the orbifold identification. Thus they behave as strings on a T 6 
compactification, which can be studied by simple generalization of Section 5.2.1. The T 6 
simply introduces the possibility of winding for worldsheet bosons, 


X m (t, cr + l) = X m (t, a) + 2 jtR m w m , no sum, 


(8.9) 
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with no sum in m, and where for simplicity we take a factorized torus. These untwisted 
strings have mode expansions as in T 6 compactification, e.g. for bosons 

X m (t, a) = Xq H- t H- — w m a + (oscillators), (8.10) 

R m p f 

where p m and w m are the quantized momentum and winding vectors, respectively. The 
left-handed internal bosonic coordinates X 1 have also the same boundary conditions as in 
the toroidally compactified case. 

There are in addition twisted sectors, corresponding to strings which are closed only 
taking into account the orbifold identification. For instance, in a 0-twisted sector, internal 
6 d bosonic coordinates have boundary conditions of the form 


X(t,a + i) = eX(t,a)+2nRw. (8.11) 

Using the complexified bosonic and fermionic fields along T 6 , and recalling the geometric 
and internal orbifold actions (8.4), (8.7), the boundary conditions in a 0-twisted sector are 

Z'(t, a + l) = e 2ltiv ‘ Z l {t, a ) + 2n R w'\ 

^‘ R (t -a -V) = ±e 2niVi 4 t‘ R {t - a), 

X I (t + a+l) = X I (t + a)+V I , (8.12) 

where w' represents a complexified winding vector, and the — /+ sign for fermions cor¬ 
responds to NS/R boundary conditions. The boundary conditions for Z' are incompatible 
with momentum and winding contributions, and give a mode expansion 


Z‘(t,a) = Z' f + i 



E 


ot l 

n ~ v i e ~ 2ni (n-Vi)(t+cr)/£ 

n - Vi 


rv l 

n+Vj ^—2izi ( n+Vi)(t—o)/l 

n + Vi 

(8.13) 


The twisted boundary conditions fix the center of mass at the fixed points, defined by 
(8.2), whose complex coordinates we have denoted Zb, leading to an extra multiplicity 
for each orbifold twist. Twisted sectors are then labeled by the element g e P, and by 
the corresponding fixed point; in other words, sectors in an orbifold are in one-to-one 
correspondence with the elements of the space group. The orbifold phase rotation also 
induces a shift in the modding of the oscillators a ‘ n _ v ., ot l n+v ., and similarly for the right- 
moving fermionic oscillators , 4^ +lJ .. In addition, the conjugate fields Z', T' A ,. lead 

to oscillators «*„+«, - «»-»,■ > K+v t > K- Vi ■ 

The mode expansion for the internal bosonic coordinates has the structure 


X1 (t + a) — 


(P 1 + V 1 ) 
-Jl <p+ 


(t + o') + i 



®n e ~2ni n ( t+cr)/t 

n 


(8.14) 


We now proceed to the construction of the untwisted and twisted massless spectrum. 
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8.2.2 The untwisted massless spectrum 

In the untwisted sector, the mass formulae are as in a T 6 compactification. By generalizing 
(5.16), we have 


u'M\ 

2 

u’M\ 

2 


2 2 
P ~f + N B + N Fb + 

p ? P 2 

T + 


1 

2 ’ 


(8.15) 


where right-moving fermions have been bosonized as in Section 4.2.6. Specifically, r — 
(r i, /' 2 , J' 3 , /'()) is a weight of the 5 (9 (8) Lorentz symmetry manifest in the light-cone gauge, 
satisfying the GSO projection Y^i=o r ‘ ~ odd, equivalently r e A + in (4.55). Also Nf b 
is the number operator for the bosonized fermions, and is quantized in integers. Massless 
right-moving states have Ng — Nf b = 0, pr = 0; in the NS sector they are of the form 
r = (±1, 0, 0, 0), and in the R sector they are r = ±(^, j, j, — ^), where underlining 
denotes possible permutations of entries. These are just the SO( 8) weights of the 8y and 
8c representations associated to massless states. In our convention the last entry encodes 
the 4d spacetime Lorentz quantum numbers. The level-matching condition is M 2 R = Mj , 
hence these massless right-moving states must combine with massless left-moving states. 
These arise from states with pg = 0, Ng = 1, P — 0, or with pg = 0, Ng = 0, P 2 — 2. 
Since the actual space is a quotient of T , the actual spectrum is given by states invariant 
under the orbifold action. At the massless level, we have the following 4d fields: 


• The 4d graviton g llv , a two-index antisymmetric tensor lip v , and the dilaton (/>, plus 
fermionic partners, from states 

| (0, 0, 0, ±1) )r 0 |0)l, I ±( 2 . 2 . 2 .— 2 ) >* ® ot^\0) L . (8.16) 

As described in detail in Section 9.1.1, the 4d two-index antisymmetric tensor is equiv¬ 
alent to a massless pseudoscalar, which combines with the dilaton into a complex scalar 
denoted S. 

• There are 4d J\f= 1 vector multiplets, i.e. gauge bosons and gauginos, from 

| (0, 0, 0, ±1) )r <g> a£j|0>i, | ±(2, 2, 5,-5))* ® aijIOJt, 

| (0, 0, 0, ±1) ) R ® \P ! ) P 2 =2 , I ± ( 2 . 2 - b - 2 ) >* ® I P ] )p2=2- (8-17) 

The former define the Cartan subalgebra of the 4d gauge group, while the latter provide 
the non-zero roots. Since these are charged, they pick up phases under the gauge shift 
V, and the orbifold projection onto G-invariant states requires exp(2jr/ P-V) = 1; the 
4d gauge group is thus smaller than the original lOd one. 

• There are 4d complex scalar fields, which can be interpreted as zero modes of the metric 
and 2-form field internal components, g mn , B mn , where m , n run over all T 6 coordinates. 

| ( ±1,0,0 , 0 ))r 0 c^jlOjL, | ± (~2.2’? »2)>« 0 «-tl0)i. (8-18) 
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Using complex coordinates, the generic orbifold invariant states correspond to fields gq, 
Bq, with exp[27n (i >,• — Vj)] = 1 (and their fermionic partners), which combine into Kah- 
ler moduli chiral multiplets 7j ■. In certain orbifolds, e.g. even order Z,v models, there 
can also be some surviving modes gjj, gq, etc., which give rise to complex structure 
moduli fields Uij. 

• Finally there are charged matter chiral multiplets Cj ‘, j = 1, 2, 3, from states 


)>«® \p i ) P 2 


1 ( ±1,0,0 , 0)>jg<8> \P‘) P 2 =2 , |±( 


tilt 
2 ’ 2 ’ 2 ’ 2 


(8.19) 


where j corresponds to the location of the different entry among the underlined ones. 
The projection onto states invariant under P x G amounts to the condition exp 2 ni 
(r • v — P • V) = 1, where we have defined the enlarged twist vector v = (iq, v 2 , 1)3, 0) 
to also include the 4d spacetime. 

Note that the above states fill out multiplets of 4d JV = 1 supersymmetry; the reader may 
easily check that this follows from the SU (3) condition vi + v 2 + v 2 = 0. 

The massless untwisted spectrum is thus a simple truncation of a purely toroidal T 6 
compactification onto states invariant under the discrete symmetry P x G. The resulting 
massless spectrum is in general chiral, and anomalous if considered by itself. The complete 
massless spectrum including twisted sector states is, however, anomaly-free. Since the lat¬ 
ter sectors are in fact required by modular invariance of the theory (see Section 8.2.5), 
this is a particular instance of a general link between modular invariance and anomaly 
cancellation, whose discussion in full generality is, however, beyond our scope. 


8.2.3 The twisted massless spectrum 


Strings in twisted sectors also give rise to massless states, localized around orbifold fixed 
points; the number of fixed points for a given twist provides an overall multiplicity for the 
corresponding twisted sector states. This is modified in the presence of Wilson lines, which 
make different fixed points inequivalent; the present analysis however extends to this case 
with only minor changes, see Section 8.3.2. 

Consider a ^''-twisted sector in a Z/v orbifold. Using the mode expansions (8.13) (8.14), 
the mass formulae in bosonized language can be shown to be 




1 

2 ’ 


2 

a'M\ 



( 8 . 20 ) 


2 


where r e A + in (4.55). As already mentioned, there are no momentum or winding contri¬ 
butions. Note also that the fractional modding of the twisted oscillators shifts the normal 
ordering zero point energy. From (4.9) one gets 
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3 

Eq — \ \nv, \ (1 — \nvi \), (8.21) 

i=l 

for —1 < nv, < 1, which can always be achieved by using shifts in the S0 (8) root lattice 
if necessary (simultaneous 2 it rotations in two complex planes). Twisted sector massless 
states are explicitly constructed in the examples in upcoming sections. 

Twisted sector states must also be projected requiring invariance under the orbifold 
action P x G. The precise conditions turn out to be slightly trickier than in the untwisted 
sector, but can be derived from modular invariance, see Section 8.2.5. A second conse¬ 
quence of modular invariance is a consistency condition on the shift vector V, which is 
already manifest at this stage; indeed, using (8.20), the level matching condition M 2 R — Mj 
is possible only if 

N ( V 2 - v 2 ) = 0 mod 2. (8.22) 

A simple check is to focus, e.g., on the sector of (massive) states with r 2 = 1, r • v = 0, 
P 2 = 2, P • V = 0; the condition M 2 = M 2 L then requires the quantity ( V 2 — v 2 ) /2 to be 
a multiple of 1 /N, so that it can be balanced to achieve left-right mass equality. 

A simple solution of (8.22), in both the Eg x Eg and SO(32) heterotics, is 

V = (vu v 2 , v 3 , 0,..., 0; 0,..., 0), (8.23) 

where the 16 entries have been split in two sets of 8, for possible application to the Eg x 
Eg heterotic. The above gauge shift satisfies (8.8), as follows from the conditions below 
(8.4). The choice (8.23) corresponds to identifying the orbifold action on the gauge degrees 
of freedom with the geometric action, and provides the orbifold version of the standard 
embedding F = R of heterotic CY compactifications in Section 7.3. For non-standard 
embeddings, (8.22) turns out to be a very strong constraint on possible gauge embeddings 
of a given Z,v geometric orbifold action. 


8.2.4 The Z,j orbifold of Eg x Es heterotic with standard embedding 

We now flesh out the above definitions with the example of the Z 3 orbifold with standard 
embedding, which has a particularly simple structure. Specifically all massless twisted 
sector states survive the orbifold projection, so we need not deal with the general pro¬ 
jection conditions, which we postpone until Section 8.2.5. It is possible to carry out the 
construction for both the Eg x Eg and SO (32) heterotic theories. We focus on the former 
case, which is illustrative enough, and moreover provides a good starting point to construct 
interesting particle physics models, see Section 8.3.3. 

We take the underlying 6 -torus to be T 6 = R 6 /A su( 3 p’ where A su(3) 3 * s the root lattice 
of the 57/(3) ’ algebra. The point group P = Z 3 has a generator 6 acting as a simultaneous 
rotation of the three 2-planes by 2 tt/ 3, see Figure 8.4. The rotation of the complex coor¬ 
dinates Z' by a = exp(27n/3) corresponds to v = (1, 1, —2)/3, recalling the constraints 
below (8.4), and also (8.5). The action 6 leaves three fixed points on each T 2 , denoted 
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Figure 8.4 Geometry of the T 6 /Zg orbifold. The vectors e m define the SU( 3) 3 root lattice of the 
underlying T 6 . The orbifold generator 6 rotates all complex planes simultaneously by 2n/3, and 
leaves 27 fixed points. The three fixed coordinates on each T“ are indicated as a cross (x), a black 
circle (•), and an empty circle (o). 


with crosses, and black and empty circles in Figure 8.4. Each such point is actually fixed 
up to a specific shift in the SU (3) 3 lattice; for instance the point (•, x, o) needs a shift 
by ?3 + ?4 + ?5 to regain its initial position after a 0 rotation. Its associated space group 
element is thus (6,e 3 + £4 + £ 5 ). 

For the action G of the orbifold on the gauge degrees of freedom, we choose the standard 
embedding (8.23), namely V = ( 3 , 5 , — 3 , 0,..., 0). Notice that 3 V belongs to the Eg 
lattice, as required by ( 8 . 8 ). 

We now turn to the computation of the untwisted and twisted massless spectrum. In the 
untwisted sector, besides the gravity and dilaton multiplets, there are nine Kahler moduli 
Tjj of the form (8.18). There are also 4d gauge bosons and gauginos (8.17), as follows. The 
16 Cartan generators are unaffected by the orbifold action and survive in the spectrum. For 
states leading to non-zero roots we need to impose the orbifold projection P V e Z, which 
is satisfied by the following sets of internal momenta P. A first set is given by 

(0, 0, 0, ±1, ±1, 0, 0, 0 ) —» 50(10), 

±(-^-^-^±^±^•••-± 2 ) —► 16 + 16, (8.24) 

(with the second line states containing an even number of minus signs). They complete the 
non-zero roots of E g. The additional states 

( 1,-1, 0 ,0,0, 0,0,0), (8.25) 

are the non-zero roots of SU ( 3) in the embedding Eg x SU (3) C Eg. Finally, there are 
states corresponding to the second Eg factor, which remains unbroken. The complete gauge 
group is 


Eg x SU (3) x Eg. (8.26) 

Note that the Eg x Eg structure agrees with the gauge group unbroken by the CY compact- 
ifications with standard embedding in Section 7.3.2. 

The untwisted sector also contains chiral matter fields (8.19). The three right-moving 
states with eigenvalue a 2 under 0 can form invariant states by combining with left-moving 
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states transforming as a, namely P ■ V = 1/3 mod Z. This is the case for the following 
sets of states 


.1 _1 I ±1 ±i\ _ 

2 , 2 , 2 ,zc 2 , ...,ZC 2 J 

- (3,16), 


( 1 , 0 , 0 , ± 1 , 0 , 0 , 0 , 0 ) 

- (3,10), 


(- 1 ,- 1 , 0 , 0 , 0 , 0 , 0 , 0 ) - 

- (3, 1). 

(8.27) 


States in the first line exist for an even total number of minus signs. They correspond to 
weight vectors of a state transforming in a 3 of SU (3) and a 16 of the S 0(10) subgroup of 
/;/,. States in the second and third lines transform in a (3,10) and (3,1), respectively; the 
triplet structure can be checked by noting that states are related by shifts of non-zero roots 
(8.25) of SU (3). These states combine into a (3, 27) of the 4d gauge group SU (3) x Ef,. 
There are in fact three such chiral multiplets, from the three possible choices of right- 
moving state. The antiparticles of these chiral multiplets arise from right-moving states 
transforming with a under 0, combined with left-moving states with P V — —1/3 mod Z, 
which are given by the above vectors with opposite sign. Altogether the untwisted sector of 
the Z 3 orbifold gives rise to nine Ee families, transforming as 3(3, 27) under SU (3) x Eg. 

Let us move on to the massless spectrum from the twisted sectors. In the Z 3 orbifold, 
the 0 2 -twisted sector leads to the antiparticles of states in the 0 -twisted sector, hence we 
can just focus on the latter. There are 27 fixed points, which in the present case are all 
equivalent and lead to a 27-fold degeneracy of the spectrum. Using (8.20) and the zero 
point energy Eq = 1/3 from (8.21), the massless twisted strings at any of these points 
must satisfy 


= Nb + N Fb + 


(r + v ) 2 
2 



a'Ml 

2 


N b + 


(P + V) 2 
2 



(8.28) 


For Np = Nf b — 0 there are right-moving massless NS states with r + v = (l, 1, 1. Oj 

and R states with r + v = y— g, — g, — g, — jj. In the left-moving sector there are 27 
massless states with Nb = 0 and gauge vector P + V given by 


(4,-I,-i,±i_±i) -(1,16), 

(j j ±1,0, 0,0,0 ) — ( 1 , 10 ), 

0, 0, 0,0,0,0) —(1,1). 


(8.29) 


Combining the left and right pieces, we obtain a chiral multiplet in the (1, 27) of SU (3) x 
E(,. These states survive the orbifold projection because the left- and right-moving states 
are ^-invariant, i.e. exp[27ri(r + n)-u] = 1 and exp[2:rz'(P + V) ■ V] = 1. 
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There are further massless left-moving states with one twisted oscillator, Ng = 1/3. 
They arise from internal momentum vectors with (P + V) 2 — 2/3, given by 



(8.30) 


They transform in the (3, 1) of SU (3) x £./>■ These chiral multiplets have an extra multi¬ 
plicity from the three possible choices of twisted oscillator a'_ j , 3 . These states also survive 
the orbifold projection since the oscillator phase transformation by a is compensated by 
the gauge shift phase exp[2;rz (P + V)-V] = a 2 . 

The complete gauge group and chiral matter spectrum of this T 6 /Z 3 orbifold is 


St/(3) x E 6 x £' 

3(3, 27)+ 27(1, 27)+ 81(3,1). 


(8.31) 


We emphasize the intricate cancellation of SU (3) anomalies among untwisted and twisted 
sector states, involving multiplicity factors from diverse sources, like fixed point degenera¬ 
cies and oscillator number multiplicities. 

The above orbifold model can be regarded as a heterotic CY compactification with 
standard embedding. Indeed T 6 /Z 3 can be regarded mathematically as a singular limit 
of a smooth CY space with Hodge numbers {h\ \, hj.i) = (36, 0), as described below; 
the spectrum of families (7.37) in CY compactification indeed agrees with the above orb¬ 
ifold spectrum, which contains 36 families in the 27 of E(,, with no conjugate families. 
The smooth CY is obtained from the orbifold by a mathematical procedure known as 
blowing-up, which replaces the singular points by smooth subspaces (in this case, with 
CP 2 topology). The Kahler moduli parametrizing the sizes of the latter are localized around 
the singularities in the orbifold limit; the heterotic orbifold model encodes the blowing-up 
procedure as flat directions of the effective theory, which are parametrized by a D-flat 
combination of the three twisted oscillator states (3,1) at each fixed point. These 27 
moduli, together with the nine untwisted Kahler moduli, reconstruct the Hodge numbers 
(/* 1 , 1 , hi,i) = (36, 0) of the smooth CY geometry. Note that along this blow-up direction, 
the enhanced SU (3) gauge factor is broken, leaving £+ x /+ as the generic 4d gauge group 
of the theory, again in agreement with CY compactifications with standard embedding. 


8.2.5 Modular invariance and orbifold projection 


As discussed in Section 3.2.2, modular invariance of the one-loop partition function is 
an important consistency condition of closed string theories; this is also the case for the 
abelian orbifold models at hand. In fact, modular invariance underlies important properties 
of the low-energy effective theory, like anomaly cancellation, by requiring the presence 
of twisted sectors whose massless states cancel potential gauge anomalies of the untwisted 
sector. Modular invariance is also an important ingredient in the definition of an appropriate 
orbifold projection on twisted sectors in general orbifold models, the so-called generalized 
GSO projection. 
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Twisted sectors from modular invariance 

Consider the one-loop vacuum diagram, described by a toroidal worldsheet characterized 
by the parameter r, namely z — (it + a)/l with identifications z — z + 1, Z — z + r. 
The amplitude in the path integral formalism involves an integration over all worldsheet 
fields compatible with the worldsheet geometry. Focusing, e.g., on the worldsheet bosons, 
the theory in flat lOd spacetime only allows for periodic boundary conditions around the 
two non-trivial cycles in the directions (er, t) 

X i ( z +l) = X i (z), X‘(z + r ) = X i (z). (8.32) 


In a toroidal orbifold, however, the bosons describing the 6d orbifold compactification 
admit twisted boundary conditions 

X\z + 1) = g Xfz), Xfz + r) = h X l (z). (8.33) 


Generalizing to all worldsheet fields, the twists g, h are elements of S x G, i.e. the space 
group and its gauge embedding. The amplitude is a sum over different contributions Z(g, h ) 
for the different boundary conditions (g, h)- note that for abelian orbifolds [g, h] = 0, and 
both twists are compatible. The contributions Z(l,h) have a trivial twist in the a direction, 
and correspond to a one-loop diagram of untwisted states; this untwisted partition function 
has the form 

Z V = Z(1 ’ /! )' (8 - 34 ) 

heSxG 


As emphasized below, the sum over group elements can be recast as a projection operator 
truncating the physical spectrum onto S x G invariant states in the untwisted sector; this is 
analogous to the GSO projection in Section 4.2.3. 

The untwisted partition function is clearly not modular invariant, since it involved an 
artificial choice of a, which is not preserved by reparametrizations of the worldsheet. 
In other words, modular transformations mix sectors with different boundary conditions 
(g, h). A general SL( 2, Z) modular transformation (3.65) 


r 


ax + b 
cr + d' 


with a, b,c,d e Z and ad — be = 1, 


(8.35) 


maps the (g,h) sector to (g a h b , g c h 11 ). For example, for a = d = 0, b = — c = — 1, 
we have r -> — 1/r and the boundary conditions (g. h) are changed to (h~ l , g). These 
transformations relate pieces of the untwisted partition function to twisted sectors 


Z( 1, h) —^ Z(h~\ 1). 


(8.36) 


A modular invariant partition function is thus obtained by summing over all possible 
boundary conditions, and includes untwisted and twisted sector contributions 

Z = Z v +Zt = J2 Z(i, A) + E z (g’ A). 

h g7 tl 

Modular invariance thus requires the presence of twisted sectors, as announced. 


(8.37) 
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Explicit partition functions and orbifold projection 

Let us now display the explicit structure of these partition functions for the case of 
orbifolds, with factorized toroidal lattices for simplicity; they will provide an explicit 
expression for the orbifold projection in general Z# orbifold twisted sectors. Although 
our earlier models were restricted to the Eg x Eg heterotic theory, with standard embed¬ 
ding V = (iq, v 2 , i> 3 , 0, ..., 0), V' = 0, the upcoming results are derived for general gauge 
embedding, and for either heterotic theory. 

The partition function has the general structure 

f d 2 x 1 N ~ l 

Z = / —^ (47rVr 2 ) _1 — >l(n, m) Z^ngmfr) Z (e n em) (f). (8.38) 

J To *■ ’ r\ 

z n,m={J 


The first factor arises from the 4d momentum integration, the i)(n. m) are phases to be fixed 
by modular invariance, and Z^gngm^ Z^gn gmf f) are the left- and right-moving partition 
function in the sector twisted by (0 n , 0 m ). 

Consider first the left-moving partition function. Using techniques similar to those of 
the lOd case in Sections 3.2.2, 4.2.2, and 4.3.2, it can be computed to be 


Z(e n ,e m ) 


C(n, m ) t] 


1/2 + nv i 
1/2 + mv\ 




1/2 + m >2 

1/2 + mv 2 


1/2 + ni>3 
1/2 + m U3 


(P+nV ) 2 

y' q 2 e (P+nV)-mV ^ 
PsAi 6 


(8.39) 


where i] and r) are the Dedekind and theta functions, respectively; see Appendix A. The 
first factor corresponds to the contributions from the lOd spacetime bosonic oscillators, 
and includes the effect of the orbifold twist. The second factor corresponds to the 16d 
internal bosons, and includes the orbifold gauge shift. We have not included constant 
phases which cancel between left and right sectors, e.g. for bosonic oscillator contri¬ 
butions. The coefficients C(n,m) are also associated with the oscillators and are 
given by 


C(n,m) — ]”[,•[—2sin(jrmv,-)], form 0, 

= n,[—2sin(jr«t>/)], for m — 0, (8.40) 

with the product running only over non-zero v/’s. In sectors with some n V/ e Z, the twist 
9 n has a fixed plane, and we should include an additional factor exp (2jr; r/^ /2) from the 
sum over discrete momentum and winding. We skip them for simplicity, and because they 
generically involve massive states and thus do not influence our main result, the derivation 
of the orbifold projection for massless states. 
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The right-moving partition function is given by 


Z ( en,e"‘)( r ) = C(n , m)* ^ r] a/} — 


a + nv\ 
P + mv i 


a + nv 2 
/3 + mv 2 


a + nv 3 
/i + mv 3 


ot,P 


- 1/2 + nv\ 
1/2 + mv\ 


1/2 + nv 2 
1 /2 + mv 2 


1/2 + «U 3 

1/2 + ;hi>3 


—3 

T) 


C(n , m)* 




1/2 + 

1/2 + ;nui 


1/2 + ni )2 

1/2 + m U 2 


1/2 + nv$ 

1/2 + m 1)3 _ 


E O+hu ) 2 

—-2- g( r +nv)-mv 

re A+ 


(8.41) 


Again we have not included right-moving momentum contributions for possible fixed 
planes, and have also ignored constant phases canceling against the left-moving contri¬ 
bution. In the first line, the numerator and denominator correspond to the fermionic and 
bosonic contributions. In the second line, we have bosonized the fermions, whose contri¬ 
bution is the lattice sum. 

The overall multiplicities \C(n, m)\ 2 in the total partition function are in general associ¬ 
ated to the number of fixed points in the twisted sectors; for the untwisted sector, it cancels 
against a similar factor from the oscillator pieces in the denominator, see (A. 10), so no 
extra multiplicity is generated. 

We now use these partition functions to derive the orbifold projection in the different 
sectors, first in the simplest case of the Z 3 orbifold, and subsequently in the general Z,y 
case. Consider the left-moving (1, 0) partition function of the Z 3 orbifold of the Eg x Eg 
theory, 


y P 2 /2 e 2niPV 

z a.e)M = 1/3 snn -FTT/l- (8 ' 42 > 

qi/i ^8 j _ qK.y ^ — aq K y (1 — a z q K y 

where we recall that q = e 2jz ' z and a = e 2?r! / 3 . The (1, 6) right-handed partition function 
is given by (the conjugate of) a similar expression, with P and V replaced by r and v, 
respectively. The partition functions in the (1 ,9 m ) sectors can be obtained by replacing 
V —> in V and v —> mv. The total untwisted partition function (8.34) is obtained by 
summing over m =0,1,2. The different terms can be gathered into a single one, with an 
effective projection, which for untwisted massless states is 

1 7 

Pp = - (1 + A + A“) with A = exp [ 2 jt i (P ■ V — r ■ v) ]. (8.43) 

Such projectors are sometimes referred to as generalized GSO projectors. This reproduces 
the orbifold projection for untwisted states used in Section 8.2.4; gauge bosons have r ■ v = 
0, so the orbifold projection requires P V e Z, while for charged matter we have the more 
general condition P ■ V = r ■ v mod Z. 
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For twisted sectors we can obtain the orbifold projection using a similar logic. Consider 
the left-moving (6,6) partition function for the Z 3 orbifold, 

V n (P+V) 2 /2 27Ti (P+vyv 

7 frl = -3^/3 _ 2-,PeA l6 c l _ e _ _ 

(e ’ 0H qWr,* n,„ [(l-? m ) 2 (l-^V"- 1 /3 ) 3 (l- ir 2/3 ) 3 ]' 

The corresponding right-handed partition function is given by (the conjugate of) a similar 
expression, with P and V replaced by r and v, respectively. The overall factor (3\/3) 2 = 
27 reproduces the number of fixed points, as announced. The partition functions in the 
(6,8 m ) sectors can be easily obtained using modular transformations r —*■ r +1. Summing 
over m, the different terms can be gathered into a single one, with an orbifold projector, 
which for massless states with no oscillators is 

Pg = ^ (l + Ag + with A g — exp {2ni [ (P + V) ■ V - (r + v) ■ v ]}. (8.44) 

For massless states involving oscillators, the projector includes an additional phase in Ag. 
This reproduces the orbifold projection for 7-twisted states used in Section 8.2.4. Namely, 
massless twisted states with no oscillators have (r + v) ■ v = 0 , so the orbifold projection 
requires (P + V) ■ V eZ; this is in fact automatically satisfied by all massless 0-twisted 
states in the Z 3 orbifold, since the masslessness condition (P + V) 2 = 4/3 implies that 
(P + V) ■ V = 1/2(P + V) 2 — 1 /IP 2 + 1/2V 2 is integer and then Ag — 1. For the mass¬ 
less oscillator states with Ng = 1/3 the modified projector has an additional phase and 
reads P' g = (1/3) (l + 01 Ag + orA^); again the masslessness condition, (P + V) 2 = 2/3, 
implies that all states survive the projection. The fact that all massless states in twisted 
sectors survive the orbifold projection is a general feature of the Z 3 orbifold (and more 
generally for Z/v orbifold with prime N), and also holds for non-standard embeddings and 
in the presence of non-trivial Wilson lines, see Section 8.3. 

For Z,v orbifolds with N not prime the orbifold projection on massless states is non¬ 
trivial, and can remove some massless states from the physical spectrum. We construct 
the corresponding projectors by the logic employed in the above Z 3 example. In a general 
8 n -twisted sector, the orbifold projector for massless states is 

1 N -1 

Pe " = e~ innm{v2 - v2) x (0 n , 0 m ) A'g „, (8.45) 

m =0 

where 

Agn = exp { 2ni [Nb + (P + nV) ■ V — (r + nv) ■ v]}, (8.46) 

and the coefficients x(6 n , 6 m ) are 

X «9", 8 m ) = x (^", 0'"), if 6 n has no fixed planes, 

= x(6 n ,6' n ), if 6" has fixed planes. 


(8.47) 
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Here x (0", O '") is the number of points left fixed simultaneously by 9 n and O'" .If 6" leaves 
fixed tori, we must use x(0'\ 0 m ), which is the number of simultaneous fixed points in the 
subspace actually rotated by 6 n . 

The above structure of the orbifold projectors allows us to recover the consistency condi¬ 
tion (8.22); it follows from requiring identical phase factor in the sectors (0, 1) and (9, 9 N ), 
and equivalently, by invariance of the partition function under the modular transformation 
r —*■ r + IV. 

As mentioned, the above projectors apply for general gauge embedding shifts V, and 
also for models with Wilson lines. It also generalizes easily to abelian Z# x Z m orbifolds, 
with an extra subtlety, the possible presence of extra phases due to the “discrete torsion” 
described in the next section. 


8.2.6 More abelian orbifolds 

We now describe the geometric structure of more general abelian Z.v and Z.v x Z m 
orbifolds, and construct new heterotic string compactifications with standard embedding. 
However, the information is also useful for compactification of other string theories, e.g. 
type II orientifolds. In later sections they are also applied to heterotic models with non¬ 
standard embeddings. 


Zf) orbifolds 

Orbifolds T 6 /Z/v are defined by a choice of underlying toroidal lattice, on which the gen¬ 
erator 9 acts crystallographically. Table 8.2 provides a list of possible T 6 /Z,v orbifolds, 
with their twist vector v. The lattices are described as root lattices of a Lie algebra, with 9 
an element of its Weyl group. 

A simple class of modular invariant heterotic models is obtained for the standard embed¬ 
ding (8.23). As already mentioned, this is an orbifold version of the identification of gauge 
and geometric curvatures in the standard embedding CY compactifications in Section 7.3.2. 
Such orbifolds of the E% x Eg theory lead to a 4d gauge group x Go x Ef with Go 
some subgroup of SU( 3); specifically, Go = SU (3) for Z 3 , Go = SU (2) x £7(1) for Z 4 , 
Ze and Go = U(l ) 2 for the remaining cases. The Eg x Eg structure agrees with that of het¬ 
erotic CY compactifications with standard embedding. In fact, as described for the Z 3 case, 
the orbifold spaces can be related to smooth CY manifolds by blowing-up, i.e. replacing 
the singular points by finite size subspaces. The moduli controlling the size of the lat¬ 
ter parametrize flat directions of the low-energy effective theory involving twisted sector 
fields of the orbifold model. In general these twisted sector fields are charged under the 
accidentally enhanced gauge factor Go, which is thus generically broken as the orbifold is 
blown-up to a smooth CY. 

The spectrum of heterotic orbifolds with standard embedding contains E(, families and 
conjugate families, in the 27 and 27 respectively. This allows to define an orbifold version 
of the Hodge numbers (/;i j, I 12 . 1 ), and the Euler characteristic x = 2 (/ 7 n — h 12), which 
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Table 8.2 T 6 /Z N orbifolds, with their twist vector v, and Lie 
algebras defining examples of possible underlying torus lattices. The 
last column provides the Hodge numbers of the smooth CY obtained 
by blowing up the singular points. They provide the numbers of 
21s and 21s in the corresponding heterotic orbifolds with standard 
embedding 


Z N 

Oh, V2, V 3 ) 

Lattice 

(* 1 , 1 . * 12 ) 

Z 3 

4 ^ 1 — 

1 1 

SU (3) 3 , E 6 

(36,0) 

z 4 

SO( 4 ) 3 

SU (4 ) 2 

(31,7) 
(25,1) 

Z 6 

4 ( 1 .1. -2) 

g(l. 2, —3) 
7 ( 1 , 2 , —3) 

51/(3) x G\ 

(29,5) 

Z 6 

SU(2) 2 X 5(7(3) X G 2 

(35,11) 

Z 7 

5(7(7) 

(24, 0) 

Z 8 

4(1,2, —3) 
4(1,3, —4) 
X(l,4, -5) 
n(i,5,-6) 

50(5) x 50(9) 

(27,3) 

Z 8 

50(9) x 50(4) 

(31,7) 

Z 12 

e 6 

(25,1) 

7 ' 

A 12 

50(4) x F 4 

(31,7) 


in fact agree with those of the corresponding smooth CY space. Using the formulae dis¬ 
cussed for the orbifold projection, one can derive a simple expression for the orbifold Euler 
characteristic. In slightly more general notation, it reads 

X = 7^7 X X(g,h), (8.48) 

1 1 gMP 


where |P| is the order of the point group P, i.e. N for a Z,v orbifold, and y (g, h) is the 
number of points fixed under g, h simultaneously (taken zero when there is a common 
fixed torus). The above formula holds for the Z,y x Z m orbifolds discussed below, and 
even for non-abelian orbifolds, by restricting the sum to commuting elements [g, h] = 0 
of the orbifold group. A closed formula for the number of fixed points for a twist g with 
vector v^ g> is provided by the Lefschetz fixed point theorem 


n g = det'(l - g) 


]”[,• 2 sin 7 r v- g) 


(8.49) 


where the prime restricts the product to the subspace actually rotated by g. These fixed 
point multiplicities allow for a purely geometrical computation of the orbifold Hodge num¬ 
bers. Their values are provided in the last column of Table 8.2, and in general depend on 
the choice of underlying toroidal lattice. Note that y /2 provides the net number of £>> gen¬ 
erations for these heterotic models with standard embedding, and is 36 for Z 3 and 24 in 
all other cases. This is not very promising from the viewpoint of particle physics model 
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building. However, the same geometric orbifolds can lead to much more interesting mod¬ 
els, upon introduction of non-standard embeddings and Wilson lines. 


Zp/ x Zm orbifolds and discrete torsion 


Abelian discrete subgroups of SU( 3) can also be of the form Z,v x Z m, with M being 
a multiple of N. These can be generated by elements 0, co, with the structure of the 
twist vectors given by the Af = 1 or AT —2 preserving elements in Table 8.1. With two 
Af —2 twists one has, e.g., v = (1,0, —1 )/N, w = (0, 1, —1 )/M with N, M = 2, 3, 4, 6. 
Since the twists are chosen to have different fixed planes, the complete orbifold preserves 
only 4d Af — 1 supersymmetry. It turns out that certain pairs ( N , M) are not possible 
choices, because the corresponding Z^, Z m cannot be realized simultaneously as sym¬ 
metries of a six-dimensional lattice; an easy-to-check necessary condition is that, for any 
element of the group, the putative number of fixed points (8.49) must be integer. The list 
of consistent Zy x Zjy twists is displayed in Table 8.3, mostly for the simplest choice 
of factorized toroidal lattices. Table 8.3 also provides the orbifold Hodge numbers, which 
can be obtained by computing the spectrum of Ef, families in heterotic models with stan¬ 
dard embedding. The spectra of general orbifold compactifications can be obtained in close 
analogy with the previous Z,y models. We therefore skip its discussion, and instead focus 
on an important new ingredient, the choice of discrete torsion, which produces different 
models with the same underlying orbifold and gauge shift. 

The one-loop partition function for a Zy x Z m orbifold has the general form 



(8.50) 


with g, h e Zjv x Zm - For Z.y orbifolds, the modular group relates all non-trivial (0", 0"‘ ) 
sectors, so phases like e(0", O'”) are fixed unambiguously by modular invariance; indeed, a 
r —>■ 1/r transformation connects, e.g., the untwisted (1,0") sectors to the twisted sectors 
(0", 1), which can subsequently be related to (0", 0 nm ) by r — »■ r + m. For a Zn x Z m 
orbifold, however, there are disjoint orbits of the modular group; for instance, the (0, co) 
sector is not related by modular transformations to the untwisted (1, 0" co m ) sectors. There 
is thus the freedom to assign a non-trivial phase e(0, ®) to the pieces of the one-loop 
partition function in the orbit of the (0, co) sector. Such phases are subject to additional con¬ 
straints from two-loop modular invariance, etc., whose derivation lies beyond our scope. 
The bottom line is that the most general phase assignment is of the form 


e{0 k oo\Q , co s ) = e iks - l,) 


(8.51) 


where the phase e = e(0, co), known as discrete torsion, is an Nth root of unity (with our 
convention that M is a multiple of N). The impact of this phase on the spectrum is that 
the co orbifold projector acts on the 0-twisted states with an additional phase e (and vice 
versa). This extra phase can be regarded as arising from non-trivial discrete 2-form field 
background S ( y on orbifold fixed tori. For standard embedding models, the Hodge numbers 
for the different choices of discrete torsion are shown in Table 8.3. 
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Table 8.3 Z^r x Z m orbifolds, with their twist vectors v, w, and Hodge 
numbers for different choices of discrete torsion 


Z N x Z M 

9 = (v 1 , v 2 , v 3 ) 

CO = (lOj, w 2 , w 3 ) 

{h 11 , /i 12 ) 

Z 2 x Z 2 (50(4) 3 ) 

1 /2(1, 0, -1) 

1 /2(0, 1, -1) 

(51,3),(3,51) 

Z 2 x Z 2 (50(12)) 

1 /2(1, 0, -1) 

1 /2(0, 1, -1) 

(27,3),(3,27) 

Z 3 x Z 3 

1/3(1, 0, -1) 

1/3(0, 1,-1) 

(84,0),(3,27) 

z 2 x Z4 

1 /2(1, 0, -1) 

1/4(0, 1, -1) 

(61,1),(21,9) 

X 2 xZ' 

1 /2(1, 0, -1) 

1 /6(1, 1,-2) 

(36,0),(15,15) 

Z 2 x Z 6 

1 /2(1, 0, -1) 

1 /6(0, 1,-1) 

(51,3),(19,19) 

Z4 X Z4 

1/4(1, 0, -1) 

1/4(0, 1, -1) 

(90,0),(42,0),(6,12) 

Z 3 x Z 6 

1/3(1, 0, -1) 

1 /6(0, 1,-1) 

(73,1),(13,13) 

Z 6 x Z 6 

1 /6(1, 0, -1) 

1 /6(0, 1,-1) 

(84,0),(51,3),(27,3),(9,9) 


For illustration consider the simplest orbifold allowing for discrete torsion, the Z 2 x 
Z 2 orbifold. The generators are v — (1, 0, —1)/2, w = (0, 1, —1)/2, and we choose the 
underlying torus to be rectangular, i.e. defined by an 50(4)3 root lattice. Let us compute 
the orbifold Euler characteristic using the generalization of (8.48). Each of the elements 
9, or, and 0u> leave some 2-torus invariant, hence 

X(0,1) = X(®.1) = X(0©.1) = O. (8.52) 

On the other hand, we have 

X(0, or) = x($, Oar) = x(u>, 6 u> ) = 4 x 4 x 4 = 64. (8.53) 

Using xig’h) — X (h, g), we can add up the contributions to the Euler characteristic to get 
X = (1/4) x 2 x (64 + 64 + 64) = 96. A detailed computation of the orbifold spectrum 
shows that this arises from a contribution of 16 27s for each twisted sector (corresponding 
to the 16 fixed tori). In addition, there are three vector-like copies (27+27) in the untwisted 
sector. Hence the Hodge numbers are (h ij, h 2 , 1 ) = (51, 3), as shown in Table 8.3. 

This result corresponds to a particular choice of discrete torsion, given by a trivial phase 
e = 1, implicit in the orbifold projector leading to (8.48). It is straightforward to compute 
the Hodge numbers of the model with discrete torsion e = — 1; this simply flips the orbifold 
projections in twisted sectors, leading to 16 27s instead of the 27s. Hence (h u, h 2 , 1 ) = 
(3, 51), as shown also in Table 8.3. 

Note that in this case the change in discrete torsion exchanges h 1 ] and h\ 2 . Although this 
is not a general feature of orbifolds with discrete torsion, in this case it follows because the 
two Z 2 x Z 2 happen to be related by mirror symmetry (see Section 10.1.2). Moreover, in 
this case mirror symmetry admits a simple realization as three T-dualities, along one circle 
direction in each 2-torus, making this example possibly the simplest case of a mirror CY 
pair. The two versions of this orbifold will also provide a fruitful arena for model building 
of type IIA and IIB orientifolds. 
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Table 8.4 The four modular invariant embeddings of the Eg x Eg heterotic Z 3 orbifold 


v 1 

Gauge group 

Untwisted 

Twisted 

i(l, 1,2,0.0)x 

[£ 6 x SU (3)] x E's 

3(27, 3: 1') 

27 (27, 1; 1') 

(0, .... 0) 



+81 (1,3; 1') 

|(1, 1,2, 0, ...,0)x 

[E 6 x SU(3)] 2 

3(27, 3:1', 1') 

27(1,3; T,3 / )] 

j(l, 1,2,0, ...,0) 


+(1,1; 27', 3') 


|(1, 1,0.0)x 

[£7 x U (1 )] x 

3(56,1') + 3(1,1') 

27[(1,1') + (1,14')] 

j(2, 0,...,0) 

[50(14) x 0(1)]' 

+3(1,14') + 3(1, 64') 

+81(1,1') 

i(l, 1 , 1 , 1 , 2, 0, ... ,0)x 

SU (9)x 

3(84, l') + 3(l, 14') 

27(9. 1') 

j(2, 0,...,0) 

50(14/ x 0(1)' 

+3(1. 64') 



8.3 Non-standard embeddings and Wilson lines 

We are now ready to construct more general orbifold models, by relaxing the standard 
embedding condition and allowing for the introduction of Wilson lines. These are orb¬ 
ifold analogs of the more general compactifications on smooth CY spaces in Sections 7.4 
and 7.3.3. 


8.3.1 Non-standard embeddings 

The standard embedding of the point group P into the Eg x Eg degrees of freedom is 
not the only consistent possibility in orbifold compactification; any other choice of shift 
V 1 satisfying ( 8 . 8 ) and (8.22) leads to a consistent model. For each given Z ; y or Z,y x 
Z m orbifold, there is a finite list of such shifts V 1 (up to translations in the 16d internal 
lattice). For the Eg x Eg heterotic, there are four possible choices for Z 3 and 12 for Z 4 , but 
the number increases to ~ 3000 for the Z 12 orbifolds. As an illustration we consider the 
Z 3 orbifold, whose consistent gauge embeddings are shown in Table 8.4, along with the 
corresponding gauge group, and untwisted and twisted particle content. 

A point worth remarking is that the t/(l) gauge factors in these models have non-zero 
triangle anomalies; they are however canceled by a 4d analog of the Green-Schwarz mech¬ 
anism, which moreover renders the corresponding gauge bosons massive, and triggers 
further gauge symmetry breaking. We postpone the description of this phenomenon and 
its implications until Section 9.5. 

From the phenomenological viewpoint of particle physics model building, neither of 
these four possible Z 3 orbifold embeddings seems very exciting: the second model in 
Table 8.4 has nine families for each of the two E(, factors; the third model is non-chiral 
with respect to the non-abelian groups; the fourth model contains an SU (9) group which 
would also lead to nine families if decomposed into SU( 5) representations. 
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A similar classification of models can be carried out for other Z.v and Z v x Z,v/ models. 
The resulting theories are, however, similarly uninteresting from the viewpoint of particle 
physics model building. There is, moreover, a general pattern that the higher the order of 
the orbifold, the smaller the size of the 4d non-abelian gauge group. As we discuss in the 
next section, however, the situation and model building prospects of heterotic orbifolds is 
much improved through the addition of Wilson lines. 


8.3.2 Introduction of Wilson lines 

In all previous models, we have considered the underlying toroidal compactification to 
have a rather simple choice of background fields, essentially the metric moduli determin¬ 
ing the six-dimensional toroidal lattice. In particular, we have not considered turning on 
additional background fields, like the internal components of the 2-index antisymmetric 
tensor field B mn , or internal components of the £g x E% or SO (32) gauge fields A”. The 
former imply an asymmetric choice of compactification torus for left- and right-moving 
degrees of freedom, and are naturally discussed in the framework of asymmetric orbifolds, 
see Section 8.4. The latter correspond to Wilson lines, already discussed in toroidal com- 
pactifications in Section 5.2.2, and in Section 7.3.3 for smooth CY compactifications. Here 
we describe their effect on the spectrum of toroidal orbifolds. 

We start with a few basic observations. In T 6 compactifications it is possible to have 
Wilson lines along each of the six non-trivial 1-cycles. These must be mutually commuting, 
so that the non-abelian commutator terms in the field strength tensor vanish. By simul¬ 
taneously rotating them into the Cartan generators, we can label the background gauge 
fields A] n with m = l,... ,6 and I — 1, ..., 16. Denoting the T 6 lattice vectors by e r , 
r — 1, ..., 6 , we also define 

a\. = [ dx m A f m , (8.54) 

Je r 

which are the analogs of A in (5.19). In toroidal orbifolds, the orbifold action may relate 
some of these Wilson lines, leaving a smaller set of independent choices. 

The Wilson lines along the directions e = n r e r implement gauge transformations 
exp (27ri Pi) on states with internal momenta Pj, hence we can regard Wilson 

lines as embedding the lattice translations into the gauge degrees of freedom. In the orb¬ 
ifold case, the orbifold gauge embedding and the Wilson lines thus combine to provide an 
embedding of the complete space group S into the gauge degrees of freedom. In this lan¬ 
guage, Wilson lines commute because the lattice translations are commuting, 
[(1, e r ), (1, e s )] = 0. On the other hand, since orbifold twists and Wilson lines need not 
commute, Wilson lines and orbifold gauge shifts may be non-commuting. This implies that 
Wilson lines may not only break the gauge symmetry, but also lower its rank. For simplic¬ 
ity we consider the commuting case, so that both orbifold twists and Wilson lines gauge 
actions can be represented by shifts V 1 and a\ along the Cartan generators. In space group 
embedding language, 
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Twist: (0,0; V 1 ); Wilson line : (l, e r ; aj. ) , (8.55) 

where the first two entries denote the space group element, and the last denotes its gauge 
embedding. Other elements are given by group multiplication, e.g. ( 9 , e r ; V 1 + a/). 

The orbifold symmetry implies that the Wilson lines corresponding to vectors e r rotated 
by the twist 9 are discrete; i.e. since 9 n e r — 0, we have (9, e,-) N = (1, 0) in the space 
group S, and therefore the gauge embedding must obey 

(9,e r ; V +a r ) N = (1,0; 0) =► N(V + a r )e A l6d =► Na r eA m . (8.56) 


Note also that, as mentioned above, in general not all Wilson lines are independent; if 
9e r — n rs e s , then a r = n rs a s mod Aiy. This reduces the number of independent 
Wilson lines. For example, in the Z3 orbifold with SU( 3) 3 root lattice, there is only one 
independent Wilson line for each 2-torus, e.g. ej = Qe\ and hence a 1 = a 2 mod A1 ( )r j. 

Let us consider the effect of the Wilson lines on the orbifold massless spectrum. In the 
untwisted sector, strings essentially propagate as in the underlying torus. As described in 
Section 5.2.2, a state with gauge charge vector P has its 6d momentum shifted as p r —* 
p r + P ■ a r , and this extra shift contributes to its 4d mass. The effect of the Wilson line on 
massless states is therefore a projection, 

P'aj. e Z, (8.57) 


similar to (5.24). Consequently both the gauge group and untwisted matter fields in the 
orbifold are reduced, as compared with models with no Wilson lines. 

Wilson lines have a non-trivial effect on twisted sectors as well. A twisted sector string 
at a fixed point / associated to an element of the space group ( 9 n , ? r ) has boundary 

conditions for, e.g., the T 6 bosonic coordinates 

X m (t, a+l) = ( 9 n X(t , cr)) m + Y] ef, (8.58) 

r 

where e™ are the components of The corresponding boundary conditions on the left- 
handed internal coordinates are 


X I (t + a+£) = X I (t + (j) + nV I +Y k r 4- ( 8 - 59 ) 

r 


That is, in this twisted sector and fixed point /, the gauge momenta P are shifted to 
P + nV + k} a r ■ Hence, in a sector fixed under ( 9 n , kf e r ), all formulae in previous 

f 

sections hold with the replacement nV —> nV + k'r a r . For instance, the left-moving 
mass formula in this sector takes the form 


a'Ml 
2 


= N B + 


(P + nV + J2r k 'r a r f 
2 


+ £ 0 -l. 


(8.60) 


The punchline is that Wilson lines make different fixed points feel different (in general 
non-standard) orbifold gauge shifts, and lead to different twisted massless spectra. This 
significantly enriches the model building prospects of toroidal orbifolds. The introduction 
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of Wilson lines can reduce the size of the gauge group, bringing it closer to the SM one, 
as well as the number of families, usually too large in simpler orbifold models. Explicit 
examples are described in Section 8.3.3. 

As expected, there are non-trivial modular invariance constraints on Wilson lines. They 
are given by the replacement nV —>■ nV + k / a r in (8.22) for all possible fixed points, 

associated to space group elements ( 0 n , kfe r ), i.e. 


N 


(" 


V ■ 


. kr a r 


2 2 
— n v 


= 0 mod 2 . 


(8.61) 


Including Wilson lines increases enormously the number of orbifold vacua based on a 
given Z,v or Z,y x /\j orbifold geometry. 


8.3.3 A first step in semi-realistic model building 

In this section we construct some simple examples of heterotic toroidal orbifold com- 
pactifications leading to interesting models of particle physics. Orbifolds with standard 
embedding do not lead to phenomenologically interesting models. The use of non-standard 
embeddings and Wilson lines, however, allows the construction of interesting semi-realistic 
particle physics models, close to (supersymmetric versions of) the Standard Model. This 
has been explored in the literature for several orbifold groups, including the Z 3 , Z 2 x Z 2 , 
Zf,. Z' 6 , Z 3 x Z 3 , Z 12 ,..., but a systematic review of these explorations is beyond the 
scope of this book. We rather provide two explicit examples, and emphasize some of their 
general properties. Further analysis of models in this class from the viewpoint of the 4d 
effective action leads to an improvement in their model building applications, described in 
Section 9.7. 


A Z 3 orbifold with two Wilson lines 

Our first example is based on the Z 3 orbifold, for which the orbifold projection in twisted 
states is particularly simple, as all massless states survive it. It is remarkable that despite 
the simplicity of the setup, it is possible to obtain models surprisingly close to the MSSM. 
An interesting observation is that in this and similar Z 3 -based models, the three SM gener¬ 
ations are related to the three complex planes in the internal compactification space, nicely 
geometrizing the SM family triplication. 

As in Section 8.2.4, we consider the Eg x E$ heterotic on T 6 /Z 3 with the underlying 
toroidal geometry given by the SU (3 ) 3 root lattice, see Figure 8.4. The first torus has three 
fixed points (•, o , x), which are invariant under 6 modulo a translation by mfe\ + 111202 
with (mi, m 2 ) = ( 0 , 0 ), ( 1 , 0 ), ( 1 , 1 ) respectively, and analogously for the other two tori. 
The orbifold generator must be embedded as one of the four gauge shifts satisfying the 
modular invariance constraint. Concerning the Wilson lines, the Z 3 rotations leave only 
three independent Wilson lines, one per 2-torus, i.e. a 1 = 02 . a 2 — 04 , as = «(,; they are 
also subject to modular invariance constraints. We consider the following choice of gauge 
embeddings 
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V = j(l, 1, 1, 1,2,0, 0,0) x ±(2,0, ...,0), 
ai = a 2 = j (0, 0,..., 0, 2) x i(0, 1, 1,0, ..., 0). (8.62) 

They satisfy (8.56), namely 3ai e AEgxEg, and the constraints (8.61), since the fixed 
points (1,0) and (1, 1) in the first 2-torus have local gauge shifts V + a\ and V — a\ mod 
Ae^xEs, which satisfy 3[(V ± a i) 2 — u 2 ]= even. 

The model with shift V and no Wilson line would give rise to the fourth model in 
Table 8.4, with gauge group SU (9) x S 0(14) x (7(1). The Wilson line induces the pro¬ 
jection P ■ a\ e Z for untwisted states, triggering the breaking 

5(7(9) -* 5(7(5) x SU (2) 2 x (7(1) 2 . (8.63) 

With hindsight we can tentatively identify this SU (5) with a GUT symmetry. Section 1.2.2. 
As the reader may easily check, the untwisted chiral matter from the first E& gets reduced to 

3 [ (TO, 1 , 1) + (5, 2,1) + (5,1, 2) ]. (8.64) 

There are three 10s and twelve 5s; the anomalies of this untwisted spectrum will be can¬ 
celed by additional massless states in the twisted sectors, to which we turn. 

The 27 fixed points split into three sets with nine points each, according to the local 
gauge shifts they feel. The nine fixed points corresponding to (0, 0) in the first two-torus 
are fixed under 0 with no additional translation in the first complex plane; they are insen¬ 
sitive to the Wilson line, so the gauge embedding shift is V. The corresponding massless 
twisted sector fields are as in the case with no Wilson line, but with gauge representations 
decomposed according to (8.63). This gives 

9 [ ( 5 , 1, 1 ) + ( 1 , 2,1) + (1,1, 2) ]. (8.65) 

Note how the 5(7(5) anomalies from the untwisted sector spectrum are neatly canceled by 
these twisted fields. 

The nine fixed points corresponding to (1, 0) in the first two-torus feel a local gauge shift 
V + a i. This shift is equivalent, modulo Ae & xE s , to that of the second model in Table 8.4, 
and would lead by itself to an [ E(, x 5(7(3)] 2 gauge symmetry. We can thus borrow its 
twisted sector massless fields, and decompose it with respect to the actual 4d gauge sym¬ 
metry; the 5(7(3) triplets decompose under the 5(7(2)’s as singlets and doublets. The last 
set of nine fixed points, corresponding to (1, 1) in the first two-torus, feel a shift V + 2a\. 
This shift is again equivalent to that of the second model in Table 8.4, modulo A e s xE s and 
reordering of entries leading to a slightly different embedding inside E$. It locally pro¬ 
duces an [Z?6 x 5(7(3)] 2 structure, and its twisted sectors lead to additional doublets and 
singlets. The gauge symmetry structure of this model is depicted in Figure 8.5. 

All in all, this model has the SU (5) GUT content 


3 ( 10 + 5 )+ 9 ( 5 + 5 ). 


( 8 . 66 ) 
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E 6 'xSU{3)'x E 6 'xSU(3) 



SU(9) x SO(14)xU(1) E 6 xSU{ 3) x E 6 xSU{ 3) 

Figure 8.5 The three different sets of fixed points have different local gauge shifts breaking to differ¬ 
ent local gauge symmetries. The actual 4d gauge symmetry of the model is the overlap of the gauge 
symmetries on the fixed points. 


Namely, three standard families plus nine extra vector-like 5 + 5-plets. This simple model 
illustrates how the addition of Wilson lines and non-standard embeddings in Zn orbifolds 
can lead to potentially realistic particle physics models. The model is however not a really 
viable particle physics model, since it lacks the massless adjoints to trigger higgsing down 
to the SM group. This actually follows from very general constraints on the possible 
representations in the massless spectrum of heterotic compactifications, as described in 
Section 17.1.2, but may be overcome by realizing the gauge group at higher Kac-Moody 
level, see Section 9.8. 

Given this situation, the simplest solution to construct realistic particle physics models is 
instead to directly produce a gauge symmetry of the form SU (3) x SU (2) x U (1)" x G/,, 
containing an SM gauge factor. This can be achieved for the above Z 3 model with the 
addition of a second Wilson line a 3 = a\ in the second two-torus. Consider the choice 

a 3 = a 4 = i (1, 1, 1, 2, 1, 0, 1, 1) x (0, 0,..., 0). (8.67) 

In the untwisted sector, the Wilson line projection P-a 3 e Z breaks further the gauge group 
down to SU (3) x SU (2) x U (l ) 8 x SOCIO)', which contains the SM gauge symmetry as 
proposed above. It also truncates the untwisted matter spectrum (8.64) to 

3 ( ( 3 , 2 ) + ( 3 , 1 ) + ( 1 , 2 ) ]. ( 8 . 68 ) 

These fields transform under the non-abelian SM gauge factor as three left-handed quarks 
Ql, three right-handed quarks, and three Higgs multiplets or lepton doublets. 

The 27 fixed points split now into nine different sectors, each with multiplicity three, for 
which the local orbifold gauge shift is 


V + m\ a\ + m 3 a 3 , 


( 8 . 69 ) 
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with m i, m 3 = 0 , 1 , —1 corresponding respectively to the fixed point position •, o, x, in 
the first two two-tori. The massless fields in these twisted sectors are 

3 [5 ( 3 , 1 ) + 4 ( 3 , 1 )+ 12 (1,2) + 57 ( 1 , 1 )]. (8.70) 

Note how these twisted sector fields neatly cancel the SU (3) anomalies from the untwisted 
sector spectrum. The twisted sector produces a net number of three triplets, which can play 
additional right-handed quarks of the SM gauge sector. In addition there are extra doublets 
which can play the role of lepton/Higgs multiplets, and singlets which can include the 
right-handed leptons. The full massless spectrum of charged chiral multiplets is given in 
Appendix C. It is worth emphasizing that in this simple orbifold example the doublet- 
triplet splitting is not an issue since, as we will see in Section 9.7, all extra triplets beyond 
quarks become massive. The complete study of the massless spectrum requires a careful 
analysis of the (7(1) symmetries of the model, and of the particular linear combination 
leading to the hypercharge (7(1). We postpone this analysis to Section 9.7. 

In any event, it is remarkable that a simple symmetry breaking structure based on the 
simplest abelian orbifold can already provide models unexpectedly close to the SM spec¬ 
trum. Still the model seems to contain a large number of additional f/(l)’s and additional 
matter beyond the minimal SM. This is a rather generic feature of toroidal orbifolds con¬ 
taining the SM spectrum, which however is greatly improved under a more careful analysis. 
Indeed, as further developed in Section 9.5, heterotic string compactifications have one- 
loop corrections, controlled by the structure of U (1) anomalies. These corrections trigger 
breaking of gauge symmetries along flat directions of the scalar potential, in which all (7(1) 
factors except the hypercharge (7(1) are broken, and most exotic matter fields beyond the 
SM get a large mass. This is a spectacular improvement of the model building prospects of 
heterotic orbifolds beyond their tree level structure. 

A Z' 6 orbifold model 

Our second example is based on the Z ' 6 orbifold, with shift v = g(l, 2, —3), and illustrates 
the possibility of building realistic particle physics models using even order orbifolds. It 
also enjoys the property of exploiting an underlying 50(10) GUT symmetry, useful to 
produce models with a canonical 5(7(5)-like normalization for hypercharge. The underly¬ 
ing torus is defined by the root lattice of Gi x SU (3) x 50(4), and we choose the gauge 
embedding of the generator 0 to be 

V = ^(3, 3,2, 0,.... 0) x ^(2, 0,..., 0). (8.71) 

This breaks the first Eg symmetry down to 50(10) x 5(7(2) x U(l) 2 . The symmetry is 
further broken by the addition of two Wilson lines 02 , 03 along the second and third 2-tori, 
given by 


a 2 = 2 ( 1 , 0 , 1, 1, 1,0, 0,0) x i(-3, 1, 1, -1, 1, 1, 1, -1), 
03 = 3 ( 1 , 0 , 0, 1,1,1, 1, 1) X j(3, 1,1,1, 0, 0, 0, 0). 


(8.72) 
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The unbroken gauge symmetry is then SU (3) x SU (2) x U (l) 9 x[SU (4) x 5t/(2)']. Using 
the techniques described in previous sections, a straightforward but somewhat tedious 
computation leads to the following massless particle spectrum 

3(3, 2)i /6 + 3(3,1)- 2/3 +7(3,1) 1/3 +4(3,1)_ 1/3 + 8(1, 2 )_ 1/2 
+ 5(1, 2) V 2 + 8(1, 2 ) 0 + 3(1, l)i + 16 [(1, l)i /2 + h.c.] + SM singlets, 

where the subindex is the charge under a 1/(1) subgroup of U( l) 9 , eventually identified 
with hypercharge. 

The model contains an SM gauge symmetry factor, and the matter contains three quark 
and lepton families. As in the above Z 3 example, the model as it stands contains addi¬ 
tional gauge factors and exotic matter multiplets, in particular with fractional charges. 
This is a very generic feature of heterotic orbifolds with non-standard embedding, see 
Section 17.1.3. However, as already mentioned for the Z 3 orbifold example, there are flat 
directions in which all these exotics become naturally massive. Again, a detailed analysis 
of this effect requires a systematic study of the low-energy effective action for heterotic 
string compactifications, to which we turn in Chapter 9. 


8.4 Asymmetric orbifolds* 

The heterotic string is clearly an asymmetric construction in which left- and right-movers 
are treated differently. This left-right asymmetric treatment may be extended to the internal 
coordinates in a compactification to 4d. In the resulting string constructions this internal 
sector does not admit a geometrical interpretation, since the left and right bosonic fields 
cannot in general be combined into well-defined spacetime coordinates. The construc¬ 
tions are nevertheless perfectly consistent and can be made modular invariant, leading to 
consistent 4d string vacua. Despite their non-geometric character, we abuse language and 
still refer to them as asymmetric “compactifications.” Left-right asymmetric compactifica¬ 
tions can in principle be constructed within different frameworks, including the fermionic 
models and Gepner model constructions in upcoming sections. Here we focus on their 
realization as asymmetric abelian toroidal orbifolds, or asymmetric orbifolds for short. 


8.4.1 General construction 


The idea is to consider an underlying toroidal compactification, and mod out by orbifold 
groups Gl , Gr acting differently on the left and right sectors, so that ( 8 . 6 ) is replaced by 


T 


6 

R 


Gr 



(8.73) 


The condition to preserve 4d J\f = 1 supersymmetry is that the action of G r 011 is a 
subgroup of SU (3), so that right-moving states in NS and R sectors pair up into spacetime 
supermultiplets. 
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The underlying toroidal compactification is described in terms of the Narain lattice con¬ 
struction in Section 5.2.2, namely through an even self-dual lattice T 22.6 of left and right 
momenta (Pl, Pr ). Left-right symmetric orbifolds can be obtained e.g. from lattices of the 
form T 22,6 = ri6,o © 6 Ti i, with identical orbifold twists for left and right sectors, with 
Ti 6 ,o = A£g X £ 8 or A 60 ( 32 ), and Tyi is the lattice (3.82) of winding/momentum on S 1 . 

Asymmetric orbifolds are obtained by considering more general orbifold twists, 
g = (0 L , Vl; Or, Vr) acting on left/right momenta as 

g\P L , Pr) = e 27Z ^ PL VL ~ PR VR) \ e L P L -,0 R P R ), (8.74) 


where 9l, 6 r , are rotations of T^ 2 , T^, and Vi, V R are shifts on these tori. Note that Vl 
includes the action on the gauge degrees of freedom through a shift. 

This type of construction can be carried out following the same idea used in defining 
the lOd heterotic string in Section 4.3.1. One formally introduces auxiliary worldsheet 
fields to obtain a left-right symmetric structure, on which the orbifold twists can act as 
usual, and then imposes the auxiliary coordinates to be frozen to zero. The vanishing of 
the momenta of the auxiliary bosonic coordinates usually requires the parameters of the 
underlying torus, like the metric or the B mn background, to be frozen at particular values. 

To illustrate the idea, consider the description of a purely left-moving toroidal com¬ 
pactification on a factorized torus T 2 x T 2 x T 2 , with each 2-torus defined by an SU (3) 
root lattice. This can be defined by introducing auxiliary right-moving coordinates, so the 
full system describes a geometric toroidal compactification, for which left/right momenta 
( pl, p R ) e V,i,d are as in (5.12). With hindsight we take the following backgrounds for 
the metric G mn and B mn fields for each SU (3) torus 


(Ginn) — 


1 


(Bmn) — 


(8.75) 


where G mn = e m ■ e„, with e\, ej generating the SU( 3) root lattice. Demanding that the 
auxiliary right-handed momenta p R vanish identically, the radius is frozen at R = \Ta' 
and the left-moving momenta on each T 2 have the structure 


PL.m 


= V2 G mn w n . 


(8.76) 


When used as momenta (5.26) in heterotic string compactifications (with no Wilson lines), 
states (w 1 , w 2 ) = ±(1, 0), ±(0, 1), ±(1, 1) have (pl) 2 — G mn PL,mPL,n = 2 and give 
rise to massless gauge bosons. They correspond to the non-zero roots of SU (3), and com¬ 
bine with the generic KK U (l) 2 gauge bosons to produce an enhanced SU (3) gauge group. 
These enhanced gauge symmetries are stringy in nature, since they involve winding states, 
and have already been mentioned in Section 5.2.2. The bottom line is that the freezing of 
the auxiliary degrees of freedom required to define left-right asymmetric models leads to 
freezing of moduli, at loci of enhanced gauge symmetries. This general property still holds 
when including the (asymmetric) orbifold twists. 

Let us now describe the computation of the spectrum in an asymmetric orbifold. The 
untwisted sector is obtained as usual by performing a projection on states invariant under 
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the asymmetric twist (8.74). In addition there are twisted sectors, required by modular 
invariance as usual. In contrast to the symmetric orbifold case, they do not admit a sim¬ 
ple geometric interpretation, as there is no well-defined geometric notion of orbifold fixed 
points. It is possible, however, to obtain and interpret the multiplicity of twisted sectors 
from the auxiliary left-right symmetric construction. In a left-right symmetric orbifold 
with a sector twisted by 9 — 9r — 9l, the fixed point multiplicity is det'(l — 6 ) by the 
Lefschetz formula (8.49), with the prime indicating that the determinant is only over 
6-eigenvalues not equal to 1. For asymmetric orbifolds, the result produced from mod¬ 
ular invariance is analogous, modulo the following differences. Denoting I the sublat¬ 
tice of r 22,6 invariant under 0 = ( 9l, Or) and I* its dual, the degeneracy factor can be 
shown to be 

/det'(l - 0 L ) det'(l -9r) 

D = J ---—---—, (8.77) 

V \I*/I\ 

where \I*/I\ is the index of I on /*, see Appendix A. This multiplicity is derived as in 
Section 8.2.5, as the prefactor of twisted sector partition functions, obtained by modular 
transformations from the untwisted sector partition functions; e.g. the denominator arises 
from the Poisson resummation (A. 14) required after a modular transformation r —> — 1/r 
from the untwisted sector. For symmetric orbifolds I = I*, and one recovers the geometric 
fixed point multiplicity. In general, modular invariance guarantees that D is always an 
integer number. 

As usual, modular invariance implies constraints on the allowed orbifold actions. Let us 
define the shift vector V = ( F/,, Vr) and denote by V* its projection onto the invariant 
sublattice /, i.e. V = V* + b with V* e I and b orthogonal to I. Let us focus on Z,y orb¬ 
ifolds, and denote by e 2nl r >! N , e 2nl r ^ N , the complex eigenvalues of 9l, Or, respectively. 
For odd N, modular invariance implies the constraint 

( NV*) 2 - rf = 0 mod N. (8.78) 

i 

For even N the above condition is mod 2 N, and there are the additional constraints 

^ ? s = 0 mod 2, L ■ 9 n/2 ■ L = 0 mod 2, VL e r 22 ,6- (8.79) 

In the presence of Wilson lines in the underlying torus there are additional constraints, see 
later for a partial discussion. 


8.4.2 An asymmetric Z j orbifold example 

For illustration we construct an example of an asymmetric Z 3 orbifold of the Es x Eg the¬ 
ory, based on the SU (3 ) 3 root lattice toroidal compactification with the above background 
metric and /1-tield (8.75) on each T 3 ; this leads to a lattice F 2 2 of left and right momenta. 
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We take the Narain lattice to be V 22.(1 = F/r s © P/r 8 ©3 1 ^ 2 , 2 , and mod out by an asymmetric 
twist © of the form 

©|P L , P R ) = e 2nip ^\ P L - QrPr >, (8.80) 


acting as a rotation 9r on right-moving momenta, and as a shift Vi on the left-movers. 
We consider the simple example of a right-moving twist identical to that in the symmetric 
Z 3 orbifold, hence r = (1, 1, —2), and a left-moving shift of “standard embedding” form, 
Vl = j(l, 1 , — 2 , 0 ,..., 0 ) in one of the F£ g lattices; this satisfies the modular invariance 
constraint (8.78). States in the untwisted sector have momenta in the invariant sublattice /, 
which has the form 

I — Pe s © Pe s © 3(As{/(3), 0 ), (8.81) 

with A$u( 3 ) the SU( 3) root lattice. Modular transformations of the untwisted partition 
function imply that 0 -twisted sector states have momenta in the dual lattice I* shifted by 
V*, hence lie in the lattice 


I* + V* = r E g © (r £g + V*) © 3(Aw, 0), (8.82) 


where A w is the SU (3) weight lattice. 

Let us turn to the computation of the 4d massless spectrum in this model. The untwisted 
sector produces the 4d graviton, the antisymmetric tensor B IIV . the dilaton (f >, gauge bosons 
of E% x E(> x SU(3) x SU (3) 3 , and their 4d J\f = 1 partners. There are also charged chiral 
multiples transforming as three copies of (27, 3; 1,1,1) under x SU (3) x SU (3) 3 , as 
in the symmetric Z 3 orbifold with standard embedding in Section 8.2.4. 

Concerning the twisted sector, in this case \I*/I\ = 3x3x3 and det(l — 6r) = 27, so 
the twisted sector degeneracy (8.77) is just D — 1. The right-moving mass formula in the 
©-twisted sector is the same as in the symmetric Z 3 orbifold (8.28), with v — r/N. The 
left-moving mass formula is 


a'M 2 

2 


( P+ V*) 2 
2 


PI 


+ N B - 1. 


(8.83) 


with P e AEgxEg and pi in the weight lattice of SU( 3) 3 ; since the left-moving sector 
is not rotated, it differs from the symmetric Z 3 orbifold expression (8.28) by the fact that 
there are six independent components of the momentum pi, and that the normal ordering 
constant is — 1 instead of —2/3. Note also that in our example V* = Vi. There are massless 
states transforming as 


p 2 = 0, (P + V*) 2 = 2, (27, 3; 1,1,1), 

p 2 = 4/3, (P + V) 2 = 4/3, (27,1; 3,1,1 ) + (27,1; 3,1, 1 ), (8.84) 

p 2 L = 8/3, (P + Vf = 2/3, (1,3; 3, 3,1 ) + (1, 3; 3,3,1 ) + (1, 3; 3,3,1 ), 


all with Nr — 0. The number of net /-/, generations in this model is 24, compared to 36 in 
the symmetric Z 3 orbifold, and unlike the latter there are 27 + 27 pairs. 
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It is possible to build models including Wilson lines in the underlying toroidal com- 
pactification. These can be constructed starting with a parent model with no Wilson lines 
and introducing an extra shift action on the lattice 1 ^ 2 ,6, generalizing the embedding of the 
space group as a gauge shift in Section 8.3.2. A useful necessary condition for an asymmet¬ 
ric orbifold to admit Wilson lines is that the twisted sector degeneracy in the parent model 
must be bigger than one. Indeed, an order N Wilson line a changes the invariant lattice I 
to I N = {L e 1 1 L ■ a e Z}, its dual to /* = {P* + ka \ P* e /*, k = 0,..., N - 1}, and 
the index to \I*/I N \ =n 2 \i*/i\, so the twisted sector degeneracy is reduced by a factor 
of N. For instance, the above asymmetric Z 3 orbifold does not allow the introduction of 
Wilson lines, since D = 1 . On the other hand, the analogous asymmetric Z 3 orbifold with 
the underlying T 6 defined instead by an E& root lattice has non-trivial twisted sector degen¬ 
eracy D = 3, since /*// = 3 and det(l — Or) = 27. Such models admit the introduction 
of one Wilson line of order 3. 

The exploration of particle physics model building using asymmetric toroidal orbifolds 
has been rather limited, since they offer no obvious advantages over symmetric orbifolds. 
However, the fermionic models described in the next section may be regarded as asym¬ 
metric orbifolds (by the bosonization in Section 4.2.6). They provide a formulation more 
amenable to systematic model search, which indeed leads to phenomenologically interest¬ 
ing models. 

One interesting general property of asymmetric orbifolds, already manifest in the above 
Z 3 example, is the generic absence of untwisted moduli, e.g. T 7, which are quite gener- 
ically projected out by the asymmetric orbifold action (equivalently, frozen at particular 
values to allow for the asymmetry). This suggests that non-geometric compactifications 
like asymmetric orbifolds may be useful in fixing the moduli in string compactifications. 
Indeed, certain asymmetric orbifolds can be related to the non-geometric compactifications 
in Section 14.4, which contain non-geometric fluxes fixing the moduli. 


8.5 The fermionic construction 

The bosonization/fermionization in Section 4.2.6 states that a left-moving real bosonic 
coordinate X compactified on a circle at the critical radius R = \[a' is equivalent to a 
complex fermion; this was already exploited in Section 4.3.5 to replace the 16 purely left- 
moving bosonic coordinates X 1 by 32 real fermions. It can also be used to define a new 
construction technique for 4d heterotic string models, which fermionizes all left and right 
worldsheet bosons, except those corresponding to the non-compact 4d. This “compactifica- 
tion” framework is known as the fermionic construction, and can be regarded as providing 
a very tractable version of the earlier (symmetric or asymmetric) toroidal orbifolds with 
compactification torus at the critical radius. The worldsheet theories are defined in terms 
of free fermions, with different possible boundary conditions, which allow for a a'-exact 
CFT computation of the 4d spectrum. The fermionic construction leads to a large class of 
4d compactifications, including semi-realistic 4d Af = 1 models with a spectrum close to 
the MSSM. In this section we briefly review the general properties of these constructions. 
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8.5.1 Boundary conditions and spectrum 


Let us fix the notation for the worldsheet fermions obtained after fermionization of the 
compact bosonic coordinates. In the right sector there are 20 real fermions, as follows: 

• Two real fermions i// ,/ corresponding to the 4d spacetime (in light-cone gauge). 

• For each internal coordinate m = l,... ,6 there is a triplet of real fermions (x m , y m , (»"'), 
two of which arise from fermionization of the bosonic coordinate. 

In the left sector there are 44 real fermions, as follows: 

• For each internal coordinate m = l,... ,6 there is a pair of real fermions (y m , of 1 ). 

• The 16 complex fermions of the lOd fermionic formulation, are split for later conve¬ 
nience into three sets of 16 = 5 + 3 + 8, denoted (i/f 1 , ..., i/f 5 , rj l , rj 2 , jj 3 , 0 1 ,..., </> 8 ). 

The 20 right- and 44 left-moving real fermions can be jointly treated as a vector f with 
64 components /'. These satisfy 2d boundary conditions, which we write as 


fi{a + 1 ) =-e inai f^). 


(8.85) 


so that, e.g., antiperiodic (NS) and periodic (R) boundary conditions correspond to at = 
0, 1. The phases a, may in general be fractional, although in most models in the literature 
this is the case only for the 16 left-moving complex fermions. 

A model is defined by a set of p 64-component “basis vectors” V fl , a = \, ... ,p, 
of order N a , i.e. N a \ a = 0 (mod 2). Their linear combinations with integer coefficients 
generate possible vectors of boundary conditions a for the 64 fermions, 



( 8 . 86 ) 


Any pair of, e.g., left-handed fermions whose boundary conditions match in all such sectors 
can be combined into a complex fermion. Their bilinears can be used to construct massless 
left-moving states leading to spacetime gauge bosons, in analogy with the realization of 
gauge bosons at the end of Section 4.3.5. On the other hand, real fermions not combining 
into complex ones do not lead to such gauge bosons; hence models with unpaired real 
fermions lead to reduction of the gauge group rank. Boundary conditions for real fermions 
must be periodic or antiperiodic, but those for complex fermions admit fractional phases. 

The one-loop partition function includes a sum over all possible boundary conditions 
generated by the basis vectors, 



(8.87) 


The terms Z(a, /?) contain the product of all the individual fermion partition functions. The 
coefficients C(ct, fi) are complex phases constrained by modular invariance conditions, 
in analogy with the orbifold compactifications in previous sections. The freedom in the 
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choice of these phases can be parametrized by a p x p matrix k a b of rational numbers with 
— 1 < k a b < 1 • In terms of this matrix, we have 

C(V a , V b ) = (-1) S “+* A exp (in k ba ~\v a - , (8.88) 


where s a is the 4d component of V a and the dot product is Lorentzian, namely V ■ W = 
V l ■ W l ~ Vff-Wsin terms of the left- and right-moving parts. For two sectors a = 
Yfa= l n a v a, P = Ea=i m aV a the phases in (8.87) are 


C(a,0) = (—l) Sa+s P exp 


in y']m a (k ab -^V a -V b ) n b 

a,b ' 


(8.89) 


One loop modular invariance of the partition function implies the following conditions on 
the basis vectors V a and the matrix k a b 

1 

kab +kba = - Va-Vb mod 2, 

N a k ab = 0 mod 2, 

kaa + kai = ~s a + ^V a ■ V a mod 2, (8.90) 

where the subindex 1 in the last line denotes the vector V a — 1, with all the 64 entries equal 
to 1, which is required (by modular invariance) to be included in the basis. This basis vector 
generates the “untwisted” sector of the theory, which includes the gravity multiplet and part 
of gauge bosons, as shown in the examples in Section 8.5.2. The explicit dependence of 
the conditions (8.90) on k a b may be removed by multiplying by appropriate integers, so 
that the constraints may be recast in terms of the V„’s and their orders N a , 


N\ab\V a ■ Vb = 0 mod 4, N a V a ■ V a = 0 mod 8, (8.91) 

where N[ ab \ is the least common multiple of N a and Nb- From these conditions it can be 
shown, e.g., that the net number of real fermions simultaneously periodic for any three 
basis vectors must be even. 

The massless spectrum is obtained by acting on the vacuum |0) a of each sector of bound¬ 
ary conditions a with the relevant fermionic creation operators i fr‘_ r . Sectors with fermion 
zero modes lead to degenerate groundstates, in particular N complex fermions with peri¬ 
odic boundary conditions lead to a degenerate vacuum transforming as a spinor of the 
corresponding SO(2N), in close analogy with the Ramond fermions in Section 4.2.1. 

To each complex fermion g‘ one can associate a {/(l), charge, which may be realized as 
a gauge boson. Each state in any sector a of the Hilbert space has a definite charge under 
these 17(1) symmetries, denoted \ these charges are directly related to the boundary 
conditions a, and the oscillator numbers by 

2“ = !«,- +F“, 


( 8 . 92 ) 
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where /*’“ is a fermion number operator counting +1 for a negative modeling fermionic 
oscillator i j/ l _ r and — 1 for its positive modding counterpart. One can also define analogous 
(pseudo)charges for real fermions, in which case /*’" counts (+1) for each oscillator. Con¬ 
cerning sectors with zero modes, the fermion number is defined by F“ = 0,-1 for the two 
vacuum states associated to each complex fermion with periodic boundary conditions. The 
charges (8.92) form charge (or “pseudo-charge” for real fermions) vectors, Q“ = |a + F“, 
associated with states in a sector a. They are useful to compute the massless spectrum, and 
to express the generalized GSO conditions implied by modular invariance. In the present 
case the projections for states in a sector a = YLa= \ a aVa can be shown to impose the 
condition 

V b ■ Q“ = a “ kba + Sb mod 2 ’ WVb - (8-93) 

a 

The mass formulae may also be written in terms of the charges as 

1 + ^Q"-Q“- (8-94) 

Level matching requires Mr — Mi for each state, as usual. 



8.5.2 Examples 

We illustrate the model building possibilities of the present framework with a couple of 
examples. 


An SO(IO) example 

Let us sketch the structure of a prototypical 4d model with semi-realistic spectrum. We 
introduce the five basis vectors \ a = (1, S, bi, b 2 , by) in Table 8.5, where 1(0) denote 
R(NS) boundary conditions, and furthermore choose the phases 

C(bi.bj) = C(bj,S) = C(l, 1) = —1, i, 7 = 1,2,3, (8.95) 

with the remaining phases being determined by the consistency constraints. These deter¬ 
mine the GSO projection, whose discussion we skip. 

In the absence of the basis vectors bj, the model corresponds to a toroidal 4d AT = 4 
compactification of the SO (32) heterotic theory, on a T 6 at a point of maximal enhanced 
SO (44) gauge symmetry, already described in terms of the Narain lattice in Section 5.2.2. 
The bosonic states arise from the sector a = 2 x 1 = 0, for which all worldsheet fermions 
have NS boundary conditions. The massless states 

^ 1/2 “-i |0>0 ’ 


( 8 . 96 ) 
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Table 8.5 Boundary conditions for right and left fermions defining a 4d S' O (10) model 



ft 1 

X 1 ,* 2 

X 3 ,* 4 

X 5 , X 6 

ijr 1, ..., 

1 /r 3 

-1 -2 -3 
rj , rj , r] 

</> l , . 

..,0 8 

1 

1 

1 

1 

1 

1. 

1 

1 , 1,1 

1, 

..,1 

s 

1 

1 

1 

1 

0, ..., 

0 

0 , 0,0 

0, 

..,0 

bi 

1 

1 

0 

0 

1. 

1 

1 , 0,0 

0, 

..,0 

b 2 

1 

0 

1 

0 

1, .... 

1 

0 , 1,0 

0, 

..,0 

b 3 

1 

0 

0 

1 

1, .... 

1 

0 , 0,1 

0, 

..,0 


.V 3 , 


S 3 ,. 

-,y 6 

1 2 5 

y , y , co 

,« 6 

v 1 , y 2 , a) 5 , aft 

at 1 ,. 

4-1 -4 

. , CO CO , .. . , CO 


s 

0 ,. 

.,0 

0 ,. 

.,0 

0 ,. 

.,0 

0 .. 

.,0 

0 , 

..,0 

0 ,. 

.,0 

bi 

1 ,. 

., 1 

1 ,. 

., 1 

0 ,. 

.,0 

0 .. 

.,0 

0 , 

..,0 

0 ,. 

.,0 

b 2 

0 , . 

.,0 

0 ,. 

.,0 

1 ,. 

1 

1 ,. 

., 1 

0 , 

..,0 

0 ,. 

.,0 

b 3 

0 ,. 

.,0 

0 ,. 

.,0 

0 ,. 

.,0 

0 .. 

.,0 

1 , 

..,1 

1 ,. 

• ,i 


correspond to the 4d graviton, dilaton, and two-index antisymmetric field If, v . The 50(44) 
gauge bosons correspond to states 

£- 1 / 2 *- 1 / 2 *i 1 / 2 | 0 >, ^ 1 / 2 ^ 1 / 2 ^ 1 / 210 ), ^ 1 / 2 ^ 1 / 2 ^/ 210 ), (8-97) 

where b, b* are oscillator operators corresponding to the 22 complex left-moving fermions. 
The J\f = 4 vector multiplet scalar partners are obtained by replacing ft/ 1 ' by the oscillators 
of any of the other six right-moving fermions, while the fermion partners are obtained from 
the S sector. There is also an extra f/(l ) 6 from right-moving fermions tensored with the 
light-cone bosonic oscillators, corresponding to the Af — 4 graviphotons, c.f. Section 2.4.1. 

The presence of the additional three basis vectors bi implements an effective Z 2 x Z 2 
orbifold projection, preserving only 4d J\f = 1 supersymmetry. In addition, the gauge sym¬ 
metry is broken to SO(10) x 5 0(6) 3 x E%- The gauge symmetry with Cartan generators 
associated to the fermions fi 2 ,..., i/) 5 , i ]', yi , is reduced by the GSO projection, while 
that associated to </r, ..., <jft is enhanced from SO( 16) to If. The computation of the 
massless spectrum shows that each of the b; sectors leads to 16 SO( 10 ) families; these 
spinors 16 arise from the fermion zero modes of the five complex fermions </r,..., fi 5 
with periodic boundary conditions, while the multiplicity 16 comes from the additional 
6 + 6 real fermions with periodic boundary conditions, truncated by the different GSO pro¬ 
jections. In total the model has 48 generations. There are also six multiplets transforming 
as 10s of 50(10), as well as a number of singlets. 

A 3-generation MSSM-like example 

The above model is not a realistic 50(10) GUT, since it has too many generations and 
no adjoint scalars to break the symmetry down to the SM. An improved example can be 
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Table 8.6 Additional boundary conditions to obtain a MSSM-like model 



i/ft 1 

jt 1 , yp- 

X 3 ,X 4 X 5 , X 6 l/f 1 , . . . , l/r 3 

a 1 

ri 2 

h 3 

4> l ,..., 4> 8 

Cl 

1 

1 

0 0 1,1, 1,1, 1 

1 

0 

0 

0, 0, 0, 0, 0, 0, 0,0 

c 2 

C3 

1 

1 

0 

0 

0 1 1,1, 1,0,0 

1 0 I i I I I 

2’ 2’ 2’ 2’ 2 

1 

1 

2 

0 

1 

2 

1 

1 

2 

1, 1, 1. 1,0, 0, 0,0 
i,0, 1, 1, i, i, i, 1 


v 3 ,y 6 

4 -4 

r,r 

y 5 ,y 5 y 3 ,y 6 y l ,to 6 y 2 ,y 2 

ft) 3 , ft) 3 

y 1 , w 6 


2-2 4 -4 -1 -3 

CO , CO CO , CO CO 1 , CO 

Cl 

1 

0 

01 00 

1 

0 

0 

0 1 0 

c 2 

0 

0 

01 01 

0 

1 

1 

0 1 0 

c 3 

0 

0 

11 10 

0 

1 

0 

1 0 0 


obtained by adding the extra basis vectors Cj in Table 8.6, to break the symmetry and reduce 
the number of generations. 

We simply quote the existence of an example with a modular invariant choice of phases 
C(ct, ft), in which the number of generations is reduced to three, and the gauge group is 
SU(3) x SU(2) x [7(1 ) 12 x (50(4) x SU (3)), i.e. containing the SM and an extra (not com¬ 
pletely hidden) sector. Note that the gauge group has rank 19, arising from the 16 complex 
fermions (p a , i Jr 1 ,, i/r 5 , ij 1 , ij 2 , ij 3 and the three pairs (y 3 , y 6 ), (y 1 , &> 6 ) and (&) 1 , dr 1 ), 
which have equal boundary conditions and thus combine into complex fermions. The 
remaining left-moving fermions are unpaired and do not produce extra gauge bosons. A lin¬ 
ear combination of the 12 £/(l)’s may be identified with hypercharge, while another com¬ 
bination is anomalous and gets massive through the Green-Schwarz mechanism, described 
in Section 9.5. Besides the SM chiral multiplets, there are four sets of MSSM Higgs 
doublets, and further multiplets involving the visible and the non-abelian “hidden” sector 
S0( 4) x SU (3). There are also extra SU (3) x SU (2) singlets with fractional Q = ±1/2 
charges, which nevertheless become very massive in the gauge symmetry breaking induced 
by the one-loop FI term associated with an anomalous f/(l), see Section 9.5. 

There exist many other models in the literature, constructed with these techniques, 
including also models based on the flipped SU (5) unification of Section 1.2.5. The struc¬ 
ture of their 4d spectrum is quite similar to the models obtained from orbifold compact- 
ifications; in fact, the above example is related to a Z 2 x Z 2 symmetric orbifold. Hence, 
their 4d effective action and phenomenology also follow similar lines, and are not further 
pursued here. An interesting new possibility within the fermionic construction is the use of 
sets of unpaired real fermions for rank reduction of the gauge group. In particular this can 
be used to construct models where the gauge symmetry is realized at higher Kac-Moody 
level, see Section 9.8; this allows the construction of heterotic string models with SU( 5) 
or SO (10) GUT symmetry with massless adjoint scalars to play the role of GUT-Higgses. 
A detailed discussion is however beyond our scope. 

Let us finally remark that the 2d fermion-boson equivalence may also be used in the 
opposite direction, i.e. one can bosonize all worldsheet fermions and develop a bosonic 
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formalism to construct 4d compactifications. This is the path followed by the so-called 
covariant lattice approach (furthermore based on a Lorentz covariant formalism, as sug¬ 
gested by its name), which also allows the construction of a large number of 4d M = 1 
string vacua. We will not discuss it here, however, since this formalism has not been much 
used in phenomenological string model building. 


8.6 Gepner models 

Asymmetric orbifolds or fermionic models are simple examples of the use of abstract 2d 
CFTs to describe the internal “compactification” sector, without resorting to an explicit 
geometric interpretation. This can be generalized to the construction of 4d string theory 
models in which the internal sector is described by interacting (but solvable) 2d CFTs. In 
this section we illustrate this possibility in the so-called Gepner model “compactifications” 
of the Eg x Eg heterotic string. Since interactions on the 2d worldsheet are related to 
curved backgrounds, such compactifications are related to compactifications on curved 
CY manifolds of stringy size, as we will also explain. 


8.6.1 General construction 

Gepner models are based on a tensor product of AT — 2 superconformal minimal models. 
The construction requires a number of CFT ingredients, for which we refer to Appendix E. 


Minimal models 


Conformal symmetry in 2d is powerful enough to constrain the dynamics of non-trivial 
interacting 2d CFTs. In particular, there is a complete characterization of Af —2 super¬ 
conformal field theories (SCFTs) with c < 3, which are moreover solvable, e.g. the exact 
spectrum of primary fields is known. These so-called minimal models are the simplest inter¬ 
acting Af = 2 SCFTs, and can be constructed as cosets using the Sugawara construction in 
Section E.3. We now review their main properties relevant to our present purposes. 

Minimal models are chiral (namely purely, e.g., left-moving) 2d AC =2 SCFTs. They 
are denoted by Ak, with a positive integer label k, known as the level, which is related to 
the central charge by 


Ck 


3k 

k + 2' 


(8.98) 


The minimal model Ak has a finite number of unitary highest weight representations, 
i.e. primary states. They are denoted | l,q,s), where the quantum numbers are integers 
in the ranges 

0 <l<k, 0 < \q — s\ < l, l + q + s = 0 mod 2, (8.99) 


with s = 0, 2 for the NS sector and ,v = ± 1 in the R sector. Here q is defined mod¬ 
ulo 2(k + 2) and s is defined modulo 4. Recalling the AT —2 superconformal algebra in 
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section E.4, each state \l, q, s) has an associated conformal weight and superconformal 
£/(l) charge. They are given by 


/(/ + 2 ) — q 2 s 2 —q s 

-T —, Q — --f- —• 

4(k + 2) 8 k + 2 2 


( 8 . 100 ) 


Left and right minimal models can be tensored into Ak < 8 > Ak ■ There is an automorphism 
implying an equivalence of states 


|Z, q, s) ® |/, q, s) = \k — l, q + k + 2 , s + 2 ) ® \k — l, q + k + 2 , s + 2 ), ( 8 . 101 ) 


where right-moving states are denoted with overlines. These transformations are useful to 
bring states with arbitrary quantum number into the standard range (8.99). The partition 
function for Ak <S> Ak reads 

z= E z u4 s xf*’ (8 - 102 ) 

ll,q,q,s,s 

where the x’s are Af —2 characters, and the Z t j are integer multiplicities as in (E.30). 
They are given by the so-called SU(2) affine modular invariants, which admit an ADE 
classification. The A-series is the diagonal invariant Zp = S t j and exists for all levels. 
The D-series exists for all even levels, while the exceptional invariants exist only for k = 
10 , 16,28. 


Tensoring Af — 2 minimal models and projections 

Minimal models can be used to construct string compactifications. For type II strings the 
total central charge for right-movers must be c = 15 and the Minkowski degrees of free¬ 
dom contribute c = 6 , so the internal CFT must have central charge c — 9. Since each 
minimal model has c* < 3, we must tensor r Af = 2 minimal models into Ak v -k r — ZUj 
<g> • • • 0 Ak ,., with 


E 

i=t 


3 ki 

ki+2 


= 9, 


(8.103) 


and use the resulting CFT Ak v ~k r for the left and right sectors. For heterotic string com¬ 
pactifications, we need c = 9, c = 22 , hence we take Ak v --k r as the internal right sector 
CFT, and in the left sector we take Aki---k r , supplemented with a level one SO( 10) x Eg 
Kac-Moody algebra, with ckm = 13. These heterotic models with left and right Af =2 
SCFT factors are called (2, 2), and are closely related to CY (or orbifold) compactifications 
with standard embedding, as already mentioned in Sections 7.3.2 and 8.2.3. As described 
shortly, the left-moving superconformal U (1) current enhances the 5(9(10) symmetry into 
an E(,, showing up as a 4d gauge symmetry. Modifications not preserving the left-moving 
SCFT structure, thus called (0, 2) models, generically lead to smaller gauge groups (as in 
non-standard embedding geometric compactifications), as studied later on. The extra Eg 





254 


Heterotic string orbifolds and other exact CFT constructions 


will not play an important role at present, and is momentarily ignored. States are therefore 
denoted as 

VL®VR = (w;qi,...,q r ;si,...,s r )®(w; q\, - q r \s i,...,Jy), (8.104) 

where w is an SO(2) weight, associated to the 4d spacetime coordinates (in light-cone 
gauge), and w is an 50(10) weight. 

The tensor product Ak v --k r actually does not give rise to a consistent (2, 2) compacti- 
fication, and requires certain projections to obtain the correct spin-statistics in all sectors, 
and a GSO projection to produce spacetime 4d J\f = 1 supersymmetry; the resulting the¬ 
ories are known as Gepner models. These projections can be understood as extensions of 
the CFT algebra by simple currents, see Section E.5.3. Here we provide a more pragmatic 
implementation. 

The generalized GSO projection amounts to truncating to states with odd total super- 
conformal (7(1) charge (9 tot- To provide a useful expression for (9 tot, we introduce a scalar 
product of states in Ak v -k r 



(8.105) 


In addition we define the vector 


Po = (c;l, - 1 ; 1 ,..., 1 ), 


(8.106) 


where c is an SO(2) conjugate spinor weight. Then the total 0(1) superconformal charge 
of a state V is given by £9tot(E) = 2/3o • V. The above mentioned generalized GSO projec¬ 
tion is therefore 


Gtot(V) = 2/Jq • V = odd. 


(8.107) 


In the right sector this implies spacetime 4d Af — 1 supersymmetry, while for the left sector 
it guarantees the presence of 4d gauge bosons transforming as S O (10) spinors, enhanc¬ 
ing 50 ( 10 ) x U (1 hot to an E(, spacetime gauge symmetry. Additional projections are 
required to ensure that the fermions in the various sectors have aligned (NS or R) boundary 
conditions. To implement them we introduce r vectors 


Pi = (v; 0, . .., 0; 0,..., 2 , ..., 0), i = 1 ,..., r, 

V -v-' 


(8.108) 


entry “2” at ith position 


with v an 50(2) vector weight. The alignment projection is then 


2 Pj ■ V — even. 


( 8 . 109 ) 
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The above projections are performed independently on the right and left states denoted by 
Vr and Vl- Modular invariance requires these two vectors to differ by an integer linear 
combination of Po and Pi, i.e. 


Vl — Vr = moPo + ^ mi Pi, with mo, mi e Z. (8.110) 

i=t 


The sectors with (mo, m \) ^ (0, 0) can be regarded as twisted sectors of the orbifold 
quotient implicit in the projections (8.107), (8.109), see also Section 8.6.4. 

Finally, to compensate for the different modular transformations of the right-moving 
SO ( 2 ) and left-moving 50(10), the state V/ must be shifted by a vector p. = (v: 0 ..... 0 ; 
0, ..., 0) - however, not to be included when computing the total charge Q tot of states. 
With the above conditions and projections, the overall Gepner model invariant partition 
function has the structure 


Z = 


1 

Y r 


z Il1rXv l Xv r *- 

Il,Vl,Ir,Vr 


( 8 . 111 ) 


Here Zi L i R is the product of the multiplicities of the r affine invariants. Unless stated 
otherwise, we take the diagonal invariant Z\ L i R = &i L i R , available for all k. 


8.6.2 Massless spectrum and examples 


The mass formulae for the string states in heterotic Gepner models read 


a'Ml 


— N + — + /Zint ' 


1 

2 ’ 


ol'M\ 


w l P l 

= N + — + — + hint — 1, 


( 8 . 112 ) 


where /z int , him are the internal CFT conformal weight contributions to the mass, as in 
(E.14). Also w and w are 50(2), 50(10) weights, and P is an E& lattice vector. As usual 
N, N are oscillator numbers. It is easy to show that at the massless level, these theories 
contain the 4d AT — 1 gravity multiplet, neutral chiral multiplets describing the dilaton and 
other moduli, and vector multiplets of E(> x E% x U( 1 ) r ~ 1 . 

In addition there are a number of charged chiral multiplets in the 27s and 27s of E(,. 
They are most easily tagged by focusing on the right-moving NS sector and the left-moving 
weights of the 10 of 50(10); the states completing the multiplets are obtained by SUSY 
transformations and E(, symmetry, which correspond to translation of the vectors Vr, Vl 
by the Po generator. Such right-moving massless states are obtained for w = 0 and /z ml = 
1/2, while left-moving massless states in the 10 of 50(10) are obtained for P 2 = 0, 
w 2 = 1, lr int = 1/2- We thus use (8.100) to look for combinations of r primary states 
satisfying Xw=i hi = 1/2, and with Vr surviving the different projections (8.107), (8.109). 
Such states can be checked to be combinations of primary fields of the form |/, / , 0), which 
can be shown to have Qtot = / ( )/(k; +2) = —1 for a massless state; antiparticles 
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arise from similar product states with the replacement 1 1, /, 0) —> |/, —Z, 0). The same kind 
of states can then be used in the left-moving sector; tensor products of states |Z, /, 0) have 
2tot = — 1, and are eventually enhanced to 27s of E(,, while products of states |Z, —l, 0) 
have gtot = +1, and lead to 27s. As mentioned, the additional states beyond the 10 arise 
by shifting Vr, Vr by the /3q vector . 1 

The E(, singlets in the massless spectrum are obtained for P — w — 0, h lnl — I and 
2t ot = -1 (or Q' tot = 0 after addition of the // shift). These states can be seen to have 
either all si = 0 or only one of them equal to 2. The latter are simply obtained by making 
the replacement s, —»■ Si + 2 in each of the states associated to the 27s, 27s. In the related 
geometric CY compactifications, see Section 8.6.3, they are associated with CY Kahler 
and complex structure moduli. To obtain the former there is no simple rule and one must 
scan for massless states verifying the projections and with Vr — Vr = m o/3q + 


Examples 

As a first example let us consider the model (l) 9 , i.e. the tensor product of nine copies of 
the k = 1 minimal model, with cj = i = 1 and hence total central charge c — 9, as required. 
In this case the 16+16 gauge bosons enhancing 50(10) x U ( \) to £./> come from massless 
states (8.104) of the form (i>; 0 9 ,0 9 )^ ® (s; l 9 , 1 9 )l and (v; 0 9 ,0 9 )r ® (c; —l 9 , —l 9 )z,. 
Concerning charged matter, the only primaries |/, q, s) of the form |/, /, 0) with l < k are 
11 , 1,0) or |0, 0, 0), and hence the states with It = 1/2 and satisfying the projections are 
the 84 states 


|1, 1,0 ) 3 |0,0, 0) 6 , (8.113) 

where tensor products are implicit, and underlining means including all permutations. 
Using these states in both the left and right sectors we obtain 84 massless 27s and no 
27s. In addition there are 252 singlets coming from states |1, 1, 2)11, 1, 0) 2 |0, 0, 0} 6 . This 
spectrum is very reminiscent of the Z 3 x Z 3 symmetric orbifold (with no discrete torsion) 
in Section 8.2.6, differing only in the additional presence of a U (l ) 6 gauge symmetry and 
six singlets. The exact Gepner model spectrum is, however, recovered in the Z 3 x Z 3 orb¬ 
ifold by choosing the underlying torus at a critical radius and specific backgrounds, as in 
(8.75); the extra Z7(l ) 6 arises as the subgroup of the enhanced SU (3 ) 3 surviving the orb¬ 
ifold projection. Conversely, the generic orbifold spectrum is recovered from the Gepner 
model upon higgsing the U (l)’s using the six extra singlets. This simple example nicely 
illustrates the relation between Gepner models and geometric compactifications, further 
discussed in the next section. 

As a second example, we consider the (3 ) 5 model, obtained by tensoring five copies of 
the k — 3 minimal model, with c *=5 = 9/5 and hence adding up to c = 9. The primaries 

1 Incidentally, note that the roles of the 27s and 27s are exchanged by flipping the relative sign of left and right total 
superconformal charge. This is the CFT realization of the mirror symmetry in the corresponding geometric compactifications, 
see Section 10.1.2. The exchange of representations reflects, in (2, 2) compactifications, the exchange of /in and /221 - 
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, |1, 1,0), 12,2,0} or |3,3,0>. 

The list of product states with 

States 

# 


11, 1,0} 5 

1 


|2, 2, 0> 2 11, 1,0} |0,0, 0} 2 

30 


|2, 2, 0} 11, 1,0} 3 |0, 0, 0} 

20 


|3,3,0} |2, 2,0) |0, 0, 0) 3 

20 

(8.114) 

3, 3, 0} |1, 1, 0} 2 |0, 0, 0} 2 

30 


|1,-1,0> 5 

1 



where the underlining means permutation of the factors, and the right column gives the 
number of such permutations. The last state leads to one 27, while the rest produce 101 
27s. Interestingly, these numbers correspond to the Hodge numbers (h \\, /z21) = (1, 101) 
of the quintic CY in Section 7.2.3, which upon compactification with standard embed¬ 
ding thus reproduces the spectrum of the Gepner model (modulo enhancements). As we 
will see momentarily this is not a coincidence, as (2, 2) Gepner models can be regarded 
as CY compactifications at particular points of their moduli space, corresponding to 
stringy size. 

There is a finite set of (2, 2) models obtained by tensoring minimal models as described 
above, whose construction algorithm is well suited for computer scans. There are 168 mod¬ 
els based on the diagonal and exceptional modular invariants, and a total of 1176 using all 
possible modular invariants. The net number of E(, generations n g = «27 — n^f\ ranges 
between 0 and 480. Among these, there is only one example which can lead to a (2, 2) 
3-generation model. It is based on the tensor product 1 2 x 16 e x 16 e x 16/j, of one 
k — 1 and three k = 16 minimal models, with the subindices A, E indicating the diagonal 
or exceptional modular invariants. It has 27 net generations, and is actually related to the 
Tian-Yau manifold in Section 7.2.3. The model can be turned into a 3-generation one by 
quotienting by a suitable Z3 x Z3 symmetry, in analogy with the geometric counterpart in 
Section 7.3.3. 


8.6.3 Connection to CY compactification* 

The seeming connections between Gepner models and geometric CY manifolds mentioned 
above are examples of a general correspondence. Gepner models correspond to compacti¬ 
fications on certain CYs at particular points in moduli space, away from the large volume 
regime. This can be elegantly shown in the so-called linear sigma model description for the 
worldsheet theory, see the references. Here we present a less rigorous heuristic argument 
requiring less machinery on 2d (2, 2) supersymmetric field theory. We also restrict to the 
case of diagonal modular invariants. 
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A first ingredient is the realization of J\f — 2 minimal models as infrared fixed points of 
Af = 2 Landau-Ginzburg (LG) models. A 2d Af = 2 LG theory is described by a single 
chiral multiplet X, whose action reads 

d 2 zd 2 0W(X) + h.c.Y (8.115) 

in 2d (2, 2) superspace language-which is analogous to the 4d Af = 1 superspace, to which 
it relates via dimensional reduction. In particular, W is a polynomial superpotential, which 
we take to be of the form W = X k+2 with k integer. These theories can be shown to flow to 
infrared fixed points corresponding to Af = 2 SCFTs with central charge c = 3 k/(k + 2), 
and hence must correspond to the Ak <8> Ak Af = 2 minimal models. Hence, LG models 
with W — X k+2 provide a lagrangian formulation of the level k minimal model. 

Consider now the tensor product of r minimal models used in Gepner models. Their 
corresponding LG theory has chiral multiplets Xj, i = 1 , ,r, and action 

S = J d 2 zd 4 0 J 2 K i(Xi,Xi)+ Ij d 2 zd 2 6 ^zf' +2 + h.c. J . (8.116) 

i =1 \ i =1 / 

Let us concentrate for concreteness on the case r = 5, although the results are more general. 
In that case the condition c = JL [ 3 k,/(k, + 2)] = 9 implies 

5 1 

cl>i = 1, with cot = -. (8.117) 

,=1 ki + 2 

The correspondence associates this r = 5 Gepner model with a CY manifold, defined as a 
hypersurface in a complex projective space, recall Section 7.2.3. The ambient space is the 
weighted projective space WCPd® 1 ,....,d&>, defined by the identification 

(Xx ,..., X 5 ) ~ ...,X Da> 5 X 5 ) with X e C*, (8.118) 


5 = f 


d 2 zd 4 9 K(X, 


X) 


/ 


where D is the least common multiple of the (k, + 2). The defining equation is 


w = Y^ xf i+2 = 0, 

i=1 


(8.119) 


which is indeed homogeneous of degree D. 

The connection between the (3) 5 Gepner model and the quintic in CP 4 is an example 
of this correspondence. There is indeed a formal analogy between the quintic LG superpo¬ 
tential W — YLi Y ( 5 and the defining equation Y 5 = 0 of the quintic CY, although the 
condition W = 0 may not seem obvious from the LG viewpoint. A heuristic argument for 
this condition in the LG theory is as follows. In the infrared fixed point, the kinetic term 
in (8.116) is irrelevant (in the renormalization group sense) and can be dropped. The path 
integral of the theory thus has the structure 


J[VXx] ■ ■ ■ [VX 5 ] exp 



d 2 zd 2 e Vk(Yi,..., X 5 )+ h.c.) 


( 8 . 120 ) 
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Let us choose a path in which, e.g., X\ ^ 0 and define 


X; 


& = dr> 

?i 

so that W(7G, ..., Y 5 ) = fiW(l, &, ■ ■ ■, £ 5 ). Then the path integral becomes 


/ 


P£t] ■ ■ • M exp 


['/ 


d 2 zd 2 6 % 1 W(l, £ 5 ) + h.c. 


Here we have used that the jacobian of the change of variables is actually trivial, 

/ = = 1, 


( 8 . 121 ) 


( 8 . 122 ) 


(8.123) 


where the second equality follows from the c — 9 condition (8.117). The integral then 
yields a delta function enforcing W(l, £ 2 ,..., £ 5 ) = 0 ; proceeding analogously for the 
other four fields Xj, we cover the field space with patches obtaining a similar result. 
Regarding the scalar components of the Xj superfields as coordinates, the string target 
space is indeed the submanifold W = 0. The ambient space is projective since the above 
auxiliary coordinates like £ 2 , • ■ •, ?5 play the role of affine coordinates in particular patches. 

More precise derivations allow to deal with additional subtleties, like the appearance of 
orbifold actions X, -» e 27Tla>i X, in the LG models, which relate to the fio twist. We leave 
these subtleties, as well as diverse generalizations to cases r ^ 5, and to more general CY 
manifolds, for the references. We hope the above discussion suffices to give a flavour of 
connection between Gepner models and CY manifolds. 


8.6.4 Orbifolding Gepner models 

Starting from a given (2, 2) Gepner construction one may obtain a large class of models by 
modding out by different discrete symmetries of the theory. In particular, the level k mini¬ 
mal model with diagonal modular invariant has a Z ^+2 symmetry, acting on primaries as 

]/, q,s) ® ]/, q, s) -»■ | Z, q, s) <g> | I,q, s), (8.124) 

where Q = (q + q)/ 2. Let us define the element 6 = exp[2;ny Q/(k + 2)], with y e 
Z, which generates a Z m symmetry of the minimal model, with M being the smallest 
integer for which My — 0 mod (k + 2). It is possible to construct a quotient of the original 
minimal model by this Z m symmetry, in close analogy with the worldsheet description 
of the orbifolding procedure in Section 8.2.5. For instance, the partition function of the 
orbifolded theory has the structure 

1 M— 1 

z =— (8T25) 

n,m =0 

where (n, m ) refers to boundary conditions closed up to 0 " and 6 m in the a and t world- 
sheet torus directions, respectively. The Z(0, 0) partition function has the form (8.102), 
and for generic twisted sectors one obtains 
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Z(n, m) = J2 ex P ( 2?n ' Wy( ^ + + 2 WK) ) Z lt 4+2ny4 S *- (8 ' 126) 

l,l,q,q,s,s 

Equations (8.125) and (8.126) show the appearance of twisted sectors. In a fixed 6"-twisted 
sector, the sum over m implements a projection onto invariant states; since the characters 
in (8.126) are independent of m, the generalized GSO projector is 

P(0 n )= — \ 1 + e 27ti A(") +- 1 - e 2ni ( M_ t)A(n) 1 a( n)= y( ' Q + ny \ 

M L J k+2 

and the invariance condition is A (9") e Z. 

Consider a heterotic Gepner model compactification based on the tensor product of r 
minimal models, A^ <g> • • • ® Ak r ■ There is a discrete symmetry group 

G = Zki +2 x ■ • • x Zk r+ 2 - (8.127) 

The full symmetry group also includes permutations of identical blocks, if present; how¬ 
ever, we restrict to the construction of quotients by a subgroup of G. Consider a set of 
integers y,- e Z, i = 1, ..., r, and define the element 6 acting as exp[ 2 triy, Qj/(kj + 2)] 
on Ak r It generates a Z m subgroup of G, with M being the smallest integer for which 
M(y \, ..., y r ) — (0, ..., 0) mod (k\ + 2,.... k r + 2). For the quotient to preserve super- 
symmetry, it must be compatible with the /3q projection, corresponding to the condition 

r 

2A) ■ y = - E eZ - (8 - 128) 

i=t '' + 

where y = (0; yi, ..., y r ; 0,..., 0), and the scalar product is (8.105). 

The Z m orbifold quotient of the Gepner model is constructed in analogy with the above 
single minimal model case. The new feature is the appearance of 6 n -twisted sectors in 
which Vl — Vr lies on an enlarged lattice given by 


Vl ~ Vr = n{2y) + mofio + m, with n = 0,. .., M — 1. (8.129) 

The invariance condition on states in the 0 n -twisted sector is 

A (n) = -y ■ (Vr + V L ) e Z, (8.130) 

with V R and V/ related as in (8.129). As usual in orbifold constructions, there is a twofold 
effect on the massless spectrum of the original Gepner model; on one hand the additional 
projections (8.130) reduce the number of states (e.g. of Eg generations), while on the other 
there appear new twisted states associated to the enlarged lattice (8.129). 

The systematic construction of orbifolds of the original Gepner models leads to a large 
number of new (2, 2) models. For illustration, let us consider the example of the (l ) 9 model 
orbifolded by the (Z 3) 3 group generated by the following twist vectors, satisfying (8.128). 





261 


8.6 Gepner models 

Yi = (0; 1, 1, 1,0, 0, 0, -1, -1, -1; 0,..., 0), 

Yi = ( 0 ; 1 , 1 , 1 , - 1 , - 1 , - 1 , 0 , 0 , 0 ; 0 ,..., 0 ), 

y 3 = (0; 0,0,0, 1, 1, 1,-1,-1, -1; 0, ...,0). (8.131) 

Let us describe the structure of E(, families in the orbifold theory. To avoid clutter, we 
simplify notation and describe primaries by just their ^-labels. Hence the states (8.113) 
associated to the E(, generations in the original (l) 9 model are denoted by ( 111000000 ). 
The reader can check that the 27 states ( 100 , 100 , 100 ) and the three states (111, 000, 000), 
(000, 111,000), (000,000, 111) survive the projections. In addition, there are six extra 
twisted states of the form (111, 000, 000)« ® (000, 111, 000 )l, and permutations keeping 
the “111” block at different positions in the left and right sectors, which are allowed now 
in the enlarged lattice. The resulting spectrum has 36 E(, 27s (and no 27s), and in fact 
agrees with the massless spectrum of the toroidal Z3 orbifold in Section 8.2.4, modulo an 
additional U{ l) 6 and singlets, for already familiar reasons. 

As a second example we consider the (3) 5 Gepner model modded out by the (Z5) 3 group 
generated by the following twist vectors, satisfying (8.128): 

Yi = (0; 0, 1,2, 3,4; 0, ...,0), 

Y 2 = (0; 0, 1, 1,4,4; 0, ...,0), 

Y3 = (0; 0,0,0, 1,4; 0, ...,0). (8.132) 

One can check that the massless spectrum of the orbifold construction has 101 27s and 
one 27, i.e. their multiplicities are reversed compared to the original (3) 5 model, providing 
the CFT counterpart of the compactification on the mirror manifold of the quintic. This is 
actually a general lesson, and mirrors of Gepner model compactifications can be generated 
by taking appropriate orbifold quotients. 

Let us finally comment that one can further generalize these constructions by allowing 
for discrete torsion, i.e. allowing for different relative phases among disconnected modular 
orbits in the partition function, in close analogy with the toroidal orbifold discrete torsion 
in Section 8.2.6. A further possible generalization would be the construction of left-right 
asymmetric quotients, with independent twists yr, Yl, in analogy with asymmetric toroidal 
orbifolds in Section 8.4; however, such asymmetric quotients turn out to be equivalent to 
left-right symmetric quotients with appropriate discrete torsion. 


8.6.5 (0,2) constructions and model building 

It is easy to generalize the above rules to construct (0, 2) models. The simplest such 
modification is to give up the projection (8.107) 2/lo • V) = odd for left-movers, while 
maintaining it for right-movers. This still preserves 4d Af = 1 supersymmetry, but prevents 
the enhancement of S 0(10) x U (1)' to E(, x IJ( I)' “ 1 . 

More generally, it is possible to construct Z m orbifold quotients with a non-trivial 
embedding into the E$ x SO( 10) gauge degrees of freedom, through a shift vector A 
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such that MA is in the 50(10) x Eg root lattice. This is quite analogous to the addition of 
discrete Wilson lines and/or non-standard embeddings in orbifold compactifications that 
we studied in Section 8.3. Using similar techniques, the term Z(n, in) in the left-handed 
partition function associated to the 50(10) x Eg is 

e -ninmA 2 v - 13 q fxi (P+nA)-mA (8 . 133) 

Per* 

where from now on P denotes a vector in T*, the dual of the 50(10) x Eg root lattice. 
Note the similarity with the 16d momentum contributions in, e.g., (8.39). The modular 
invariance constraint is 

MA 2 = 0 mod 2. (8.134) 


From (8.133), the left-handed mass formula is similar to (8.112) with the 50(10) x Eg 
term replaced by (P + nA) 2 / 2. The orbifold projection (8.130) also becomes 


A(n) = -y ■ {Vr + V L ) - 


1 

(P + nA) ■ A — -nA 


2 


e Z, 


(8.135) 


with Vr, V/ related as in (8.129). 

These modified rules, which may be combined with discrete torsion, allow the con¬ 
struction of a large class of (0, 2) Gepner model orbifolds, in which the 50(10) x Eg 
gauge symmetry is generically broken to a smaller gauge group. Note that for this pur¬ 
pose the number of generations of the parent (2, 2) models is not relevant, since the twists 
significantly modify the massless spectrum. These constructions can be exploited for het¬ 
erotic string particle physics model building. Since some of the Gepner models are closely 
related to certain toroidal orbifolds, it is for instance possible to recover the 3-generation 
SU(3) x 5C7(2) x U{ 1)" Z3 orbifold model in Section 8.3.3; it is in fact reproduced by 
the (l) 9 Gepner model orbifolded by the three twists y, in (8.131), and adding two further 
twists y 4 <8) A 4, ys ® A5, the counterparts of the two Wilson lines in the orbifold case. 

The most systematic searches for MSSM-like particle physics models based on Gep¬ 
ner models lean on their description in terms of simple currents, see Section E.5. There 
exist computer scans, within the class of such (0, 2) Gepner models and with the SM 
arising from the 5(9(10) lattice, leading to some 600 MSSM-like 3-generation models 
(including left-right symmetric and trinification models), incidentally all coming from the 
1 x 16^ x 16 e x 16 e tensor product. An even larger class of (0, 2) models can be obtained 
by replacing one or more of the left-moving Af — 2 SCFT factors and the E g by a non- 
supersymmetric CFT with the same modular transformation properties; within this class, 
there are many other 3-generation MSSM-like models, now based on other tensor product 
structures. We direct the reader to the references for details. 

Generically, MSSM-like models from heterotic compactifications based on Gepner mod¬ 
els contain an enlarged gauge group (due to the //(l )’s from the J\f = 2 minimal models) 
and extra multiplets (often including fractionally charged exotics) beyond the minimal con¬ 
tent, as also usual in other heterotic constructions. The latter may be phenomenologically 





8.6 Gepner models 


263 


problematic, see Section 17.1.3, unless they are vector-like (as is often the case) and get 
very large, e.g. string scale, masses. This may happen by moving off the Gepner point in 
the moduli space of the corresponding CY compactification. Also, many models contain 
pseudo-anomalous t/(l)’s, which as described in Section 9.5 lead to one-loop generation 
of a Fayet-Illiopoulos term, whose cancellation triggers further gauge symmetry breaking 
and in general makes many of these exotics massive, see Section 9.7 for this phenomenon 
in the context of toroidal orbifolds. 
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Heterotic string compactifications: 
effective action 


In this chapter we consider different aspects of the low-energy 4d effective action of 
heterotic compactifications. After discussing the structure of the effective action for the 
general CY compactifications of Chapter 7, we concentrate on the case of the abelian orb- 
ifold compactifications of Chapter 8, in which several additional aspects can be described 
in an explicit quantitative fashion. We discuss the form of the Kahler potential and the 
superpotential, as well as the gauge kinetic function and their one-loop corrections. In 
toroidal orbifolds the low-energy effective action must be modular invariant under T-duality 
transformations, and this leads to strong constraints on its structure. A general feature of 
heterotic compactifications is that they often have a non-trivial cancellation of mixed 1/(1) 
anomalies, involving a generalized Green-Schwarz mechanism. This renders some 1/(1) 
gauge bosons massive, and introduces a one-loop re-stabilization of the vacuum, triggering 
the breaking of extra gauge symmetries and the disappearance of charged matter multiplets. 
This phenomenon can be efficiently exploited in the construction of improved models of 
particle physics, as we describe using explicit examples. 


9.1 A first look at the heterotic 4d AC = 1 effective action 

We start by motivating the general structure of the effective action of heterotic string geo¬ 
metric (CY or orbifold) compactifications by using an intuitive description of the truncation 
to the zero mode sector. The resulting structure is quite general, as can be shown to largely 
follow from symmetries of the system. We finally describe more explicit results for CY 
compactifications with standard embedding. 


9.1.1 A toy description from dimensional reduction 

At energies well below the string and compactification scales, the 4d physics can be 
described in terms of a low-energy effective field theory. We are mostly interested in com¬ 
pactifications with unbroken SUSY, so (recalling Section 2.3) the 4d Af= 1 supergravity 
effective action is given in terms of the gauge kinetic functions f a , the Kahler potential 
K and the superpotential W, all of them functions of the massless chiral multiplets in the 
compactification. In order to get a first intuitive view of the structure of the effective action. 
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we consider these quantities for the untwisted sector of the Z 3 orbifold of the x E% het¬ 
erotic string. As suggested from its construction in Section 8.2, the KK compactification 
may be obtained by simply making a Z 3 orbifold projection of the underlying toroidal 
compactification. Despite the simplified setup, it nicely illustrates several key aspects of 
more general compactifications. 

Recall the bosonic sector of the lOd heterotic action (4.80) 

$10= -p" / dl ° x (-V l/2e ~ 2 * (R + 4d M <Pd M ct>- i |// 3 | 2 - ^tr„|F| 2 ^, 

(9.1) 

where H3 is given by 

a' ( i \ 

Hi, — d B2 — — tr v l A A d A — - A A A A A J , (9.2) 


with traces normalized to the vector representation of the SO(16) subgroup of E g, and 
we have ignored the gravitational Chern-Simons term. As described in Section 8.2.4, the 
massless bosonic fields in the untwisted sector include the graviton g /lv , the 2 -form B^y, 
the dilaton (p , and the scalars gq, Bq from the internal metric and antisymmetric tensor. In 
addition there are three massless charged scalars Cj, j = 1, 2, 3, transforming as represen¬ 
tations (3, 27) under SU (3) x E 6 . Ignoring momentarily these charged fields and the gauge 
bosons, one can consider the toroidal reduction of (9.1) restricting to the neutral bosonic 
fields. The computation can be shown to give 


S 4 = [ d 4 x (~g) 1/2 R - 2 9 m 0 4 9 m 04 - l ~ e~ 4 ^\H 3 \ 2 
2 /q J L 2 

duB Cl d»B lk ) 


1 ij kl 
~2 88 


( a n8fl 3li gjk-r u H u il 


Here we have defined 


= K 2 0 e 24, /V 6 , </> 4 = <p - - log (V b /a' J ), 


1 


(9.3) 


(9.4) 


where Vg = [det {g mn )] 1 ^ 2 is the compact volume and k 2 0 = a' 4 . The action is writ¬ 

ten in the Einstein frame, by rescaling g jlv = exp(—204)G^„ to get the pure gravity action 
in the Einstein-Hilbert form, c.f. the discussion on page 80. 

In 4d a 2-index antisymmetric field B t , l; may be equivalently described in terms of a real 
scalar a(x), as follows (see also Section B.3). Writing the 2-form action in terms of 7 / 3 , 
with a Lagrange multiplier a(x) to enforce d IE = 0, and hence Ht, = clBj, one has 


[ d 4 x(-g) l / 2 e~ 4 ^\H 3 \ 2 + f a dHi, 
2 J J 4 d 


(9.5) 
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where we use differential form language, see Appendix B. Note the invariance a{x) —> 
a(x ) + c, with constant c, to be exploited in the next section. Imposing the equations of 
motion for H 3 one obtains 

H' lvp = -(-g)~ 2 exp( 404 ) e^ px d T a, (9.6) 


which upon replacement in (9.5) produces the kinetic term for the field a(x) 

j d 4 x ( -g ) l/2 e^dfj.adP'a. 

Then the action (9.3) may expressed as 

2 duSd^S* 1 ,7 


S 4 = V 2 [ d4jc( -«) 1/2 
2k a J 


R - 


— 2 s' 1 g kl ( 9 / x ^ 9 ^; 7 ) 


(S + S*) 2 

where we have defined the 4d complex dilaton and complexified Kahler moduli 
5 = e -204 + ia = e - 2 ^( V6 / a ' 3 ) + ia , T = g .- + iB.-j. 


(9.7) 


(9.8) 


(9.9) 


The field S is a complexified version of the 4d dilaton, with an imaginary part given by the 
universal scalar field a. The T -fields are nine Kahler moduli whose real parts govern the 
compact geometry. It is easy to check that the structure of the kinetic terms corresponds to 
a Kahler potential 

k\k = - log(S + S*) - log det (t.j + r* 7 ) . (9.10) 


The scalar a(x) is an axion-like field because of its coupling to the gauge field strengths. 
Indeed, including the gauge bosons, the action (9.5) becomes 


~\f 


d 4 x(-g) l/2 e~ 4 ^ \H 3 \ 2 - 


H 


dH 3 + jtr„(F Af) 


(9.11) 


which now implements the modified Bianchi identity discussed in Section 7.3.2. Proceed¬ 
ing as above, one obtains the couplings 


-^2 f e~ 2 * 4 *v\ F \ 2 f ati v (FAF). (9.12) 

8 /cj J 8 K 4 J 

Reabsorbing (exp(204)) = Atc^/a’ (and recalling that the definition (B.22) implies 
\F\ 2 = ^F I1V F IJ ' V ), the gauge kinetic function reads 


fab — S 8 a b, 


(9.13) 


where a,b run through the different 4d gauge factors. Inclusion of the gravitational 
Chern-Simons term tu| ldv would similarly lead to a coupling «tr (R A R), which plays 
a role in the anomaly cancellation mechanism in Section 9.5.1. 

Let us consider now the terms containing the charged scalar fields Cj arising from the 
internal components A j of the gauge generators transforming in the (3,27) under 
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SU{ 3) x E(,. It is possible to show that the lOd action produces kinetic terms for these 
charged fields, given by a modified Kahler potential 


*4 K = - l0 §(S + S*) - log det [ Tq + T* -a'tx v (c« C*) 

The correct supergravity fields associated to the Kahler moduli are then defined as 


- 

ii s ri 


iB u+2 tt 




(9.14) 


(9.15) 


In what follows we will often reabsorb the a! factor into the definition of the matter fields 
C,. There is also a superpotential for the charged fields arising from the Chern-Simons 
piece (A A A A A) inside Hi, which reads 

W = e ijk e pqr dp QR Cf Cf C[ R , (9.16) 

where p,q, r run through the 3 of SU (3), P, Q, R run through the 27 of E(,, and dpQR 
is the cubic E( t invariant tensor associated with the singlet term in the tensor product 27 '. 
The corresponding F-term and the D-term scalar potentials stem from the dimensional 
reduction of the non-abelian piece of F mn F m ". 

The Kahler potential dependence on the 7 1 . • has an interesting structure, known as 
“no-scale.” It can already be discussed in a simplified supergravity model with Kahler 
potential 


k%K = - log(S + S*) - 3 log (T + T*). (9.17) 


This is in fact equivalent to studying the dependence of the Z 3 orbifold untwisted sector in 
the overall modulus direction, 7 A = T, with the off-diagonal T- set to zero. For models 
with superpotential W independent of T, we have 


D t W = 


3W 

p + p*' 


(9.18) 


Recall now the supergravity F-term scalar potential (2.50) 


V = e“? K i^K ab D a WD^W* — 3 | FK | 2 , 


(9.19) 


where D a W — d a W + W i) a K , and the sum goes over all the chiral fields. Since 
k^ 2 K 1 T * = j(7 + T*) 2 , the —3 k 2 \ W\ 2 piece is exactly canceled by the contribution 
of the T modulus, and the remaining scalar potential is positive definite. If this residual 
potential has a minimum at zero energy, the potential has a flat direction in T with sponta¬ 
neous SUSY breaking by the T -modulus. Since the value of T is undetermined, this class 
of supergravity potentials are referred as “no-scale.” Such potentials arise in all toroidal 
orbifold compactifications, and in the large volume limit of CY compactifications, both in 
heterotic and in type II orientifolds. The no-scale structure of heterotic effective actions 
will be further discussed in Section 15.2, in relation to moduli stabilization and SUSY 
breaking. 

The above analysis involves only the untwisted moduli and matter fields of the theory. 
The effective action for twisted sector fields is discussed in Section 9.3. 
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9.1.2 General structure of the effective action 

The orbifold example in the previous section is illustrative in many respects, but usually 
the effective action for a general heterotic compactification is more involved. There are, 
however, some general properties of the effective action which apply to any 4d J\f = 1 het¬ 
erotic compactification, as we now review. These general properties rely on the existence 
of certain symmetries of the compactification, in the leading a' and g s approximation. In 
this general discussion we denote the Kahler and complex structure moduli fields by T ', 
U n , and the charged chiral multiplets by C 1 . 

The tree level dependence of the effective action on the complex dilaton S is univer¬ 
sal. At leading order in the string loop expansion, the Kahler potential K(S, T ‘, U n , C 1 ) 
dependence on the complex dilaton field S is given by 

kI K(S, T ‘, U n , C 1 ) = - log(S + S *) + K(T ', U ", C 1 ). (9.20) 

The gauge kinetic function is holomorphic, and in heterotic compactifications is, at tree 
level, universal for the different 4d gauge factors and given by 

f ab = S8ab , (9.21) 


as already encountered in (9.13). Note that, from (9.12), in the heterotic case the string 
scale M 2 = I /a' and the Planck scale M 2 — 87 t/at| are related to the 4d gauge coupling 
constant g 2 = (exp( 2 </> 4 )) by 


M l _ 16 ^r _ Pi 

M 2 g 2 a c ’ 


(9.22) 


where we now change to the standard particle physics normalization with tr(T a T b ) = 
j 8 ab for SU{n ) generators in the fundamental, which introduces an extra factor 2. Here 
oiq is a unified fine structure constant, i.e. uq — 1/24 in a GUT-like setting. Thus the 
string scale is only slightly below the Planck scale M p — 1.2 x 10 19 GeV, namely M s ~ 
6.1 x 10 17 GeV. 

The reason underlying the universality properties of the dilaton is that the definition of 4h 
and the axion a is independent of the compactification details. Consequently, expressions 
derived in the orbifold example in Section 9.1.1 are valid in general. Note in particular that, 
as seen in (9.6), the axion has only derivative couplings and so the action is (as already 
mentioned) invariant under 


5 


S + ic, 


(9.23) 


where c is an arbitrary real constant. Thus S must appear in the Kahler potential in the 
combination S + S*. The shift symmetry (9.23) is also preserved by the gauge kinetic term, 
since cfAfisa total derivative, but it is broken to a discrete subgroup by non-perturbative 
gauge instantons, see Section 13.1.2. 

The log dependence of the Kahler potential on (S + S *) may also be understood in terms 
of classical symmetries of the theory, for geometric (CY or orbifold) compactifications. 
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In particular, it is easy to check (e.g. in the orbifold example above) that under the 
rescalings 

S -r XS, g^v ->• Xg^ v , (9.24) 


the effective action scales like S 4 —> X~ 1 .S' 4 . This rescaling of the action is irrelevant at 
the classical level, and just shows that the power of the dilaton counts the loop order. This 
scaling behavior for, e.g., the supergravity scalar potential, requires that e K —> X~ l e K , 
implying K oc — log(S + S*). 

The shift symmetry (9.23) also guarantees that the superpotential W receives no loop 
corrections; it directly implies that the superpotential is independent of the axion a. hence, 
by holomorphy in S, it must be also independent of the 4d dilaton Re .S', which is the 
loop counting parameter. An analogous 4d Af = 1 non-renormalization theorem applies 
to the gauge kinetic function which can only receive one-loop corrections, which are 
5-independent and hence consistent with the classical shift symmetry. 

Let us finally recast other pieces of the effective action, in language useful for application 
to phenomenological models. Concerning the general Kahler potential in (9.20), we are 
mainly interested in terms at most quadratic on the matter fields C 1 . We thus perform an 
expansion 

K(T‘, U n , C 1 ) —K(T', T‘*, U'\ U n *) + Kfj(T l , T‘*, U", U"*) C 1 C J * 

+ r*, U n , U”*) ( C'C J + h.c.), (9.25) 


valid for small vevs for matter fields C 1 , as compared to moduli vevs. Similarly, the general 
structure of the superpotential, in an expansion in the matter fields, is 


W = h IJK (T i ,U n )C , C J C K +0(C 4 ) + --- . (9.26) 


The functions hjjK(T‘, U n ) are holomorphic in the moduli fields and independent of the 
dilaton. Note also that there are no terms with a dimension of less than four, and no super¬ 
potential for the moduli; the latter is however generated by introducing diverse fluxes, see 
Section 14.5, and by instanton effects, Sections 13.1.2 and 15.2.1. 


9.1.3 Effective action of (2,2) compactifications 

In solvable compactifications like orbifolds one can explicitly compute the Kahler potential 
and the metric of the matter fields. On the other hand, such computations are intractable 
for general CY compactifications. Still, in certain classes of compactifications, there exist 
additional symmetries providing further control on the effective action. This is the case 
for heterotic compactifications with standard embedding, i.e. (2, 2) models, studied in 
Section 7.3.2. The CY moduli sector of such compactifications is identical to that in 
compactifications of type II theories, which have an enhanced 4d J\f = 2 SUSY. Recall¬ 
ing Section 2.4.1, this leads to a more restricted Kahler potential, which in fact extends 
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to the heterotic models as follows. The Kahler and complex structure moduli spaces are 
decoupled, namely 

K{T l , r*, U n , £/"*) = K (T) {T\ T 1 *) + K (U) (U", U"*). (9.27) 


These Kahler potentials are moreover determined by the prepotentials, two holomorphic 
functions PiT,) and G(U n ), through 


K (T) = - log 


{Pi + P t *) (T‘ + T‘*) - 2{T + T *) 


(9.28) 


where the sum runs through all the Kahler moduli. An analogous formula defines Ku 
from the complex structure prepotential G(U n ). In large volume CY compactifications, the 
Kahler potentials are given by 

K m = -logJ J A J A J, K^ u) = — log ^ —i J ftAft^, (9.29) 

where J and ft are the CY Kahler 2-form and holomorphic 3-form introduced in 

Section 7.2.2. Note that the first of these integrals is essentially the CY volume V&, recall 

1/3 r 

(7.7). We may define an overall CY Kahler modulus T — V 6 + ii], with r) ~ J Xg B2 A 
J A J, whose large volume Kahler potential is 


K(T, T*) = —31og(T + T*). 


(9.30) 


At finite volume, these expressions in general receive corrections from worldsheet instan- 
ton processes in which a string worldsheet wraps a compact 2-cycle E, in the CY Xg. Such 
effects are proportional to e~ T ‘ , where Re 7} = /■£ J is the 2 -cycle volume, controlled by 
the Kahler moduli; hence, by the decoupling (9.27), they do not correct the Kahler potential 
for complex structure moduli. These effects are independent of the string coupling, hence 
they appear at tree level in spacetime. Their contribution to the Kahler potential for Kahler 
moduli is however sub-leading in the large volume regime, on which we focus. Analo¬ 
gous effects for the superpotential however generate interesting contributions to Yukawa 
couplings in orbifold models, see Section 9.3.2. 

The above formulae can be applied to the untwisted Kahler moduli of the Z 3 orbifold 
(or any other orbifold), leading to expressions in agreement with the direct computations 
in the orbifold model in the previous section. In this case, the untwisted moduli Kahler 
potential receives no worldsheet instanton corrections due to the higher supersymmetry of 
the underlying toroidal compactification. 

In standard embedding CY compactifications, the internal zero mode for the 4d matter 
fields in the 27, 27 are given by harmonic forms in the CY, and are in one-to-one corre¬ 
spondence with Kahler and complex structure moduli. This provides an expression for the 
charged fields Kahler metrics, as follows 

K 2 ! = e -^ Km ~ KiU) '> k [T) (: T \ T‘*), 
ij ij 

K” = e-hK^-KW) K IU) (u n un*) 

‘J •j 


(9.31) 
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(T) (U) 

where K - , K - are the Kahler metrics for Kahler and complex structure moduli, respec- 
ij >J 

tively. From (9.30), the dependence on the overall Kahler modulus T is 

K 27 oc K 27 oc---. (9.32) 

T + T* 

This also reproduces the orbifold Kahler potential (9.14) to first order in \ C\ 2 . The under¬ 
lying Jff — 2 structure also restricts the form of the cubic superpotentials 27 3 , IT. They 
are given in terms of the prepotentials by 

W = W ijk ( Ti ) C 27 C J 27 C k 27 + W nmp (U n ) CTC”LCL, (9.33) 

with 

W l]k {T, ) = didjd k T{Ti ), Wnmp(Un) = d„ d m d p G(U„). (9.34) 

The moduli dependence of the cubic couplings also factorizes. Since the strength of world- 
sheet instanton corrections is determined by Kahler moduli, the 2T Yukawa couplings are 
exact in a' (and in g s as usual). This property, together with the mirror symmetry exchang¬ 
ing the T and U moduli of mirror CY spaces (see Section 10.1.2), allows in certain CYs 
the computation of the a'-exact Kj. 

Let us sketch the microscopic computation of the above superpotential terms in large vol¬ 
ume CY compactifications, using Kaluza-Klein reduction of the lOd lagrangian. Yukawa 
couplings arise from the coupling of the lOd gauginos A. to internal components of the 
gauge fields A m 


J d l0 x Tr(A T m [A m , A]). (9.35) 

The 4d Yukawa coupling constants are then given by overlap integrals of the internal zero 
mode profiles for these fields. In compactifications with standard embedding, these are 
harmonic forms on the CY Xg. In particular, the 6d profiles for the 27s are harmonic 
(1, l)-forms j W | U) |, i = 1 ,..., h\ \, so the cubic superpotential is 


W c = d PQR C p Cf Cf 


f a,i) A a,i) . a,i) 

I CO- A CO ■ A , 

7x 6 


(9.36) 


where P, Q, R run through the 27 of E6 , and dpQR is the cubic Ep invariant tensor. The 
overlap integrals are independent of the metric and define a set of topological integers, 
known as CY triple intersection numbers, 


Dijk = f 
Jx f 


(i,i) (i,i) 

COj A Wj 


A CO 


( 1 , 1 ) 

k 


(9.37) 
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The 27s are related to the ( 2 , l)-forms J, n — I..... Ii 2 ,\, so the cubic superpoten¬ 

tial is schematically 

W c = d P QR C p m C N n C2 f (9.38) 

where is the CY holomorphic 3-form, and the dot denotes its contraction with one anti- 
holomorphic index from each (2, 1) form. Since the overlap integral involves Q, it involves 
data from the CY metric and is thus not topological in this case. 

These general results for CY compactifications refer only to (2, 2) models, so the gauge 
group is E(, x Eg. In particular, formulae (9.36), (9.38) for the Yukawa couplings have a 
limited practical interest for particle physics model building, as they do not apply directly 
to the phenomenologically more interesting case of general compactifications with non¬ 
standard embedding. Unfortunately, there is little information about the general structure of 
the effective action for this more general class of heterotic compactifications. The Yukawa 
couplings are in principle given by overlap integrals analogous to (9.36), (9.38), using the 
relevant internal zero mode wave functions. They can be explicitly computed by solving 
the Dirac and Klein-Gordon equations in simple setups, like toroidal models with U(\) 
bundles, as we study for type IIB and F-theory models in Sections 12.5.4 and 12.7. For 
certain curved CY spaces, the exact wave functions are not known, but the integrals can be 
computed by using forms in the appropriate cohomology classes, i.e. in the same equiv¬ 
alence class in respect to integration. Finally, another class of models in which Yukawa 
couplings are explicitly computable, even for ( 0 , 2 ) compactifications, is abelian toroidal 
orbifolds, as we explain in Section 9.3. 


9.2 Heterotic M-theory effective action* 

In this section we detour from perturbative heterotic vacua and consider aspects of the 
strongly coupled regime of these compactifications. For the S O (32) theory this is given by 
type I compactifications, whose effective action fits within the analysis in Chapter 12. Here 
we focus on the Eg x Eg heterotic compactifications on a CY manifold X(,, for simplicity 
with standard embedding. The strong coupling regime is described by the compactification 
of Horava-Witten theory, i.e. M-theory on S 1 /Z? x X () , recall Section 7.5. 

We denote p the radius of the underlying S 1 and Vg the CY volume. The regime in which 
the compactification scales lie below the lid Planck scale admits a description in terms of 
higher dimensional supergravity. Namely, at energies below the 1 Id Planck scale but above 
the compactification scales, the theory is described by lid supergravity on S'/Zt x X 6 
coupled to lOd Af = 1 Eg, vector multiplets localized at the lOd boundaries at x 10 = 0, rep. 
The bosonic piece of the effective action for massless fields has the structure 


Shw = - 


2k 2 
AK \ 1 


/ 


d n x (- 


G) 2 R 


8 it (Antc 2 ^) 


I d w x(-G w )hxF? +■■■ , 

i=t,2 
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where k\\ is the 1 Id gravitational constant, G denotes the determinant of the lid metric 
and Gio its restriction to the boundaries Mjo,;, i — 1,2. The first integral extends over the 
lid bulk spacetime whereas the second is only lOd. 

The effective 4d theory at energies below the compactification scales can be obtained by 
KK reduction, as in previous sections. The result, to leading order in k\\, and focusing on 
its dependence on V(, and p, is 

Shw,4 = [d A x(-g)i R - V - 2/3 V 6 [d 4 x (-g)z tr Ff -, 

2k U J itX,2 8 77 J 


where g llv is the 4d metric. The 4d Newton’s constant G v and the (unified) gauge fine 
structure constant ao are given by 


Gn 


167 r 2 V(,p' 


a g = 


(4^n) 2/3 

2V 6 


(9.39) 


The impact of these relations on the scale of gauge coupling unification is discussed in 
Section 16.1.1. 

The 4d effective action may be described i n 4d J\f = 1 supergravity language, by intro¬ 
ducing the overall moduli S, T, in analogy with the previous sections but with slightly 
different definitions 

S=V 6 + ia; T = pVl P + ir ] + X -\C\ 2 , (9.40) 

where C denotes charged matter multiplets, e.g. in the 27 of The leading Kahler 
potential and gauge kinetic function turn out to be identical to those of the perturbative 
compactifications, but there are corrections at higher order in ku, concretely 


\r\ 2 

K = -log(S + S*) + e 11 -31og(r + r* — |C| 2 ), 

(S + S*) 

f Ee = S + eT; f E% = S — c.T, (9.41) 


with e given by 

f = -74(S) 2 '7x/ Atr(RAK) ' <942) 

These corrections arise from the variation of the CY moduli along the interval, men¬ 
tioned in Section 7.5.1. The corrections have a structure similar to the perturbative loop 
corrections described in upcoming sections, although in the present case e need not be 
parametrically small. 


9.3 Effective action of orbifold models 

In compactifications described by a solvable worldsheet CFT, it is in principle possi¬ 
ble to compute the effective action. For instance, for toroidal orbifolds there are very 
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explicit results for the effective action and its dependence on untwisted moduli, as we 
describe in this section. 


9.3.1 Kdhler potential and metrics in abelian orbifolds 

Recall that for (2, 2) orbifold models, i.e. with standard embedding, the numbers of Kahler 
and complex structure moduli are given by the Hodge numbers (/?n, /? 21 ) in Tables 8.2 
and 8.3 in Section 8.2.6. For non-standard embedding, i.e. general (0, 2) orbifold models, 
the untwisted Kahler and complex structure moduli are as in (2, 2) compactifications, while 
the presence of extra (typically Kahler) moduli from twisted sectors is model-dependent. In 
this section we restrict to the dependence of the effective action on the untwisted moduli 7), 
U„ , which are always present. Their number and properties however differ for the various 
abelian orbifolds. For instance, the Kahler potentials for the different orbifolds can be 
described according to their untwisted Hodge numbers (h^ v /;^), as follows: 

(i) h = 9, = 0 => K = - log det (Tij + T*\ , 

(ii) 

h u n = 5, = 1, 0 =► K = - log (7) + T*) - log det (t.j + T.fj 

h v 2 1 

- J2 log (Un + U*) , i, j = 2, 3, (9.43) 

n =1 

3 h u 

(iii) h u n = 3, =0, 1, 3 =► K = - £ log (7) + 7) *) - £ log (t/„ + U*), 

i= 1 «=1 

where 7) = 7’ (( . The first class corresponds to the Z 3 orbifold, whereas the second includes 
the Z 4 (with = 1) and the Z 6 (with = 0); the third group describes the Z 7 , Zg, and 
Z 12 (with — 0), the Z ' 6 and Zg (with = 1), the Z 2 x Z 2 (with = 3), and the 

remaining Z^xZ m orbifolds. These results may be obtained directly by an orbifold pro¬ 
jection of the corresponding toroidal compactification, as described above for the Z 3 case. 
It may also be obtained by computing four-point amplitudes in string theory and proposing 
a Kahler potential reproducing the result. Note that, setting T\ = T 2 = Tj, = T and 7j = 0 
(/ j). the Kahler potential for the overall volume modulus field is K = —3 log(7’ + T*) 

for all models, as we already encountered in (9.17) for the Z 3 orbifold. 

The Kahler potential for twisted moduli is more model dependent, and in general more 
difficult to obtain. In certain cases, it has been computed as an expansion in the correspond¬ 
ing fields, in analogy with the charged matter fields in twisted sectors in the discussion 
below. 

Let us thus turn to the Kahler potential for the charged matter fields, both from untwisted 
and twisted sectors. The phenomenologically most relevant piece is given by the terms 
quadratic in the charged chiral multiplets, which can be computed as functions of the 
untwisted moduli. Restricting ourselves for simplicity to the dependence on U n and the 
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diagonal moduli 7), the matter field Kahler metrics in the notation of (9.25) have the 
structure 

K,J = Sjj nLi Vi + Ti )"' 1 n£i (Un + uj" . (9.44) 

The kinetic terms for each matter field C l are determined by the numbers n\, /"; these 
are rational numbers, known as modular weights, for reasons to be explained in Sec¬ 
tion 9.6. For untwisted matter fields Cj associated to the j th complex plane the modular 
weights are 

(9.45) 


For instance, for the Z 3 orbifold, the Kahler potential for an untwisted field corresponding 
to, e.g., the first complex plane is 


Kcc* 


1 

Ti + T\ 


(9.46) 


in agreement with the expansion of (9.14) to first order in |C| 2 . This is in fact a general 
rule for abelian orbifolds, for which the untwisted matter field Kahler potential may be 
obtained from (9.43) by the replacement 


Ti + Tj —> Tt +Ti + a'\Ci\ 2 . 


(9.47) 


For abelian orbifolds this yields a closed expression for the untwisted field Kahler metric 
to all orders in the matter fields. This general result can also be derived from Kaluza-Klein 
reduction from the lOd action. 

Analogous results are obtained for the dependence of untwisted matter field Kahler 
metrics on the complex structure moduli U n . These are present in orbifolds with some 
two-torus rotated only by order two elements, like the third complex plane in, e.g., the Z 4 , 
Zg orbifolds, or any plane in the Z 2 x Z 2 . The piece of the Kahler potential describing 
the untwisted moduli Z 3 , t /3 and their associated untwisted matter fields C.J, Cv ; can be 
shown to have the structure 


K = - 


log [ (r 3 + T*) (7 / 3 + 7/|) - a' ( C 3 r + C 3 U * 
\C T \ 

-K(T 3 ,U 3 ) + <x' i-2-! 


)( 


c 


T* 


C‘ 


■)] 


; + \c?\ 2 + (c 3 r c 3 f/ + h.c.) 


(73 + T*) ( 7/3 + 7/*) 


(9.48) 


The diagonal metrics for Cj, are as expected from (9.44), (9.45), but there is an inter¬ 
esting mixing Cl + h.c., i.e. a coupling 27 • 27 for (2, 2) compactifications. This has 
the structure (2.91) in Section 2.6.5, which as mentioned there, is the kind of coupling 
necessary for the Giudice-Masiero mechanism to induce mass terms after SUSY-breaking, 
recall Section 2.6.5. 

For twisted sector matter fields, the Kahler potential is known only in an expansion on 
the charged fields. The computation requires advanced CFT techniques, and we merely 
quote the result for the quadratic piece, i.e. the kinetic terms. They also have a structure 
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( 9 . 44 ), but with fractional modular weights. Consider a twisted state with no oscillator 
operators, in a sector with twist v = (v\, V2, U3), with negative vj. Defining (771, 772,773) = 
(ui, i>2, V3 + 1), one has 

For 77; ^ 0 n'j = —(1 — rf). 

For rjj = 0 —>■ n'j = 0 , 

For twisted sector states with oscillator operators 

For 77, ^0 -* n'j = -(1 - 77' + p l - q‘), 

For rjj — 0 —>■ n'j = 0 , 

where p' and q' denote the numbers of a', a' left-moving oscillators, respectively. 

In order to keep track of the dependence of kinetic terms on the overall Kahler modulus 
Ti = T2 = I3 = T, we define overall modular weights for matter fields. They are given by 
77/ = ]C ; ' = j n'j , and take particularly simple forms 

77 = —1 (untwisted), 

77 = —2 — p + q (twisted, all planes rotated), 

77 = —1 — p + q (twisted, only two planes rotated), ( 9 . 51 ) 

where p= JT p‘ and q= JT q'. Note that overall modular weights are always inte¬ 

ger. In specific models, including phenomenologically interesting ones, the possible val¬ 
ues of modular weights turn out to be very restricted. The overall weights are typically 
77 = 0 , — 1 , — 2 , with rare appearances of more negative values. This is because more nega¬ 
tive modular weights arise only for oscillator states, which tend to be massive because of 
the oscillator contribution to the mass formula. 

The structure of the kinetic terms, in particular their moduli dependence, plays a key 
role in several phenomenologically relevant quantities, like SUSY-breaking soft terms in 
Section 15 . 5.2 or physical Yukawa couplings in the next section. 


4 = “(I - j), 

(9.49) 

l‘j = -d - n‘ + q‘ - p‘) , 

(9.50) 


9.3.2 Superpotential couplings in abelian orbifolds 

In abelian toroidal orbifolds it is possible to compute explicitly the superpotential cou¬ 
plings. The superpotential arises as a tree level amplitude, i.e. from a genus 0 worldsheet 
E = S 2 . It may be extracted from the calculation of CFT correlators on S 2 involving two 
fermions and arbitrary numbers of scalars, see Figure 9.1: 

( VfVfVb ...,Vb )s2> (9.52) 

where Vf,b are vertex operators for fermions and bosons respectively, see Appendix E for 
more details. We will not describe the rather technical computation of these correlators, 
but simply derive certain selection rules determining the allowed couplings, which suffice 
for many model building applications. The selection rules follow easily from the structure 
of the vertex operators and the symmetry of the orbifold. 
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Figure 9.1 CFT correlator computing a superpotential coupling for fields associated to the vertex 
operators inserted. 


Vertex operators in heterotic theory are products Vl ® Vr, where Vl , Vr are vertex 
operators of conformal weight h = h= 1 of the purely bosonic left sector and the supersym¬ 
metric right sector, respectively. In the right-moving sector, untwisted state vertex operators 
have the structure (E.20), (E.19) 

NS: V= e~^e i0lv ^ e ik ^, 

R : v£ l/2 = e~* e ias H e ik ^ x '\ (9.53) 

in the (-1)- and (—l/2)-pictures, respectively. Here k 11 is the 4d momentum, and 4d 
scalars arise from 50(10) vector weights on the internal 6 d, i.e. a v — (±1, 0, 0, 0, 0), 
where underlining means permutation of entries. Also, a s = (±j, ±4, . ■ ■, ±t) are 
50(10) spinor weights, with an even number of ‘+’ signs. The fields H are the bosonized 
right-moving fermions, and </> is the bosonized superconformal ghost. 

For states in sectors twisted by the element h = (f )" 1 , w) of the orbifold space group, the 
right-moving vertex operators are a generalization of the above 

NS: e ik ^ a h , 

R ; V*y 2 = e~i e i(as+mvyfl e ik ^d h , (9.54) 

where v — (ui, V 2 , V 3 , 0 , 0 ) is the twist vector of 6 , and 07 , is a “twist field,” i.e. an operator 
which creates the vacuum in the h -twisted sector out of the CFT groundstate (the untwisted 
vacuum). 

As explained in Section E.2, our amplitudes of interest have the form 

( 1 (Zl) V_l (z 2 ) V-l(Z3) Vo(Z4) • • • Vo(z„) )#, (9.55) 

2 2 

with total superconformal ghost charge —2, as required for a sphere amplitude. Note that 
the computation of non-renormalizable superpotential couplings requires the use of vertex 
operators in the 0-picture, like (E.18) or its twisted sector generalizations. We will not need 
their detailed expressions. 

The left-moving sector of the heterotic theory is purely bosonic, so there are no super¬ 
conformal ghost charges. One must just fix the positions of three vertices, using cc inser¬ 
tions, and integrate only over any additional vertices. Ignoring this for notational simplicity, 
the relevant vertex operators for untwisted states are 
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State 

Operator 

State 

Operator 

«j0> 

V L = 9 Z' e ik ^ 

JO) 

V L = dX 1 e ik » 

a 7 |0) 

V L = dZ l e lk r x ' 1 

\P) P 2 =2 

V L — e lPl x ‘ e l 


where Z' denotes the complex coordinate along the / th T 2 . The left- and right-moving 
vertex operators can be easily paired (in orbifold invariant combinations) to obtain the 
untwisted matter fermions and bosons, and untwisted moduli. 

Finally, the vertex operators for states in a (0 m , uj)- twisted sector are 

V L = e i(p+mV) x a h e ikx , (9.56) 

where V is the embedding of the orbifold twist in the gauge degrees of freedom and 07 , is 
a left-moving twist operator for h = (O'" , w). 

We can now exploit the symmetries of correlators involving these vertex operators to 
extract useful selection rules, on top of the obvious ones like 4d momentum conservation 
and gauge invariance (arising from worldsheet conservation of the currents i<)X 1 ', i'dX 1 ', 
idX 1 ). There are essentially three additional selection rules: 

• Space and point group selection rule : Each vertex operator has an associated space 
group element h = (O '", w), determining the twisted sector and the fixed point at which 
the corresponding state lies. The operators create branch cuts on the worldsheet, across 
which the 2 d worldsheet fields are acted upon by h; the jump of the 2 d fields around a 
vertex operator turns, by the the state-operator map in Figure E.2, into a twisted bound¬ 
ary condition. Consider now contours surrounding each vertex operator, and deform 
them into a single contour surrounding all vertex operators. Since the latter can be shrunk 
to zero (on the other side of the worldsheet S 2 ), it must have trivial space group twist. 
Since the total space group jump is the product of the individual ones, the product of all 
the space group elements h for the fields in the amplitude must be the identity, otherwise 
the coupling vanishes. Restricting this rule to the Z,y point group, implies that couplings 
of untwisted fields cj)V and 0 q -twisted fields </> 2 of the form 

n (*?f (kT < 9 - 57 > 

i,q 

vanish unless ^Z q (qkq) = 0 mod N. The translation part of the space group selection 
rule is a constraint on the location of the fixed points associated to the twisted fields in 
the correlators. For example, in the Z 3 orbifold, cubic couplings among twisted sector 
fields are allowed only if the fixed points are all equal or all different. Note that untwisted 
fields are not restricted by this rule. 

• Right-moving symmetries: The right-moving vertex operators contain a piece carrying 
momentum along the bosonized fermions H, dubbed //-momentum. Momentum con¬ 
servation, i.e. conservation of the right-moving worldsheet current idH, provides a 
non-trivial selection rule, which in fact forbids many couplings for both twisted and 
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untwisted fields. By fermionization it can be recast as conservation of 2d fermion num¬ 
ber. From the 4d spacetime viewpoint, it may be understood in terms of R-symmetries 
in the effective 4d field theory. 

• When the underlying T 6 factorizes as a product of several T 2 ’s, the correlators must 
be invariant under independent phase rotations of each of the complex coordinates. 
This rule is particularly restrictive for states involving left-moving oscillator modes, i.e. 

vertex operators involving 3 Z', 3 z‘. 

To put the above rules to use, consider the example of a Yukawa coupling among three 
untwisted chiral multiplets in a Zy orbifold. As already discussed, there are three kinds of 
untwisted matter chiral multiplets C;, with i = 1.2, 3, associated with the three complex 
planes. Their Yukawa couplings have the structure (9.53) 

Y{jk<x(nV J F V k R ) ixR , (9.58) 

with L x R indicating that operators and the correlator are taken in the full left times right 
worldsheet theory. Such a correlator is obviously invariant under the space group rule and 
independent phase rotations. On the other hand, //-momentum conservation requires the 
50(10) weights of the three vertices to add up to zero, 

(0, 0, 0, 0, 0) = u' s + ois + cty = 1 (-) - -— • -)-, —) -f- i( —f— ; —, +) + (0, 0, +1; 0, 0), 

i j k 

where the underbrace label indicates that the “+” entry position is the ith, jth, and kth, 
respectively. The //-momentum rule thus requires i ^ j k i, consistently with the 
dimensional reduction result in (9.16) Y-j k ~ €ijk . It is indeed a general (and expected) fact 
that couplings for untwisted fields can be obtained from KK reduction of the lOd theory. 

Yukawa couplings involving three twisted fields are computable, with technical sub¬ 
tleties associated to the non-trivial correlators of twist operators, and we simply review the 
structure of the result. Consider two states associated with the fixed points fa, fa in sectors 
twisted by Zpj elements with shifts v, w respectively. They couple to a third state living at 
a fixed point fa in the twisted sector with shift —v — w. The string theory result for the 
Yukawa coupling (restricting to odd N for simplicity) is 

^/ c = (^) 3/2 <f (n^r, w )' /2 £ e -2*VfG + iB)LV' (959) 

V £fa-fb~\- A6 

where A6 is the compactification torus lattice, Va 6 is its volume in string units, and G, B 
are the internal metric and 2-form background. Also L = |~[, L ; with 

Lj = |.'| [ 1 2 + i sign(A 7 )e ], 6=^^ ^J, (9.60) 

and X/ = cot (nvj) + cot (nwj), j = 1, 2, 3. Finally 

r = r(i-vj)r(i-wj)r(vj + wj) 

VjWJ r(vj)r(.wj)r(i-vj-wj) 


(9.61) 
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Figure 9.2 Yukawa coupling among three twisted sector fields. A pair of closed strings twisted 
around two fixed points stretch and join, giving rise to a recombined closed string twisted around 
a third fixed point. 

where shifts are assumed in the range 0 < vj + wj < 1. The exponential factor describes a 
sum over worldsheet instantons, processes in which the string worldsheet wraps a 2-cycle 
in the internal space passing through the three fixed points (see Figure 9.2), with generi- 
cally a multiple wrapping characterized by the vectors V. Similar results are obtained for 
the case of even N, for which the range of the vectors V is slightly more complicated. 
The last factor is the semiclassical contribution to the amplitude given by exp(—,S c i as ), the 
exponential of the worldsheet instanton action, i.e. the area swept by the worldsheet. This 
amplitude, for three different fixed points, is exponentially suppressed as e~ R , since the 
V ’s are measured in units of the lattice size; in principle this might be an interesting prop¬ 
erty to reproduce the observed hierarchies in fermion masses, although in practice it is not 
so easy to construct semi-realistic models achieving this goal for all SM fermions. 

The above Yukawa couplings are physical, i.e. for fields with canonical kinetic terms, 
recall (2.109). The semiclassical piece can be recast in terms of holomorphic ^-functions 
depending on the untwisted Kahler moduli, and corresponds to the holomorphic Yukawa 
couplings in the superpotential. The remaining factors, which can be regarded as aris¬ 
ing from fluctuations around the semiclassical worldsheet instanton (sometimes called the 
quantum contribution), are related to the wave function normalization of the participating 
fields as in (2.109). Incidentally, Yukawa couplings in type II orientifolds in Section 12.5.3 
have an analogous structure. 

In general CY compactifications, we do not have the CFT tools allowing for the explicit 
computations as above. However the discrete symmetries often present in these models 
give rise to selection rules strongly constraining the structure of Yukawa couplings. This is 
for example the case of the Tian-Yau 3-generation model in Section 7.3.2, and the models 
with non-standard embedding in Section 7.4. For Gepner models, one may in principle 
compute the Yukawa couplings from CFT correlators, but this has not been worked out in 
semi-realistic models, except for the Gepner version of the Tian-Yau example. We direct 
the reader to the Bibliography for further details. 


9.4 Gauge couplings and Kac-Moody level 

In general heterotic string compactifications, and in particular those described by exact 
CFTs, there is a possible subtlety in the relationship (9.22) between the Planck and string 
scales with the gauge coupling. The precise relation depends on the level of the Kac-Moody 
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algebra underlying the corresponding gauge symmetries, see Section E.3. In general, the 
4d gauge bosons arise from states with vertex operator (in the (—1)-picture for the right 
sector part, see Section E.2) 

V ' 1 ~ e~* V(l) Ja(z) e ik x , (9.62) 


where the operators J a (z ) are Kac-Moody (KM) currents satisfying the OPE (E.21) 


J a (z)Jb(w) 


(k/2)S ab if abc J c {w) 
(z — w) 2 (z — w) 


(9.63) 


with f a bc being the gauge group structure constants. We use the standard particle physics 
normalization tr (T a T b ) = ^8 ab of SU(n) generators in the fundamental. 

In the lOd heterotic theory the KM algebra is realized at level 1, by the operators (E.24). 
In standard geometric compactihcations, this realization is inherited by the 4d non-abelian 
gauge factors, which are hence realized at level 1. However, it is possible to construct other 
vacua realizing gauge symmetries at higher level, as discussed later in Section 9.8. Also, 
4d U (1) gauge factors are in general given by linear combinations Jq — iQidX 1 of the 
Cartan currents in (E.24), with OPE’s 

q 2 8 ab 

Jq(z)Jq(w) ~ + • • ■ . (9.64) 

(z - wY 

Comparison with (9.63) shows that U (l)s have an associated KM level k\ = 2Q 2 . 

The KM level of a 4d gauge symmetry modifies the gauge coupling unification relations. 
The generalized version of (9.22) for a gauge factor at level k may be computed explicitly 
from vertex correlators, and reads 


Mf, 4j r 16 

-n = 16 -=- = -, 

M 2 g 2 k ak 


(9.65) 


with g the YM gauge coupling. For a heterotic compactihcation with a low-energy sector 
including the SM gauge group SU(3) x SU(2) x f/(l), with factors realized at levels £ 3 , 
ki, k \, we thus have 


£ 30:3 = kjotj = k\a.\. 


(9.66) 


Most compactihcations, certainly including standard geometric compactihcations, have 
£3 = A '2 and thus unihcation of SU (3) and SU (2) couplings at the string scale. On the other 
hand, k\ is determined by the more model-dependent hypercharge embedding, and yields 
the successful SU( 5) value k\ =5/3 only in very special circumstances. For instance, 
this value is obtained in orbifold models in which the SM is embedded into an SO(10) 
subgroup of E%. In general, GUT-like gauge coupling boundary conditions are natural in 
heterotic string compactihcations with an underlying GUT symmetry, even in the absence 
of a full low-energy GUT theory. We postpone a more detailed review of gauge coupling 
unihcation to Section 16.1.1. 





282 


Heterotic string compactifications: effective action 


9.5 Anomalous t/(l)s and Fayet-Illiopoulos terms 

One of the prominent features of 4d string vacua is the ubiquitous presence of “pseudo- 
anomalous” U( l)s, i.e. gauged f/(l) symmetries with non-zero triangle contributions to 
the mixed non-abelian (and gravitational) anomalies. These are, however, canceled by a 
4d version of the Green-Schwarz mechanism mentioned in Section 4.3.4. Although the 
total anomaly cancels and the models are consistent, we often refer to these U(l)s as 
“anomalous.” In this section we describe this mechanism and its implications for the 4d 
effective action of heterotic string vacua. 


9.5.1 A Zj orbifold example 

We start with an illustrative warm-up example within the Z 3 orbifolds in Section 8.3.1. 
Consider the last model in Table 8.4, with gauge group SC/(9) x SO(14) x t/(l). The C/(l) 
corresponds to the generator Q — (0,..., 0) x (1, 0,..., 0) and the matter fields transform 
as 3(84,1) 0 + 3(1,14)_r + 3(1, 64) i/2 +27(9, l) 2/3 under SU (9) x SO(14) x U( 1). The 
subindices indicate the C/(l) charges, which are given by the scalar product Q ■ P for 
untwisted fields and Q ■ (P + V) for twisted fields. The one-loop triangle contributions to 
mixed U (1) x SU( 9) 2 , U (1) x SO( 14) 2 anomalies, as well as the cubic U( l) 3 and mixed 
gravitational anomaly, give anomaly coefficients 

A su( 9 ) = 9; Aso(U) = 9; A^^ = 54; A grav = 24 x 9. (9.67) 

The anomalies are related by 

A SU(9) _ Asq(14) _ A U(lp _ Agrav 
k 9 ki4 3 ki 24 ’ 1 ' ’ 

where k 9 — ki 4 = 1 and k\ =2Q 2 = 2 are the SU( 9), SO(14), and C/(l) KM levels. This 

universality is actually crucial in the anomaly cancellation mechanism. Recall the coupling 
(9.12) of the axion-like field a = Im S to gauge fields, schematically 

kaiv(FAF), (9.69) 

where we have included general Kac-Moody levels. The above gauge anomalies are can¬ 
celed if the axion transforms with a shift under C/(l) gauge transformations 

A m A^ + 9 m A(*); a -> a - c A(x), (9.70) 

where in our case c = 9/(87r 2 ) for the anomalies to cancel. Diagrammatically the cancella¬ 
tion mechanism is depicted in Figure 9.3. The anomaly generated by the standard triangle 
graph is canceled by a diagram in which the anomalous U(\ )x mixes with the axion-like 
field a, which in turn couples to tr(+ A F) for any gauge group in the compactification. 
Note that the cubic U (l) 3 anomaly has an extra factor 1/3 due to permutation symmetry. 
Similarly, the mixed gravitational anomaly cancellation involves a curvature coupling of 
the axion atr (R A R), which has an extra normalization factor 24. 
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Figure 9.3 Cancellation of mixed U(l)x anomalies by the 4d Green-Schwarz mechanism. 


9.5.2 General description ofU(l) Stiickelberg masses 

The above 4d Green-Schwarz mechanism is very general and occurs in most classes of 4d 
string vacua. In perturbative heterotic vacua like orbifolds, or CY compactifications (with¬ 
out 17(1) bundles), only the axion field a = ImS participates in the anomaly cancellation 
mechanism, and hence there is at most one anomalous 17(1), with universal mixed anomaly 
coefficients. In other 4d string vacua, like type II orientifolds or CYs with U (1) bundles, 
there are in general several anomalous 17 (l)s with anomalies canceled via exchange of sev¬ 
eral axion-like fields, see Sections 10.3.1, 11.2.2, 11.3.2, and 11.4.2. Given the generality 
of the phenomenon, it is useful to devise a lagrangian for the relevant fields, in order to 
describe the properties of the scalar and the 17(1) gauge boson. This can be done in a gen¬ 
eral form, easily generalized to any 4d string vacuum, using the following 4d Stiickelberg 
lagrangian, which involves a U (1) boson A p and a two-index antisymmetric tensor B llv , 

C = -\-h» vp h pvp - -^F pv F pv + C -e pvpa B pv F pa , (9.71) 

1 2 4g z 4 

where 

hfivp — B vp ], F flv = d[ p A v ], (9.72) 

Here we have not made explicit the dilaton dependence, which varies in the different 4d 
vacua. The above lagrangian contains just standard kinetic terms plus an additional crucial 
term of the form B A F. In order to dualize the 2-index tensor to a scalar, we proceed as in 
Section 9.1.1 and consider h pvp as an arbitrary tensor, enforcing the constraint dh = 0 via 
a Lagrange multiplier field as follows 

C 0 = -\-h^ p h pvp - - C -c i>vpa h pvp A n - Le^ pa d p h vpfT . (9.73) 

12 4 g^ o O 

Integrating out >/, we get dh = 0, which in 4d flat space implies h—dB and gives back 
(9.71). On the other hand, integrating by parts the last term in (9.73) produces an action 
quadratic in h pvp , which can be solved to obtain 


hT p = -e pvp °(cA a + d a n). 


( 9 . 74 ) 
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Inserting this back in (9.73) one obtains 

CA = --^F> lv F IJLV - l -(cA a +d a r 1 ) 2 , (9.75) 

4 g A 2 

which describes a massive 1/(1) gauge boson, whose longitudinal component is the pseu¬ 
doscalar Note that the mass term in (9.75) is gauge invariant only if the ;; shifts as 
;; —> rj — cA(x) under (7(1) gauge transformations, exactly as for the axion-like field a 
in (9.70). This transformation for the axionic field a is thus a direct consequence of the 
existence of a B A F coupling. We conclude that the axion field participating in anomaly 
cancellation in heterotic models gets eaten up into the massive (7(1) gauge boson and 
disappears from the low-energy spectrum. 

Conversely, any (7(1) gauge boson with a B A F coupling acquires a mass, whether the 
(7(1) is anomalous or not. In fact, mixed (7(1) triangle anomalies are correlated with the 
existence of additional couplings r\F A F to other gauge bosons, as required by the Green- 
Schwarz mechanism. This is always the case in the heterotic vacua under consideration, 
but not necessarily in type II orientifolds, in which there may exist Stuckelberg couplings 
for non-anomalous (7(l)s, see Sections 10.3.1 and 11.5.3. 

In 4d J\f = 1 models, SUSY has additional implications. We introduce the chiral super¬ 
field <J>, whose complex scalar component is $ = tp + it], and promote the U (1) boson to 
a vector multiplet V. The Kahler potential for <l> must have a structure 

K(<t> + 0* + cV), (9.76) 


consistent with the shift of rj, i.e. <t> —>■ <t> — ic A under (7(1) gauge transformations (2.25) 
V —> +i(A — A*), with gauge parameter in a chiral multiplet A. Expanding (9.76) in 
components, the term linear in V produces a Fayet-Illiopoulos term 


H = c 


9K(<d + $*) 


90 


v=o 


(9.77) 


controlled by Re O = tp. Thus supersymmetry relates the B A F and the FI couplings. 

Let us finally mention that the B A F coupling appears at one-loop order in heterotic 
compactifications. It may be seen as arising after dimensional reduction of the lOd one- 
loop coupling (4.86), i.e. / 1Qrf Bi A C 4 —»• f 4d /A A tr F F 3 . In the type II orientifold 
compactifications in Chapters 10 and 11, this coupling arises at tree level from the D-brane 
action. 


9.5.3 U(l) mass and FI terms in heterotic vacua 

Coming back to the heterotic case, the role of i] and <t> are played by the axion a and 
the dilaton S. Using the Kahler potential in (9.77), the effective action contains a field- 
dependent FI term for the anomalous U(l)x- 

t; X = d s K(S , S*)c = - / = -4 cMl 

( S + S*) 


(9.78) 
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where we have used (9.22). Furthermore, expanding the Kahler potential (9.76) to sec¬ 
ond order in V one finds that the mass of the £/(l) boson with canonical kinetic term is 
Mjj(\) x = cgM s . Since Re S = 1 /g 2 the FI term is, as explained, a one-loop effect. The 
expression for the FI terms follows from anomaly cancellation and supersymmetry, so it is 
not renormalized, i.e. receives no higher-loop corrections. The coefficient c can be com¬ 
puted for general heterotic compactifications and depends only on the massless charged 
chiral fields of the theory. It is given by c — Tr <2 x/[48(2jt) 2 ], with the trace running 
through all the massless fermions charged under U(l)x- The D-terrn scalar potential of 
the theory has then the form 




1 

s + s* 


Tr Q x 1 
48(2tr) 2 (5 + 5 *) 


2 




(9.79) 


where qx,i is the U (\)x charge of the field 4>,. Since the FI term is controlled by the 
string coupling, it cannot be taken to zero. In principle this term could be a source of 
SUSY-breaking appearing at one-loop, because for all <J>, = 0 (and assuming the vev of S 
has been fixed by another sector of the lagrangian), there is a non-zero D-term; however, 
in all known 4d heterotic vacua, the FI term in the potential can always be canceled by 
vevs for some suitable charged fields <t>,, with the appropriate charge sign. The implica¬ 
tion is that heterotic vacua with one anomalous 1/(1) are re-stabilized at one-loop. The 
re-stabilization by <t>, vevs necessarily implies spontaneous breaking of the anomalous 
U(\) x , and possibly of other gauge symmetries. As we remark later in Section 9.7, this 
turns out to be a phenomenologically welcome property. Note also that the actual scalar 
eaten by the anomalous U(l)x is thus a linear combination of Im S and phases of <t>, fields. 

Incidentally, due to the constraint (9.66), in a putative KM level 1 heterotic vacuum 
containing the SM gauge group and an anomalous U(l)x, one can directly compute the 
weak angle 9w in terms of the anomaly coefficients, i.e. 


sin 2 6 w 


k-2 

k\ + k2 


A { + A 2 ’ 


(9.80) 


where A2, A\ are the U (1 )x~SU (2) 2 and U (1 )x-U (1 )y mixed anomaly coefficients. This 
property is interesting because it depends only on low-energy data, i.e. the U (l)x charges 
of massless chiral fields transforming under the SM group. One can get, e.g., the canoni¬ 
cal sin 2 6 w = 3/8 value for suitable U (l)x charges, with no need of any underlying SU (5) 
symmetry. Phenomenological (field theory) models have been constructed in which U (l)x 
is a flavour symmetry with different charges for different generations; the corresponding FI 
term is assumed to trigger vevs for SM singlets breaking the U( l)x and producing hierar¬ 
chical Yukawa couplings through the Froggatt-Nielsen mechanism. Although this is poten¬ 
tially an attractive scenario for the generation of the observed structure of fermion masses, 
no concrete heterotic compactification with the required properties has been produced 
as yet. 
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9.6 T-duality and the effective action 


The dualities of string theory in higher dimensions have interesting consequences for 4d 
vacua. This is nicely illustrated by the implications of T-dualities (generalizing that in 
Section 3.2.3) for the effective action of 4d heterotic orbifold vacua. 

Consider first heterotic strings on a single T 2 , constructed as R 2 modded out by a lattice 
of translations generated by e \, ei - There are four real scalar moduli, which can be grouped 
into the T 2 Kahler modulus T and complex structure U 


z— \f~G Gp 

T = VG + iB; U = — -b i ——. (9.81) 

G 22 G 22 

Here G = det(G//), with G,/ =e,- ■ ej defining the metric, and />',j — Beij is a constant 
2-form background. Restricting ourselves to states with neither oscillators nor 16d gauge 
momenta, N = N — P 1 = 0, we are left with the T 2 momenta and winding states. The mass 
formula for this sector can be recast as 


2 _ I mi + n\TU + i(Uni 2 + Tni) | 2 
a'(T + T*)(U + U*) 


(9.82) 


where m / and «, are T 2 momenta and windings. This expression is invariant under 


T —*■ T + i , 
T —> l/T , 
T U , 


m i —>• ;«i + «2 , mi —*■ mi — ni, 
m i — >■ «2 ! «i —> in 2 , til2 — n\ , n 2 —> —mi, 

m2 112. 


(9.83) 


The first two transformations generate a modular group SL{2, l)j acting on T . It involves 
exchange of winding and momenta, so it generalizes the T-duality for S 1 compactifications. 
The general such SL(2,Z)t T-duality transformation is 

T —*■ -—, a, b, c, d e Z, ad — be = 1, (9.84) 

icT + d 

which indeed has the structure (A.l) by taking r — iT. This symmetry restricts the moduli 
space of T to the fundamental domain — \ < Im T < \,\T\ > 1. 

The third transformation in (9.83) exchanges the Kahler and complex structure mod¬ 
uli, and is the simplest example of mirror symmetry, see Section 10.1.2. This implies an 
SL( 2, Z )u symmetry acting on U, whose interpretation is just the geometric (non-stringy) 
modular group associated to reparametrizations of T 2 . 

These results extend to the abelian toroidal orbifolds, which inherit such T-duality sym¬ 
metries from the underlying T 6 . We consider toroidal geometries which factorize as prod¬ 
ucts of three T 2 . In the absence of additional backgrounds (e.g. discrete Wilson lines), the 
orbifold projection respects the underlying T-duality symmetries, and the orbifolds have 
(at least) an SL( 2, Z) 3 invariance acting on the three diagonal 7) moduli, as 
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(For non-factorized toroidal geometries, the T-duality group is smaller but still contains 
an SL( 2, Z) for the overall modulus T.) Invariance under the duality group has interesting 
implications for the effective action. Recalling (9.44), the Kahler potential for matter fields, 
to quadratic order, is given by 

^matter = % U.L ( T < + ^T' f[£, (Un + U*f> C ,C J . (9.86) 

Invariance under the modular group F = [SL(2,Z)]j x [SL{2, Z)] h J l requires that the 
matter fields transform (up to constant matrices) as 

3 *21 

Cl -» Cl n (id Ti + di/i [~[ (ic m U n + djt , (9.87) 

i=l m =1 

hence the name “modular weights” for n\, Consider now the S, T, dependent piece of 
the supergravity Kahler function (2.47) (setting ^4 = 1 for clarity) 

G = - log(5 + S*) - log {Ti + T*) + log | W| 2 . (9.88) 

i 

Under the duality transformations (9.85), we have 

- log (?) + T*) -> - log {Ti + T*) + log |ia + di | 2 , (9.89) 

so that invariance requires that the superpotential transforms as 

e i&(fli'bi,ci,di) _^_ (9.90) 

i Ci Tj + d, ’ 

where S are possible moduli-independent phases. Using the matter field transformations 
(9.87), the Yukawa coupling constant h / j k must transform as 

3 

huK h IJK n (ic ‘ T i + di)(- x - ni i- n> J -<). (9.91) 

i= 1 

Note that this is consistent with a moduli-independent Yukawa coupling constant for three 
untwisted matter fields, since they have modular weights «,• = (— 1 , 0 , 0 ), ( 0 , — 1 , 0 ), 
(0,0, —1). Yukawa couplings involving twisted fields are, however, constrained by the 
above transformation properties. We emphasize that duality invariance applies not only to 
cubic couplings but also to higher-dimensional and non-perturbative pieces of the super¬ 
potential, as we exploit in the study of SUSY breaking in Section 15.2.2. The duality 
invariance of heterotic orbifold compactifications is thus a strong constraint on the structure 
of their effective action. 

The existence of infinite discrete duality groups acting on moduli is not restricted to 
toroidal compactifications and orbifolds thereof. They also arise in certain CY compactifi¬ 
cations, although they are harder to characterize and have not been systematically exploited 
in phenomenological applications. 
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9.6.1 One-loop corrections and duality invariance 

One-loop effects in the effective action are expected to be small in heterotic compactifica¬ 
tions at weak coupling. However, there are some situations in which they may be relevant 
because the corresponding physical quantities are known with good precision. This is the 
case for the one-loop threshold corrections to the gauge coupling constants. These correc¬ 
tions are relevant to the issue of non-perturbative SUSY breaking and moduli stabilization 
in heterotic vacua, see Section 15.2.2. 

From (9.21), the tree level gauge couplings have a unified value g. Analogously to (1.9), 
at a low-energy scale Q the one-loop corrected couplings for the different gauge factors, 
labeled with an index a, are 


167T 2 

ga(Q 2 ) 


— kn. 


167T 2 

—j -h t>a 

g 


M 2 

log —y + A fl + k a A 

Q 


univ 


(9.92) 


where Mq — M s - determined more precisely later, see (9.96) - and b a are the one- 
loop /1-function coefficients, see (2.71). The group dependent threshold corrections are 
contained in A a , and there is also a universal correction A umv which may be reabsorbed 
in the definition of g. Both depend on the moduli but not on the dilaton S, and include 
contributions from massive string and Kaluza-Klein states. The group dependent threshold 
correction can be obtained from a one-loop string diagram, for whose computation we refer 
to the Bibliography. For any perturbative heterotic compactification it is formally given by 
the expression 


A 


a 



d 2 r _ 

- t B fl (r, r) - b a ], 

T2 


(9.93) 


where Fq is the fundamental domain for the worldsheet torus parameter r, c.f. Section 3.2.2. 
Here B a is given by the general expression 


B a (r, r) 


2 

l>?(T )| 4 


E (-d 


J1+J2 


0l,S2) 
even s 


1 dZ\v(s, r) 
2 ni dx 


x Tr , 


ffo-1177Lo-i 


(-D 


s^F 




(9.94) 


Here the sq, S 2 sum (over spin structures) runs over values 0, 1 corresponding to NS or R 
boundary conditions, and “even s” excludes the case (si, S 2 ) = (1, 1)- The first line con¬ 
tains universal factors independent of the specific compactification, and arise from the 4d 
coordinates. The |>;| -4 arises from bosonic oscillators, and is the partition function 
for one complex fermion, with the derivative ultimately due to the insertion of (the right- 
moving piece of) two gauge boson vertex operators. The second line traces over the internal 
compactification CFT, as indicated by the subscript “int.” The exponents of q = e 2rr,T 
(and q) are essentially the internal CFT hamiltonian, written conventionally in terms of 
the internal CFT Virasoro generators To, To and zero point energies - see Appendix E, 
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e.g. (E.30) - and (— l)^ implements the right-moving GSO projection. Finally, the gen¬ 
erators T a of the 4d gauge factor G a arise from the insertion of (the left-moving piece of) 
two gauge boson vertex operators. 

As expected on physical grounds, B a reduces at low energies to the standard -function 
coefficients, e.g. (1.10). Namely their infrared limit is 

lim r 2 -j.oo B a = -ytry (r fl 2 ) + ^tr f ( \ a 2 ) + Ur s (T a 2 ) = b a , (9.95) 

where the indices V, F, S stand for vector, fermion, and scalar massless fields; hence the 
difference in (9.93) contains just the contribution from massive modes. The above threshold 
correction expression is valid in the DR renormalization scheme with the definition 

2 e (!-/)/ 2 3-3/4 (1— 7 )/2 3 —3/4 

M g = - --- -= - g Mp = 5.27 x g x 10 17 GeV, (9.96) 

V2 not' 4jt 

where y ~ 0.57722 is Euler’s constant. Hence Mq is of order 3.8 x 10 17 GeV for g the 
standard value in GUTs; this is about a factor 20 larger than the unification scale Mq ut 
generated from extrapolation of the low-energy couplings in the MSSM, as we further 
discuss in Section 16.1.1. 

In order to get a more specific result, one needs the explicit form of the one-loop ampli¬ 
tude of the internal theory. In the case of toroidal orbifolds there are explicit expressions 
for these partition functions. The resulting threshold corrections generically depend on the 
Kahler and complex structure moduli, and hence may be substantial for large or moder¬ 
ate moduli vevs. For simplicity let us consider abelian orbifolds with factorized T 6 . The 
internal part of (9.94) decomposes into sectors with boundary conditions (g, h ) along the 
(er, t) coordinates on the genus-one worldsheet, so the threshold correction is obtained by 
replacing the second line of (9.94) by 


1 

W\ 


Trtg.sj) 

g,heP 


q L ° 11 q L o 1 (-1)«^ h 



(9.97) 


where P is the orbifold point group and |P| its order. Each (g, h) sector preserves some 
unbroken SUSY, either TV” = 4, J\f = 2 or J\f = 1 , when g and h have three, one or no simul¬ 
taneous fixed planes, respectively. The only Jff = 4 sector is the untwisted (g, h) — ( 1 , 1 ), 
and contributes to neither the //-function nor to the threshold corrections. Sectors (g. h) 
preserving only Af — 1 have neither winding nor momentum states, and yield no moduli 
dependent threshold corrections, although in general produce moduli independent correc¬ 
tions c a to A a . Finally, sectors preserving AT — 2, with g and h leaving a common fixed 
plane, allow for winding and momenta on the unrotated T 2 , and produce threshold cor¬ 
rections depending on the corresponding moduli. The explicit evaluation of the one-loop 
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diagram leads to a closed expression for the group dependent threshold corrections in 
abelian orbifolds 

A a = - J2 bi a H=2 [ l °S(\>l(Ti)\ 4 Re Ti ) + log( \r](Uj)\ 4 Re U,)]+c a , (9.98) 


where P ( is the subgroup of P leaving the ith complex plane fixed, b' a ~ are the 
/1-function coefficients of the corresponding Af — 2 subsector, and ij is Dedekind’s mod¬ 
ular function. In some cases certain complex structure fields U t are not moduli of the full 
Af = 1 orbifold, rather they are fixed by other orbifold elements, and must consequently be 
replaced by constants in the above expression. 

Concerning the universal piece A univ in (9.92), it is given by an expression 


A univ = _ J2 4s [ log (Ti + T*) + log (Ui + Uf) ]+ n(Ti,Ui, T*, Uf) + const, 
i=l,2,3 

(9.99) 

where the Sq S are constants whose meaning we discuss shortly, and Q is a function 
whose most relevant property is to be invariant under modular transformations of the 
moduli Tj , Ui. 

Under a T-duality transformation (9.85) we have 


Re T, 


Re 71 


lie; 7} +di | 2 ’ 


piTi) 1 rjiTiYdciTi + di). 


(9.100) 


and similarly for the C7, moduli. Therefore the group dependent threshold corrections A,, 
are invariant under duality transformations. On the other hand, the universal piece A unlv is 
not duality invariant; however, recalling (9.21), invariance can be restored by proposing a 
(Green-Schwarz-like) transformation of the dilaton 

s ^ s ~^2 S gs 1o s VaTi + 4)- (9.101) 

Then, in order to render the dilaton Kahler potential invariant, we need to include an 
appropriate one-loop correction as 


K(S, S*) — — log 




4s 

8t r 2 


log (71- + T*) 


(9.102) 


This is reminiscent of the modification of Kahler potentials in Section 9.5 due to the Green- 
Schwarz (7(1) anomaly cancellation mechanism. This is not a coincidence, as we discuss 
in the next section. 


9.6.2 T-duality anomalies 

It is instructive to also analyze the one-loop corrections to gauge couplings in terms of 
the effective low-energy lagrangian, without explicit reference to the effect of heavy string 
states. Consider the one-loop effective lagrangian for gauge bosons, including the 
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dependence on all massless moduli, collectively denoted M,. In this language, the moduli 
dependent one-loop correction to gauge couplings arises from triangle diagrams of charged 
fields coupling to two gauge bosons, and to one moduli background insertion. The latter is 
described by a composite Kahler connection, proportional to K (M, , M*), which couples 
both to gauginos and charged matter fields C '; it is associated with the invariance of the 
theory under Kahler transformations (2.49). There is a further coupling of the moduli to 
the matter fields C 1 , arising from their non-canonical moduli dependent kinetic term Ku, 
as in (9.32), (9.44). These two types of couplings, together with the tree level part, give 
rise to the following (non-local) effective supersymmetric lagrangian 



d 2 e w a w a 


k a S - 


i m -1 

16jt 2 16 


DDDD 


[(c(G a )-EinRi))K(M it Mf) 


+ 2'£ I T(R I ) log det K u (M,-, M*) 


+ h.c., 


(9.103) 


where W a is the field strength superfield (2.20) and D is the SUSY covariant derivative 
(2.11). Also C(G a ) and T ( Rj ) are the quadratic Casimirs in the adjoint and in the repre¬ 
sentation Ri under which C'J transforms. The expansion of this expression in components 
leads to a non-local contribution to the term F A F and a local contribution to the inverse 
coupling constant. 

Let us now concentrate again on the case of abelian toroidal orbifolds with factorized 
underlying T 6 . Replacing (9.43) and (9.44) into (9.103), we obtain 
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log (U m + U*) 
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h.c., 


(9.104) 


with 


b‘ a ' = - C(G a ) + J2 T(R,) (l + 24) , 
/ 

bf = - C(G a ) + J2 T(Ri ) (1 + 2 If). 


(9.105) 


This effective action is clearly not invariant under modular transformations of the 7) and 
Ui moduli, despite these being duality symmetries of the theory. In particular, the non¬ 
invariance of the coefficient of F A F term signals the presence of a so-called duality 
anomaly. This is in fact not surprising, since we need to take into account some additional 
ingredients considered in the previous section. First, the transformation of the complex 
dilaton under the T-duality transformations, as in (9.101), provides a (in general) partial 
cancellation of this duality anomaly. The remaining anomaly is finally completely canceled 
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by the one-loop 7 1 , -dependent holomorphic correction to the gauge kinetic function, which 
may be written as 

fa" + fa m ~ l °° P = k a ) lo S (9-106) 


where Sq S is the universal coefficient in (9.99), and we have skipped an analogous In¬ 
dependent piece playing no role in T-duality. The above coefficient of log r/(T/) should be 
equal to the Jff —2 /1-function coefficients b' a N ~~ in (9.98), while the b' a ' may be com¬ 
puted from (9.105) with the knowledge of just the charged massless spectrum. One can 
then derive the value of the universal (gauge group independent) coefficients S^ s for the 
compactification at hand; this is easily done in specific examples, indeed producing univer¬ 
sal values <5g S . Finally, note that the above expression for the gauge kinetic function does 
not receive higher-loop perturbative corrections, as they would violate the shift invariance 
discussed in Section 9.1.2. 

The above T-duality anomaly cancellation gives important constraints in specific models. 
In particular, for orbifolds with the ith complex plane rotated by all orbifold group ele¬ 
ments, there are no threshold corrections depending on the moduli 7}, 7/,; hence the coef¬ 
ficients of the log term in (9.106) must vanish for all gauge group factors, so <5^ s = b' a /k a 
for all a, implying the universality relation 



k\ ki k n 


(9.107) 


where n denotes the number of gauge factors. We illustrate the power of these constraints 
for, e.g., Z 3 orbifold model building. Consider models with gauge group SU (3) x 57/(2) x 
G\ and three quark-lepton generations; for instance, the explicit model in Section 8.3.3, 
although the argument is completely general and independent of the detailed construc¬ 
tion. The Z 3 actions have no fixed planes, so there are no 7)-dependent threshold cor¬ 
rections and the duality anomaly must cancel just through the Green-Schwarz mecha¬ 
nism. For present purposes, it suffices to restrict to duality anomalies with respect to the 
overall Kahler modulus T. Recall that modular weights (n l , n 2 , « 3 ) for untwisted fields 
are (— 1 , 0 , 0 ), ( 0 , — 1 , 0 ), ( 0 , 0 , — 1 ), while for twisted states with no oscillators they are 
— |V so the overall modular weights are n = n‘ = — 1 , —2 for untwisted 

and twisted fields, respectively. The SU(3) 2 and 57/(2 ) 2 mixed duality anomalies have 
coefficients 


^5£/(3) — Hib'sup) — 9 +2( A? 3 / N 3 ) ; 

KstJ(2) = J2i b 'sU(2) = -6 + 5 (N 2 - iVj) , 

where Nf’ 1 and N^’ 1 are the net number of 57/(3) triplets and 57/(2) doublets in 
untwisted and twisted sectors. Assuming the usual situation of equal KM levels, (9.107) 
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implies b ' su , 3 , =b' su , 2 y Using also that in these models N 2 — N 2 =3, one concludes 
that — nI =9 without needing to perform the (usually lengthy) computation of the 
full twisted spectrum. We have hence proven that models based on the Z 3 orbifold have 
12 more doublets than triplets. This argument provides the underlying reason for this pat¬ 
tern, common to all semi-realistic Z 3 models with two Wilson lines; it also shows that this 
class of orbifolds cannot lead to the minimal content of the MSSM, at least before vacuum 
re-stabilization. 

Additional constraints may follow from the cancellation of mixed gravitational dual¬ 
ity anomalies. Their computation parallels the above, except that all massless fermions 
contribute, including the gravitino, dilatino, and modulinos. The analogous anomaly coef¬ 
ficient can be computed to be 



(9.108) 


where the sum in a runs through 4d gauge factors and accounts for the gaugino contri¬ 
butions, while the sum in I runs through massless matter chiral multiplets; the gravitino 
contributes 21 , the dilatino contributes 1 (since it has zero modular weight), and S'^ M) is 
the contribution from the modulinos, which depends on the orbifold considered. In mod¬ 
els with the /th complex plane rotated by all orbifold elements, there is no 7) -dependent 
threshold correction, and we obtain a universality relation between the gravitational and 
gauge T-duality anomaly coefficients 



(9.109) 


gray. 


This relation yields further powerful constraints, which are in fact sensitive to the whole 
massless spectrum, including neutral particles and possible hidden sectors. 


9.7 Orbifold model building revisited 


In Section 8.3.3 we presented two explicit semi-realistic models based on the Z 3 and Z ' 6 
orbifolds. Both contain additional 1/(1) gauge symmetries, as well as extra chiral matter 
beyond the MSSM content. The new results described in this chapter naturally lead to a 
significant removal of additional gauge symmetries and extra charged matter. For concrete¬ 
ness we focus on the Z 3 case, due to its relative simplicity, but a similar analysis applies to 
other semi-realistic orbifold models. 

The full spectrum of charged chiral fields in this Z 3 model is shown in Appendix C. The 
gauge group is SU( 3) x SU (2) x t/(l ) 8 x S(9(10), with U( 1) charge generators Q r in 
(C.l). The reader may easily check that the U(\)x generated by Qx has mixed gauge and 
gravitational triangle anomalies, with 



(9.110) 
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Here r runs through the seven non-anomalous orthogonal t/(l)s, and k r — 2Q, ■ Q r are 
the U (1) normalizations, as in Section 9.4. The above is the universality relation expected 
from the U(\ )x Green-Schwarz anomaly cancellation. The D-term potential (9.79) reads 





where the sum goes over all the scalar fields charged under U(l)x- As already mentioned, 
this potential induces vevs for some fields charged under U(l)x, to minimize the D-term 
energy, and re-stabilize onto a SUSY preserving minimum. In particular the singlets Si, Y, 
in Appendix C are charged under U(l)x (and other (7(1) generators), and can acquire vevs 
consistently with D- and F-flatness. The F-flatness may be checked by using the selection 
rules summarized in Section 9.3.2. This can break all the U (1) gauge symmetries except 
one, to be identified with hypercharge. An explicit choice of vevs fulfilling these properties 
is given by (Si) = (S 2 ) = (S 3 ) = (S{,) = (Sg) = (Fi) = v. It parametrizes a flat direction in 
which the Y generator defined by 



(9.112) 


remains unbroken and plays the role of hypercharge, while the remaining U( l ) 7 sym¬ 
metry is broken. The re-stabilization process yields additional byproducts. The S, and Y, 
singlet fields can have Yukawa couplings with most of the extra vector-like colored and 
charged particles in the model, i.e. they are allowed by the selection rules in Section 9.3.2; 
their vevs give large masses to all exotics with fractional charges (all the fields labeled 
A in Appendix C). Also, these vevs imply that two physical U-quarks are mixtures of 
untwisted and twisted sector fields. The right-handed D-quarks and leptons and the Higgs 
H ( i remain purely in the twisted sector, whereas left-handed quarks Q/ and the Higgs //„ 
remain purely untwisted fields. These facts will be relevant to the Yukawa textures, see 
below. When the dust settles, the remaining low-energy spectrum of the model is shown 
in Table 9.1. The spectrum corresponds to the MSSM content, plus three extra copies of 
vector-like leptons, and additional singlets. Comparison with the (pretty involved) original 
spectrum in Appendix C illustrates the remarkable improvement in particle physics model 
building applications of heterotic string orbifolds, once one-loop effects are consistently 
included. 

We refrain from entering a detailed phenomenological analysis of this particular model, 
but rather summarize a few properties, emphasizing those common to other models in this 
class of compactifications: 

• Yukawa couplings: The selection rules in Section 9.3.2 imply that two of the U-quarks 
have renormalizable Yukawa couplings as in (9.58), whereas the third 

remains massless at this order. The two massive ones may be hierarchical due to their 
mixing with twisted states (see Table 9.1). Renormalizable Yukawa couplings for the 
D-quarks are forbidden by point group selection rules, since fields Qi and D belong to 
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Table 9.1 Spectrum of the Z 3 example after vacuum re-stabilization, in the 
field notation of Appendix C. Here ~ indicates “linear combination of the 
fields involved” 


SM field 

string state 

# 

Y 

Ql 

Q‘l 

3 

1/6 

U 

u 1 ; («[ ~ u 2 ); (u\ ~ M 2 ) 

3 

-2/3 

D 

(di - d 2 ) 

3 

1/3 

L 

g 5 

3 

-1/2 

E 

(/1 + h) - (h + k) 

3 

1 

H d 

(G 2 - G 3 ) 

1 

-1/2 

H u 

G? 

1 

1/2 

V 

(Gj - G 4 ) 

3 

-1/2 

V 

G 2 

3 

1/2 

E’ 

>5 

3 

1 

E’ 

Ch + h) - Ch + h) 

3 

-1 


the untwisted and twisted sectors, respectively. For one D-quark they can, however, arise 
at the non-renormalizable level. Concerning charged leptons they all have cubic Yukawa 
couplings of the type (9.59). The bottom line is that a qualitatively reasonable Yukawa 
coupling hierarchy can be achieved. 

• R-parity and proton decay : There are R-parity violating couplings of ( DDU ) type from 
non-renormalizable operators, which violate baryon number; however, lepton-violating 
couplings are absent, so fast proton decay is not induced. 

• Gauge couplings constants: The hypercharge normalization is k\ = 2Qy = 11/3, instead 
of the canonical SU (5) GUT value k\ =5/3. This fact, combined with the contribu¬ 
tion to the running from the extra vector-like leptons, make the agreement with gauge 
coupling unification possible only at the cost of using approximately (not exactly) flat 
directions to induce intermediate scale masses for these exotics. 

Some of the phenomenological properties of this Z 3 model may be improved in more 
elaborate orbifolds with several twisted sectors. Explicit semi-realistic MSSM-like models 
have been constructed using, e.g., the Z 2 x Zt, Z 6 , Z^ and Z ' 12 orbifolds. In particular, 
models like the Z/ orbifold in Section 8.3.3 embed the SM gauge group into an underly¬ 
ing SO (10), producing the standard hypercharge normalization k\ =5/3. Their Yukawa 
coupling structure also has a simple hierarchical structure. The phenomenological analysis 
of these models is nevertheless quite similar to the above Z 3 example. There is typically 
one anomalous U (1 )x, whose one-loop FI term triggers further gauge symmetry breaking 
down to the SM group, by vevs for a number of hypercharge neutral fields. In the process. 
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most or all exotics get large masses, so that the low-energy spectrum is, at least in the most 
successful constructions, just the MSSM one. A few families of quarks and leptons have 
renormalizable Yukawa couplings, while others (eventually the lighter ones) acquire them 
from non-renormalizable couplings involving some of the singlet vevs. 

The least attractive aspect of these models is the large number of particles beyond the 
MSSM in the initial (i.e. tree-level) massless spectrum, as exemplified in the table in 
Appendix C. This also implies that the low-energy physics depends very sensitively on 
the particular choice of flat direction used to cancel the FI term. This is the case, e.g., for 
the existence or not of R-parity in the final model, and also for the Yukawa coupling tex¬ 
tures of the lighter generations. On the other hand, a nice feature of these constructions 
is the very natural appearance of fermion mass hierarchies, according to their origin from 
renormalizable Yukawa couplings or higher-dimensional operators. This can be regarded 
to some extent as analogous to the Froggatt-Nielsen mechanism widely used in flavour 
physics model building. 

In summary, heterotic toroidal abelian orbifolds allow a simple construction of very 
explicit compactifications reproducing models remarkably close to the structure of the 
MSSM, or simple extensions thereof. Their general structure moreover provides insights 
into particle physics properties, like the existence of several families, gauge coupling uni¬ 
fication, or the possible origin of Yukawa coupling textures. This is a remarkable achieve¬ 
ment of heterotic string theory. 


9.8 Higher Kac-Moody level models and string GUTs* 

In Section 1.2 we introduced GUTs as an attractive idea to explain the unification of cou¬ 
pling constants and other features of the SM. However, the heterotic compactifications 
presented so far do not lead to satisfactory 4d GUTs. Actually, GUT groups like SU (5), 
SO ( 10 ) are easily obtained in heterotic compactifications; for instance, the CY compactifi- 
cation examples in Sections 7.3.2 and 7.4.2, before introduction of discrete Wilson lines, or 
the hidden sector in the Z 3 orbifold model in the previous section, which is a 3-generation 
SO(10) model. However, a satisfactory GUT model must contain adjoint Higgs multiplets 
in the 4d effective theory to trigger GUT symmetry breaking, and they are not present in 
these compactifications. As explained in Section 17.1.2, the absence of adjoint multiplets 
in the massless spectrum is a general property of gauge symmetries realized at Kac-Moody 
level k = 1 (see Sections 9.4 and E.3), as all constructions hitherto. Hence their applica¬ 
tion to particle physics must follow the alternative route of realizing directly the SM, or 
non-GUT extensions thereof, like SU (3 ) 3 or flipped SU( 5). 

It is however possible to construct string GUT models with adjoint Higgs breaking by 
realizing the GUT symmetry at higher KM level k > 1. Such heterotic models have been 
constructed using both symmetric and asymmetric orbifolds as well as the fermionic con¬ 
struction. The simplest strategy to obtain higher-level models in orbifolds is to start from a 
model with a level 1 realization of k copies of a GUT group G, namely G k = G(i) x • • • x 
G(k). In a subsequent stage, one embeds some Z* space group action (like an orbifold twist 
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or a discrete Wilson line) in the gauge group, as a cyclic permutation G(a) —> G (,\+\ ) 
(with A understood mod k). This leads to a breaking of the gauge group to the diagonal 
subgroup as 

G(\) X ••• X G(k) -* G diag■ (9.113) 

The generators of G^iag are 7^ ~ T“ A ^, and similarly for the corresponding 

Kac-Moody operators, which realize a KM algebra at level k, see section E.3. One sim¬ 
ple way to understand the change in the unification relations (9.65) is that, denoting g the 
coupling for the G(A) factors (taken equal for Z/. symmetry), the gauge coupling of the 
diagonal group Gdiag is given by g/yfk. 

As a simple application of these ideas, a k = 2 5(7(5) model may be obtained starting 
from a 5(7(5) x 5(7(5) theory, and modding out by a Z 2 permutation of the two factors. 
If the original theory contains massless chiral multiplets in the “bi-fundamental” (5, 5) 
representation, it ends up as a representation 5 x 5 = 24 + 1 of 5(7(5)diag; this nicely 
agrees with the above mentioned fact that massless adjoints are possible for higher-level 
KM realizations. Incidentally, this kind of permutation twists can thus lead to substantial 
rank reduction. Similar constructions have also been carried out in the fermionic models 
of Section 8.5, where the rank reduction and change in normalization follows from the 
use of real fermions which cannot combine into complex pairs; although rank reduction 
by real fermions does not guarantee the realization of higher-level KM algebras, there 
exist appropriate choices of fermion boundary conditions which achieve this goal. Finally, 
permutation of gauge factors could be implemented in geometric CY compactifications, 
e.g., by discrete Wilson lines, although this possibility has not been exploited as yet. 

In the literature there are several 3-generation 50(10) and 5(7(5) GUTs with adjoint 
chiral multiplets, see the references. A rather generic drawback of these models is that the 
adjoint chiral multiplets turn out to be moduli, in particular they have no self-couplings 
or <f> 2 in the superpotential; the adjoints thus produce left-over additional massless chiral 
multiplets beyond the MSSM, which for, e.g., 5(7(5) GUTs of this kind transform under 
the SM group as 

(8,l)o +(l,3)o +(l,l)o. (9.114) 

These multiplets may acquire masses after supersymmetry breaking, i.e. around or slightly 
above the EW scale. But unfortunately their contribution to the running of the gauge cou¬ 
plings spoil their unification, one of the motivations of the GUT idea, and of the potential 
interest of string GUTs. A further problem is the doublet-triplet splitting problem men¬ 
tioned in Section 2.6.2, which in this case becomes more acute since explicit mass terms 
for the adjoints are absent. These issues are however avoided in string models with an 
underlying GUT structure, broken by Wilson lines (as in CY or orbifolds in Chapters 7 and 
8 , or F-theory/type IIB models in Section 11.5.3). 
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We now move to a different corner in the pentagon in Figure 7.1 and turn to the con¬ 
struction of type IIA orientifold compactifications down to four dimensions. The use of 
D-branes and their properties is crucial in these constructions, and provides a beautiful 
geometrical picture of the resulting 4d theories; gauge symmetries arise from overlapping 
D-branes, while charged chiral fermions arise from intersections among D-branes. The 
models are dubbed intersecting brane models and provide simple realizations of particle 
physics models in string theory. 


10.1 Type II on CY and orientifolding 

We now step back to Section 7.2 and consider the 4d compactification of type II theories 
on CY manifolds. They lead to 4d Af — 2 theories and are not suitable for particle physics 
model building, although some of their properties, like mirror symmetry, permeate the 
analysis of more realistic setups. We describe the introduction of orientifold projections 
truncating the supersymmetry to 4d J\f = 1. These CY orientifolds provide the closed string 
sector of the compactifications in this and the next chapter, which contain sectors of D- 
branes (to achieve RR tadpole cancellation) realizing non-trivial chiral gauge theories on 
their world volume. 


10.1.1 Calabi-Yau compactification of type II string theories 

Recall the general properties of KK compactification on CY manifolds from Section 7.2. 
Type IIA and IIB theories have two lOd gravitinos, so their CY compactifications con¬ 
tain two 4d gravitinos and correspond to 4d Af — 2 supersymmetric vacua. This amount 
of supersymmetry does not allow for chirality, and such models are not directly suit¬ 
able for particle physics model building; however, they provide the starting point of CY 
orientifolds, see Section 10.1.3. In order to describe the massless spectrum of type II 
CY compactifications, we perform the KK compactification for the bosonic fields, and 
complete them to 4d J\f— 2 supermultiplets, whose structure we recall from Section 2.4.1: 
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• The gravity multiplet, containing a graviton, a gauge boson (graviphoton), and two 
gravitinos of opposite chiralities. 

• The vector multiplet, containing a gauge boson, a complex scalar, and two Majorana 
fermions, all in the adjoint representation of the gauge group. 

• The hypermultiplet, containing two complex scalars and two left-handed Weyl fermions 
(in conjugate representations). 


Type IIA on CY 

Recall that the bosonic fields for lOd type IIA are the graviton G, the NSNS 2-form 
B , the dilaton <p, and the RR 1-form A\ and 3-form C 3 . Their KK reduction, recalling 
Section 7.2.4, is encoded in the following table: 


IIA Gravity h\ \ Vector /z 2,1 Hyper Hyper 


G 

B 

<t> 

A, 

C 3 


G^ 

Am 


h 1 1 Kahler 
' B 0 


2/z2, 1 Cmplx. Str. 


Bfiv 

<t> 


C- 

ij M 


C ijk’ C ~i]k 


C ‘jk’ C ijk 


The organization in columns describes which 4d AT = 2 multiplet the fields fill in. We need 
to dualize the 4d 2-form B fl „ into a 4d scalar (as in Section 9.1.1, see also Section B.3) in 
order to fill out a standard hypermultiplet. Also, we have simplified the notation for zero 
modes of p-forms, by denoting as, e.g., B- any of the h\ \ scalars that arise from a lOd 
2 -form with 6 d indices along a harmonic ( 1 , l)-form in X 6 . 

The complete massless spectrum of type IIA on a CY is thus given by the 4d J\f = 2 
supergravity multiplet, h\\ vector multiplets (with abelian group) and 7 z 2 ,t + 1 hypermul- 
tiplets (neutral under the gauge group). 


Type IIB on CY 

The bosonic fields for lOd type IIB are the graviton G, the NSNS 2-form B , the dilaton </>, 
and the RR 0-form a, 2-form C 2 , and 4-form C 4 (with self-dual field strength). Their KK 
reduction is encoded in the following table: 


IIB 


Gravity 

h 21 Vector 

h 1,1 Hyper 

Hyper 

G 


G^i V 

2 / 12,1 Cmplx. Str. 

h[ 1 Kahler 


B 




Bm 

ij 

BfJLV 

4> 

->■ 




<t> 

a 





a 

B 2 




c n 

Cfjtv 

c 4 


Q jk ji 

Cijk m 

C- 

IJ [LV 
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In obtaining this spectrum, the self-duality of C 4 relates components associated to dual 
forms in Xg, e.g. like Cijkp, and CW /( . Also we have again used the 4d duality between 
2 -forms and scalars to fill out standard hypermultiplets. 

The massless spectrum is then given by the 4d Af = 2 supergravity multiplet, /? 2,1 vector 
multiplets (with abelian gauge group) and (h\ \ + 1 ) neutral hypermultiplets. 


10.1.2 Mirror symmetry 

The massless spectra of type IIA and IIB CY compactifications have a very similar struc¬ 
ture, up to exchange of the roles of h 1,1 and hi, 1 . This is not an accident, but rather the 
reflection of a much deeper relationship, mirror symmetry, already mentioned in, e.g., 
Sections 7.2.3, 8.6.2,9.1.3, and 9.6. Roughly speaking , 1 mirror symmetry is a duality estab¬ 
lishing that for each CY manifold Xg there exists another (mirror) CY manifold Yg, such 
that compactification of type IIA string theory on Xg is exactly equivalent to compactifica- 
tion of type IIB string theory on Yg. The simplest consequence of this equivalence is that 
their Hodge numbers are related by 

/? 1,1 (X 6 ) = /i2,t(Y 6 ), /i2,i(Xg) = /j u (Yg), (10.1) 

so their Hodge diamonds are related by a mirror reflection along a diagonal (hence the 
name). For many CY spaces there are systematic tools to construct the mirror manifold, 
leading to a large class of dual pairs. Also, there is a heuristic (yet rigorous in a particular 
regime in CY moduli space 2 ) description of mirror symmetry as T-duality in three direc¬ 
tions in the CY geometry. An example is the (triple) application of the T -o- U duality of 
Section 9.6 in a factorized T 6 = T 2 xT 2 xT 2 . The T-duality realization of mirror symme¬ 
try allows its generalization to type II orientifolds, i.e. models with orientifold planes and 
D-branes, since the T-duality action on the latter is very simple. For instance, it relates the 
intersecting brane models in this chapter to magnetized brane models in Section 11.4. 

Mirror symmetry relates two different microscopic descriptions of the same 4d physi¬ 
cal quantities. In particular, quantities which have a purely field theoretical description in 
one picture may arise from stringy physics in the mirror. For instance, momentum states 
(which are present already in the field theoretical approximation) are mapped to (stringy) 
winding states in the T-dual. Also, as described in Section 9.1.3, the kinetic term for com¬ 
plex structure moduli (describing vector multiplets in type IIB compactifications, or 27s in 
( 2 , 2 ) heterotic compactifications), which has no a' corrections, is mapped to the kinetic 
term for Kahler moduli in the mirror CY compactification (describing vector multiplets in 
type IIA, or 27s in (2, 2) heterotic models), which receives worldsheet instanton correc¬ 
tions. This has an analog in the superpotential for charged chiral multiplets in models with 
D-branes, see Sections 12.5.3 and 12.5.4. This quantity has no a' corrections in type IIB 

1 The precise statement is more subtle, as the mirror dual of a geometric CY compactification may correspond to an abstract 
non-geometric CFT, without a large volume description. 

^ The so-called large complex structure limit, in which the CY splits as a three-dimensional base space, and a fiber, along 

which one performs three T-dualities to obtain the minor CY. 
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orientifolds, and can be obtained in a field theory computation, while in the mirror type 
IIA orientifold, the same quantity is recovered from a sum over a' corrections from (open) 
worldsheet instantons. 


10.1.3 Type II orientifolds 

Orientifold quotients of type II CY compactifications reduce the supersymmetry to 4d 
J\f = 1, and provide a formidable playground for phenomenological model building. These 
models eventually include D-branes and can lead to a string theory realization of the brane 
world scenario, described in Section 1.4.2. 

The construction generalizes the orientifolding procedure in Section 5.3.4. We consider 
type II on a CY X 6 , and mod out by the orientifold action Q'fZ, where Q is (essentially) 
worldsheet parity 3 and 1Z is a Z 2 geometric symmetry of Xg. The set of points fixed under 
1Z defines the orientifold planes in the model, denoted Op-planes, where p denotes their 
number of spatial dimensions. The Op-planes span the 4d Minkowski spacetime and wrap 
a compact cycle on Xg, of dimension (p — 3). They are sources of RR charge, which 
must be canceled by introducing Dp-branes, also spanning the 4d Minkowski spacetime, 
and wrapping cycles on Xg. A novel feature, which will prove crucial in obtaining chiral 
theories, is that in general D-branes and O-planes can wrap different cycles in Xg, still 
consistently with RR tadpole cancellation. The requirement that the orientifold preserves 
4d J\f — 1 supersymmetry restricts the possible forms of the geometric action 7 Z, which 
are different in type IIA and type IIB orientifolds. In this chapter we focus on type IIA 
orientifolds, leaving the type IIB case for Chapter 11. 

Generalities on type IIA orientifolds 

For type IIA orientifolds, the orientifold action is of the form WZ{—\) Fl , where Fp is 
left-moving spacetime fermion number (acting as —1 on R-NS and R-R states), and TZ is a 
Z 2 symmetry of Xg acting antiholomorphically on its complex coordinates, and hence as 
J — »■ —J, Q 3 —> Q 3 . The (— Y) Fl operation is needed for the orientifold action to square 
to the identity operator. 

An illustrative example is the generalization of the construction in Section 5.3.4, related 
to type I toroidal compactification by three T-dualities (along the directions 5,7,9 intro¬ 
duced below). Consider type IIA compactified on a (for simplicity, square) torus with 
complex coordinates Zi =x‘ + iy l , with the identifications Zi — Zi + R. Zi — zi + iR- 
We then quotient by Q.TZ(— \) Fl , with 

TZ : (zi,Z2,Z3) ->■ (Z1.Z2,Z3). (10.2) 

namely y l —> — y‘ with x' invariant. The orientifold introduces 06-planes at the fixed 
points of TZ, namely there are eight 06-planes along 4d Minkowski spacetime plus the 


3 


To avoid notation clashes, in this section we denote the CY holomorphic 3-form by Qt,. 
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directions x‘, and sitting at y‘ =0, R/2. Recalling Section 5.3.4, each 06-plane gener¬ 
ates a RR tadpole for the component of the 7-form C 7 along the x l ’s, corresponding to 
its RR charge (5.52), (2(36 = — 4 (in units of D 6 -brane charge in the covering T 6 ). This 
RR tadpole/charge is most simply canceled by introducing 32 D 6 -branes, wrapped along 
the x' ’s, and localized (in a Z 2 invariant fashion) in the y‘ coordinates. For instance, all 
32 D 6 -branes on top of an 06-plane, without loss of generality taken at y 1 = y 2 = y 3 = 0, 
lead to a massless open string spectrum of SO(32) vector multiplets of the 4d J\f = 4 
supersymmetry of the model. Other D 6 -brane distributions produce different gauge sym¬ 
metry patterns (corresponding to turning on Wilson lines in the T-dual type I), still with 4d 
J\f — 4. For instance, a symmetric distribution with 4 D 6 -branes on top of each 06-plane 
produces an SO(4) gauge factor for each such set. This construction admits a very natural 
generalization to arbitrary CY spaces X 6 , useful in Section 10.7.2. 

Simple, toroidal models with parallel D 6 -branes are not very interesting, as they pre¬ 
serve too much supersymmetry and are always non-chiral. Fortunately, there are more 
general configurations, with D 6 -branes wrapping intersecting cycles, which do produce 
chiral spectra, as discussed in detail in the next sections. 

Closed string spectrum of type IIA orientifolds 
Before entering the systematic study of the D-brane configurations and their physics, we 
conclude with the discussion of the closed string spectrum in type IIA CY orientifolds. 
This is obtained by considering the closed string spectrum of type IIA on X(, in Section 
10.1.1, and truncating to states invariant under the orientifold action. For instance, the 
4d Af — 2 gravity multiplet reduces to the 4d Af — 1 gravity multiplet, and the complex 
structure hypermultiplets truncate to /; 2.1 + 1 complex structure chiral multiplets. Finally, 
the h\ \ 4d Af = 2 vector multiplets project down to h ( 4d Af — 1 vector multiplets and 
hf { chiral multiplets, where h ^ | denote the numbers of ( 1 , l)-forms even and odd under 
the geometric action 7 Z in the orientifold operation. The microscopic description of these 
multiplets in terms of lOd fields is described in Section 12.1.1. 


10.2 Intersecting D6-branes in flat lOd space 

The physically most interesting ingredients in type IIA CY orientifold models are the 
D6-branes, and in particular their intersections. It proves useful to first become acquainted 
with configurations of D6-branes wrapped on 3-cycles on CY manifolds, and subsequently 
discuss the introduction of 06-planes. In fact, many important lessons about the physics 
at the intersection of D6-branes can be already drawn from configurations of intersecting 
D6-branes in flat lOd space. 


10.2.1 Local geometry and spectrum 

The basic configuration of intersecting D-branes leading to chiral 4d fermions at their 
intersection corresponds to two stacks of D6-branes in flat lOd, intersecting over a 4d 
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Figure 10.1 Two pictures of the configuration of two D6-branes intersecting over a 4d subspace of 
their volumes. 


subspace of their volumes. Consider flat lOd space, decomposed as M 4 x R 2 x R 2 x R 2 , 
and two stacks of D 6 -branes, spanning M 4 times a line in each of the three 2-planes. 
Figure 10.1 provides two depictions of the configuration. The local geometry is fully spec¬ 
ified by the three angles 6 i which define the rotation between the two stacks of D 6 -branes. 
As we discuss below, the chiral fermions are localized at the intersection of the brane vol¬ 
umes. Incidentally, the angles (0\, 62 , 03 ) bear some formal analogy with the orbifold twist 
(vi, V 2 , V 3 ) of Chapter 8 . 

The appearance of chirality, namely violation of parity, can be understood from the fact 
that the geometry of the two D-branes introduces a preferred orientation in the transverse 
6 d space; the rotation from the first to the second D 6 -brane defines an orientation by a 
6 d version of the “right-hand rule.” This also explains why one should choose configu¬ 
rations of D 6 -branes, as for example two sets of type IIB D5-branes intersecting over 4d 
do not lead to 4d chiral fermions, since they do not have enough dimensions to define an 
orientation in the extra 6 d space. 

Let us describe the open string spectrum on a system with one stack of N 1 coincident 
D 6 -branes (denoted D 6 i’s) intersecting a second stack of Nj D 6 -branes (denoted D 62 ’s). 
The open strings fall into three classes or sectors: 

• 6161 : Strings stretching among D 6 i-branes produce 7d U(N 1 ) gauge bosons, three real 
adjoint scalars and fermion superpartners, propagating over the 7d worldvolume of the 
D 6 i-branes. 

• 6262 : Similarly, strings stretching among D 62 -branes give 7d U(Nj) gauge bosons, three 
real adjoint scalars and fermion superpartners, on the 7d D 62 -brane worldvolume. 

• 6162 + 6261 : Open strings between both kinds of D 6 -branes are naturally localized at 
their intersection, to minimize their stretching, and lead to fields charged in the 
bi-fundamental representation (Ni,N 2 ) of U(N\) x U (Nj) (or its conjugate). The 
detailed computation of their spectrum is carried out in the next section, but we advance 
the punchline. The intersecting configuration leads to a 4d chiral fermion in the 
(Ni, N 2). 4 In addition to the chiral fermion, the intersection also leads to several poten¬ 
tially light scalars, whose detailed structure is given later on. 


4 


Or its conjugate, as encoded in the orientation defined by the intersection; this will be implicitly taken into account in our 
discussions. We systematically follow the convention of using 4d left-handed Weyl spinors. 
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10.2.2 Open strings at D6-brane intersections 

Quantization of open strings and light spectrum 

Consider open strings stretching between the D 61 and D 62 -branes. The boundary condi¬ 
tions for the coordinates along M 4 are of the NN kind, and lead to the oscillators af. , 

as in Section 6.1.2. For the directions where the branes form non-trivial angles, e.g. in the 
(x 4 , x 5 ) 2 -plane, we have boundary conditions 


daX 4 

d,X 5 


<7=0 


= 0 


<7=0 


= 0 


^cos 6 \ 3 a X 4 + sin 61 d a X 5 ^ 
sin 0i d t X 4 + cos 0i d t X 5 


0=1 



= 0 , 


= 0, 

l 


(10.3) 


and similarly for the remaining 2-planes, with angles 02 , 03 - Defining complex coordinates 
Z' = X 2l+2 + iX 2,+3 , i = 1, 2, 3, the boundary conditions read 


d a (Re Z') =0; 3,(lmZ') 


<7=0 


<7=0 


= 0 , 


3 CT [ Re ( e ie ' Z' ) ] =0; 3, [ Im ( e w ‘ Z l ) ] 


= 0, 


(10.4) 


Using mode expansions for these coordinates, these boundary conditions shift the oscillator 
moddings by an amount ±u,- = ±0 l /n. The oscillator operators (which are now associated 
to complex coordinates) are ot l n _ vr a l n+Vj , 'F„' + ,._ u ., v I / ^ +r+u ., with r — j, 0 in the NS, R 
sectors. Also, the centre of mass degrees of freedom for the bosonic coordinates are frozen 
in these directions, so that the open strings are localized at the D 6 -brane intersection. 

The structure of oscillators is identical to (the right-moving piece in) an orbifold twisted 
sector with twist vector v — (v\. V 2 , V 3 ), except for these being continuous parameters, 
rather than ATh roots of unity. Still, the construction of the oscillation states and their 
mass formula is identical to the orbifold case. In particular, and upon bosonization of the 
worldsheet fermions, the spacetime mass formula is 


, (r + v ) 2 

a'M- = N B + N Fb + 




1 

^ ~~ 2 


(10.5) 


where r belongs to the lattice A + in (4.55), due to the GSO projection, and we assume 
— 1 < v,- < 1. This is identical to the right-moving mass in (8.20), save for the factor of 2 
related to the “doubling trick” in Section 3.3.1. These states are localized at the 4d inter¬ 
section and transform in the bi-fundamental (Ni, N 2 )i,-i of the U(N 1 ) x U(N 2 ) gauge 
factor, with the subindices denoting the </(l)i x 17(1)2 charges. Flereafter we will omit 
the 1 /( 1 ) charges, with the implicit understanding that fundamental/anti-fundamental rep¬ 
resentations of SU(N) carry charge ±1 under the corresponding 1/(1). The antiparticles 
arise from the D 62 -D 61 open string sector. The light spectrum contains, in the NS sector, a 
set of light (massive, massless or tachyonic) scalars with masses depending on the 0 ,, while 
the R sector always contains a massless 4d chiral fermion. Before bosonization, the latter 
arises from the R groundstate, which is degenerate due to two fermion zero modes along the 
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M4 directions. The chirality of the 4d fermion is due to the GSO projection, and its hand¬ 
edness is determined by the orientation of the intersection. As will shortly become clear, 
we consider intersection angles in a range allowing for £+ 0; = 0, for instance 9 \, (>2 > 0, 
03 < 0. In this range, some of the light states are as follows: 


Sector 

State 

a'M 2 

4d field 

NS 

Oh, v 2 , 1 + V3,0) 

2^(01 + 02 + 03) 

Scalar 


(-1 + Vi, V2, V 3 , 0) 

2^( _ #1 + ^2 - 03) 

Scalar 


(Vi, -1 + Vo , v 3 , 0) 

_L(01_ 02 -03) 

Scalar 


(1 - V!, 1 - V 2 , 1 + V3, 0) 

1 - 2T( _ ^1 — ^2 + O 3 ) 

Scalar 

R 

(“5 + v l’ “3 + U 2’ 2 + v 3> - 5 ) 

0 

Ch. fermion 


( 10 . 6 ) 


Supersymmetry and tachyons 

It is interesting to consider the conditions under which there is some supersymmetry pre¬ 
served by the combined system of two D6-brane stacks. Using (6.5), this requires the 
existence of spinors 6 l, 6 r, satisfying 

e L = t 6 6 r with r 6 = r°---r 3 r 4 r 6 r 8 , 

eL = r 6 ,e R with r & = r° • ■ • r 3 r 4 'r 6 'r 8 ', (io.7) 

where 4, 6, 8 and 4', 6', 8' denote the directions along the two D6-branes in the six dimen¬ 
sions 4, 5, 6, 7, 8, and 9. Introducing the SO (6) rotation 0 that rotates the D61- to the 
D62-brane stack, we have I’5' = 0 T6© -1 . Supersymmetries preserved by the D6i-branes 
are also solutions of the second equation in (10.7) if and only if they are invariant under 0; 
hence, © has invariant spinors and, recalling a similar discussion in Section 7.2.1, it must 
belong to an SU( 3) subgroup of SO( 6). This constraint can be spelled out explicitly by 
rewriting 0 in the S O (6) vector representation (in complex coordinates) as 

0 = diag (e i01 , e“ iSl , e i02 , e“ ife , & l9 \ e“ i(?3 ). (10.8) 

The condition that the rotation is within SU( 3) is 

01 ± 62 ± O 3 — 0 mod 2n , for some choice of signs. (10.9) 

Configurations satisfying this kind of condition generically preserve 4d AT — 1 supersym¬ 
metry. We will eventually be interested in constructing supersymmetric models with the 
sign choice corresponding to 

01+02 + 03 = 0 (mod 2 n) i.e. v\ + v 2 + V3 = 0 (mod 2) (10.10) 

which is formally analogous to the condition for orbifold twists in Chapter 8. The pre¬ 
viously computed open string spectrum reflects the preserved supersymmetry, since the 
above condition ensures that the first complex scalar in Table 10.6 becomes massless and 
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Figure 10.2 Recombination of two intersecting D6-branes into a single smooth one, corresponding 
to a vev for a scalar at the intersection. 

combines with the chiral fermion into a 4d J\f = 1 chiral multiplet (one can show that mas¬ 
sive states also gather into suitable supermultiplets). In the special case of one vanishing 
angle, e.g. 6 \ — 0, supersymmetric systems have 0 2 + #3 = 0 and preserve 4d J\f — 2, while 
for 0\ — 02 = 63 — 0 we have a 4d J\f = 4 system of parallel branes. The additional massless 
scalars in these cases suitably arise from the earlier open string spectrum. 

For generic (not necessarily supersymmetric) angles, light scalars at intersections may 
be massless, massive or tachyonic. The massless case corresponds to a supersymmetric 
system, with the massless scalar corresponding to a modulus. Its vev parametrizes the 
possibility of recombining the two intersecting D-branes into a single smooth one, as pic- 
torially shown in Figure 10.2. Geometrically, the intersecting configuration belongs to a 
family of supersymmetry preserving configurations of (generically recombined) D-branes; 
a geometrically simpler analog is the recombination of two intersecting 2-planes in C 2 , 
described by the holomorphic equation uv = 0, to the smooth 2-cycle uv = e, with e the 
recombination modulus. General supersymmetric 3-cycles are mathematically known as 
special lagrangian submanifolds, and will be useful in Section 10.3.2. 

In configurations with tachyonic scalars this recombination is triggered dynamically, 
by condensation of the tachyon at the intersection. Geometrically, the recombined 3-cycle 
has (suitably regularized) volume smaller than the sum of the volumes of the intersecting 
3-cycles. In the very special case in which branes are parallel but with opposite orienta¬ 
tion, e.g. 0\ — 02 = 0, 63 = — 1, they become brane-antibrane pairs, recall Section 6.5.1, 
and the tachyon condensation describes their annihilation, as in Section 6.5.2. Configu¬ 
rations in which all light scalars have positive squared masses are non-supersymmetric, 
yet dynamically stable against recombination. Geometrically, the recombined 3-cycle has 
volume bigger than the sum of the volumes of the intersecting 3-cycles. 


10.3 Compactification and an example of a toroidal model 

We have succeeded in describing configurations of D-branes leading to charged chiral 
fermions, and can now employ them to build 4d compactifications of type IIA models 
with D6-branes. We consider type IIA string theory compactified on a CY X6, so that 
we have supersymmetry in the closed string sector. In addition, we introduce D6-branes; 
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Figure 10.3 Compactification with intersecting D6-branes wrapped on 3-cycles. 


specifically we introduce stacks (labeled by an index a) of N a D6 fl -branes spanning 4d 
Minkowski space and wrapped on 3-cycles n n in Xg, see Figure 10.3. Introduction of 
orientifold planes will be discussed in Section 10.4. Each D6-brane stack leads to a 4d 
gauge factor, while each intersection between D6-brane stacks leads to charged chiral 
fermions. A key novelty in compact models is that 3-cycles in a 6d compact space gener- 
ically intersect at multiple points, leading to replication of the charged chiral fermions. 
In the particle physics models constructed in upcoming sections, this is a beautiful mech¬ 
anism to explain/reproduce the appearance of replicated generations of chiral fermions 
in Nature. 


10.3.1 Toroidal models 

Many features of general compactifications with intersecting D6-branes can be illustrated 
in the simpler setup of toroidal compactifications. Compactification on more general spaces 
is discussed in Section 10.3.2. 


Construction 

Consider type IIA compactified on a factorized 6-torus T 6 = T 2 x T 2 x T 2 . A simple 
way to introduce intersecting D6-branes is to consider stacks of N a D6 a -branes spanning 
4d spacetime and wrapping a 1-cycle (n ‘ a , m ' a ) in the i th 2-torus; namely, the D6„-branes 
wrap n' a , m' a times along the horizontal and vertical directions in the ith two-torus, see 
Figure 10.4 for examples. The 3-cycles fl a are thus the product of three 1-cycles in the 
three 2-tori of T 6 . Note that, for each i, the integers ( n\m l ) must be coprime, as we 
implicitly take in the following; otherwise, the system describes r D-branes with wrap¬ 
ping numbers (n/r, m/r), where r = gcd (n, m). There exist more general non-factorizable 
3-cycles, some of which can be obtained by recombination of intersecting factorized 
3-cycles, or effectively by considering D8-branes with worldvolume magnetic fields, see 
Section 11.4.4. In this chapter, however, we restrict ourselves to the above factorizable 
3-cycles for simplicity. 
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Near each intersection between D6-brane stacks, the configuration clearly reduces to the 
intersecting D6-branes in flat lOd space studied in Section 10.2. One important novelty in 
compact models is that the angles between branes are derived quantities, and depend on 
the closed string geometric moduli; for instance, for a rectangular T 2 of radii R\ , AS along 
the horizontal and vertical directions, the angle between the 1-cycles (1,0) and (n, m) is 

inRs m 

tan (9 = -- = — Re £/, (10.11) 

nR i n 

where U is the T 2 complex structure modulus, e.g. as defined in (9.81) (modulo the 
replacement Ri -o- R\ )■ 

As mentioned above, two 3-cycles in general intersect at multiple points. In the toroidal 
case, the intersection number is given by the product of the number of intersections in each 

2- torus, and reads 

Lb = («<X - mX) x ( n Wb ~ m l n b) x ( n l m b ~ m l n b ) • (10.12) 

For example, the two branes in Figure 10.4 have intersection number 12= (1) x (—3) x 
(—4). It is useful to exploit the topological tools in Section B.l and introduce the 

3- homology class [Fl fl ] of the 3-cycle n a . Introducing the T 2 basic homology 1-cycles [a], 

[6], the 1-cycle (n. m) has an associated 1-homology class n[a] + m[b]. Then a 3-cycle 
with wrapping numbers m l a ) has 3-homology class 

[n a ] = ®? =1 + (io.i3) 

The multiplicity (10.12) is the homological intersection number, I a b = [n a ] ■ [IT*], a simple 
generalization of (B.19). The result follows easily from [a,-] ■ [bj] = Sjj and linearity and 
antisymmetry of the intersection pairing. It is worthwhile to mention that the homological 
intersection number weights intersections with a sign, depending on their orientation; as 
expected on physical grounds, it is an index measuring the net number of chiral fermions 
in a given bi-fundamental representation. 

These basic data, i.e. the multiplicities N a , and the 3-cycle intersection numbers /„/,, are 
sufficient to compute the gauge symmetry and chiral matter content of the 4d compactifi- 
cation, as follows. The closed string sector is just a toroidal compactification and produces 
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Figure 10.5 RR tadpole cancellation as a Gauss law. In a compact space, RR p-form potential flux¬ 
lines cannot escape and the total RR charge must vanish. 


4d AT — 8 supergravity. This can be reduced to 4d Af = 1 in more general orbifold or CY 
orientifold models, see later. In addition there exist different open string sectors: 

• 6 a 6 a : Strings stretched among D6-branes in the ath stack produce 4d U(N a ) gauge 
bosons, 6 real adjoint scalars and 4 adjoint Majorana fermions, filling out a vector multi¬ 
ple of the 4d J\f = 4 supersymmetry preserved by the corresponding brane. As described 
in the references, this can be reduced to just the Af — 1 vector multiplet in certain orb¬ 
ifold models; this corresponds geometrically to wrapping D6-branes on “rigid” 3-cycles, 

with b\ (n a ) = 0. 

• 6 a 6 b + 6fc6 a : Strings stretched between the ath and bih stack lead to I a b replicated 
left-handed chiral fermions in the bi-fundamental representation (N a ,Nb). Negative 
intersection numbers indicate a positive number of right-handed chiral fermions. Addi¬ 
tional light scalars may be present, with masses as in (10.6), in terms of angles fixed by 
the T 2 moduli and wrapping numbers, recall (10.11). 

The gauge symmetry and chiral matter content of the models are 

Gauge ® a U{N a ), 

Ch. fermions J2 a ,b l ab (N a , N b ). (10.14) 

Intersecting brane models naturally lead to four-dimensional theories with interesting non- 
abelian gauge symmetries and replicated charged chiral fermions. They provide a rich 
playground for particle physics model building in string theory. 

RR tadpole cancellation 

String theories with open string sectors must satisfy the crucial consistency condition of 
RR tadpole cancellation, recall Sections 4.4.3 and 5.3.4. Equivalently, since D6-branes are 
sources of charge under the RR 7-form, Gauss law implies that in a compact space their 
total charges must add up to zero (since RR field flux-lines have nowhere to escape, see 
Figure 10.5). In our setup, the vector of RR charges is encoded in the D6-brane 3-cycle 
homology, so the condition reads 

[n, ot ] s £ N a [U a ] = 0. 


(10.15) 
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In more technical detail, RR tadpole cancellation is the requirement of consistency of the 
equations of motion for RR fields. In our situation, the spacetime action for the RR 7-form 
Cj is roughly of the form (see Appendix B for notation) 




(10.16) 


where F% is the 8 -form field strength, Fi its Hodge dual, and 63 (n a ) is the Poincare dual 
of n fl , i.e. a 3-form delta function localized on n„. The first term comes from the lOd 
action (4.47) (rewriting the F 2 kinetic piece in terms of the dual F&) and the second from 
the D 6 -brane CS action (6.16). The equation of motion for C 7 corresponds to the modified 
Bianchi identity 



(10.17) 


a 


The left-hand side is an exact form and vanishes in cohomology. Taking this equation in 
homology thus leads to condition (10.15). 

In the toroidal setup, using (10.13) the RR tadpole conditions (10.15) become 


Ea N a n a n a n a = 0, 

= 0 , and permutations, 
lZ a Naiiani^ml = 0 , and permutations, 
Efl Natnlmlml = 0. 


(10.18) 


Since the total D 6 -brane charge adds up to zero, models without 06-planes implicitly con¬ 
tain brane and antibrane charges; they are non-supersymmetric, and may have potential 
instabilities. However, their study is a useful warm-up for the supersymmetric models in 
upcoming sections, achieved by the introduction of 06-planes. 


Anomaly cancellation 


Cancellation of RR tadpoles in the underlying string theory configuration implies cancel¬ 
lation of anomalies in the 4d effective field theory with spectrum (10.14), as follows. 


Cubic non-abelian anomalies The SU(N a ) 3 cubic anomaly is proportional to the number 
of fundamental minus anti-fundamental representations of SU ( N a ), 



b 


(10.19) 
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Figure 10.6 Triangle and Green-Schwarz diagrams contributing to the mixed l/(l)-non-abelian 
anomalies. 


This vanishes as a consequence of RR tadpole cancellation, 5 as easily shown by taking the 
intersection of [n to t] in (10.15) with any [IT] to get 


0=[n fl ]-£ N b [Tl b ] = J2NbIab- (10.20) 

b b 

Cancellation of mixed anomalies The U(l) a -SU(N/,) 2 mixed anomalies cancel, but 
involving, as discussed shortly, a 4d Green-Schwarz mechanism mediated by closed string 
RR fields, see Figure 10.6; this is analogous to the heterotic case discussed in Section 9.5. 
On the other hand, mixed gravitational triangle anomalies cancel automatically, without 
Green-Schwarz contributions, since the sum of U(\) a charges is N a /„/,/V/,, which 
vanishes from (10.15). 

The triangle diagrams for U(l) a -SU(N b ) 2 anomalies give a contribution which, even 
after using RR tadpole conditions, is non-zero and proportional to 

A ab - N a I ab . (10.21) 

In addition, the theory contains contributions from Green-Schwarz diagrams, in which 
the U (l)a gauge boson mixes with a 2-form which subsequently couples to two SU(N/,) 
gauge bosons. These couplings arise from the KK reduction of the D6-brane couplings 
N a / D6 C5 A tr F a and f D6 C3 A tr Ff in the CS action (6.16), as follows. Let us introduce 
a basis {[a/.]} of 3-cycles, and its dual basis {[/S*]}, i.e. [ay.] • \f l ] = Si. We can define the 
KK reduced 4d 2-forms and scalar fields 

B k 2 = [ C 5 , a,= [ C 3 , with d ll B* =-8 kl e llvpiT d a ai, (10.22) 

1m Ap'] 

where the 4d duality relation follows from the lOd duality between C5 and C3, see Section 
B.3. The KK reduced 4d couplings read 


5 


Interestingly RR tadpole cancellation is slightly stronger than cancellation of cubic non-abelian anomalies; the former 
requires that the number of fundamental minus anti-fundamentals vanishes even for the cases N a = 1, 2, in which no gauge 
theory anomaly exists. This observation will prove relevant in phenomenological model building in Section 10.5.1. 
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/ 

J D6„ 


C 5 A tr F a 


N a Qak 


Bj tr F a , 


/ 

J4d 

f C 3 AtrF b 2 -> q l b f a, tr F,j. 

JD6b Md 

with Qai t = I n a ] ■ [a*], ql = [Id/,] • [/3*]. The total amplitude is proportional to 


, GS 


= -N a Qak qX = ■■■ = - Nalab , 


(10.23) 


(10.24) 


where the dots stand for some simple algebraic massaging. These contributions have the 
precise structure required to cancel the triangle piece (10.21). 

This mechanism is analogous to that operating in the heterotic compactifications in 
Section 9.5, with some important differences. First, in D-brane models there are multi¬ 
ple RR fields participating in the anomaly cancellation, so no universality relation holds 
among the different anomalies. Second, these fields are complex structure moduli, unre¬ 
lated to the complex dilaton, so the FI term is not controlled by the string coupling; it 
rather arises at tree-level and is a combination of geometric moduli, so it can vanish with 
no need of vacuum re-stabilization. Finally, the coupling to the RR fields renders the (7(1) 
gauge bosons massive, with a mass scale related to the string scale (with some volume 
factor suppressions, but not directly related to the string coupling). These points are further 
elaborated in Section 12.4. 

A relevant observation at this point is that not only anomalous but also some non- 
anomalous U{ l)s may have B A F couplings (10.23) and get massive by the Stiickelberg 
mechanism of Section 9.5.2. Denoting the U( l) a generator by Q„ , the condition for a U (1) 
linear combination c a Q a to remain massless is 

^NaQakCa = 0 , for all k. (10.25) 

a 


Such (7(1) factors remain as gauge symmetries of the effective theory. Indeed, the B A F 
couplings (10.23) imply that ak shift under U (1) gauge transformations as 

A“ —> A“ + a , ak —*■ ak + N a Qak A a , (10.26) 


so that linear combinations satisfying (10.25) imply no shift of the RR scalars. The orthog¬ 
onal U (1) linear combinations are massive due to their couplings to RR fields. Since only 
D-brane states couple to the latter, massive (7(l)s remain as global symmetries, exact 
in string perturbation theory. They are violated by non-perturbative D-brane instantons 
coupling to the ak, see Chapter 13. 


10.3.2 Beyond tori: D-branes on special lagrangian 3-cycles* 

It is possible to generalize the above construction to general CY compactifications. Con¬ 
sider type IIA compactified on a CY geometry X6; the closed string sector preserves 4d 
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J\f — 2 supersymmetry. We would like to include D6-branes spanning 4d spacetime and 
wrapping 3-cycles n a which are volume-minimizing, so that the stability of the D6-branes 
is ensured. Such 3-cycles are mathematically described as special lagrangian 3-cycles, and 
are defined by the conditions 

J | n = 0, Im ( e~ ,<p £2 3 ) | n = 0 for some fixed <p, (10.27) 

where J and £2 3 are the CY Kahler 2-form and holomorphic 3-form, and “|n” denotes the 
restriction to the 3-cycle. The volume of a special lagrangian 3-cycle is given by 

Vol(n) = / Re(e“‘>f2 3 ). (10.28) 

J n 

The meaning of the conditions (10.27) is that the tangent spaces at different points of n are 
related to each other by SU (3) rotations. Hence special lagrangian 3-cycles are also known 
as supersymmetric 3-cycles, since a D6-brane wrapped on them preserves a 4d Af = I 
subalgebra of the underlying 4d Af — 2; the particular preserved subalgebra is determined 
by the angle <p for which the 3-cycle satisfies (10.27). Incidentally, this phase has already 
appeared in the decomposition of 4d Af = 2 multiplets into 4d Af = 1 in Section 2.4.1, and 
is also related to the BPS phase mentioned in Section 2.4.2. Two D6-branes preserve a 
common 4d Af — 1 supersymmetry if their phases tp are aligned. As mentioned, see also 
Section 10.6, globally supersymmetric models, however, require the introduction of 06- 
planes, which fix a preferred BPS phase, say tp — 0. In these, conditions (10.27) can be 
interpreted as the vanishing of the F- and D-term potentials from the 4d effective theory 
viewpoint, see Section 12.4 for details on the latter. 

The conditions (10.27) agree with our toroidal or flat lOd discussion of supersymmetry; 
using complex coordinates Zj in the three 2-planes of R , we have 

/ ~ dz\clz\ + clzidzi + dzidzi, £2 3 ~ dz\ dzidz-i- (10.29) 


With some choice of orientation a factorized 3-cycle n can be parametrized as, e.g.. 


— r, 


zi = n e 


— Yr\ a i n 


Z2 = n e 


— n 


Z 3 = r 3 e 


(10.30) 


with fixed angles tpi , and r, e R + . On the 3-cycle we have dzi = drje^ l<fi ' and dz.j = 3 /r, ; 

the condition J\ n = 0 is automatic, while the second condition in (10.27) holds for <p — q>\-\- 
<P 2 + <P 3 - Thus the condition for two D6-branes to preserve a common supersymmetry, 
<p = tp', is that their relative angles 0,- = tpi — 1 pi satisfy 0\ + 0 2 + O 3 — 0, precisely reproduc¬ 
ing (10.10). Other conditions (10.9) correspond to different choices of which flip the 
signs of some tpi ’s, 0/ ’s, i.e. of different Af — 1 subalgebras of Af = 4. 

Given a set of D6„-brane stacks with multiplicities N a wrapped on (not necessarily 
mutually supersymmetric) special lagrangian 3-cycles n fl , the open string spectrum falls 
in two main sectors, which can be described quite explicitly: 


• 6 a -6 a : Produces U (N a ) vector multiplets of the 4d Af — 1 supersymmetry preserved by 
the D6 a -brane. In addition there may be massless modes arising from internal compo¬ 
nents of the gauge fields along Tl a , i.e. Wilson lines, whose number is b\ dT,), the first 
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Betti number of T\ a (see Section B.l); they combine with additional geometric moduli of 
the 3-cycle (describing deformations consistent with the special lagrangian condition), 
and fermion partners, into b\(J\ a ) chiral multiplets in the adjoint. For instance, factor¬ 
ized 3-cycles on T 6 have T 3 topology, with b\ =3, so there are three complex scalars 
describing three T 3 Wilson lines and three positions of the D6-brane in the transverse 
space. The Af = 1 vector multiplet and these three adjoint chiral multiplets fill out a 
vector multiplet of the enhanced 4d AT — 4. 

• 6 a -6b+6b-6 a '- Produces I,,/, chiral fermions in the representation (N a , Nb) (plus light 
scalars, with masses determined by the relative angles ( 6i) a b~ and which become mass¬ 
less for supersymmetry preserving intersections). Here I a b = [TI,,] ■ 111/,] is the topolog¬ 
ical intersection number of the 3-cycles. 

The chiral spectrum involves only purely topological data of the configuration, as 
expected. Hence, the discussion of RR tadpoles and anomaly cancellation can be borrowed 
directly from previous sections; it was in fact expressed with hindsight in terms of the 
homology classes [n„] and a general internal space X(>. 

Intersecting D6-brane models on general CY spaces provide in principle a huge class 
of new models. However, it is difficult to characterize special lagrangian 3-cycles in CY 
spaces, since their odd number of dimensions prevents the use of the powerful tools of 
complex geometry. In practice, most intersecting brane models on CYs are obtained using 
toroidal orbifolds, as will be illustrated in Section 10.6. 

10.4 Introducing 06-planes 

As already mentioned, RR tadpole cancellation implies that models without 06-planes are 
necessarily non-supersymmetric. Heuristically, having zero total charge forces the implicit 
introduction of brane and antibrane charges. In more precise terms, a putative fully super- 
symmetric configuration of D6-branes would be, as a whole, a BPS state of type IIA on 
Xg. For a BPS state the tension is proportional to the RR charge, and since the latter van¬ 
ishes (due to RR tadpole cancellation), so must the former; hence the only supersymmetric 
configuration is just type IIA on Xg, with no D6-branes at all. 

The way out of this impasse is to introduce 06-planes, which have negative tension and 
negative RR charge, yet preserve the same supersymmetry as the D6-branes. We are thus 
led to the construction of orientifolds of type IIA on X6 with intersecting D6-branes. The 
construction is similar in spirit to the construction of type I theory in Section 4.4.3, in that 
one constructs an unoriented closed string sector, and introduces D-branes, i.e. open string 
sectors, to cancel its RR tadpoles. 


10.4.1 06-planes and D6-branes 

The main properties of 06-planes and parallel D6-branes can be determined from T-duality 
to type I compactified on T 3 , by extending the construction in Section 5.3.4, and are 
briefly reviewed below. We are however interested in systems of intersecting D6-branes 
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(a) 


(b) 


D6 


06 


D6' • D6 
06 


Figure 10.7 Configurations of D6-brane stacks parallel to an 06-plane, (a) The situation of 
D6-branes on top of the 06-plane, and (b) corresponds to the branes separated from it. Although 
the branes within a stack are coincident, they are shown slightly separated, for clarity. 


in the presence of 06-planes. The properties relevant to the computation of their massless 
open string spectrum can be studied using configurations in flat lOd space. Such sys¬ 
tems are easily described as configurations in flat lOd space invariant under Q1Z(— 1) Fl , 
with 1Z : (x 7 ,x , x 9 ) -> (—x 7 , —x 8 , —x 9 ). They contain D6-branes and their orien- 
tifold images, denoted D6'-branes, distributed in a symmetric fashion. The open string 
spectrum in the orientifold quotient theory is obtained by simply projecting onto invariant 
states. Note that in obtaining the latter one must take into account the orientation flip for 
open strings implied by Q. We now study the massless open string spectrum for various 
O 6 /D 6 systems: 

• Coincident 06/D6: Consider a system of n D6-branes on top of an 06-plane, see 
Figure 10.7(a). The open string spectrum before the orientifold action is a Uin) vector 
multiplet. The orientifold action on Chan-Paton indices is given by the 0 ± (or SO/Sp) 
projections (3.116). We focus on the 0~ case (SO projection), which corresponds to 
negatively charged 06-planes, with (2o6 = — 4 as in (5.52). The Chan-Paton projection 
at the massless level is X — 7, T , and leads to an SO(n) vector multiplet with respect to 
the 16 supercharges unbroken by the 06/D6 configuration. 

• Parallel 06/D6: Consider n coincident D6-branes, parallel to but separated from the 
06-plane, and their n orientifold image D6'-branes, see Figure 10.7(b). The massless 
spectrum before the orientifold projection is a U(n) x U(n)' gauge group plus super¬ 
partners. The orientifold action identifies the degrees of freedom of both U (n) factors, 
and only a linear combination survives, i.e. just one U ( n ) vector multiplet. This result 
agrees with the spectrum on isolated D6-branes, as the massless open string sector is 
insensitive to the presence of distant objects like the 06-plane. 

Note that due to the orientation flip by f2, open strings starting/ending on the D6-brane 
stack are identified with open strings ending/starting on the D6'-brane stack. Conse¬ 
quently, the group U(n) is identified with its image U(n)' such that the fundamental 
representation □ of U (n) is identified with the anti-fundamental □ ' of U (« )'. This will 
be a useful fact in more involved upcoming configurations. 

We now turn to intersecting D6-branes (and their images) in the presence of 06-planes. 
All the D6-branes and 06-planes span 4d Minkowski space, so that we have the by now 
familiar intersections of 3-planes in the six extra dimensions. We describe the gauge group 
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Figure 10.8 Intersecting D6-branes in the presence of an 06-plane, (a) The intersections of two 
stacks a and b, away from the 06-plane, (b) The intersection of a stack a with the image b' of 
another, (c) and (d) The intersection of the stacks a and its image a' on top of the 06-plane and away 
from it, respectively. 


and chiral fermion spectrum at intersections, for various relative geometries of the inter¬ 
section and the 06-plane: 

• ab intersections in 06/D6 system: Consider two D6-brane stacks, labeled a and b, 
intersecting away from the 06-plane (and so with an a'b' intersection of the image 
D6'-branes), see Figure 10.8(a). Before the orientifold projection, the gauge group is 
U(N a ) x U(Nb ) x U(N a )' x U(Nb) r , and the ab and a'b' intersections support 4d 
chiral fermions in the representation (p a , Di) and (Ob' •□«')• After the orientifold iden¬ 
tification, we obtain a gauge group U(N a ) x U(Nb ) and a 4d chiral fermion in the 
(□a,d&)(+i.-i)> with (7(1) charges indicated as subscripts. 

• ab' intersections in 06/D6 system: Consider the intersection of D6 a - with D6//-branes, 
namely the orientifold image of 136/,-hranes, see Figure 10.8(b). Before the orientifold, 
the gauge group is U(N a ) x U(Nb)' x U(N a )' x U(Nb), with 4d chiral fermions in 
the (Da, □fc/)( + i i _i) and (□$, □ a ')(+i,-l)- After the orientifold, we have a gauge group 
U ( N a ) x U(Nb) and a 4d chiral fermion in the (□<,, Zlb)( 11 , 11 )- 

• aa' intersections on top of an 06: Consider an intersection of D6 fl -branes with their 
own image, on top of the 06-plane, see Figure 10.8(c). Before the orientifold, we have 
a gauge group U ( N a ) x U(N a )' and a 4d fermion in the (□„, □ a ')(+i,-i)- The orien¬ 
tifold reduces the gauge group to U ( N a ) ■ The original 4d fermion transforms under it as 
□ n,+i<SOa',-i = □a,+i®Qa,+i = 0«,+2+CDa,^+ 2 , and after the orientifold projection 
only the 4d fermions in the 0 a ,+2 component survive. 

• aa' intersections away from 06: Consider an intersection of D6 a - and D6„'-branes, 
away from the 06-plane, see Figure 10.8(d). Before the orientifold we have a gauge 
group U(N a ) x U(N a )' and 4d chiral fermions in the 2(D a , □ a ')(+l,-l)> to the 
two intersections. The orientifold reduces the gauge group to U (N,,) , and identifies both 
intersections, leaving one set of 4d fermions in the ,+2 + dHa,+2- 
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Figure 10.9 Configurations of D6-branes with some directions orthogonal to an 06-plane. 

• Orthogonal O 6 /D 6 : There can also be configurations of D 6 -branes orthogonal to the 
06-plane in some of the directions, so that the D 6 -brane stack is still mapped to itself 
under the orientifold action. An often appearing configuration, preserving 4d Af = 2 
supersymmetry, is an 06-plane along, e.g., directions 0123456 and a D 6 -brane along 
0123478, see Figure 10.9. A stack of n such D 6 -branes produces a 4d N — 2 USp(n) 
vector multiplet (hence n must be even) and a 4d J\f — 2 hypermultiplet in the two-index 
symmetric (reducible) representation. The difference of gauge group for the cases of 
parallel and orthogonal 06/D6 system is related (by T-duality) to the different gauge 
groups for D9- and D5-branes in type I theory, see Section 6.1.3. The spectrum at inter¬ 
sections involving D 6 -branes parallel or orthogonal to the 06-planes can be obtained 
using arguments similar to the above, and we skip their detailed discussion. 


10.4.2 Orientifold compactifications with intersecting D6-branes 

We now put to use the information on the spectra of local intersections and discuss orien- 
tifolds of type IIA on a CY X 6 , subsequently particularizing to T 6 . 

General construction 

We consider type IIA on a CY X(,, orientifolded by Q.'1Z(~) F ' , with JZ an antiholomorphic 
7.2 symmetry of X 6 , i.e. acting as (zi , Z 2 , Z3) -> (z 1 , Z 2 , z 3 ) on local complex coordi¬ 
nates. This is equivalent, up to relabeling, to (x 7 , x 8 , x 9 ) —*■ (—x 7 , — x , — x 9 ) and defines 
06-planes that are locally identical to those in the previous section. In the language of 
Section 10.3.2, they are described globally by special lagrangian 3-cycles in Xg, with 
q> — 0; the closed string sector preserves 4d j\f — 1. We will not need the detailed 06-plane 
geometry, as most results depend only on the total homology class [ITo 6 ] of the 3-cycles 
spanned by the 06-planes in the configuration. 

The models also include N a D 6 fl -branes wrapped on 3-cycles n fl , and their image D6 a r- 
branes on 3-cycles denoted Tl a t. The D 6 -branes preserve the 4d J\f = I supersymmetry of 
the model if they preserve a common supersymmetry with the 06-planes, i.e. if their BPS 
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phase in (10.27) is <p = 0. In simpler terms, their (local) relative angles with the 06-planes 
must satisfy (10.10) 

e l+ e 2 + 0 3 = 0. (10.31) 

The RR tadpole cancellation conditions include the contributions from D6-branes, image 
D6'-branes, and 06-planes (with —4 units of D6-brane charge). They read 

Y N ° + Y Na [Yla,] - 4 x [n ° 6] = °- ao.32) 

a a 

The open string spectrum in orientifold models can be easily computed from the multiplic¬ 
ity of brane intersections, and how many sit on top of 06-planes. For instance, in models 
with no D6-brane coinciding with its image D6'-brane, the light spectrum in the different 
sectors is (omitting (7(1) charges from now on): 

• aa + a'a': Contains U(N a ) gauge bosons (plus possible additional adjoint fields). 

• ab + ba + b'a' + a'b': Gives I„b chiral fermions in the representation (N a , Nb), plus 
light (possibly massless) scalars. 

• ab' + b'a + ba' + a'b: Contains I a y chiral fermions in the representation (N a , Nb), plus 
light (possibly massless) scalars. 

• aa' + a'a: Contains n sym a 4d chiral fermions in the representation I I :ll a and n asym a in 
the 0 n , with 

tlsym,a = 2 (^aa r ^fl,06)> ^asym ,a — 2 (Jaa' T (10.33) 

where I a .o(, = [Tl,,] ■ [IT 06 ] is the number of aa' intersections on top of 06-planes. In 
addition, there are light (possibly massless) scalars. 

As expected, the new RR tadpole conditions in the presence of 06-planes guarantee 
the cancellation of 4d anomalies of the new chiral spectrum, in an easy generalization of 
the argument in Section 10.3.1. Also analogously, anomalous and non-anomalous (7(l)s 
may acquire masses from their couplings to RR 2-form fields. The condition for a f/(l) to 
remain massless is an orientifold version of (10.25) 

N a(Qak - Qa'k)c a = 0 for all k. (10.34) 

a 

Concerning gravitational anomalies, in the orientifold case there are in general mixed grav¬ 
itational triangle anomalies. They cancel via new Green-Schwarz contributions arising 
from both D6-brane and 06-plane world volume couplings. 

Toroidal orientifold models 

Orientifolds of T 6 compactifications (or orbifolds thereof, see later), provide a very explicit 
realization of the above construction. As in Section 10.3.1, we focus on factorized tori 
T 6 = T 2 xT" xT 2 , parametrized by Zi = x‘ +iy‘. We take the orientifold action Q'JZ(— 1 ) F C 
with 1Z : Zi —»■ Zi, i.e. y' —> — y‘ leaving .x' invariant. There are two possible kinds of 2-tori 
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Figure 10.10 Cycles and their orientifold images in rectangular and tilted 2-tori. 


compatible with this symmetry, as shown in Figure 10.10; it is possible to have rectangular 
tori, defined by the periodicities z ~ z + iRi, z ~ z + R 1 , and tilted tori, defined by 
z ~ z + i/? 2 , z ~ z + Ri + i Ri/2. The orientifold action on (n, m)- cycles is different in 
both cases, with (n, m) —*■ (n, —m) for rectangular tori, and (n, m) —> (n, —m — n ) for 
tilted tori. For simplicity we focus on geometries with three rectangular 2-tori, leaving the 
discussion of tilted geometries for some explicit examples in Section 10.5.1. 

For a geometry with three rectangular 2-tori, there are 06-planes spanning the 3-cycle 
parametrized by x,-, and sitting at the locations y'=0, \{Ri)i- There are thus eight 
06-planes, all along the 3-cycle with wrapping numbers (n/, mi) = (1, 0), so their total 
homology class is [TTo6] = 8[ai][« 2 ][« 3 ]- The models contain stacks of N a D 6 0 -branes, 
which we take factorizable and characterized in terms of the wrapping numbers 
(n' a , m l a ), and images with wrapping numbers (n l a , — n?',). The RR tadpole conditions 
(10.32) read 


E« N a n l a n 2 a nl = 16, 

En = 0 , and permutations. (10.35) 

As compared with the un-orientifolded case (10.18), the number of conditions is halved. 
This is because the orientifold projection removes half of the components of the RR fields. 
Equivalently, because branes and their orientifold images cancel each others’ contribu¬ 
tions to some of the RR tadpoles, which are thus satisfied automatically and not present 
in (10.35). 

The spectrum of the orientifold theory is given by the general CY result above, with 
the specific intersection numbers computed using (10.12). Explicit examples of complete 
models can be found in later sections. 


K-theory charge cancellation* 

In the presence of orientifold planes, there are additional discrete Z 2 -valued charges of 
non-BPS D-branes, classified by K-theory, as discussed in Section 6.5.3 for the type I 
non-BPS D7-brane. In compact models, global consistency requires the cancellation of 
these discrete charges, leading to additional conditions. In the above toroidal orientifolds. 












320 


Type IIA orientifolds: intersecting brane worlds 


there are conditions requiring the cancellation of Z 2 -valued charges of D6-branes along 
(1, 0) x (1, 0) x (0, 1), and permutations. Namely 



and permutations of 1, 2, 3. 


(10.36) 


a 


These relate to the cancellation of Z 2 -valued D7-brane charges in type 1 by T-dualities 
turning the 06-planes into an 09-plane. In certain models containing USp gauge factors 
in the 4d spectrum, these conditions are related to cancellation of global gauge anomalies, 
which enforces the number of Weyl fermions in the fundamental representation to be even. 


10.5 Non-supersymmetric particle physics models 


We now exploit this class of string theory vacua to build models of particle physics. 
Namely intersecting brane models in orientifold compactifications, with the gauge group 
and massless spectrum reproducing those of the Standard Model (SM), or a simple exten¬ 
sion thereof. 

We start by constructing a large class of non-supersymmetric models with intersecting 
D6-branes and 06-planes. Even though a key motivation for 06-planes is to obtain super- 
symmetric models, they lead to interesting features in the non-supersymmetric context 
as well. For instance, a general argument shows that D-brane models without orientifold 
planes cannot lead to just the SM spectrum, rather necessarily include additional SU( 2) 
doublets, as follows. In non-orientifold models the SU (2) factor is actually part of a U (2) 
group, and the extra t/(l) charge allows to distinguish the 2 and the 2. The RR tadpole can¬ 
cellation conditions imply that the number of fundamentals and anti-fundamentals for each 
U (A0 factor must be equal, also for this U (2). Since any non-orientifold model with SM 
group has the left-handed quarks in a representation 3(3, 2) of SU (3) x SU (2), this con¬ 
tributes nine anti-fundamentals of SU (2). The complete spectrum must necessarily contain 
nine fundamentals of SU (2), three of which may be interpreted as left-handed leptons; the 
remaining six doublets are however exotic chiral fermions, beyond the spectrum of the SM. 

The introduction of orientifold planes allows to avoid this issue in several ways, as we 
describe in this section. As a consequence, they allow the remarkable achievement of string 
compactifications with the chiral spectrum of just the SM. 


10.5.1 The U(2) class 


In these models one escapes the above argument by realizing that, in the presence of ori¬ 
entifold planes, there are two different kinds of possible bi-fundamental representations, 
namely (□, □) and (□, □). This allows an alternative construction of the SM chiral fermion 
spectrum, satisfying the RR tadpole constraints and without exotics, as follows. Realizing 
the three families of left-handed quarks as (3, 2) + 2(3, 2), this contributes three net 2s 
of SU( 2). The three 2s of 67/(2) required by RR tadpole cancellation then correspond 
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Table 10.1 Standard model fermion spectrum and U (1) charges 
corresponding to the intersection numbers in (10.37) 


Intersection 

Matter fields 

SU (3) x 5(7(2) 

Qa 

Qb 

Qc 

Qd 

Y 

(ab) 

Ql 

(3, 2) 

1 

-l 

0 

0 

1/6 

(ah') 

<1L 

2(3, 2) 

1 

l 

0 

0 

1/6 

(ac) 

Ur 

3(3,1) 

-1 

0 

1 

0 

-2/3 

(ad) 

Dr 

3(3,1) 

-1 

0 

-1 

0 

1/3 

C bd') 

L 

3(1,2) 

0 

-1 

0 

-1 

-1/2 

(■ cd) 

Er 

3(1,1) 

0 

0 

-1 

1 

1 

(cd!) 

Nr 

3(1,1) 

0 

0 

1 

1 

0 


simply to the three left-handed leptons. Note that this argument nicely connects the number 
of generations to the number of colors. 

It is possible to propose a set of intersection numbers, such that any configuration of 
D6-branes wrapped on 3-cycles realizing them reproduces the chiral spectrum of the SM. 
Consider four stacks of D6-branes, denoted 6 a, b, c, d (and their images), giving rise 
to a gauge group U(3) a x U(2)b x U(l) c x U(l)d- If the intersection numbers of the 
corresponding 3-cycles are given by 

lab — 1 lab' = 2 I ac = 3 I ac ' = 3, 

Ibd = 0 I bd ' = - 3 I cd = - 3 led' = 3, (10.37) 

then the chiral spectrum of the model has the non-abelian quantum numbers of the SM chi¬ 
ral fermions (plus right-handed neutrinos). In order to reproduce exactly the SM spectrum, 
one also needs to require that the linear combination of {/(l)’s 

Qy = \Qa-\Qc+\Qd, (10.38) 

blZ 

which reproduces the hypercharge quantum numbers, remains as the only massless 1/(1) 
in the model. The spectrum of massless fermions corresponding to the above intersec¬ 
tion numbers is shown in Table 10.1. Such patterns of branes and intersections can be 
graphically displayed in diagrams of intersecting lines, sometimes loosely referred to as 
“quivers,” 7 see Figure 10.11(a) for the case at hand. The branes a, d have intersections sup¬ 
porting quarks and leptons, respectively, and are often dubbed the baryonic and leptonic 
branes. Similarly, the branes b, c are called left and right branes. 

It is important to emphasize that at this level, we have not constructed any explicit model, 
but just specified what to look for; however, it is easy to provide explicit constructions 

^ Beware of the notation clash, also present in the literature, between this use of a, and its earlier use as an index labeling 
D6-brane stacks. 

^ A quiver is actually a graph in which gauge factors are denoted by dots, and bi-fundamentals as oriented arrows joining them. 
The intersecting line diagrams are similar, by replacing lines by dots and intersections by (possibly multiple) arrows. 







322 


Type IIA orientifolds: intersecting brane worlds 



U( 3)„ 
U( 1) d 


Figure 10.11 Schematic views of the intersecting brane models producing SM-like spectra, (a) based 
on U(3) a x U(2) b x U( l) c x U(V) d gauge group; (b) based on U(3) a x SU(2) b x (7(l) c x U(\) d . 
The latter allows for enhancement up to a Pati-Salam group U(+) a d x SU(2) b x SU(2) C by letting 
branes a to coincide with d, and c with c'. Intersections are implicitly understood to be triplicated. 


Table 10.2 D6-brane wrapping numbers realizing the SM 
intersection numbers (10.37) 


N 

( n r” l i) 

( n l *?) 


N a = 3 

(1 /P\0) 

(nl’4 2 ) 

(1/P, 1/2) 

N b = 2 


d//S 2 ,0) 

(1, 3p/2) 

N c = 1 

(»c, 3 P e P l ) 

d//S 2 ,0) 

(0, 1) 

N d = 1 

(1/yS 1 ,0) 

( n 2 d ,-p 2 e/p ) 

(1, 3p/2) 


with this precise structure, as we now illustrate with examples of orientifolds of T 6 . The 
construction of these models requires the use of both rectangular and tilted 2-tori, which 
we distinguish by discrete parameters b, =0, \. Recall that for rectangular 2-tori the orien- 
tifold image of the wrapping numbers ( n ' a , m ' a ) is (n‘ a , —m' a ), while for tilted tori the image 
wrapping numbers are ( n‘ a , —n' a — /«',), see Figure 10.10. To unify their description, we 
introduce m a —m a + bn a , so that branes and images have wrapping numbers ( n a , m a ) 
and ( n a , —m a ) respectively; note that in the b = 1 /2 case the numbers m are integer or half 
integer, when the corresponding number n is even or odd, respectively. It is straightforward 
to write down the RR tadpole conditions for models with rectangular or tilted geometries in 
the three 2-tori. The general class of models with factorizable 3-cycles realizing the inter¬ 
section numbers (10.37) is shown in Table 10.2. These general solutions are parametrized 
by a sign e = ± 1, the choice of tilting on the first two 2-tori via ft' — I — b l = 1,1/2, 


four integers n~ 


j, and a parameter p= 1, 1/3. The third 2-torus is tilted for the 


whole class. The parameters are such that the RR tadpole conditions of type nmm (and 
permutations) are automatically satisfied. The remaining nnn tadpole condition is given by 

pP 1 


2 n \ 


-4+2 


N h 

ql«2 


= 16, 


(10.39) 
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where we have allowed for N /, additional D6-branes along the 06-plane direction with 
wrapping numbers (1//3 1 , 0)(1 //3 2 , 0)(2, 0). The reader may check that these generically 
have no intersection with the SM branes and hence form a hidden sector of the theory. It is 
easy to find plenty of solutions for equations (10.39), with or without such hidden sector 
branes. 

In order for the hypercharge U (1) (10.38) to remain massless, those parameters have to 
verify the extra constraint (10.34) which yields 



(10.40) 


The other three f/(l)s in general mix with RR fields and get massive, although for partic¬ 
ular parameter choices the anomaly-free U (1)b-l boson can remain massless. 

Even though the models are non-supersymmetric, for each model one can find large 
regions in the complex structure moduli space in which there are no tachyons in the spec¬ 
trum (recall that intersection angles, and thus scalar masses, depend on complex structure 
moduli through (10.11)). Alternatively, some of these tachyons may play the role of SM 
Higgs fields, for which there are candidate scalars in the be and be' sectors, if the b and c 
branes are close enough in the second torus. 

Since the models are non-SUSY, if the string scale is large one must allow for a fine 
tuning so that the Higgs scalars remain light. Alternatively, the string scale could be just 
above the EW scale, recall Section 1.4.2. In such case, the three extra U( l)s beyond 
hypercharge could be produced at colliders like the LHC, as will be described in 
Section 16.4.2. One interesting property of these models is that the baryon number U (1) is 
gauged, so the proton is stable even for low string scale. Lepton number is also gauged, and 
Majorana neutrino masses are forbidden, although Dirac masses are allowed. Nevertheless, 
there may be non-perturbative instanton effects violating these symmetries, as discussed in 
Chapter 13. 

Even in non-tachyonic regions, these models are not completely stable. In non- 
supersymmetric models, tadpoles for NSNS fields are no longer related to the RR tad¬ 
poles, and cancellation of the latter does not imply cancellation of the former. Uncanceled 
NSNS tadpoles signal that the model sits at the slope of a non-trivial 4d scalar potential 
for complex structure moduli, arising from the non-zero total tension of the D6/06 system, 
see Section 12.4 for its interpretation as an FI term. The ultimate stability of these mod¬ 
els, however, depends on the possible introduction of extra ingredients, like field strength 
fluxes, see Chapters 14 and 15. 

In any event, this type of non-SUSY models constitutes possibly the simplest class 
of string models with just the SM gauge group and fermion content (plus right-handed 
neutrinos). 

The proposal to obtain the SM using realizations of the intersection numbers (10.37) 
is not restricted to the non-SUSY toroidal orientifold setup, or even to geometric com- 
pactifications. Indeed, these concepts can be put to work in more abstract worldsheet 
CFT “compactifications,” to construct a large class of supersymmetric models realizing 
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Table 10.3 D6-brane wrapping numbers realizing the SM 
intersection numbers (10.41) 



N 

(rc 1, m 1) 

(rc 2 , m~) 

(u 2 , m 2 ) 

a 

N a = 3 

(1,0) 

(1/P, 3p) 

(1/P, —3p) 

b 

N b = 1 

(0, 1) 

(1,0) 

(0.-1) 

c 

N c — 1 

(0, 1) 

(0,-1) 

(1,0) 

d 

N d = 1 

(1,0) 

(1/p, 3/0) 

(1/p, —3p) 


the above SM structure, as overviewed in Section 10.7.1. There are also SUSY orientifold 
models based, e.g., on the Z 2 x Z 2 orbifold, with a similar realization of the SM but with 
Higgs doublets contributing to the U (2) anomalies, see the example in Section 13.3.3. 


10.5.2 The USp(2) class 

A second possibility to avoid the problem of the extra SU (2) doublets on page 320, is to 
exploit the fact that D6-branes in the presence of 06-planes may contain U Sp(N ) gauge 
factors (see Section 10.4.1); for these, all representations are real, and RR tadpole condi¬ 
tions do not impose any constraint on the matter content. It is possible to use D6-branes 
with group USp( 2) = SU (2) to realize the electroweak gauge factor and circumvent the 
constraints on the number of doublets. 

Indeed, it is possible to propose a set of intersection numbers, such that any configuration 
of D6-branes wrapped on 3-cycles realizing them reproduces the chiral spectrum of the 
SM in this way, see Figure 10.11(b) for its “quiver” depiction. Consider four stacks of 
D6-branes, labeled a , b, c, cl, with gauge group U (3) fl x USp(2)b x U (l) c x U (l)d, and 
with intersection numbers 

lab = 3 lab' = 3 I ac = -3 I ac 1 = -3, 

Ub = 3 l d b’ = 3 Idc = ~ 3 Idc’ = ~ 3- (10.41) 

The f/(l) required to be massless in order to reproduce the SM hypercharge is 

Qy = \ Qa-\Qc-\Qd. (10.42) 

As above, explicit realizations of D6-branes on 3-cycles with those intersection numbers 
(and with massless hypercharge) can be realized in toroidal orientifolds, in this case with 
rectangular two-tori. Consider the set of D6-branes in Table 10.3 (and their images), with 
p = 1,1/3 being a discrete parameter. The stack b overlaps with their images to yield 
USp( 2) = SU( 2). The model must include additional branes to satisfy the RR tadpole 
conditions, whose detailed description we skip. As announced, the gauge group is U (3) x 
SU(2)i x (7(1) x U (1) and the spectrum contains three SM generations plus three right- 
handed neutrinos. 
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We conclude with some short remarks. The model admits a simple modification to a 
Pati-Salam model U (4) x USp(2)i x USp{T)R, by taking the branes a to coincide with 
d, and c with c'. Also note that by appropriate choice of 2-tori moduli, the above D6-brane 
configuration can preserve supersymmetry, see next section; however, explicit examples 
show that the additional branes required for tadpole cancellation are incompatible with this 
supersymmetry, so the complete purely toroidal models are non-supersymmetric, in agree¬ 
ment with the general arguments below. Finally, we again emphasize that the intersection 
numbers (10.41) are not restricted to toroidal orientifolds, and can be realized in other type 
IIA orientifold compactification setups, as in the next section and in Section 10.7.1. 


10.6 Supersymmetric particle physics models in T 6 /Z 2 x Z 2 orientifolds 

In order to obtain supersymmetric intersecting brane models, it is necessary to go beyond 
orientifolds of toroidal compactifications. This can be understood from the RR tadpole 
conditions (10.35) as follows. The last conditions imply that there are in general D6- 
brane contributions to RR charges for which no 06-plane contribution exists. Hence, any 
consistent tadpole-free model secretly contains brane-antibrane pairs associated to those 
charges, and is necessarily non-supersymmetric. The key to the construction of supersym¬ 
metric models is thus the introduction of 06-planes diverse enough to span all possible RR 
charges in the model. 

This can be easily realized using orientifolds of toroidal orbifolds. The basic properties 
of orbifold constructions have been described in Chapter 8, when used for heterotic com¬ 
pactification. The computation of the closed string spectrum of type IIA orientifolds can 
be carried out similarly, so in this section we rather focus on the computation of the open 
string sector. We moreover restrict to one particularly simple orbifold space, T 6 /(Z 2 x Z 2 ), 
which already appeared 8 in Section 8.2.6. Recall that the generators 6, to have twists 
v = 0^ and w= ( 0 , j, — and so act on the T 6 complex coordinates Zi as 

0 ■ (Zl, Z2> Z3> -> (-Z1, —Z2, Z3), 

ft): (zi, Z2. Z3) ->• (zi. -Z2, -Z3)- (10.43) 

We consider the model with a factorizable underlying toroidal lattice, and for simplicity 
take the 2-tori to be rectangular, rather than tilted. We mod out this theory by £21Z(—) Fl , 
with 

Tl : (zi,Z2, Z3) —► (z 1 .z 2 .z 3 )- (10.44) 

The model contains four kinds of 06-planes, associated to the actions of 
£21Z6(—) Fl , £21 Zo>(—) Fl , £27 Z6co(—) Fl , as shown in Figure 10.12. 

In order to cancel the corresponding RR tadpoles, we introduce D6-branes wrapped on 
3-cycles. The simplest 3-cycles in the orbifold space are obtained from factorized 3-cycles 
in the underlying toroidal geometry, characterized in terms of wrapping numbers (n l a , m' a ). 


More precisely, with the choice of discrete torsion leading to h\ \ =51, /? 2 ,i = 3. 
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(a) 


(c) 


oR(-)f l ( b ) qrq(-)F l 



Q.R(o(-) f l (d) Q.RQ(o(-) F i 


i 

: 


1 

i 

-> 

J 


Figure 10.12 Structure of 3-cycles wrapped by the diverse 06-planes in the orientifold of T 6 /(Z 2 x 
Z 2 ). The arrows denote the orientation of the cycles. 


Also, for simplicity we take each D6-brane stack to pass through some Z 2 x Zi fixed 
point, so it coincides with its orbifold (but not their orientifold) images. The RR tadpole 
conditions have the familiar form 


J2 N « [n«] + N “ [U °' ] - 4[n o<>] = 0, (10.45) 

a a 

where [Floe] is the homology charge of the complete set of 06-planes. More explicitly, 
using (10.13) for rectangular tori one obtains 

J2 Nan «nl n l -16 = 0, Y^Nanlmlml + 16 = 0, 

a a 

y^,N a m ] a nlml + 16 = 0, 'y^N a m\m\n? a + 16 = 0. (10.46) 

a a 

It can be shown that, since each stack of branes contains D6-branes and their orbifold 
images, a set of N D6-branes leads to a U (M/2) gauge symmetry, so N must be even. 
With this information, the chiral spectrum in 4d Af= 1 terms reads: 


Sector 

Representation 

aa 

U (N a / 2) vector multiplet 


3 Adj. chiral multiplets 

ab + ba 

I a b (Qi, Dfc) chiral multiplets 

ab’ + b'a 

l a b’ (Da ■ Qj>) chiral multiplets 

aa’ + a' a 

2 (4a' - 4,06) EH ch. multiplets 


2 (4a'+ 4,06) B' ch -multiplets 


where l a ,o(, = | n a ] • [TIo6]- There are also discrete K-theory constraints, which can be 
computed to be 

Y^N a m l a m 2 a ml e 4Z, N a n\n^m\ e 4Z, and permutations. (10.47) 

a a 
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Table 10.4 D-brane wrapping numbers giving rise to a 4d M — 1 
LR symmetric SUSY model , in the T 6 /(Z 2 x Z 2 ) orientifold 


N a 

( 4 -' 4 ) 

( 4 -' 4 ) 

( 4 >' 4 ) 

Na = 6 

(1,0) 

(3, 1) 

(3,-D 

N b = 2 

(0, 1) 

(1,0) 

(0,-1) 

N c = 2 

(0, 1) 

(0,-1) 

(1,0) 

Nd = 2 

(1,0) 

(3, 1) 

(3,-D 

N hl =2 

(-2, 1) 

(-3. 1) 

(-4, 1) 

N h 2=2 

(-2, 1) 

(-4, 1) 

(-3, 1) 

N f = 40 

(1,0) 

(1,0) 

(1,0) 


These are actually Z 2 -valued constraints, since N a are already even integers. 

The condition that the system of branes preserves 4d J\f = 1 supersymmetry is that the 
relative angles between each stack of D 6 -branes and the 06-planes satisfy (10.10), i.e. 
01 + 02 + 03 = 0. For fixed wrapping numbers in ', m '), the condition translates into a 
constraint on the ratio of the two radii on each torus. Denoting yj = {Rl/R\)i, with Ih. R\ 
the vertical and horizontal radii, the constraint is 

( m 1 \ ( mi\ ( m 3 \ 

Xi — 1 + arctan [ X2~ ) + arctan X3— 1=0. (10.48) 

«i/ V «2 / V «3/ 


This defines a fairly general class of supersymmetric intersecting brane models on a 
toroidal orbifold. To show its model building potential, we provide an illustrative example 
realizing the intersection numbers (10.41) and leading to a 3-generation SU (3) x SU(2)i x 
SU(2) r x U (1 )b-l model (plus an almost hidden sector). The sets of branes are shown 
in Table 10.4, where h\,h 2 are additional branes to satisfy RR tadpole cancellation, as the 
reader may easily check. A pictorial representation of this model is shown in Figure 12.5 
in Section 12.6. The model belongs to the class in Section 10.5.2; in particular it admits 
an enhancement to a Pati-Salam unified theory, by letting stacks a and d coincide into an 
SU (4) one (also denoted a in the following). The full gauge group includes an extra factor 
USp( 40), and the complete charged chiral spectrum is shown in Table 10.5, in Pati-Salam 
notation for the sake of clarity. After accounting for the B A F couplings there is only one 
massless U( 1), given by the combination U(\)' = jt/(l) a + 2[U(l)i n — U(\)h 2 ] (recall 
that U (1 )b-l is contained inside SU (4)). 

Note that, compared to typical orbifold heterotic vacua (e.g. see Appendix C ) the 
spectrum is relatively simple. Moreover, it simplifies even further by allowing for the 
recombination of branes hi. It-, and /, corresponding to giving vevs to chiral fields at 
the (fh 2 ) and ( hih ' 2 ) intersections along D- and F-flat directions. The resulting 

spectrum, again in Pati-Salam language, is shown in Table 10.6. There is no chiral matter 
arising from ah, ah', hh' or charged under USp(40). 
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Table 10.5 Chiral spectrum of the 4d Af — 1 3-family Pati-Salam model of Table 10.4 


Sector 

Matter 

SU( 4) x SU{ 2) x SU (2) x [USp{ 40)] 

Qa 

Qhi 

Qh 2 

Q' 

(ab) 

f l 

3 ( 4 , 2 , 1 ) 

1 

0 

0 

1/3 

(ac) 

Fr 

3 ( 4 , 1 , 2 ) 

-1 

0 

0 

- 1/3 

(be) 

H 

( 1 . 2 , 2 ) 

0 

0 

0 

0 

(alii) 


6 ( 4 , 1 . 1 ) 

-1 

1 

0 

5/3 

[ah'f] 


6 ( 4 , 1 . 1 ) 

1 

0 

1 

- 5/3 

{bh i) 


8 ( 1 , 2 , 1 ) 

0 

1 

0 

2 

{bh 2 ) 


6 ( 1 , 2 , 1 ) 

0 

0 

1 

-2 

{chi) 


6 ( 1 , 1 , 2 ) 

0 

1 

0 

2 

{ch 2 ) 


8 ( 1 , 1 , 2 ) 

0 

0 

1 

-2 

( h lh\) 


46 ( 1 , 1 , 1 ) 

0 

2 

0 

4 

(h 2 h 2 ) 


46 ( 1 . 1 , 1 ) 

0 

0 

2 

-4 

(Mj,) 


196 ( 1 , 1 , 1 ) 

0 

1 

1 

0 

(/At) 


( 1 , 1 . 1 ; 40 ) 

0 

-1 

0 

2 

{fh 2 ) 


( 1 , 1 . 1 ; 40 ) 

0 

0 

-1 

-2 


Table 10.6 Spectrum for the D-brane model in Table 10.4 
after D-brane recombination 


Sector 

Matter 

SU{ 4) x SU (2) x SU{ 2) x [USp{ 40)] 

(ab) 

Fl 

3(4, 2,1) 

(ac) 

Fr 

3(4,1,2) 

(be) 

H 

(1, 2, 2) 

(bh) 


2(1,2.1) 

(ch) 


2(1,1. 2) 


This model is probably the simplest example of MSSM-like model from intersecting 
branes and is often used as a template for the computation of different quantities of phys¬ 
ical interest. A useful T-dual type IIB D7-brane version is described in Section 11.4.2, 
and its Yukawa couplings, Kahler metrics, and gauge kinetic functions are described in 
Section 12.6. It is also used in flux compactifications in Section 14.3.2. The model is 
quite simple, but has the shortcoming (common to all toroidal based models) of containing 
massless adjoint chiral multiplets for all gauge factors. Even if they get TeV scale masses 
upon SUSY breaking, these fields would cause the gauge couplings to blow-up before 
unification, and are thus phenomenologically undesirable. There are, however, some vari¬ 
ants in which the orbifold projection eliminates such adjoint fields (in the language of 
Section 10.3.2 these are rigid 3-cycles i.e. b\(Jl) — 0); we direct the reader to the Bibliog¬ 
raphy for more details. A second problem is the presence of exotic leptons with fractional 
charge ±1/2 from the bh and ch sectors, which may be phenomenologically problematic, 
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see Section 17.1.3. This is a generic feature of Z 2 x Z 2 orientifold models, but which is not 
necessarily present in models based on other orbifolds; indeed there exist explicit examples 
of 3-generation models without chiral exotics using, e.g., the Z' 6 orientifold. 

10.7 Generalizations and related constructions 

There are further compactifications setups closely related to the intersecting D6-brane 
models described above. We briefly overview the construction of type II Gepner model 
orientifolds, and M-theory compactification on G 2 holonomy spaces. 


10.7.1 RCFT orientifolds 


The above strategies for model building in type II orientifolds with D-branes can be 
extended beyond the geometric realm, and explored for abstract CFT “compactifications,” 
e.g. free fermion constructions or Gepner models, as done for the heterotic in Sections 8.5 
and 8.6. As illustration, we overview the construction of a large class of semi-realistic 
models using orientifolds of type II Gepner model compactifications. 


Boundary and crosscap states 


To define orientifolds of type II “compactifications” where the internal space is described 
by an abstract CFT, one needs to generalize the concepts of D-branes and O-planes. This 
is done through the so-called boundary states | B), and crosscap states | C). They are linear 
combinations of states in the closed oriented string theory, which are, however, not normal¬ 
izable, and so do not belong to the closed string Hilbert space. Their role is to describe the 
effect of the introduction of boundaries and crosscaps in the closed oriented string theory. 
For instance, for D/ 2 -branes in bosonic string theory, the boundary states are defined by 



(10.49) 


Namely they impose the effects of Neumann or Dirichlet boundary conditions on world- 
sheet fields; there are similar conditions defining crosscap states. In general boundary and 
crosscap states describe the effect on the closed string sector of a reflection off a boundary 
or a crosscap, see Figure 10.13. 

An orientifold model is obtained by introducing a crosscap state | C), and a set of bound¬ 
ary states | B a ), with Chan-Paton multiplicities N a . It is useful to introduce a basis of 
(normalizable) closed string states {|/n}}, known as Ishibashi states, satisfying conditions 
similar to those of boundary and crosscap states. The latter can then be expanded as linear 
combinations of Ishibashi states as 



(10.50) 


m 


m 
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(a) 


I e fl > 


IC> 




Figure 10.13 Interpretations of boundary and crosscap states as describing the reflection properties 
of closed string modes off boundaries and crosscaps (a) or as encoding disk and crosscap amplitudes 
with one closed string mode insertion (b). 

Ishibashi states are the closed string states which can propagate off a boundary or a cross¬ 
cap; the boundary and crosscap coefficients R am , U m describe disk and crosscap diagrams 
with one insertion of the Ishibashi state | m), i.e. the coupling of D-branes and O-planes to 
closed strings. The restrictions of boundary and crosscap states to the massless sector are 
analogous to the D-brane and O-plane homology classes in geometric models, so, e.g., the 
RR tadpole cancellation conditions are 



for massless RR states m. 


(10.51) 


a 


Also, the coefficient R a o, where 0 denotes the CFT vacuum state, describes the D-brane 
coupling to the dilaton. hence the 4d gauge coupling constants. 

Overlaps of boundary and crosscap states produce the Klein bottle, Moebius strip, and 
cylinder/annulus amplitudes in the tree closed string channel, 


Z c = N a N b (B a \e~ ,tH \B b ) , Z M = N a (B a \e~ ,lH \C) + h.c., Z K = (C\e~' eH \C), 


where H is the closed string Hamiltonian, and tl is the length of closed string propaga¬ 
tion. Upon suitable modular transformations, they produce the open string loop amplitudes, 
from which one extracts the open string spectrum. Introducing the characters Xi of Vira- 
soro representations and their modular matrices S, T , as in Section E.5.1, these amplitudes 
have the structure 



Here Xi = T -1 / 2 /;, with T = exp in(Lo — c/24), where Lq is a Virasoro algebra 
generator, see Section E.5.1. The multiplicities have a simple expression in terms of the 
boundary and crosscap coefficients 
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with P = T l/2 ST 2 ST 1/2 . (10.52) 



Restricting to the open string massless level, the annulus multiplicities define the analogs 
of the intersection numbers for geometric compactifications. 

Boundary/crosscap states must satisfy certain properties, known as sewing constraints, 
ensuring they can be consistently combined to generate amplitudes for worldsheets with 
arbitrary numbers of boundaries and crosscaps. A set of necessary conditions (possibly not 
sufficient, although extremely restrictive) is the requirement that the loop channel multi¬ 
plicities must be integers, and that the annulus coefficients, as well as the combinations 
i(Z,-,' + K') and \ (A l aa + - the unoriented closed and open string partition func¬ 

tion coefficients - must be non-negative integers. In practice, this can suffice to construct 
boundary and crosscap states in certain solvable CFT compactifications, as described next. 


Construction ofRCFT orientifolds* 


The above ideas can be applied to the construction of orientifolds of type II compactifi¬ 
cations on Gepner models. The procedure is carried out very efficiently regarding Gepner 
models as rational conformal field theories (RCFTs) defined by simple current extensions, 
see Sections E.5.2 and E.5.3, to which we refer for notation; then Gepner orientifolds are 
a particular application of the formalism to construct RCFT orientifolds explained in the 
following. 

The starting point is an oriented closed string theory with the Virasoro algebra extended 
by a set of simple currents, generating an abelian group H. For Gepner models these are 
the alignment currents and spectral flow currents described in Section E.5.3. The modular 
invariant partition function is (E.40) 



(10.53) 


The integer multiplicities Z, j count the number of simple currents satisfying (E.41). 

We need to specify the behavior of these currents upon reflection off boundary and 
crosscap states. We restrict to the simplest possibility that the extension currents are pre¬ 
served, e.g. 


(J n + (-l) hj J n ,)\B) =0, (J n + (-l)' lJ+n J n ,)\C) = 0, (10.54) 


where J n , J n are modes of left- and right-moving currents. These are the analogs of con¬ 
ditions (10.49); indeed when applied to the spacetime momentum current J — idX 11 of 
the bosonic theory, they reproduce the translational invariant Neumann boundary condi¬ 
tions in (10.49). Since the left and right spectral flow currents underly 4d Af — 2 spacetime 
supersymmetry, the preserved current implies 4d Af = 1 supersymmetry of the resulting 
orientifold model. Although we do not consider them, it is possible to construct models 
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with supersymmetric closed string sector but non-supersymmetric branes (or orientifolds), 
by using conditions preserving the Virasoro algebra, but not its extension. 

The structure of simple current RCFTs naturally suggests an ansatz for Ishibashi states, 
and boundary and crosscap coefficients, which can be shown to satisfy the above men¬ 
tioned integrality properties. We offer some flavour of its ingredients, leaving the detailed 
description for the references. 

Ishibashi states are closed string states which can propagate between crosscap and/or 
boundary states, which exchange left and right sectors. Hence, they are states contributing 
to the left-right symmetric part i = j of the torus partition function (10.53). Recalling 
(E.41), they are labeled by pairs m = (m, J), such that 

m — Jm 

Q L (m) + X(L,J) = 0modl, VL eH. (10.55) 


Boundaries are labeled by an index a = [a, i// a ], where a correspond to (77-orbits of) pri¬ 
maries, and i jr a defines an additional label required in cases with fixed points (it is the group 
theoretical character of a representation of the central stabilizer C a mentioned below). The 
boundary coefficients R am — R[ a ,f a ](m,j) in (10.50) are 

(10J6) 

This formula includes some extra technical ingredients, which we define for completeness. 

is the fixed point resolution matrix, which implements the modular transformation S 
on the set of primaries fixed by 7; it is unitary and obeys 

S J Li j = Fi(L, J) e 2ni QlU) Sfj, (10.57) 

where QlU) is the monodromy charge (E.36). The phases Fj ( L , J) are called simple 
current twists. The stabilizer S a is the subgroup of 77 leaving a invariant, and the central 
stabilizer C a is the subgroup of S„ whose elements J satisfy F, ( L , J ) e lnl = ] f or 

all L e S a - 

Crosscaps are introduced in terms of a new ingredient, the Klein bottle current K ; this 
is a simple current (possibly beyond 77), charge neutral under all order-2 currents in 77, i.e. 
Qj(K) = 0 for all J e 77 with J 2 = 0. This defines the analog of the geometric orientifold 
action, and must be supplemented by a choice of additional signs (analogous to the choice 
of O-plane charge signs). The choice of signs is encoded in a choice of phases /3(L) for all 
L e 77, with /)(0) = e n,hK and satisfying 

P(L)P(L') = p{LL')e l7liX(L ’ L '\ VL, L' e 77. (10.58) 


They can be used to define o(L) — / 6(L)e 7r ' ( - hLK hK \ which can be shown to be signs. 
The crosscap coefficients U m = U( m j) in (10.50) are 


U,„ 


1 

7W\ 


Y: cr(L) PLK,m &J, 0 , 
LeH 


(10.59) 
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where we recall that P = 7’ 1 / 2 ST 2 5T 1 / 2 . The boundary coefficients for the orientifold 
image a' of the D-brane a are 



(10.60) 


The boundary and crosscap coefficients (10.56), (10.59) can be used to compute the ampli¬ 
tudes (10.52) and to extract the open string spectrum of the models. 

Model building 

Systematic computer searches for Gepner orientifold models with MSSM-like structure 
have been performed by Schellekens and collaborators. They actually considered the mirror 
case of type IIB Gepner orientifolds, which would rather correspond to, e.g., magnetized 
D7/D3-brane models, see the next chapter. It is, however, more intuitive to discuss the 
models in the language of intersecting branes, so their inclusion at this point is timely. 

We concentrate in the particular case of the so-called Madrid quivers, i.e. models with 
four intersecting brane stacks a, b, c, d, and hypercharge embedding (10.38), as in 
Section 10.5, see Figure 10.11. They are taken to realize the following six possible classes 
of gauge groups, 


Type 0 £7(3) x £7S/;>(2) x £7(1) x £7(1), 

Type 1 U (3) x £7(2) x £7( 1) x £7(1), 
Type 2 £7(3) x USp(2) x 0(2) x £7(1), 

Type 3 £7(3) x £7(2) x 0(2) x £7(1), 

Type 4 £7(3) x USp(2) x USp(2) x £7(1), 
Type 5 £7(3) x £7(2) x USp(2) x £7(1). 


(10.61) 


More additional hidden branes are in general required to cancel RR tadpoles. Checking the 
latter conditions becomes increasingly complicated as the number of extra branes increases 
so in the search there is a computational bias in favor of models with a reduced number 
of stacks. Note that, once anomalous £7(l)s become massive, the gauge group is actually 
that of the SM (types 0-3) or its left-right (LR) symmetric extension (types 4 and 5). As 
in the toroidal orientifolds, in types 0-3 one must ensure that the hypercharge gauge boson 
does not get massive through B A F couplings. In these types of models there is a non- 
anomalous gauged £7(1 )b-l which may or may not become massive by that mechanism. 
On the other hand, in types 4 and 5 the £7 (Y)b-l must be forced to be massless in order to 
have it contribute to hypercharge upon breaking of the LR symmetry. 

The chiral particle spectrum contains exactly three MSSM generations (including three 
right-handed neutrinos). In addition, it contains a number of Higgs multiplets //„ + /£/, and 
additional non-chiral combinations of states; these can include extra quarks and leptons, 
singlets, adjoints, and two-index symmetric and antisymmetric representations of the SM 
factors, as well as hidden sector matter fields, not coupling directly to the SM fields, or 
exotics with SM and hidden quantum numbers. 



334 


Type 1IA orientifolds: intersecting brane worlds 


The search uses the basic 168 Gepner models with A and E invariants and considers all 
modular invariant partition functions (MIPF) defined by simple current extensions. There 
are 5403 such MIPFs yielding 873 different combinations of Hodge numbers. For each 
of these MIPFs, one considers all possible consistent orientifolds quotients, whose total 
number is 49 304. Within each such orientifold, the search scans for sets of boundary states 
(i.e. branes) including the SM a, b, c, d branes (with massless hypercharge or B — L gauge 
bosons) plus additional boundary states needed to cancel the (typically few dozens of) RR 
tadpole conditions. For a given choice of visible sector, the search stops once it produces 
one hidden sector canceling RR tadpoles and leading to no chiral exotics charged under 
the SM. The scan yields around 116 000 models of type 4, 50 000 of type 2 and 10 500 of 
type 0, and smaller numbers for the remaining possibilities, with a total of order 200000. 
Around 4% of type 0 models have a massive U (1) b-l (but a massless hypercharge boson). 
This is an enormous set of MSSM-like string vacua, although none of them has yet been 
subject to detailed phenomenological study. An important limitation in this respect is that 
the models correspond to particular points in the moduli space of CY orientifolds, so their 
moduli dependent effective action, relevant for issues like moduli fixing or SUSY-breaking, 
is difficult to obtain. Also, Yukawa couplings are in principle computable, although they 
are not yet available. Still there are interesting statistical results for, e.g., gauge couplings 
(see Section 16.1.3), and number of generations, Higgs fields, and vector-like extra matter 
(see Section 17.2). 


10.7.2 M-theory on G 2 manifolds* 


Supersymmetric intersecting D6-brane models can be related to purely geometrical com- 
pactifications of M-theory on seven-dimensional spaces of G 2 holonomy; thus M-theory 
on G 2 manifolds provide a definition of intersecting brane models beyond the perturbative 
regime. Moreover, there exist G 2 manifolds not admitting reduction to type IIA models, so 
this setup provides a new playground for model building. 

Supersymmetry and Gi holonomy manifolds 

In order to lift intersecting brane models to M-theory, we describe the lift of their basic 
ingredients. Recall from Section 6.3.3 that N D6-branes lift to a purely geometric back¬ 
ground in M-theory, described by an N -center Taub-NUT space (6.30) 


2 ^(*) ,->2 , V ( x ) /, 10 , -> ,-\2 

ds = - dx H- (dx + co ■ dx ) , 

4 4 v ’ 



(10.62) 


The purely geometric nature of the M-theory lift follows because all supergravity fields 
sourced by the D6-brane originate from the lid metric. This also holds for 06-planes, 
whose lift is a purely geometrical background, known as Atiyah-Hitchin space. For large 
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|x|, its geometry is approximately (10.62) with V = 1 — 4/|x|, modded out by (x, x 10 ) —»■ 
(—x, —x 10 ). The formal value N — —4 reproduces the 06-plane RR charge in the covering 
space. At short distances, there are exponentially suppressed corrections to this approxi¬ 
mation, which violate the (7(1) shift isometry in x 10 . 

Since both D 6 -branes and 06-planes lift to purely geometric backgrounds in M-theory, 
4d type IIA orientifolds with 06-planes and D 6 -branes lift to purely geometric compact- 
ifications of M-theory on a seven-dimensional manifold. Arguing as in Section 7.2.1, 4d 
Af = 1 supersymmetric models must correspond to compactifications on spaces with spe¬ 
cial holonomy. Indeed, the holonomy group must be G 2 , the subgroup of SO( 7) with one 
preserved spinor, as follows from the decomposition 

SO( 7) G 2 , 

8 —► 7 + 1. (10.63) 

Hence, the lifts of supersymmetric intersecting D 6 -brane models correspond to compacti¬ 
fications of M-theory on 7d spaces of G 2 holonomy (G 2 manifold, for short). 

An alternative definition of G 2 is as the subgroup of SO( 7) preserving the following 
3-form in R 7 

(p — dx nl + <7x 136 + <7x 145 + dx 246 — dx 235 — dx 241 — c/x 567 , (10.64) 

where dx 123 = dx 1 Adx 2 Adx 2 , etc. Hence, G 2 manifolds can be defined by the condition 
of having a covariantly constant 3-form q>, known as the “associative form”; equivalently, 
a nowhere vanishing 3-form satisfying dcp = cl * cp — 0, with local expression as in (10.64). 
The preserved spinor f and 3-form q> in a G 2 manifold are related, in analogy with (7.9) 
for CY spaces, by <p mnp — f I’,,, T„ Y p £, with Y m the 7d Dirac matrices. A further property 
of G 2 manifolds X 7 is that they are simply connected, i.e. b\ (X 7 ) = 0, so the indepen¬ 
dent Betti numbers are bjQti) and £> 3 (X 7 ); these arise naturally in the computation of the 
massless spectrum, recall Section 7.2.4. 

Manifolds of G 2 holonomy are notoriously difficult to construct. Since they have odd 
dimension, the powerful tools of complex geometry are inapplicable. In addition, there is 
no analog of Yau’s theorem translating the existence of a special holonomy metric into sim¬ 
ple topological conditions. Their mathematical study thus requires the explicit construction 
of metrics, successful so far only in a few non-compact examples. The only known explicit 
compact G 2 manifolds are constructed as orbifolds; a popular example is the Joyce mani¬ 
fold, a T 7 /Z 3 orbifold obtained by quotienting a square T 7 , with unit lengths, by the Z 3 
actions 


a : (x 1 ,..., x 7 ) -» (-x\-x 2 ,-x 3 ,-x 4 ,x 5 ,x 6 ,x 7 ), 

P : (x 1 ,... ,x 7 ) (-x 1 , j-x 2 ,x 3 ,x 4 ,-x 5 ,-x 6 ,x 7 ) , 

y : (x 1 ,..., x 7 ) —» (j - x 1 , x 2 , \ - x 3 , x 4 , -x 5 , x 6 , -x 7 ) , 


(10.65) 
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which clearly preserve (10.64). Each individual generator has 16 fixed T 3 ’s; these fixed 
sets are disjoint, so e.g. (5 and y swap different «-fixed T 3 ’s, etc. Hence in the quotient 
there are 3 x 16/4= 12 independent fixed T 3 's, with local A i singularities (i.e. locally 
C 2 /Z 2 , recall Section 6.3.3). It is possible to blow up the singularities to obtain a smooth 
G 2 manifold with /; 2 = 12, hi = 43, although M-theory is well-defined even in the singular 
orbifold space. In fact, as will soon become clear, 4d physics of M-theory compactifications 
is particularly interesting for singular G 2 spaces. 

M-theory on smooth G 2 manifolds 

Let us consider first compactifications of M-theory on G 2 manifolds in the supergravity 
approximation. This is suitable for compactifications on smooth G 2 manifolds in the large 
radius limit. The 4d JV = 1 massless spectrum can be obtained from KK reduction, in anal¬ 
ogy with the CY compactifications in Sections 7.3.1 and 10.1.1. Focusing on the bosonic 
sector, the massless lid fields are the metric G ^, and the 3-form C^^p. The number of 
massless modes of the 3-form are given by the Betti numbers of X 7 ; on the other hand, the 
3-form tp allows to establish a one-to-one correspondence between zero modes g mn of the 
G 2 holonomy metric and harmonic 3-forms a> mp q , via the contraction 

(t>mpq = VtApqg m y (10.66) 

This gives h^iX-j) real scalar metric moduli. The KK bosonic zero modes are: 


M-theory 

Gravity 

fc 2 Vector 

b-*, Chiral 

G 

Spv 


Wmnp 

C 


Cmn [i 

Cmnp 


Namely, we get the 4d M = 1 gravity multiplet, coupled to U (1 ) hl - vector multiplets and 
&3 neutral chiral multiplets. The spectrum of M-theory on smooth G 2 manifolds is 4d 
Af= 1 , but completely uninteresting from the viewpoint of particle physics model build¬ 
ing; there are no non-abelian gauge symmetries, and all chiral multiplets are neutral. This 
is not surprising, however, as it agrees with Witten’s proof, mentioned in Section 1.4, that 
compactifications of 1 Id supergravity on smooth 7-manifolds cannot lead to 4d chiral mat¬ 
ter. Indeed, the realization of non-abelian gauge symmetry and chiral matter in M-theory 
requires compactifications on singular geometries, as easily shown from the M-theory lift 
of D 6 -brane configurations. 

Codimension-4 singularities and gauge symmetry 

Recall from Section 6.3.3 that M-theory on an ADE singularity C 2 / T, with T C SU (2), 
produces an ADE enhanced gauge symmetry, localized on the fixed set of the orbifold. For 
the A and D cases this is related to the lift of overlapping D 6 -branes (coincident with an 
06-plane for the D case), whereas the E cases have no perturbative type IIA realization. 
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ADE singularities have four dimensions transverse to the singular locus and are said to be 
codimension-4. 

This realization of non-abelian gauge symmetries also holds in compactifications to 4d. 
Consider sets of N a D 6 -branes on special lagrangian 3-cycles 14in a CY (orientifold) 
compactification. The M-theory lift corresponds to a G 2 manifold, given essentially by an 
S 1 fibration with degenerations leading to C 2 /Z.v n singularities over the 3-cycles n fl on 
the base. The local singularities lead to enhanced non-abelian gauge symmetries, which 
upon KK reduction on the 3-cycles lead to 4d gauge symmetries. 

Denoting J, £2 3 the Kahler and holomorphic 3-forms of the underlying CY, the 3-form 
on the M-theory G 2 space X 7 is locally given by 

q> = Re ^3 + J A dx 10 . (10.67) 

The special lagrangian conditions (10.27) on the CY 3-cycles translate into the statement 
that the singular loci If of codimension-4 singularities in X 7 satisfy cp\u — 0; such loci are 
called associative 3-cycles, and provide the analog of supersymmetric cycles in CY man¬ 
ifolds. Although a general G 2 manifold is not necessarily related to a type IIA model, the 
main lessons extend trivially when phrased in this general language. In a G 2 manifold, an 
ADE singularity along an associative 3-cycle n leads to an enhanced ADE gauge symme¬ 
try on n. Subsequent KK reduction on n leads to 4d ADE vector multiplets and /; 1 (11) 
adjoint chiral multiplets. 

An interesting subtlety is that A ,v singularities in M-theory lead to SU ( N ) rather than 
U ( N ) gauge symmetries. This is the strong coupling avatar of the disappearance of t/(l)s 
due to B A F couplings in type IIA models. Although the type IIA U (l)s remain as per¬ 
turbative global symmetries, they are violated by non-perturbative brane instantons, see 
Chapter 13, and can be regarded as directly absent in the strong coupling M-theory setup. 
Accordingly, our upcoming discussions of M-theory lifts of IIA configurations are a bit 
cavalier in treating [/(I) factors. 

For future reference in Section 12.1.3, we describe a simple class of singular G 2 mani¬ 
folds with non-abelian gauge symmetries (but non-chiral matter content). Consider X 7 = 
(X 6 x S‘)/Z 2 , where X 6 is a CY, and Z 2 acts as x 10 -> —x 10 on S 1 , and as an antiholo- 
morphic involution 1Z on Xg, i.e. 7 Z(J) = — J, 'RXQt,) = O 3 . This is a G 2 manifold, with 
(10.67) as its preserved 3-form. The geometry is an S 1 fibration over a base X(J'JZ. The 
fixed points of the Z 2 action lead to SO (4) gauge symmetries localized at the fixed points 
of 1Z on the base. By shrinking the S 1 , the model corresponds to type IIA on X 6 mod- 
ded out by Q.1Z{—) Fl , with (~) Fl associated to the flip of x 10 in M-theory. The 3-cycles 
fixed under 1Z are wrapped by 06-planes, whose RR tadpole is canceled locally by the 
introduction of 4 overlapping D 6 -branes, reproducing the SO( 4) gauge factors. 

Codimension-7 singularities and chiral fermions 

Codimension-4 singularities produce gauge symmetries, but not 4d charged chiral fermions. 
The latter arise from a different kind of singularity in G 2 spaces, whose structure is sug¬ 
gested from the lift of intersecting D 6 -brane configurations. 
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Consider first a local model of two stacks of N and M D 6 -branes in flat lOd space, inter¬ 
secting over a 4d space, so they yield a 4d bi-fundamental chiral multiplet. In the transverse 
6 d the D 6 -branes span the 3-planes x 5 — x 1 — x 9 — 0 and x 5 — tan 0\ x 4 , x 1 = tan Oj x 6 , 
x 9 = tan 03 x 8 , with angles satisfying (10.10). The M-theory lift is a G 2 space with Ajv-i 
and Ajf-i singularities over 3-planes, intersecting at a worse singularity at the origin on 
the base; since the S 1 fiber also shrinks at this point, the singularity is codimension-7. 
Chiral matter is thus localized at codimension-7 singularities in G 2 manifolds; this clev¬ 
erly circumvents the smoothness assumption in the no-go result for chirality mentioned in 
Section 1.4. 

The G 2 holonomy metric in the above example can be approximately described as two 
intersecting Taub-NUT geometries as follows. Consider the metric (10.62) for N = N a + 
Nb, with base coordinates x = (x 5 , x 7 , x 9 ) and center positions x a = 0 for a — 1 , ..., 

N + M; this is the M-theory lift of N + M D 6 -branes at x = 0. In order to describe the 

lift of intersecting D 6 -branes, we fiber non-trivially the (N + M)-center Taub-NUT geom¬ 
etry over the three extra coordinates (x 4 , x 6 , x 8 ), by letting the center coordinates vary 
over them, as 

x a = 0 for a = 1,..., N, 

x a = (tan 0i x 4 , tan O 2 x 6 , tan @3 x 8 ) for a = N + 1, ..., N + M. 

This describes Ajv-i and Am- 1 singularities over the loci x 5 =x 7 =x 9 = 0 and x 5 = 

tan 0i x 4 , x 7 = tan 02 x 6 , x 9 = tan 03 x 8 , respectively. They intersect at the origin, at which 
all centers coincide and enhance the singularity to a local An+m- The geometry can be 
described as an “unfolding” of singularities An+m -> Ajy-i x Am- 1 . This unfolding is 
qualitatively similar to the unfolding in F-theory in Section 11.5.2, although the dimensions 
of the singular loci and their intersections are different in both cases. 

The unfolding picture is particularly useful to read off the gauge representation of the 
localized chiral matter. The above system can be regarded as a configuration of coincident 
N + M D 6 -branes, with U (N + M) symmetry, deformed by the relative rotation breaking 
the group to U(N) x U(M), see Figure 10.14; the 4d bi-fundamental chiral matter at the 
intersection arises from states in the adjoint of U(N + M) which are not in the adjoint of 
the actual U ( N ) x U (M) gauge group, 

U(N + M) -> U(N) x U(M), 

Adj -» (Adj, 1) + (1, Adj) + [ (N, M) + c.c. ]. (10.68) 

Similarly, in G 2 compactifications the 4d chiral matter content can be read out from the 
group-theoretical decomposition of the symmetries involved in the unfolding. In the 
M-theory unfolding of singularities (10.68), the massless chiral multiplet arises from 
M2-branes on additional collapsed 2-cycles localized at the codimension-7 singularity. 
These can be constructed in the intersecting Taub-NUT geometry as fibrations of the S 1 
over segments joining the two singular loci on the base. 
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Figure 10.14 Unfolding of enhanced symmetry loci in M-theory is analogous to tilting parallel 
D6-branes in type IIA theory. 


This picture can be generalized to codimension-7 singularities corresponding to unfold¬ 
ings G —»■ ® r G r , of any ADE singularity, with associated symmetry G, into several 
ADE singularities, with symmetries G r . The chiral matter representations arising at the 
codimension-7 singularities can be read off from the decomposition of the adjoint of 
G under the subgroup <Ei r G r . For instance, unfolding a local Eg singularity into a £>5 
singularity corresponds to 

E 6 50(10) x 0(1), 

78 -* 45 +1 + [16 + c.c.]. (10.69) 

The intersection supports a 4d chiral multiplet in the spinor representation 16 of 50(10). 
Since it involves a local E 6 enhancement, this local configuration is genuinely M-theoretical 
and admits no perturbative type IIA realization. This is in agreement with the fact that 
spinor representations cannot arise from perturbative D-brane constructions. Somewhat 
more trivially, other unfoldings can provide the matter multiplets for 50(5) GUT model 
building 


SU ( 6 ) - 

■* 5(7(5) x (7(1), 


35 - 

* 24 + 1 + [5 + c.c. ]. 


50(10) - 

> 5(7(5) x (7(1), 


45 - 

* 24+1 + [10 +c.c.]. 

(10.70) 


for the 10 , 5, or their conjugate representations. These unfoldings admit a type IIA inter¬ 
pretation in terms of intersecting D 6 -branes, with 06-planes for SOI 10). 

These local rules allow in principle to envisage the possibility to construct G 2 manifolds 
leading to particle physics models, by engineering singularities over loci with suitable 
intersections. However, the difficulties in the construction of compact G 2 manifolds short- 
circuit most attempts at explicit model building. On the other hand, general results for 
the effective action of M-theory on G 2 manifolds in Section 12.1.3, together with the 
above intuitions, can be exploited in the construction of M-theory inspired phenomeno¬ 
logical models. 
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Type IIB orientifolds 


In this chapter we construct orientifolds of type IIB 4d compactifications. There are several 
constructions in this class, including toroidal orientifolds, systems of D3-branes at singu¬ 
larities, and magnetized D-branes, providing the mirrors of type IIA models in Chapter 10. 
We also introduce F-theory and its compactifications. These setups provide a rich arena for 
particle physics model building in string theory. 


11.1 Generalities of type IIB orientifold actions 

Type IIB orientifolds are obtained by considering IIB theory on a CY X(, and modding out 
by Q.1Z, where R, is a geometric symmetry acting holomorphically on the complex coor¬ 
dinates on X6. For instance, the simplest orientifold action is just f2, with trivial R, thus 
acting holomorphically Zi —> Zi in a trivial way. These models involve lOd spacetime fill¬ 
ing orientifold planes (09-planes) and open string sectors (D9-branes), and so correspond 
to type I compactifications on X(>, which are thus included as particular type IIB orien¬ 
tifold compactifications. Additional constructions are obtained for non-trivial actions R, 
as follows: 

• 07/D7 models : Consider the orientifold action £2R,(— 1) Fl , where R, acts as Zi -* —z; 
leaving other complex coordinates invariant; the factor (— \) Fl , with F[ being the left- 
moving fermion number, is necessary for the orientifold action to square to the identity 
operator. The quotient introduces 07-planes at the fixed points of Rj, namely trans¬ 
verse to the coordinate Zi, and wrapped on a 4-cycle parametrized by the remaining two 
complex coordinates. Their RR charges must be canceled by D7-branes along similar 
4-cycles, usually denoted D7,-branes. These models are closely related to the F-theory 
constructions in Section 11.5. 

• 05/D5 models : Consider the orientifold action Q R, Rj , with i ^ j. The action R, R , 
flips the coordinates Zi, Zj, leaving invariant the remaining complex coordinate Zk, with 
i / j yL k ^ i. The model contains 05-planes transverse to the directions Zi, Zj, and 
wrapped on a 2-cycle parametrized by zu ■ Their RR charge is canceled by D5-branes, 
denoted D5&-branes, transverse to Zi, Zj and spanning zk- 
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• 03/D3 models'. Consider the orientifold action £2R\ l) fL , where the geometric 

action flips all complex coordinates. The models contain 03-planes, sitting at points in 

the internal space X(>, and whose RR charge is canceled by D3-branes. 

In models with 03- or 07-planes, the geometric part of the orientifold action 7Z acts 
as J -* J, —> — Q 3 , whereas in models with 05- or 09-planes 7Z acts as ./ —>■ .7, 
£2 3 —» O 3 . Certain compactifications can include O-planes and D-branes of different 
kinds, as long as they preserve a common 4d AT — 1 supersymmetry in the compactifi- 
cation. This is the case, e.g., for D7- and D3-branes, since there are spinors satisfying 
conditions (6.5) for p = 7,3 simultaneously, and for D9- and D5-branes, with preserved 
spinors satisfying (6.5) for p = 9, 5. Type IIB orientifolds with 03- and/or 07-planes (and 
D3- and/or D7-branes) are referred to as D3/D7-models (also 03/07-models); similarly 
for D9/D5-models (also known as 09/05-models). 

In toroidal compactifications (or orbifolds thereof), different type IIB orientifolds are 
related by T-dualities, as follows from Section 5.3.4; for instance, they relate D9/D5- 
models and D7/D3-models, as further discussed in Section 11.2.3. In more general CY 
spaces it is not possible to perform such T-dualities, so D9/D5- and D7/D3-models are 
inequivalent. Still, the realization of type IIA/IIB mirror symmetry as T-duality, in Sec¬ 
tion 10.1.2, persists even in the presence of O-planes and D-branes. Hence, any orientifold 
of type IIB on a CY X 6 can be mapped into an orientifold of type IIA on the mirror CY Y 5 . 
A simple realization of this relation will relate the magnetized brane models of Section 11.4 
to the intersecting brane models of Chapter 10. 

Closed string spectrum 

Before entering a more explicit study of type IIB D-brane models, we conclude with the 
discussion of the closed string spectrum in type IIB CY orientifold compactifications. 
This is obtained by considering the closed string spectrum of type IIB on X(,, recall Sec¬ 
tion 10.1.1, and truncating to states invariant under the orientifold action. For instance, the 
4d Af — 2 gravity multiplet projects down to the J\f=l gravity multiplet, and the Kah- 
ler structure hypermultiplets reduce to h\ \ chiral multiplets. To these one has to add the 
complex dilaton S chiral multiplet. Finally, the hi. \ 4d J\f = 2 vector multiplets truncate 
to /ijj Af — 1 vector multiplets and hZ , chiral multiplets, where hj , denote the numbers 
of ( 2 , l)-forms even or odd under the geometrical action 7 Z in the orientifold operation. 
This is as expected from mirror symmetry on the IIA result in Section 10.1.3. Note this 
is consistent with the IIA result in Section 10.1.3, with the mirror symmetry exchange 
hf j -o- hj j. The microscopic description of these multiplets in terms of lOd fields is 
described in Section 12.1.2. 


11.2 Type IIB toroidal orientifolds 

Toroidal orbifolds provide a particularly simple class of compactifications displaying many 
of the properties of CY compatifications, while keeping an exact description from the 
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worldsheet viewpoint. Thus it is natural to construct orientifolds of type IIB compacti- 
fications on toroidal orbifolds, known as type IIB toroidal orientifolds. The closed string 
sector can be computed using orbifold techniques analogous to those in Section 8.2, and 
implementing the orientifold projection as described above; the results will be briefly pro¬ 
vided in our examples below. Our main interest, however, lies in the D-brane sector, which 
we discuss in several illustrative examples. 


11.2.1 £2 -orientifold of type IIB on T 6 /Z,; 

As a case study, we consider the £2-orientifold of type IIB on T 6 /Z 3 - this orbifold already 
appeared in Section 8.2 in the context of heterotic compactification. Equivalently, this can 
be regarded as type I on T 6 /Z 3 . We work this example in some detail, as it provides the 
basis for many extensions discussed later on. 

The starting point is type IIB on the toroidal orbifold T 6 /Z 3 , recall Figure 8.4. The par¬ 
ent torus is based on the SU (3 ) 3 root lattice, i.e. the product of three 2-tori parametrized by 
complex coordinates Zk, k = 1,2, 3, with identifications zk — Zk + 1 and zk — Zk + e 2jTl / 3 , 
where here we take radii Rj = 1 for simplicity of presentation. The orbifold generator 6 
acts with the twist vector v = j(l, 1 , —2), i.e. 

O'. (zt,Z2,Z3) ->• (e 2jrivi zi, e 27TIV2 Z 2 , e 27T,V3 Z3). (11.1) 

Before the orientifold projection, the 4d Af — 2 model has the following massless spectrum: 
the untwisted sector contains the gravity multiplet, and 9 0 -invariant Kahler moduli hyper- 
multiplets, while all complex structure moduli (vector multiplets) are projected out; in the 
twisted sector, there are 27 fixed points, and each contains one Kahler modulus hyper- 
multiplet. Geometrically, the latter are blowing-up modes replacing the singular points 
by compact 4-cycles. The Hodge numbers corresponding to the model are {h\ \, /; 2 , 1 ) = 
(36, 0), recall Table 8.2. Modding out by £2, the geometric action is trivial and we have 
hj | = | = 0 , so the closed string sector truncates to the 4d Af — 1 gravity multiplet, 

the dilaton chiral multiplet and 36 Kahler moduli chiral multiplets. In particular there are 
no RR C/(l) gauge bosons. 

The orientifold quotient by £2 introduces one 09-plane filling 4d Minkowski spacetime 
times T 6 /Z 3 , which generates a tadpole canceled by the introduction of D9-branes. In the 
following we describe the orbifold and orientifold quotients on this D-brane system, in a 
rather general language useful for later examples. For this purpose we momentarily keep 
the number N of D9-branes arbitrary, although the familiar type I RR tadpole cancellation 
constraint (recall Section 4.4.3) will eventually impose N = 32. 


Algebraic constraints and general spectrum 

The system of N D9-branes wrapping T 6 , has open string states with structure XO |0), 
where X is the Chan-Paton factor and O contains the oscillators. For massless states, the 


11.2 Type 1IB toroidal orientifolds 343 

latter are efficiently described in the bosonized formulation of Section 4.2.6 in terms of an 
SO(8 ) weight vector r : 

NS R 

V: r = (0, 0, 0, ±) r = ± (l, *, *,-l) , 

<S>i : r = (±, 0,0,0) r = ±(-\, i= 1,2,3, (11.2) 

‘ i 

where the underbrace indicates that the different entry is at the / th position, and the last 
entry encodes the 4d Lorentz quantum numbers. These fields correspond to a 4d J\f — 1 
vector multiplet V , and three chiral multiplets <f>,, i = 1, 2, 3, in the adjoint representation, 
the D9-brane Wilson line moduli along the three 2-tori. 

The open string sector suffers the actions of Q and the orbifold generator 0. They 
generate the orientifold group 

Gorient = {1,0, 0 2 , O, Q.0, OO 2 }. (11.3) 

It is convenient to first impose the orbifold projection, and then mod out by O. Open 
strings do not admit twisted boundary conditions, so the effect of the orbifold is just to 
truncate onto 0-invariant states, exactly as for untwisted sectors. Using an enlarged v = 
(i>i, i> 2 , t’ 3 , 0), the 0 action on the operator part O of states (11.2) is 

0 : \r) -* e 2ltir - v \r). (11.4) 

This corresponds to V —> V, T>, —> e 2nl <t>,, consistently with the geometric action 
(11.1). In addition, the action of 0 on the Chan-Paton factor is implemented through an 
N x N unitary matrix ye , 9 , satisfying yg 9 = 1 ,y. Without loss of generality it can be 
diagonalized and described as 

Ye ,9 = diag (1„ 0 , a 1„,, a 2 1„ 2 ), (11.5) 

where a = e 2jr '/3 anc j n 0 + «t + «2 = N. Namely n a denotes the number of Chan-Paton 
indices (i.e. D9-branes) with 0-eigenvalue e 2nia O, The Chan-Paton matrix X is in the 
adjoint representation of U (AO, so 0 acts by conjugation 

^ Y0,9^Yq c)- (11.6) 

Note that, since 0 generates the orbifold group, we have y e k 9 = {ye,9) k ■ The states surviv¬ 
ing the combined geometric and Chan-Paton orbifold projection are 

Multiplet Condition Fields 

Vector X = yg,gXy^ 9 f/(«o) x U(n\) x UU 12 ), (11-7) 

Chiral X = e l7li l ? ’ye, 9 Xy-l 3 [ (Do. □ 1 ,1) + (1, □ 1 , D 2 ) + (Do, 1, ^ 2 ) ]. 

As in Chapter 10, we omit (7(1) charges, since fundamental/anti-fundamental represen¬ 
tations of SU(N ) always carry charge ±1 under the corresponding (7(1). Note that the 
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gauge group arises from open strings with both ends on the same kind of D9-branes (i.e. 
with same Chan-Paton 9 -eigenvalue), while chiral matter arises from open strings stretch¬ 
ing between D9-branes of different kinds; the analogy with intersecting brane models is a 
consequence of mirror symmetry to type IIA models. 

We now impose invariance under Q. Its action on the operator part O of massless states 
is a — 1 factor, as in lOd type I in Section 4.4.3. The action on Chan-Paton factors is defined 
by a matrix ynp, acting as 

^ ~*► Yn,9^ T Kq,9> (11-8) 

where the transposition implements the fact that worldsheet orientation reversal exchanges 
ab and ba open strings. As in Section 3.4.3, applying this twice and requiring Q 2 = I 
leads to the constraint (3.115) 

YQ.9 = ±Pn,9- (H- 9 ) 

The negative and positive signs correspond to the Sp and SO projections, respectively; as 
in lOd type I, the cancellation of the RR 10-form tadpole is possible only for the latter, 
hence yq ,9 = Yq g- O ne can analogously derive mutual algebraic consistency conditions 
of the orientifold and orbifold actions, Yn ,9 and yop. In particular, one finds 


Kq,9 Ye k ,9 KS2,9 — Ye~ k ,9- 


( 11 . 10 ) 


In other words, the orientifold action exchanges sets of D9-branes with conjugate Chan- 
Paton phases in ye, 9 - Hence an Q invariant configuration of D9-branes must have n \ = nj. 
In the basis (11.5), the matrix yn ,9 takes the form 


YQ, 9 = 



*-«i 



( 11 . 11 ) 


where absent entries are zero. States surviving the orientifold projection must have Chan- 
Paton ^-transformation compensating the —1 factor on O, as follows: 

Multiplet Condition Fields 

Vector k = —Kq, 9 k T Yq\ SO(no) x U{n\) 

Chiral k = -yn, 9 k r y~] 9 3 [ Po.Bi) + (1, gi) ]. (11.12) 

Intuitively, the D9-branes leading to U (no) are mapped to themselves under the orientifold 
action, yielding SO(no). The original U(n i) and U (ht) factors are swapped, and lead to 
one invariant linear combination. For chiral multiplets, the fundamental representations of 
U(n a ) are exchanged with anti-fundamental representations of U(n- a ), with a understood 
mod 3. Hence, each (po.Di) is exchanged with one (do, D 2 ), leading to an invariant 
combination, while the (□ i, □?) are mapped to themselves and project down to two-index 
antisymmetric representations. 
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Figure 11.1 Twisted tadpoles for disk and crosscap diagrams. The G k -twisted closed string insertion 
introduces a branch cut, denoted by the dashed line, across which worldsheet fields suffer a G k action, 
in particular a ygk factor for boundary Chan-Paton indices. 


The model contains non-abelian gauge interactions, and replicated charged chiral matter. 
The three sets of chiral multiplets are related to the three complex planes in the 6 d space; 
this will be exploited to build 3-generation models in Section 11.3.3. 

Cancellation of RR tadpoles 

As in Section 10.3.1 for type IIA models, the consistency of type IIB orientifolds also 
requires the cancellation of RR tadpoles. In orientifolds of toroidal orbifolds, tadpoles for 
untwisted RR fields are known as untwisted tadpoles; for instance, in the present Z 3 model, 
the orientifold action Q in (11.3) produces a RR 10-form tadpole, which as in lOd type I 
theory in Section 4.4.3, fixes the total number of D9-branes to be 

N = 720 + 2/2] =32. (11.13) 

In addition, there are twisted tadpoles, i.e. associated to RR forms in the twisted sector, 
arising from disk and crosscap diagrams with one 6 k -twisted sector closed string insertion, 
see Figure 11.1. These can be computed from factorization of the one-loop Klein bottle, 
Moebius strip, and cylinder amplitudes, see Section D.2 for details, leading to the result 

tr ye ,9 = try^ 9 = -4 =>- n 0 - 2n\ — -4. (11.14) 

It will be shortly interpreted more physically in terms of 4d anomaly cancellation. The tad¬ 
pole conditions (11.13), (11.14) are solved by no = 8 , n\ — 12, so the massless spectrum 
( 11 . 12 ) becomes 


Vector mult. SO( 8 ) x 1/(12), 

Chiral mult. 3 [ ( 8 ,12)_i + (1, 66 ) 2 ], (11.15) 

where we have listed the 1/(1) charges as subscripts. The model is not particularly appeal¬ 
ing from the phenomenological viewpoint, but provides a good starting point for more 
interesting upcoming constructions. 

Cancellation of cubic non-abelian anomalies 

As in earlier orientifold models, the close relationship between RR tadpole cancellation 
and anomaly cancellation also holds in type IIB orientifolds. In the above Z 3 example the 




346 


Type 1IB orientifolds 


RR tadpole conditions can in fact be recovered from anomaly cancellation arguments, as 
follows. First note that away from the orbifold fixed points, the local dynamics is that of a 
lOd type I theory, so cancellation of lOd anomalies locally in the bulk requires the presence 
of 32 D9-branes, namely (11.13). Secondly, cancellation of non-abelian SU (n\ y anoma¬ 
lies for the general 4d open string spectrum (11.12) is precisely the condition (11.14). This 
example nicely illustrates the general lesson for type II orientifolds that RR tadpole cancel¬ 
lation guarantees cancellation of 4d anomalies. The former may however be stronger than 
the latter, e.g. as some RR tadpole conditions (like the condition N = 32) may not relate to 
4d anomalies, but rather to cancellation of anomalies in higher dimensions. 

In addition to cubic non-abelian anomalies, there are also mixed U( 1) gauge and gravi¬ 
tational anomalies; their cancellation involves a 4d Green-Schwarz mechanism, studied in 
the next section for general IIB toroidal orientifolds. 


Other toroidal orientifolds 

The above techniques can be used to construct other toroidal orientifolds. Although chiral, 
they do not have direct phenomenological interest, and we skip their detailed discussion, 
simply quoting some examples in Table 11.1. An interesting novelty is that the orientifold 
group for even order orbifolds contains actions like QR \ Ri in addition to Q, requiring the 
introduction of D5-branes in addition to the D9-branes, leading to 9-9, 5-5, and 9-5 open 
string sectors. For even order Z,y orbifolds, cancellation of RR tadpoles can in general be 
achieved only for ( yg) N = — 1 , usually referred to as “without vector structure.” For future 
reference, the orbifold Chan-Paton action is 

Ye ,9 = diag(a 1 / 2 l, (1 , a 3 / 2 1„ 2 ,..., a ( 2 A ' _ 1 )/ 2 l„ JV ) , a 1/2 =e 7t,/N , (11.16) 

and similarly for D5-branes. The orientifold action exchanges D-branes with opposite 
phases in yg, hence n a = n- a + 1 , with a understood modulo N. Recalling from Sec¬ 
tion 6.1.3 the opposite orientifold projection for D9- and D5-branes, the matrices have 
the structure (with some obvious reordering of entries) 



(0 1 \ 


/on 

Yq,9 = diag (l ni ,.. 

■ • - l n N/2 ) ® 1 j Q 1 

; yn ,5 = i diag(l mi ,. 

• ■ - l m N/2 ) ® 1 _j q) 


We note that some orbifolds do not lead to consistent 4d Af — 1 orientifolds. Computa¬ 
tions generalizing those in section D.2 show that orbifolds containing the twist ^(1, 1, —2) 
produce twisted RR tadpoles which cannot be canceled with supersymmetric sets of 
D-branes. 

The Z 2 x Z 2 toroidal orbifold produces a model, not listed in Table 11.1, containing D9- 
branes and D5, -branes wrapped on the z th T 2 for i = 1, 2, 3. In the present setup it leads 
to non-chiral spectra, e.g. with a gauge group USp(\ 6) 4 when all D5-branes are located at 
orbifold (and orientifold) fixed points. Despite its present seeming little phenomenological 
interest, the addition of D-brane worldvolume magnetic fluxes will induce the appearance 
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Table 11.1 Gauge group and charged chiral multiplets in some Z.y and Zjf xZ m 4d 
Af = 1 type IIB orientifolds. Only models with at most one set of 5-branes are shown, and 
they are taken to sit all at the fixed point at the origin 


Point group 

(99)/(55) matter 

(95) matter 

Gauge group 



Z 3 

U( 12) x 50(8) 

3(12, 81/)+ 3 (66,1) 

- 

Z 3 X Z 3 

U (4 ) 3 x SO( 8 ) 

(4,1,1, 8 V ) + (4, 4,1, 1) + (6, 1,1,1) 

- 

Z 7 

U (4 ) 3 x SO( 8 ) 

(4, 1, 1, 8y) + (4, 4,1, 1) + (6, 1,1.1) 

+ (4, 4, 1,1) + (1. 4, 4,1) + (4. 1, 4,1) 

- 

z 6 

(t/( 6) 2 x U (4 )) 2 

2(15. 1,1)4-2(1,15,1) 

+2(6,1,4)+ 2 (1,6. 4) 

+(6,1,4)+ (1,6, 4)+ (6,6.1) 

(6,1.1; 6.1. 1) + (1,6, 1; 1,6,1)+ 
(1,6,1; 1.1,4) + (1,1,4; 1,6,1)+ 

(6,1,1; 1.1. 4)+ (1,1, 4; 6,1,1) 

K 

(U (4 ) 2 x U ( 8)) 2 

(4,1,8) + (1,4,8) + (6,1,1)+ 

(4,1. 8) + (1, 4, 8) + (4, 4, 1) + (1,1, 28) 
+(1,1. 28) + (4,4,1) + (4, 4,1) 

(4,1,1; 4,1. 1) + (1,4, 1; 1,4,1)+ 
(1,4,1; 1.1,8) + (1,1,8; 1,4,1)+ 

(4,1,1; 1.1.8) + (1, 1,8; 4, 1, 1) 

Z 3 x Z 6 

(t/(2 ) 6 x U (4 )) 2 

(2, 2, l 5 ) + (l 2 , 2, 2, l 3 ) + (l 4 , 2, 2,1)+ 
(l 4 , 2, 1, 4) + (l 5 ,2. 4) + (1, 2, l 2 , 2. I 2 ) 
+(1 3 , 2, 1, 2,1) + (2.1 5 , 4) + (2, l 4 , 2.1) 
+(1 2 , 2, l 3 , 4) + (1, 2.1 4 , 4)+ 

(l 2 , 2, 1, 2, l 2 ) + (l 3 , 2, l 2 , 4) + 4 (l 7 ) 

(2, l 6 ; 1. 2.1 5 ) + (l 2 , 2, l 4 ; l 3 , 2, 1 3 )+ 
(l 4 . 2, l 2 ; 1 5 ,2,1) + (1 5 .2.1;1 6 ,4) 
+(1 4 , 2, l 2 ; l 6 , 4) 

+ same with groups reversed 

Z12 

(£/( 3 ) 4 x U( 2 ) 2 ) 2 

(3.1,3, 1,1,1)+ (3.1,1.1.2,1)+ 
2(1.3,1,1,2,1) + 2(3, 1,1, 1,1,2)+ 

2(1. 1,1, 3, 2,1) + 2(1, 1, 3, 1,1, 2)+ 
(3,1.1.1,1,1) 

(3, l 5 ; 1, 3, l 4 ) + (1, 3,1 4 ;1 5 ,2)+ 

(3, l 5 ; l 4 , 2, 1) + (l 2 , 3.1 3 ; l 4 , 2,1)+ 
(l 2 , 3, l 3 ; l 3 , 3, l 2 ) + (l 3 ,3, l 2 ; l 5 ,2) 
+ same with groups reversed 


of chirality, allowing the explicit construction of interesting particle physics models, see 
Section 11.4.2. 

Incidentally, several toroidal orientifolds contain closed string RR U( 1) gauge bosons, 
arising from hlf j as described in Section 11.1, see also Section 12.3.3. This is the case 
for instance for the 7J () and Z 12 models, with three and one RR U ( 1 ) gauge bosons in the 
twisted sectors, respectively. Possible phenomenological implications of such U( l)s will 
be discussed in Section 16.4.3. 


11.2.2 Cancellation ofU(l) anomalies 

As explained in the above Z 3 example, in general type II orientifolds cubic non-abelian 
triangle anomalies are automatically zero as a consequence of the RR tadpole cancellation 
conditions. On the other hand, mixed U( 1) gauge and gravitational anomalies cancel by a 
4d Green-Schwarz mechanism, mediated by exchange of RR fields. The basic mechanism 
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Figure 11.2 Couplings of D-brane worldvolume gauge bosons and 6^-twisted RR fields mediating 
the anomaly cancellation mechanism. 


is very analogous to that studied in type IIA orientifolds in Section 10.3.1, as expected 
from mirror symmetry. The relevant Green-Schwarz diagrams, for the particular case of 
mixed U( 1) non-abelian anomalies, are in fact as in Figure 10.6. We turn to the microscopic 
description of these couplings. 

Green-Schwarz mechanism in type IIB toroidal orientifolds 

We focus on orbifolds, with D9- (and possibly D5-) branes; generalization to other 
models is straightforward. The Green-Schwarz couplings of D-brane gauge bosons to the 
RR fields arise from the worldsheet disk diagrams in Figure 11.2. These can be computed 
using CFT techniques, but their basic structure can be guessed as follows. The closed string 
fields involved are RR forms associated to the non-trivial cycles in the compactification, 
which in toroidal orbifolds arise in twisted sectors. From the insertions of closed and open 
external states in the diagram, the coupling of a U(l) a gauge boson and a 6 k -twisted 2-form 
If has the structure 

tr {ve^a) B k AtrF U(i)a’ (11-17) 

where X a is the Chan-Paton wave function for the U (1 ) a gauge boson string state and y e k 
implements the transformation of Chan-Paton indices in surrounding the insertion of the 
0^-twisted vertex operator; for untwisted RR fields such couplings vanish, since tr a„ = 0 
from cancellation between D-branes and their images. 

Similarly the RR 2-form B k couples to two non-abelian gauge bosons via 

tr ( Yg^b) (*> 3 ) =* tr (?o X b) <*k tr(F b A F b ), (11.18) 

where co^ is the Chern-Simons 3-form (4.82) for the non-abelian gauge factor G b . In the 
second expression we have integrated by parts, dualized the 2-form If into a scalar a k , and 
used da >3 = tr F 2 . For mixed gravitational anomalies, there is a similar coupling, with the 
gravitational Chern-Simons wf dv (with da >| lav = tr R 2 ), and X b replaced by the identity 
matrix to reproduce the universal coupling of gravity. 

The full Green-Schwarz amplitude contributing to the mixed U{l) a x G? anomaly 
receives contributions from all twisted RR forms, and has the structure 

c f tr * a ) tr (yo*,p ' k b) - 

k 


Aab 


Cl. IT) 
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where the factor of —i/2 is introduced for later convenience, and the indices a, ft indicate 
the e.g. D9/D5-brane sector containing the gauge factors a, b, respectively. The coefficients 

aft 

C k depend on these sectors and are given by 

3 

C a k = ]~~J (2 sinjrAm,) a = /3, i.e. both in D9s or same D5;s, 

i=t 

Cf =2sinjtkvi (11.20) 

In the second line, i refers to the unique complex plane with DD or NN boundary con¬ 
ditions for open strings in the ab sector. These crucial numerical factors arise from the 
computation of the cylinder diagram, see section D.2 for analogous factors. 

We can make (11.19) more explicit as follows. For odd order orbifolds, in the Chan- 
Paton matrix generalizing (11.5) the y g k -eigenvalue for the «th set of D-branes is e 2jTI ak / N 7 
with a mod N. Also, the nth gauge boson has Chan-Paton wave function X a = diag 
(l a , — 1 - a ), with subindices denoting the location of the non-zero entries, at the D-brane 
and its image, and the relative minus sign arising from the orientifold exchange Q, 4* . 

For even order orbifolds, the ath set of D-branes has y e k -eigenvalue e 2nl k( 2 a-i)/ 2 N, ant j 
X a = diag ( l a , — l- a +i). We thus have 

Odd : tr (y/k a ) = 2 i n a sin Even : tr ( y e k = 2 i n a sin 

tr (: Ye k b) = cos tr (ve^b) = ^“^cos 

( 11 . 21 ) 


The factor of n a in the first line arises from the U( 1) normalization. In both cases the 
Green-Schwarz contribution (11.19) for mixed non-abelian anomalies reads 


1 2nka 2 nkb 

A a b = — > C, n a sin- cos- 

A V N N 

k 


( 11 . 22 ) 


For U(l) a -U(1)1 anomalies there is a similar result, up to a factor of 2 rib from the U (1)/, 
normalization. For mixed gravitational anomalies, one must include a normalization factor 
| = and sum over all D-branes and images 


A 


a 


3 1 

4 N 




2tc ka 2nkb 

sin- 2 rib cos- 

N N 


(11.23) 


These amplitudes suitably cancel the triangle contributions to mixed anomalies. Their 
underlying general structure is further clarified in a related setup in Section 11.3.2, but 
we now illustrate their surprising numerics with an example. 


Examples 

Let us verify the Green-Schwarz anomaly cancellation in the Z 3 orientifold of 
Section 11.2.1. The reader may check that the massless spectrum (11.15) has the following 
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f/(l) mixed and cubic triangle anomalies with respect to SU (12). S 0(8) 

A um (SU(l2), SO{8 ), U (1), grav) = (18, -36,432, 108). (11.24) 

Using C“' J ' =—C^ — —3 73, the Green-Schwarz contributions give 
Au(i)(SU (12), 50(8), U (1), grav) 

= i 2 (-373) (l2 ^) 1,24 (-0 , ^(-4)) = (18, -36, 432, 108), 

(11.25) 

where the factor 2 comes from the sum over k = 1, 2. These contributions exactly cancel 
those from the triangle diagrams. 

Further discussions of anomaly cancellation, also involving factors in different D-brane 
sectors, will come up in Section 11.3.2. The modifications that anomaly cancellation implies 
for gauge kinetic functions are discussed in Section 12.3.2. The couplings of (anomalous 
or not) t/(l) gauge bosons to RR 2-forms, the corresponding masses and FI terms are dis¬ 
cussed in Section 12.4. In coming examples of particle physics models it will be necessary 
to ensure that the hypercharge generator does not have this kind of coupling. 


11.2.3 Additional model building ingredients 

There are additional ingredients which can enrich the model building possibilities of type 
IIB toroidal orientifolds. These include general Wilson lines and arbitrary D-brane posi¬ 
tions (which are related by T-duality); also the introduction of antibranes, which relaxes 
the constraints of supersymmetry. 

T-duality and D3/D7-brane models 

In addition to models with D9- and/or D5-branes, there exist type IIB orientifold mod¬ 
els whose untwisted RR tadpole conditions require the introduction of D3- and/or D7, - 
branes. As mentioned in Section 11.1, they correspond to orientifold actions f2R, (— \) Fl , 
or Q,R\R2R^{— 1) Fl , with R, : Zi —*■ — Zi . For toroidal orientifolds, these D3/D7-models 
are related by T-duality to D9/D5-models. Indeed, T-duality along the two directions in 
(T 2 )/ changes the orientifold operation by a factor of /?,■(— \) Fl , and maps D-branes 
wrapped on (T 2 ), into unwrapped D-branes, and vice versa. For instance, an QR\ (— I 7' 
orientifold, with D7i-branes, can be T-dualized along the two directions of (T 2 ) i into 
an orientifold with D9-branes. Similarly, T-duality along all T 6 directions maps it to 
an Q.R 2 R 1 orientifold with D5i-branes. Note that such T-dualities can also relate models 
with D9-branes to models with D5-branes, and vice versa. These T-dualities relate toroidal 
models with same orbifold groups, but different orientifold action and D-brane content. 

Despite this relation, it is important to understand the direct construction of D3/D7- 
models, since the equivalence of D9/D5- and D3/D7-models holds only for toroidal orien¬ 
tifolds, but not for more general CYs. Also, even within toroidal orientifolds, some features 
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may be more manifest in some particular picture; for instance, the upcoming interpretation 
of Wilson lines as D-brane positions in the T-dual. 

For this purpose we briefly review the direct construction of the Z 3 orientifold with 
D3-branes, i.e. with orientifold action l) Fi . There are four orientifold fixed 

points on each two-torus, leading to 64 03-planes, with charge — ^ according to (5.52), 
and so requiring 32 D3-branes for (untwisted) RR tadpole cancellation. The 03-plane at 
the origin in all three complex planes is at an orbifold fixed point, and generates a twisted 
RR tadpole, to be canceled by D3-branes sitting at the origin, with the condition 

tr Ye ,3 = try 0 2 3 = -4, (11.26) 

where ye, 2 is the orbifold Chan-Paton matrix, which has the general structure (11.5). There 
are no further points fixed simultaneously under the orbifold and orientifold action, and so 
no further RR twisted tadpoles to be canceled with D3-branes. 

For simplicity we choose all 32 D3-branes at the origin. The computation of the open 
string spectrum just requires imposing the orbifold and orientifold projection on the Af = 4 
spectrum in the parent toroidal model. The orbifold projection leads to the U(no)xU (n 1 ) x 
UO 12 ) theory in (11.7), and the subsequent orientifold projection enforces n \ — n 2 and 
produces the SO (no) x U(n\) theory in (11.12). The integers no, n \ are constrained by the 
tadpole conditions, solved by 

Ye, 3 = diag (lg, a l l2 , a 2 l u ), (11.27) 

with a — e 2jr '/ 3 . The resulting spectrum is the 5(9(8) x (7(12) theory (11.15). Clearly 
these computations as well as other physical results are identical to those for the D9-brane 
model in Section 11.2.1, as expected from T-duality. 

Wilson lines 

Recall from Section 5.3.3 that Wilson lines on wrapped D-branes are backgrounds for the 
internal components of their worldvolume gauge fields. In toroidal orientifolds, they can 
be described in a language analogous to that in Section 8.3, as embedding the space group 
translations (i.e. the shifts in the 6 d lattice defining the underlying toroidal geometry) in 
the gauge group. For each toroidal direction i, the space group shift is embedded on the ath 
wrapped D-brane stack through a matrix yw,,a acting on its Chan-Paton indices. Wilson 
lines along toroidal directions related by orbifold rotations are actually not independent; in 
general, except for 2-tori rotated only by order 2 twists, there is one choice of Wilson line 
per each 2-torus (for factorized T 6 ). 

The consistency conditions for yw,.a follow from the requirement that the gauge action 
is a representation of the space group. Consider for example the Z 3 model with D9-branes, 
and introduce one non-trivial Wilson line yw .9 along the first 2-torus, and no Wilson lines 
along the other two. In the first 2-torus there are three fixed points, associated to the space 
group elements 6 , 0 + e\, 9 + e\ + ej, where e\ , ei generate the T 2 shifts. The three fixed 
points are associated with the Chan-Paton actions ye, 9 , ye, 9 yw .9 and Ye,9Yw9- These 
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local Chan-Paton matrices around each fixed point must obey algebraic constraints similar 
to those of yij,9, namely 

( Ye, 9 Yw,9 ) 3 = (y9,9 Yw, 9) = I3. 

Ya ,9 (YeT 9 Yws) Pfi ,9 = (xs*,9 Yw,g) > etc - (11.28) 

They must also satisfy the twisted RR tadpole cancellation constraints, at each point fixed 
under the orbifold and orientifold actions, namely 

try ?,9 = try e 2 9 = -4, 

try#,9 yw,9 = tr Ye 2 ,9 Yw.9 = ~~ 4 , 

tr Ke ,9 /w ,9 = tr Ye 2 , 9 Yw, 9 = -4. (11.29) 

A simple set of solutions is obtained for yw ,9 commuting with ye, 9 , for instance 

Y9,9 = (Is; « I 12 ; a 2 I 12 ), (11.30) 

Kw,9 = (1-8-2*, « lk, a 2 lit; I 12 - 2 *. » It, O' 2 It; I 12 - 2 *, « It, a 2 1* ), 

with a = c 2jr '/ 2 , and ^ an integer 0 < k < 3. In this basis, yo g is a symmetric matrix 
exchanging conjugate orbifold and Wilson lines phases. 

Recalling Section 5.3.3, Wilson lines shift the momentum along their toroidal direction, 
and give additional contributions to the 4d mass of states. The surviving massless spectrum 
can be obtained from the original one with no Wilson line, by imposing a Wilson line 
projection condition 1 on the Chan-Paton wave function 

T = Yw,9^Yw,9- (11.31) 

Massless states are thus invariant under orientifold, orbifold and Wilson line actions. 

For illustration consider the above example (11.30). Imposing first the Wilson line pro¬ 
jection, the massless spectrum splits into the three eigenspaces of yw ,9 with eigenvalues 
1, a, a 2 : these are three 4d J\f = 4 decoupled sectors with groups U (32 — 6k), U( 3 k), and 
U( 3 k). The U (32 — 6k) sector suffers the orbifold and orientifold projections, leading to a 
structure ( 11 . 12 ) 

50(8 -2k) x U (12 — 2k) 

3[(Do,Bi) + (1,Bi)]- (H.32) 

The two U ( 3 k) sectors have conjugate yw,9 eigenvalues, and so are exchanged by the 
orientifold action. We can focus on a single one, and impose just the orbifold projection, 
which produces a structure (11.7), namely 

U (k)2 x U (k) 3 x U (k)4 
3 [ (p 2 , B 3 ,1) + (1, B 4 ) + (B2,1, CU) ]• 

1 Equivalently, imposing simultaneous invariance under all local Chan-Paton actions YQyYy/ 9- 


(11.33) 
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The complete spectrum is the combination of (11.32), (11.33), and nicely illustrates the 
efficient use of Wilson lines to introduce decoupled gauge sectors; they will shortly receive 
a T-dual interpretation as separated D-brane stacks. 

The above example is a particular case of a more general Wilson line, depending on 
continuous parameters, and in general not commuting with ye, 9 - Consider extracting from 
(11.30) k sets of 3 D9-branes, each with 6 action diag (1, a, a 2 ) and Wilson line W = 
diag (a, a, a), and their orientifold images. The Wilson line piece for each such set can be 
generalized to 


/ w 

a 

a \ 



W = [ a 

w 

a ) 

with w 3 — 2 a 2 w + 2 a 3 = 1, 

(11.34) 

\a 

a 

U) / 




where the constraint arises from the first condition in (11.28) restricted to the set of three 
D9-branes; the Wilson line W depends on one independent complex parameter. Taking the 
same W for the k sets for simplicity, the full matrices are 

Ye,9 — diag (Is— 2 *, « li 2 - 2 <r, a - I 12 — 2 A-; (1, a, a 2 ) 0> 1 k', (1, a 2 , a) 0 1 k ), 

Yw .9 = diag ( 18 - 2 *, « lt 2 - 2 t. « 2 I 12 - 2 *; W 0 1*; W* 0 1 * ). (11.35) 

For w = a, a — 0 we recover the Wilson line (11.30), up to reordering. For general Wilson 
line, the spectrum is given by the SO (8 — 2k) x (7(12 — 2k) sector (11.32), and a decoupled 
J\T = 4 U(k) gauge theory. The continuous Wilson line will shortly receive a very intuitive 
interpretation in terms of T-dual D-brane positions. 

D-brane positions 

In previous examples with D-branes not filling all lOd dimensions, we have restricted to 
configurations with all D-branes coincident and at an orbifold fixed point. We now consider 
more general distributions of D-branes in the transverse dimensions. As announced, this 
is T-dual to the introduction of Wilson lines discussed above. In order to preserve the 
orbifold and orientifold symmetry, the D-branes must either sit at fixed points, or distribute 
in stacks mapped to each other by these symmetries. In the former case, the spectrum on 
the D-branes is obtained by imposing the relevant projections; in the latter case, we must 
impose only the projections of actions mapping each stack to itself, since other actions 
simply introduce orbifold and/or orientifold images of the D-brane system. 

As concrete example, consider the above SlRiR^Rji— 1 ) Fl orientifold of T 6 /Z 3 , with 
the 32 D3-branes now taken at more general positions. On each complex plane there are 
three orbifold fixed points, denoted by “x,” “o,” recall Figure 8.4. The point at 
z = 0 is also fixed under the orientifold action, while the points “x” and “o” are exchanged 
by the orientifold action. Consider locating all D3-branes at Z 2 = Z 3 = 0, but distributed in 
the first torus with 32 — 6k D3-branes at point 3k at point “o” and their 3k orientifold 
images at point “x.” The twisted RR tadpoles for D3-branes at z 1 = 0, i.e. the point 
and their solution, are 
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trye, 3 ,. = try d 2 3 , =-4 =)> ye, 3 ,. — diag (lg- 2 fc, a l\ 2 - 2 k, or I 12 - 2 * )■ (11.36) 

The orientifold Chan-Paton matrix exchanges entries with conjugate 0 eigenvalues, and 
the massless spectrum is given by the SO(8 — 2k) x (7(12 — 2k) sector (11.32). The 3k 
D3-branes at point “o” (and the images at “x”) are fixed under the orbifold, but not under 
the orientifold. The twisted RR tadpole cancellation conditions do not involve contributions 
from 03-planes, and give 

trpo,3,o = tr/(P, 3 , 0 = 0 =>• Ye,3,o = diag (1*, ah, a 2 1*), (11.37) 

(and similarly for the image point “x”). The solution follows from 1 + a + a 2 = 0. The 
spectrum is obtained by imposing just the orbifold projection (and no orientifold projec¬ 
tion), and gives the U (A :) 3 theory (11.33). The complete model is clearly T-dual to the 
above D9-brane model with the Wilson line (11.30). 

The above D3-brane distribution is a particular case of the following more general 
choice. Keep 32 — 6 k D3-branes at the origin with the Chan-Paton matrix (11.36), and 
locate k D3-branes at generic points pi,..., Pk in T , along with their orbifold and ori¬ 
entifold images. Their spectrum is that of k separated D3-branes in flat space, i.e. Af = 4 
U (1)* vector multiplets, possibly enhanced to U(k) for coincident branes. This is T-dual 
to the non-commuting Wilson line (11.35). 

The picture of D-brane positions illuminates the different gauge enhancements for coin¬ 
cident D3-branes at or away from orbifold and orientifold fixed points. For instance, con¬ 
sider three D3-branes forming a Z 3 invariant set, brought from the bulk into an orbifold 
(but not orientifold) fixed point (like point “x” above). Initially they produce a 4d Af = 4 
(7(1) sector, but this is enhanced at the fixed point: the three D3-branes are related by 
cyclic permutation, so when coincident their Chan-Paton matrix can be diagonalized as 
Ye = diag (1, a, a 2 ), which produces a (7(1 ) 3 theory of the kind (11.33). Namely, there 
are chiral multiplets <t>' 12 , <t> 23 , Tjj, for i = 1, 2, 3, where <4>' ab has charges (+1, —1) under 
U(l)a x U( 1)6. 

Conversely, a set of D3-branes at an orbifold point and with a Chan-Paton matrix 
including all possible phases, can move off to the bulk as an orbifold-invariant system of 
D3-branes. The transition (7(l ) 3 —*■ (7(1) is described as aHiggsing in the 4d worldvolume 
field theory, in terms of flat directions parametrized by 

(^ 12 ) = (^ 3 ) = (^at) = dl-38) 

As suggested by the notation, these vevs correspond to the D3-brane locations in the i th 
transverse coordinate (with the orbifold point taken as the origin). For generic vevs, the 
worldvolume theory is broken down to a TV" = 4 (7(1) theory, reproducing the microscopic 
D3-brane result. Such descriptions as effective field theory Higgsing exist for other motions 
of D3-branes away from loci of enhanced gauge symmetry. 

The decoupling of gauge sectors by use of locality in the transverse dimensions is 
at the heart of many properties of D-brane models, and will be further exploited in the 
construction of local models in Section 11.3. 
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A 3-generation SU (5) GUT toy model 

The freedom to choose general D-brane locations can be used to improve the particle 
physics model building prospects of toroidal type IIB orientifolds. As a simple exam¬ 
ple, we construct a (not fully realistic, yet interesting) 3-family SU (5) GUT based on the 
T 6 /Z 3 orientifold with D3-branes. The model admits equivalent, but less intuitive, T-dual 
constructions using e.g. D9-branes with Wilson lines. 

We take the SlRiRiR^i— \) Fl orientifold of T 6 /Z 3 , and locate 11 D3-branes at the 
origin with 

Ye,3 = diag(li,al 5 , or 1 5 ), (11.39) 

which satisfies tryg 3 = —4. There are no other twisted RR tadpoles to cancel, so the 
remaining 21 D3-branes need not (although can) be at orbifold fixed points. We take, e.g., 
12 of them in two six-plets invariant under the orbifold and orientifold actions, and locate 
the nine remaining at 03-planes away from orbifold points, in a configuration whose details 
we skip for simplicity. The 11 D3-branes at the origin are fixed under the orbifold and ori¬ 
entifold actions, and produce a spectrum (11.12) with «o = 1, n\ — 5. The gauge factor 
50(1) is actually trivial, so we have 

Vector mult. 0(5), 

Chiral mult. 3(5_i+10 +2 ). (11.40) 

The remaining D3-branes produce decoupled (and uninteresting) sectors. The spectrum 
(11.40) is chiral but anomaly-free, with mixed 0(1) anomalies canceled by Green-Schwarz 
couplings, which render the 0(1) massive. The low-energy spectrum thus reduces to a 
3-family SU (5) GUT-like theory; the model is however not realistic, since there are nei¬ 
ther adjoint fields for GUT gauge symmetry breaking, nor 5 + 5 multiplets to play as 
electroweak Higgs doublets. Moreover, it cannot generate a large top mass, since the up- 
type Yuwaka coupling 10 10-5 is forbidden by the 0(1) symmetry in O(5), which remains 
as a perturbatively exact global symmetry (while the down-type 10 • 5 • 5 is allowed, and 
indeed present). This is a general problem of SU (5) GUTs in perturbative type II orien¬ 
tifolds, although can be overcome using non-perturbative instanton effects (Section 13.3.3) 
or in F-theory models (Section 11.5). Despite these issues, this example provides a sim¬ 
ple toy model illustrating the additional possibilities opened up by the new ingredients of 
Wilson lines/general D-brane locations. 

Models with antibranes 

An additional possibility to relax and generalize the construction rules of type IIB orien¬ 
tifolds is to allow for the introduction of anti-D-branes, using the tools introduced in Sec¬ 
tion 6.5. Models with antibranes break supersymmetry in the open string sector, although 
the closed string sector is still supersymmetric at leading order. This suggests an interest¬ 
ing source of supersymmetry breaking, with potential phenomenological applications, e.g. 
using hidden sectors of anti-D-branes. 
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An important question in non-supersymmetric models is stability. The open strings 
stretching between branes and antibranes have a non-supersymmetric GSO projection, and 
can lead to tachyonic modes at small inter-brane distances. However, branes and antibranes 
can be stuck at orbifold or orientifold fixed points, and may not be free to approach each 
other and annihilate; or, even in the case of coincident branes and antibranes, the pro¬ 
jections can remove the open string tachyons. Thus brane-antibrane systems in toroidal 
orientifolds have improved stability properties, as compared with flat space ones. 

Even when annihilation of branes and antibranes is not possible, the models have inter¬ 
esting non-supersymmetric dynamics, with possible applications for moduli stabilization. 
In supersymmetric models, cancellation of RR charges implies the cancellation of tad¬ 
poles for NSNS fields, as expected for a BPS configuration; in non-supersymmetric models 
including anti-D-branes, NSNS tadpoles are in general non-vanishing, and can introduce 
non-trivial potentials for the 4d moduli. This scalar potential may compete or combine with 
other sources of moduli stabilization present in the model, and indeed anti-D-branes play 
an important role in moduli stabilization and the construction of de Sitter string vacua in 
Section 15.3.1. 


11.3 D-branes at singularities 

The interplay of locality and D-brane physics motivates the construction of local models 
of D-branes at CY singularities, which allow for a bottom-up approach to the embedding 
of the SM into string theory. 


11.3.1 Local models and bottom-up 

In all our previous discussions we have constructed phenomenological string models as 
global compactifications. This is clearly necessary in order to obtain 4d gravity; moreover, 
in some setups like heterotic compactifications, the massless 4d spectrum of gauge fields 
and charged matter depends on global properties of the compactification CY space. The 
situation is different in compactifications with lower-dimensional D-branes, e.g. D3- or 
D7-brane models, since the worldvolume gauge theory is determined by the local geom¬ 
etry around them. This is already manifest in the D3-brane models in Section 11.2.3. In 
fact, one can take the compactification volume to infinity, corresponding to the decoupling 
of gravity, producing a non-compact local model with the same D3-brane physics. Also, 
in general CY models with GUT-like theories arising from wrapped branes, e.g. 7-branes 
on 4-cycles, one may even argue that the (admittedly mild) hierarchy of gauge and gravi¬ 
tational scales Mqut Mp hints to a decoupling of the D-branes from the bulk; in such 
models, the unification scale is the wrapped cycle compactification scale, while M p is 
controlled by the whole internal volume, so Mgut M p implies that the wrapped cycle is 
small compared with the total 6d volume, and can hence be well-described in a local model. 

The decoupling property endows models of D-branes with a modular structure, widely 
exploited in model building. Different sets of D-branes may be located in different regions 
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Figure 11.3 Pictorial representation of the bottom-up approach to the embedding of the Standard 
Model in string theory. In (a) the SM is realized in a local system of D-branes in a non-compact CY 
space, e.g. a D3/D7-brane system at a singularity. In (b) this local configuration is embedded in a fully 
fledged global compactification. Many interesting phenomenological issues depend essentially only 
on the local structure and are quite insensitive to the details of the compactification. The global model 
in general contains additional structures (like other branes, antibranes, fluxes) not shown in the figure. 


of the internal CY space, with many of their properties depending only on the local geom¬ 
etry around them, insensitive to the global structure of the compactification. Such prop¬ 
erties can thus be studied in much simpler local models of D-branes in non-compact CY 
spaces. The study of local models can lead to a simple construction of interesting build¬ 
ing blocks, realizing diverse physically relevant gauge sectors: embedding of the Standard 
Model, supersymmetry breaking, inflation, and so on. Such local D-brane systems must be 
regarded as part of an eventual full-fledged global compactification, but in a first approx¬ 
imation they can be taken as decoupled from each other; clearly, the interactions among 
such sectors plays a very important role in the dynamics of the compact model in which 
they are simultaneously embedded. 

This is the bottom-up approach to string theory phenomenological model building, illus¬ 
trated in Figure 11.3. One first constructs a simple D-brane building block realizing a 
particular gauge sector of physical interest, for instance a SM sector. In a second step 
one subsequently embeds this local sector in a consistent global compactification, which 
defines a complete string theory vacuum. The key point is that many phenomenologically 
interesting questions are independent of the global compactification, and can already be 
studied at the level of the first step, thereby allowing for a simpler determination of robust 
and model-independent features. 

In this section we apply this bottom-up strategy to the construction of local models of 
type IIB D3/D7-brane systems, leading to gauge sectors very close to the MSSM (or simple 
extensions thereof). These could be subsequently embedded in global models, like toroidal 
orientifolds or otherwise. Another realization of this idea is described in Section 11.5 using 
7-branes on 4-cycles. More generally, the intuition of localization of physics subsectors on 
D-brane worldvolumes is far-reaching, and permeates many discussions of D-brane model 
building. 
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11.3.2 D3/D7-branes at orbifold singularities 

We would like to consider systems of D3-branes whose worldvolume theory potentially 
allows for particle physics model building. Namely they should contain non-abelian gauge 
interactions and charged chiral fermions in replicated families. We will later focus on mod¬ 
els with three families, and with gauge group and chiral matter content as close as possible 
to the SM, but already the requirement of getting a chiral spectrum is very constraining. As 
just argued, the massless spectrum on the D3-branes is determined by the local geometry 
around their location. If they sit at a smooth point in the internal space, the local geom¬ 
etry is just flat space and the D3-brane worldvolume theory is AC = 4 supersymmetric, 
and so automatically non-chiral; this holds even if the global compactification preserves 
only J\f — 1 supersymmetry. To overcome this problem, we consider D3-branes at singular 
points of the compactification space. These are geometrically singular points, yet well- 
behaved in string theory, as in the prototypical example of orbifold singularities, already 
appeared earlier in the book. As already shown in Section 11.2.3, systems of D3-branes at 
orbifold fixed points lead to chiral gauge sectors. 

Construction of the models: spectrum and superpotential 

We mainly focus on 4d Af = 1 D-brane systems at abelian orbifold singularities. The local 
orbifold geometries are C 3 /T, with T a Z,y or Z,y x Z m abelian subgroup of SU(3). 
Notice that the local model need not belong to a global toroidal orbifold, so we are not 
restricted to crystallographic actions, and can allow for a larger set of orbifold groups. 
Also the singularities need not sit on top of orientifold planes in the global model, so we 
consider local models with no orientifold projection. 

In addition to the D3-branes, the local model may include other D-branes, partially 
wrapped on some of the non-compact direction in the CY. In 4d Af — 1 models we may 
include D7, -branes transverse to the complex direction zi, and filling 4d Minkowski space. 
These D7-branes pass through the singularity and lead to additional 4d charged chiral mul- 
tiplets from D3-D7 open strings, which are localized at the D3-brane position, and thus 
are independent of the global compactification. On the other hand, the D7-D7 open strings 
lead to fields propagating on higher-dimensional subspaces, and are in principle sensitive 
to the global properties of the compact model. Thus the spectrum of massless 77 states 
may not be reliably computed just in terms of the local geometry. Still, some properties 
of the 77 sector are relevant to the local model, e.g. the D7-brane gauge groups behave 
as global symmetries of the local model, which can be either gauged or mildly broken by 
compactification effects in the full global model. 

We thus consider supersymmetric systems of D3- and D7,-branes at abelian orbifolds 
C 3 / F, and focus on T = Z ; y, the generalization toZjy x Z f v/ being straightforward. The 
generator 9 has twist v = (iq, i> 2 , v$) = jj(ai, « 2 , 03 ), with a, e Z and JT a, e 2Z, and 
D3-brane Chan-Paton action 

Ye ,3 = diag (l„ 0 , e 2 ’ n Jl„ 1 ,e 2,n Jl„ 2 , ..., e 2nl 'V ) . (11.41) 


11.3 D-branes at singularities 


359 


Namely, there are n a D3-branes with Chan-Paton 0-phase e 27Tla / N , if present, the action 
on, e.g., D73-branes (i.e. spanning the 4-cycle Z 3 = 0) is 

ygj 3 = diag ( 1„ 0 , e 27T,/N l Ml ,..., e 27I ^ N ~ l '>/ N for a 3 = even, 

Ye,7 3 = diag ( e 1„ 0 , e 2jri ^ 1 U1 ,..., e 2 *'^ l UAr _^ for a 3 = odd. (11.42) 

The difference between the even and odd a 3 cases will be clear later on. There are similar 
matrices for D7i- and D72-branes, if present in the model. 

Let us turn to the computation of the spectrum and superpotential of these D3/D7-brane 
systems. In the D3-D3 open string sector, the parent theory of D3-branes in flat space is 
a 4d Af — 4 U(n) gauge theory, i.e. one Af = 1 vector multiplet V and three adjoint chiral 
multiplets <t>', i = 1,2, 3, with superpotential (2.61) 

IT 33 = e ijk tr <D'' <t> J . (11.43) 

The orbifold projection for vector and chiral multiplets is, in analogy with (11.7), 

V X = y e , 3 Xy^, 

O'’ X = e ~ 2niai/N y e , 3 X y ~]. (11.44) 

The resulting spectrum in the 33 sector is 

Vector mult. (11.45) 

Ch. mult. <£> l a , a+cli J2a=0 [ (“a > “a+ai) + ( n « - ) + ( n « - *Wa 3 ) ] • 

with subindices defined mod N. The superpotential is just the truncation of (11.43), 

W 33 = tr ( rf+aua+ai+a 2 ®l+a l+ a 2 ,a ) ■ (U-46) 

a 

Replication of chiral multiplets requires several complex planes to have identical twist 
entry a r (mod N). Hence triplication of families is possible only for the Z 3 orbifold 
j(l, 1, —2), which will play an important role in model building, see Section 11.3.3. For 
the moment, however, we proceed with the general discussion. 

Consider now the D3-D7, and D7/-D3 open strings, which are similar to the D9/D5- 
brane system in Section 6.1.3. In the parent theory the massless sector is a 4d AT = 2 
bi-fundamental hypermultiplet, i.e. two Af =1 chiral multiplets O 37 ', O 7 ' 3 in conjugate 
bi-fundamentals. Recalling Section 2.4.1, they couple to 33 states through a superpotential 

W 31i = O' O 37 ' O 7 ' 3 , (11.47) 

with implicit contraction of gauge indices. For example, for D7 3 -branes, the 0-projection is 


^37 3 = e ina 3/ N y g3 X y Q j^ 


^•7 3 3 = e ,7la i/ N y e j 3 X y g ^. 


(11.48) 


360 


Type 1IB orientifolds 


For odd a 3 the phase is not an A'tli root of unity, but this compensates against the relative 
phase between (11.41), (11.42). The spectrum from the 37+73 sector reads 
N -1 

03 = even —»■ Z [ (n«, u fl+ i a3 ) + (u fl , n fl+ , fl3 ) 


<3=0 

N -1 


a 3 = odd -+ £ [(n fl ,u fl+ i (a3 _ 1) ) + (u a ,n fl+ , (fl3+1) ) 


<3=0 


There is a similar structure for other D7;-branes, resulting in fields denoted by <3> 


O 


7/3 
a,a+di / 2 


, with 37, -7, 3-33 superpotential from the truncation of (11.47): 


s37 i 


f<7,- 3 


W-K! = O , <J> " <$>' 

' d,d-\-df Cl ,d-\~d[ /2 fl+flj /2,<3+<3j 


(11.49) 


37,- 

d,d+di/ 2’ 


(11.50) 


In situations with the same orbifold twist in several complex planes, the local geome¬ 
try has enhanced isometries. This allows to include more general D7-branes, for instance 
D7-branes wrapping the 4-plane c\z\ + C 2 Z .2 + c 3 z 3 = 0 in C 3 /Z 3 . Their spectrum and 
interactions are easily obtained by simple generalization. 


RR tadpoles and anomalies 

We can now compute the non-abelian and mixed gauge anomalies of the above spectra, 
and establish the constraints for consistent anomaly-free theories. As usual in type II orien¬ 
tifolds, cancellation of non-abelian anomalies is closely related to RR tadpole cancellation. 
Mixed 1/(1) anomalies are canceled by a 4d Green-Schwarz mechanism, essentially as in 
Section 11.2.2. 

Consider a general D3/D7, system, with even a, for simplicity of notation, and denote 
u' a the number of entries with phase e 2n,a / N in ytu, ■ The SU{n a ) non-abelian anomaly 
cancellation conditions are 

3 3 


u , 

d—ndi 


SU(n a ) 3 -+ Tjn a+ai + y, ( u\ | ^ 

;=l i=l ' 2 

To relate these conditions to the twisted RR tadpole cancellation, note that 


= 0. (11.51) 


1 W 
7 a =-V 
N ^ 


_ R£_ 

e n tr y e k 3 


k= 1 

and substitute in (11.51) to obtain 

3 


1 N 

; < = 


—2 n i 


N try 0 * 7i , 


(11.52) 


k= 1 


2 i A 

A -Z' 


-2711 % 


k= 1 

Using the identity 


£sin(2;r^ 


L ;=1 


i=l 


tt YeK 3 + Z sin ( 77 ^ ) tr ^.7, 


1 = 1 


ka; 


E s * n ( 2 ^)= 4 n S 1 n(^ 


i'=t 


ka: 


N 


= 0. (11.53) 


(11.54) 
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the Fourier-transformed anomaly cancellation condition is recast as 


FI 2 sin (7r 


L 1=1 


tr Ye k . 


i =t 


^ 2 sirr ( 7T ^ ) try ekJi =0. (11.55) 


N 


These are precisely the twisted RR tadpole cancellation conditions for D3- and l')7,--brane 
disks, as can be computed in analogy with Section D.2. 

Note that in certain cases some conditions are trivially satisfied. For instance, in models 
with only D3-branes, twists 9 k with fixed planes have zero 0 -twisted anomaly/tadpole, 
due to vanishing sine factors. This nicely dovetails the geometric interpretation of tadpoles: 
0 k -twisted RR form fields are supported on the non-compact fixed plane, so its flux-lines 
can escape to infinity, and no charge cancellation condition must be imposed. 

The mixed £7(1) anomalies are canceled by a Green-Schwarz mechanism mediated by 
closed string twisted RR fields, essentially identical to that in Section 11.2.2. The only 
difference is the absence of orientifold projection, hence 

tr (y gk 3 X a ) = n a e 2n, v- tr(y 0 * j3 A|) = e 271 '^, (11.56) 


and similarly for D7-branes. For both U ( \) a and SU (rib) on D3-branes, the mixed anomaly 
becomes, after use of (11.51) 


1 3 

Aab = ^ tla ^ ' {^b.a+ai ^ b.a—a 


(11.57) 


i=t 


Using S a b = 77 J2k e 2n,k ^ a h) and (11.54), this can be rewritten as 


. iv-i 


Aab ~ 2N ^ 


k= 1 l L 1=1 


n 2sm (^ 


ka \ / kb 

n a exp ( Hit — 1 exp I —Tin — 


(11.58) 


which using (11.56) has the precise structure to be canceled by the Green-Schwarz formula 
(11.19) with coefficients C& as in (11.20). Cancellation of mixed anomalies between groups 
on D3- and D7-branes, and cubic U( 1) anomalies, works similarly. Note that although 
some of these are 4d global symmetries in the non-compact model, they can eventually 
become gauged in a full global compactification, so their cancellation mechanism must 
be at work even in the non-compact model. Finally, mixed U (1 -gravitational anomalies 
cancel automatically, since they are proportional to the number of fundamentals Pa (car¬ 
rying U{\) a charge +1) minus anti-fundamentals Q, (carrying charge —1), which cancels 
by the RR tadpole conditions (just like for cubic non-abelian anomalies). 

An interesting fact is that for D3-branes at singularities, there is always a non-anomalous 
£7(1) linear combination 


iV-l 

<2diag. = 

a =0 


Qa 


n, 


(11.59) 
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This “diagonal” 17(1) couples to the RR untwisted 2-form, which is projected out in global 
models with 03-planes, so generically remains massless. It will play a prominent role in 
the particle physics models of Section 11.3.3. In orbifolds with fixed complex planes, there 
exist other non-anomalous 1/(1) linear combinations. Although non-anomalous, in general 
they couple to the corresponding twisted RR 2-forms, and hence can become massive, in 
analogy to the discussion on page 312. This is however somewhat model-dependent, since 
they may remain massless if the corresponding local RR 2-form field does not extend glob¬ 
ally to the full compact model; this is a version of a mechanism exploited in Section 11.5.3 
to keep massless a phenomenologically interesting 1/(1) gauge boson. 

11.3.3 Particle physics models from D3-branes at C 3 /Zj 

The above systems of D3/D7-branes at singularities can be used to build explicit particle 
physics models. In order to recover family triplication, we focus on the C 3 /Z 2 geometry, 
with generator twist v = j (I, 1, —2), and Chan-Paton matrices 




(11.60) 


with a = e 2jr '/ 3 . The notation for the D7, -brane entries differs slightly from the previous 
section, to make the symmetry between the three complex planes more manifest. The full 
4d Af — 1 spectrum is given by 


33 U{n o) x U(n{) x Uinf) 


3 [ (n 0 , ni) + (ni, n 2 ) + (n 2 , n 0 ) ] 


(11.61) 


37j, 7j3 (n 0 , uj) + (ni, uj) + (n 2 , uj) 

+ (uj, ni) + (uj, n 2 ) + (uj, n 0 ). 


The complete superpotential is 


2 3 


= E E € ^ tr (K,a+M+l.a+2^a+2,a) 


a =0 i,j,k= 1 


2 3 



(11.62) 


The twisted tadpole/anomaly cancellation conditions read 


try 6 >, 7 3 - tr ygj l - tr y e j 2 + 3uyg^ = 0. 


(11.63) 


The signs from the sine prefactors cancel those in (11.60), so both are consistently ignored 
in what follows. 
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Table 11.2 Spectrum of the SU(3) x SU(2) x U( 1) model, with 
non-abelian and U (1 ) 9 quantum numbers. The first three U (1)j come from 
the D3-brane sector. The remaining six arise in the D7 r -brane sectors, and 
are written in two columns. The last column gives the charges under the 
hypercharge generator (11.65) 


Matter fields 

23 

Ql 

Qi 

2«i 

2«i, 

Y 

33 sector 

3 (3, 2) 

1 

-1 

0 

0 

0 

1/6 

3(3,1) 

-1 

0 

l 

0 

0 

-2/3 

3(1,2) 

0 

1 

-l 

0 

0 

1/2 

37r sector 
(3,1) 

1 

0 

0 

-1 

0 

-1/3 

(3,1; 2') 

-1 

0 

0 

0 

1 

1/3 

(1, 2; 20 

0 

1 

0 

0 

-1 

-1/2 

(1,1; 10 

0 

0 

-1 

1 

0 

1 


Standard Model and branes at a C 3 /Z 3 singularity 

We now use this general framework to construct a local D3/D7-brane model with spectrum 
close to the MSSM. To produce the SM gauge group, we take six D3-branes with 

Ye ,3 = diag (1 3 , otl 2 , « 2 li)- (11.64) 

The gauge group is 17(3) x U(2) x 1/(1), with two anomalous 17(l)s and the diagonal 
anomaly-free linear combination (11.59) given by 

Qy = ^ 6 ( 3 ) + 2*2(2) + <3(i), (11.65) 

with subindices denoting the rank of the corresponding U (n) factor. 

The simplest way to satisfy the tadpole conditions (11.63) is to introduce only one set 
of D7-branes, e.g. D 73 -branes, with Chan-Paton embedding i f = 0, u\ = 3, u\ = 6 . This 
leads to a large D 73 -brane flavour group 1/(3) x 1/(6), which may be eventually broken 
by compactification effects. An alternative to obtain a smaller group on the D7-branes is to 
use all three kinds of D7-branes, e.g. u' 0 = 0, if = 1, u\ — 2, for i = 1, 2, 3. Each kind of 
D7-brane then carries a 1/(1) x 1/(2) flavour group. 

The spectrum for this latter model is given in Table 11.2. The last column shows the 
charges under the anomaly-free combination (11.65). Very remarkably, it gives the correct 
hypercharge assignments for SM matter fields; this elegant appearance of hypercharge is 
a very appealing feature of this model. The model contains some additional fields beyond 
the minimal SM content; most notably, extra sets of triplets and doublets, with vector-like 
quantum numbers under the SM group. In the absence of some global projection or obstruc¬ 
tion, there are additional states from the 7 r 7 r sectors transforming like (1, 2') under the 
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Figure 11.4 D-brane configuration of a SM Z 3 orbifold model. Six D3-branes are located on a Z 3 
orbifold singularity and the symmetry is broken to £7(3) x [/(2) x (7(1). For the sake of visualization 
the D3-branes are depicted at different locations, although they are in fact coincident. Open strings 
with both ends on the same set of D3-branes lead to gauge bosons; those stretching between different 
sets produce left-handed quarks, right-handed U-quarks, and one set of Higgs fields. Leptons and 
right-handed D-quarks correspond to open strings between D3- and D7-branes (whose worldvolumes 
span the whole figure). 

flavour groups and coupling to the extra triplets. Vevs for those states render the extra color 
triplets massive. On the other hand, the appearance of extra doublets is in fact expected 
from the IIB version of the argument at the introduction of Section 10.5. Still, it is remark¬ 
able that such a simple configuration produces a spectrum so close to the SM. A pictorial 
representation of this type of model is given in Figure 11.4. 


Left-Right Symmetric Models and the C 3 /Zy Singularity 


We can also use these systems to engineer 3-family models with a left-right (LR) sym¬ 
metric gauge group. The resulting models have a quite economical massless spectrum and 
are probably the simplest semi-realistic local models from branes at singularities. We take 
seven D3-branes with 


Ye, 3 = diag (1 3 , al 2 , or 1 2 ), 


( 11 . 66 ) 


so the D3-brane gauge group is £7(3) x £7 (1)i, x £7 (2)p. The non-anomalous £7(1) com¬ 
bination (11.59) is 



(11.67) 










11.3 D-branes at singularities 


365 


Table 11.3 Spectrum of SU( 3) x SU(2)l x SU(2)r x U(1)b-l model, 
with their U (1 y quantum numbers. The first three U (1)5 arise from the 
D3-brane sector. The remaining six come from the D7,-brane sectors, and 
are written in two columns. The last column gives the (B — L) charges 
under {11.67) 


Matter fields 

23 

Ql 

Qr 

Q u[ 

Q U[ 

B-L 

33 sector 

3(3,2,1) 

1 

-1 

0 

0 

0 

1/3 

3(3,1,2) 

-1 

0 

1 

0 

0 

- 1/3 

3(1, 2, 2) 

0 

1 

-1 

0 

0 

0 

37/ sector 
(3,1,1) 

1 

0 

0 

-1 

0 

- 2/3 

(3,1,1) 

-1 

0 

0 

0 

1 

2/3 

(1,2,1) 

0 

1 

0 

0 

-1 

-1 

(1,1,2) 

0 

0 

-1 

1 

0 

1 


and will elegantly play the role of B — L. To cancel RR tadpoles, we introduce for instance 
D7,-branes, i = 1, 2, 3 with the symmetric choice u' Q = 0, u\ = u‘ 2 = 1 . Each set of 
D7,-branes leads to a U( l) 2 symmetry. The spectrum for this model, with the relevant 
U (1) quantum numbers is given in Table 11.3. 

The spectrum is quite close to a minimal LR model. There are extra color triplets in the 
37/ sectors, which may again get massive by giving vevs to singlets in the 7/7/ sectors, 
to which they couple. The final spectrum is that of a LR model with three generations of 
both fermions and Higgs multiplets. This model has the interesting property that gauge 
couplings unify at an intermediate scale of order 10 12 GeV (see Section 16.1.2), if the 
left-right symmetry is spontaneously broken at a scale of order 1 TeV; an obvious sig¬ 
nature for this kind of model would be the discovery at the LHC of right-handed W 
bosons and a Z ' associated to U (1 )b-l- The superpotential (11.46) contains quark Yukawa 
couplings, giving masses to only two quark families at the renormalizable level. Lepton 
Yukawa couplings are forbidden by the anomalous U (l)s in the model (see the charges in 
Table 11.2), although they could be induced by non-perturbative D-brane instanton effects 
(see Chapter 13). 

As mentioned in the introduction, the local models just described must be regarded 
as part of a full global compactification. There exist global embeddings of the above 
SM and LR models, in which the cancellation of D3- and D7-brane charges is achieved 
either by introducing antibranes (leading to non-supersymmetric models) or by orientifold 
planes or generalizations (leading to supersymmetric models). We direct the reader to the 
Bibliography for further details on these compact models. 
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11.3.4 Other systems of D3-branes at singularities* 

We now briefly overview D3-branes at more general singularities, with an eye on their 
application to particle physics model building. 

Non-abelian orbifolds and the A 27 theory 

A natural generalization is to consider orbifold singularities with non-abelian orbifold 
group T C SU( 3). The computation of the spectrum is just a natural group-theoretical 
generalization of the abelian case. 

The C 3 /T singularity is obtained by modding C 3 by an action of T specified by a 
three-dimensional representation TZ ® of T, i.e. a set of 3 x 3 matrices 72.® (g) imple¬ 
menting the action of g e T on C 3 . The group T can also act on the Chan-Paton matrices 
of the D3-branes, which can thus be classified in terms of their transformation properties 
under T. Denote {7Z„j, a = 1,..., N the irreducible representations of F, with N the num¬ 
ber of conjugacy classes of T. The action on D3-brane Chan-Paton indices is given by a 
representation 72 cp , decomposing as 

N 

72 CP = J]n a 72 fl . (11.68) 

a— 1 

The field theory on D3-branes at C 3 / F is obtained by projecting the 4d M = 4 theory of 
D3-branes in flat space with the combined geometric plus Chan-Paton action of I'. The 
invariance conditions under geT are 

N 

Vector mult. : Xy = lZ cp {g) Xy lZ CP (g)~ l -> ]"~[ U[n a ) (11.69) 

a— 1 

Chiral mult. : X& = 1Z (3) (g)ij K cp (g) X^j K CP (g)~ l -> ®a,b £ ab (Pa, Sj) 

where Xy, X (t> , are the Chan-Paton matrices for the vector and chiral multiplets, respec¬ 
tively. The so-called adjacency matrix a 3 & is defined by the decomposition 

N 

n (3) ®n a = Y J *l b Kb, ( 11 . 70 ) 

6=1 

and determines the multiplicities of the corresponding bi-fundamental representations. The 
superpotential is obtained by substituting the surviving chiral multiplets ( i> , ah in the AT = 4 
superpotential, but we will not need it explicitly. 

The system is subject to twisted RR tadpole cancellation. The simplest choice satisfy¬ 
ing this constraint is the regular representation for the Chan-Paton action n a = dim lZ a . 
Other choices of D3-brane Chan-Paton actions may be rendered consistent upon addition 
of suitable D7-branes, which we do not discuss. As usual, cancellation of RR tadpoles 
guarantees cancellation of 4d chiral anomalies, involving a Green-Schwarz mechanism 
for mixed C7 (1) anomalies. 
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As illustrative example within this class, we consider the A 27 orbifold group, which 
provides the only non-abelian orbifold with triplication of some bi-fundamental multiplet. 
Its action on C 3 is given by a Z 3 x Z 3 abelian action, with generator twists ^(1,0, — 1) 
and -1(0, 1, —1), and a further generator acting as a permutation (z \, Z2, 23 ) —> (Z 3 , Zi, Z 2 )- 
The D3-brane gauge group and matter content is 

nLl u ( n a) X U(mo) X U (nn) 

ELt(n a ,nio) + 3 (nio, fin) + Ea=i( n n- ”«)■ (H-71) 

For D3-branes in a single copy of the regular representation we have nio = «n = 3, ni = 
• ■ • = = 1 , leading to a non-anomalous spectrum. The gauge group is 11(3) x U (3)' x 

U (l) 9 , and there are chiral multiplets Q in the (3, 3'; 0), L a in the (1, 3'; (— l) a ), and Q a 
in the (3, V; (+1 )„), where the last entry denotes the U( 1 ) a charges for a = 1, ..., 9. 
Turning on closed string moduli vevs (corresponding to partial geometrical blow-up of the 
singularity) introduces FI terms, as described in Section 12.4, which can trigger a Higgsing 
down to SU (3) x SU (2) times a number of U (1) factors, yielding three SM generations, 
plus a few exotics. 


Non-orbifold toric singularities and dimer diagrams 

There is a broad class of 4d J\f = 1 chiral D3-brane gauge theories that can be obtained 
from the so-called dimer diagrams. They arise from D3-branes at toric singularities, i.e. 
non-compact CY singularities defined using toric geometry, introduced in Section 7.2.3. 

The gauge group, matter content and superpotential of these gauge theories can be 
encoded in a simple diagram, known as brane tiling or dimer diagram. This is a tiling 
of T 2 (or a periodic tiling of R 2 ) defined by a graph with black and white nodes, with no 
edges connecting nodes of the same color, and with an even number of edges bounding 
each face. The dictionary is as follows: 

• Each face F a in the dimer diagram corresponds to a U(n a ) gauge factor in the field 
theory. The choices of ranks are constrained by RR tadpole cancellation, or equivalently 
by anomaly cancellation, but we keep them arbitrary for convenience. 

• Each edge E a j, separating faces F a , h), corresponds to a chiral multiplet in the bi¬ 
fundamental (□„, □/,)• The ordering a —> b is determined by the prescription that, e.g., 
edges should be crossed anticlockwise/clockwise around black/white nodes. 

• Each node at the convergence of edges E aiai , E „ m , ..., E akU] , ordered with the above 

prescription, corresponds to a term W = ±tr ) in the superpoten¬ 

tial. The sign choice is determined by the color of the node. 

For illustration, consider the two dimer diagrams in Figure 11.5. The gauge theory for 
Figure 11.5(a) is known as conifold theory, for reasons explained below. Adapting notation 
to the literature, its gauge group, matter content and superpotential are 
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Figure 11.5 Two examples of dimer diagrams. They describe the worldvolume gauge theory on 
D3-branes at the conifold singularity (a) and at the C 3 /Z 3 orbifold (b). 


Gauge f/(ni) x [/(« 2 ) 

Chiral A \, A 2 : (Pi, Up) 

Bi,^: jpi.Pz) 

W = H(A l BiA 2 B 2 - A l B 2 A 2 B l ). (11.72) 

The theory for Figure 11.5(b), also in adapted notation, is 

Gauge U(n o) x U(n\) x U (n 2 ) 

Chiral X a a+ \, Y a a+ \, Z a a+ \ . (Gp Cla-t-i) a = 0, 1, 2 mod 3 

W = tr ( 2C fl a _(_i Ta+l,a+ 2 ^a+ 2 ,a ^a,a+l ^a+\,a+ 2 ^a+ 2 ,a )■ (11.73) 

It reproduces the theory of D3-branes at (P/Z 3 ; it illustrates the general fact that abelian 
orbifolds are particular cases of toric singularities. 

Gauge theories described by dimer diagrams arise on the worldvolume theory on D3- 
branes at toric CY singularities. There are several techniques to read off the CY geometry 
corresponding to a given dimer gauge theory, based on the following idea. The theory with 
all ranks n a equal to n is always tadpole-free and describes n sets of branes which can bind 
together and move off the singularity as n bulk D3-branes. As described in Section 11.2.3 
for orbifolds, this is a flat direction of the field theory. Hence for n = 1 the flat directions 
of the gauge theory parametrize the D3-brane position in the transverse CY space. Turning 
this around, the CY geometry can be constructed as the set of gauge invariant operators 
(i.e. D-flat directions), modulo F-term relations 8 IT /8 <t> = 0, of the n a — 1 theory. The 
dimer graph can be efficiently used for this analysis, since gauge invariant operators map 
to closed paths crossing edges in the dimer, and F-term equivalence is equivalence of paths 
under deformation across nodes. We skip the general discussion and present a simplified 
procedure sufficiently practical for the simplest singularities. 

Toric manifolds have been introduced in Section 7.2.3, as ambient spaces of compact 
CYs, defined by a set of homogeneous holomorphic equations. In the present setup, how¬ 
ever, we are interested in non-compact CY spaces, which can be directly constructed 













11.3 D-branes at singularities 


369 


as toric manifolds as follows. Consider complex coordinates (zi,..., z r + 3 ) £ C , ' +3 , and 
(after removing a subset of points) mod out by the (C*) r actions, given by z; '/A' n Zi , 
for n = 1,..., r, with qt n e Z. The resulting toric space C" +3 /(C*) 3 is CY if JT q ln = 0 
for all n. 

A popular example is the conifold, defined by coordinates (a\, an■ b\, bi) e C 4 , quo- 
tiented by a C* under which they have charges (1, 1, — 1, — 1). The quotient space can be 
parametrized by the C*-i 11 variants x = a\b\, y — aibn, Z = a\bn, w = 02b\ . These are 
not independent, but satisfy 


xy = zw. ( 11 . 74 ) 

Hence the conifold is often equivalently described as a subspace of C 4 parametrized by 
(x, y, z, w) defined by (11.74). 

It is easy to show that the theory (11.72) corresponds to D3-branes at a conifold singu¬ 
larity. Consider the theory with n\ = nj = 1, for which W = 0, and construct the gauge 
invariant operators x = A\B\, y = A 2 B 2 , z = A 1 B 2 , w = A 2 1 . Their vevs obey the 
constraint (11.74) and thus parametrize a conifold. 

Non-compact toric CY spaces include abelian orbifold singularities as particular cases. 
For instance, the C 3 /Z 3 singularity can be described using coordinates (zi, zi, z.3, w) e 
C 4 , and quotienting by a C* under which they have charges (1, 1, 1, —3). Using the C* 
action to gauge away w, i.e. to fix it to w = 1, we are left with (zi, Z2, Z3) e C 3 modded 
out by a left-over Z 3 discrete subgroup, precisely acting as Zi —> e 2ltl ^Zi- The C 3 /Z 3 
singularity can be also described in terms of the C*-invariants x = z 3 w, y = z 3 w, z = 
Z 3 W, t = Z1Z2Z3W, satisfying 

xyz = t 3 . (11.75) 

We can show that the theory (11.73) describes D3-branes at C 3 /Z 3 in this language. For 
the theory with hq = n \ = nj = 1 , consider the gauge invariant operators 

x = Y12Y23Y31 , y = T12T23T31 , z = Z12Z23Z31 , t — Y12Y23Z32. ( 11 . 76 ) 

Using F-term relations, they satisfy (11.75), so their vevs parametrize C 3 /Z 3 . 

We conclude with an illustrative example of the model building possibilities of non- 
orbifold toric singularities. Consider the dimer in Figure 11. 6 , corresponding to 

Gauge U(«o) x U{n\) x U (112) x £/(« 3 ) 

Chiral 3(Di,P 2 ) + 2( ; 2 ,S 3 ) + C 2 ,Do) + 2(Q,,Bi) + (P 3 .P 1 ) + O-□)) 

W = tr (d> 3 oYoi Y 12 Z 23 — < J > 3 oZoi T 12 Y 23 + Y 23 Y 31 Z 12 — Z 23 T 31 Y 12 + 

+Y 12 T 2 oZoi - Z 12 Y 2 oYoi )• (11-77) 

It corresponds to D3-branes at a singularity mathematically described as a complex cone 
over the del Pezzo complex surface dP\ (see Section 11.5.3 for information on del Pezzo 
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Figure 11.6 Dimer diagram for the dP\ theory. Upon removal of the edge corresponding to $ 30 , it 
becomes the C 3 /Z 3 theory. 


surfaces, in a different context), and is hence termed the dP\ theory. The cone over d P\ is 
one of the few toric singularities leading to triplication of some chiral multiplet. This can 
be exploited to build a particle physics model, by choosing n\ = 3, «2 = 2, 723 = no = 1. 
Cancellation of tadpoles/anomalies can be achieved by adding suitable D7-branes, whose 
discussion we skip. Suffice it to say that the result is an 5(7(3) x 5(7(2) x (7 (l)y model with 
three quark-lepton families with correct gauge quantum number assignments. As usual, the 
model contains some additional 17(1) factors, and a few exotics. 

The dP\ singularity, and therefore the above gauge theory, are closely related to C 3 /Z 3 . 
Geometrically, the dP\ singularity can be partially blown-up to C 3 /Z 3 , and this manifests 
at the level of the D3-brane gauge theory as follows. As will be explained in Section 12.4, 
the blowing-up is parametrized by a twisted sector modulus, coupling to the D3-branes 
as a worldvolume FI term, which triggers vevs for suitable charged multiplets. In this 
case, blowing-up the dP\ singularity to C 3 /Z 3 forces T 30 to acquire a vev, breaking 
the gauge factors 0 and 3 to the diagonal combination. This Higgsing is easily shown 
to turn the dP\ theory (11.77) into the C 3 /Z 3 theory (11.73); in the dimer, this amounts 
to removing the O 30 edge in the d P\ dimer, turning it into the C 3 /Z 3 one. The additional 
parameter provided by the vev enters the superpotential, so the Higgsed d P\ theory pro¬ 
vides a deformed version of the C 3 /Z 3 theories in Section 11.3.3. The slightly reduced 
global symmetry 5(7(3) —> 5(7(2) x (7(1) allows for more flexible pattern of Yukawa 
couplings. 


11.4 Magnetized D-brane models 

In the previous sections we have considered type IIB models in which the D-brane world- 
volume gauge field background is trivial . 2 In this section we consider an interesting alter¬ 
native, magnetized brane models, in which there are non-trivial worldvolume gauge field 
strength fluxes. This leads to additional flexibility in model building. Moreover, in the 

2 Actually, as explained in Section 11.4.3. models with D-branes at orbifolds can be regarded as secretly including a non-trivial 
gauge background at the orbifold singularities. 
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context of toroidal models (and certain orbifolds thereof) it provides the mirror realiza¬ 
tion of the toroidal intersecting brane models of Section 10.4.2. Magnetized brane mod¬ 
els also admit a natural generalization to CY geometries, which is further discussed in 
Section 11.4.3, and which introduces some basic ingredients for the F-theory models in 
Section 11.5. 


11.4.1 Magnetization of D-branes on R 2 and T 2 

We start considering open strings between D-branes magnetized on a single 2-plane in flat 
space, taken first to be non-compact R 2 , and latter compactified to T 2 . 


D-branes with magnetization on R 2 

Consider two D-branes labeled a, b, spanning a common R 2 parametrized by x 4 , x 5 , and 
carrying constant magnetic fields F a , F b for their worldvolume 17(1) gauge fields. For 
open strings stretched between them, the worldsheet action in conformal gauge, including 
the coupling (3.14) to background gauge fields, is 

S = ^ £ d 2 $ d a X m d a X m + J dt (A a ) m d t X m 

For constant magnetic fields, we set A m = j F mn X n . Boundary conditions follow from 
requiring the vanishing of boundary terms upon variation of this action, i.e. 


/ 


dt ( A b ) m d,x" 


(d a X m + 2nd' F mn d,X n ) 


= o, 

(7=0, i 


(11.78) 


where we implicitly mean F mn = ( F a ) mn at a = 0 and F mn = —(Fb) mn at a — l. 
We focus on the directions 4, 5, and for simplicity consider (F a )45 = 0. Parametrizing 
2 na\Fb )45 = — tan$ in terms of an angle 0 , we have 


d a X 4 \ rr=Q — 0 , (cos 0 3 ff Y 4 + sin(9 9 f Y 5 ) \ c=( = 0 , 
a<x* 5 | CT= 0 =0, (-sin (9 9, Y 4 + cos 1^=0. (11.79) 


The structure is analogous to (10.3) for D-branes intersecting at an angle 6 , up to the 
exchange d t X 5 o daX s . This corresponds to T-duality along x 5 , whose action in this non¬ 
compact setup is meaningful for the ab sector (since it describes localized modes). Hence 
the mode expansion obeying (11.79), and its quantization are isomorphic to those corre¬ 
sponding to a system of D-branes at angles, and we may just borrow the results. By simple 
generalization, an ab open string stretched between two D-branes with magnetic fields F a , 
F b on a two-plane leads to the same spectrum as an open string stretching between two 
D-branes with relative angle 


Oab = arctan(27rc/F a ) — arctan(27ro; , F),). 


(11.80) 
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These ideas generalize to magnetization in several complex planes. For instance, com- 
pactifications with D9-branes carrying magnetic fields in all three complex planes lead to 
4d charged chiral fermions, see Sections 11.4.2 and 12.5.4. Incidentally, this mechanism 
to generate chirality is essentially field-theoretical, and identical to that for heterotic CY 
models, Section 7.3. Chiral 4d fermions also arise in configurations with 7-branes inter¬ 
secting at angles in two complex planes and magnetized in the common complex direction, 
as discussed at the end of Section 11.4.2, and in Section 11.5 in the context of F-theory 
models. 


D-branes with magnetization on T~ 

For magnetized directions along a compact T 2 , rather than R 2 , there are some additional 
features. We describe them in the simple situation of a rectangular 2-torus, with vanishing 
NSNS 2-form. First, D-branes may wrap the T 2 a multiple number of times, which we 
denote by m. Second, as described in Section B.3, the total magnetic flux on T 2 obeys a 
Dirac quantization condition (B.26), namely 

ml F = 2nn. (11.81) 

J T 2 

In our present setup, the factor of m arises from the normalization of the t/( 1) factor in the 
U(m) gauge theory of the multi-wrapped D-branes. The two topological integers in, m ) 
characterizing a magnetized D-brane wrapped on a T 2 are T-dual to the wrapping numbers 
(n, m) of a D-brane on a 1-cycle on the dual T 2 . As already advanced, the magnetic field 
F maps to an angle 0 by 2tux'F = tan 0. This also relates conditions (11.81) and (10.11), 
up to exchange of directions of the IIA T 2 . 

The T-dual picture is useful in making some properties manifest. For instance, recall¬ 
ing Section 10.3.1, the integers in. m) must be coprime, a property not obvious from the 
IIB perspective. A second interesting property is that magnetized D-branes with in, m) = 
(1,0), formally corresponding to zero wrapping number yet non-trivial magnetic flux 
quanta, actually make sense and correspond to lower-dimensional branes localized on T 2 . 
This useful notation allows to treat D-branes of different dimension on similar footing, and 
will be implicitly employed in our examples. 

Another remarkable property of magnetized branes in compactifications is the replica¬ 
tion in the open string spectrum, just like for intersecting branes. This replication can be 
understood in purely field theoretic terms, an approach valid in more general upcoming 
setups, like CY compactifications and F-theory - and analogous to heterotic CY compact¬ 
ifications. Consider two stacks of N a and A* branes wrapped m a and m b times on T 2 , 
and with n a , n b magnetic flux quanta. Focus on the large volume regime where the gauge 
field strengths are diluted and can be regarded as small perturbations around the flux-less 
configuration. The gauge groups in the latter are U ( N a m a ) and U ( N b mi ,), subsequently 
broken down to U ( N a ) x U(Nb ) by the magnetic flux background, via the branching 

U{N a m a ) x U(N b nib) -* U(N a ) m “ x U(N b ) mb U(N a ) x U(N b ), (11.82) 
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where the intermediate step is for convenience and the last step corresponds to break¬ 
ing to the diagonal subgroup. Open ab strings lead to fermions transforming in the bi¬ 
fundamental (Cb, Qj,) of the original U ( N a m a ) x U(Nbnib) group, which under (11.82) 
splits as 


(□,,□*) ( Da, • ■ • ; □/>, ■ • ■ ) -)■ m a m b (Ua,nb)- (11.83) 

Recalling Section 7.2.4, each higher-dimensional chiral fermion yields upon T 2 com- 
pactification a number of lower-dimensional chiral fermions, with multiplicity given by 
the index of the suitable Dirac operator on T 2 . The index for a fermion with charges 
(+l fl , — 1 b) under U(\) a x U (1 )b can be extracted from (7.47), and reads 

JL 1 f tin lib 

ind p ab — - — / (F a -F b )=—-—, (11.84) 

2n J T 2 m a nib 

where we have used the quantization (11.81). Including the factor in (11.83), the multiplic¬ 
ity of fermions in the (Qq , I I/,) in the lower-dimensional theory is 

lab — n a mb - m a tib, (11.85) 

in agreement with the T-dual T 2 intersection number (B.19). Hence, family replication 
for magnetized branes arises from the multiplicity of fermion zero modes of the Dirac 
operator for fields coupled to the gauge background. For toroidal models, one can actually 
solve the Dirac equation and compute the internal profile of these fermion zero modes, see 
Section 12.5.4. 

The above field theory argument is topological and thus applies also in regimes where 
the gauge field strength is not particularly diluted. For instance (11.85) is valid for delta- 
function supported magnetic fields, i.e. branes with (. n , m) = (0, 1 ). 


11.4.2 Magnetized D-branes in toroidal models 

We now consider magnetized D9-branes on toroidal models and their chiral 4d spectra. 
We start with toroidal type IIB models, and subsequently introduce orientifold planes. For 
simplicity we take a factorized T 6 = T 2 x T 2 x T 2 geometry, and factorized magnetic 
fluxes, which suffice for our purposes. 

Magnetized D9-branes on T 6 

Consider sets of N a magnetized D9-branes, labeled D9 fl -branes, with multi-wrapping m' a 
and magnetic flux quanta n' a on the ith 2-torus (T 2 ), . Equivalently, there is a worldvolume 
U (l) fl magnetic field F' a — (F u ) x i y , , with quantization condition 



m 


( 11 . 86 ) 
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With this information, we can already compute the chiral part of the 4d spectrum of the 
model, given by 


aa sector Yla U(Na), 

ab + ba sector J2 a ,b Lb (N a , N b ), (11.87) 


where I a b is the index of the Dirac operator for a fermion charged under the gauge back¬ 
ground F a — F b , given by the product of the index (11.85) for the three (T 2 ),-, 


J 

Lb = n (n' a m l b - m' a n ' b ) . 


( 11 . 88 ) 


; = 1 


The RR tadpoles can be read off from the D-brane Chern-Simons couplings (6.16) 


f Cio ; [ C& Atr F a ; f C b AlrF^\ f 

JD9„ JD9„ JD9„ Jd< 


C 4 A tr F*. (11.89) 


’D9 a JD9 a JD9 a JD9 a 

Reducing to 4d by performing the integrals, the RR tadpole conditions are 

C to T] N a m l a mlml = 0, 

Jts 

1 Cg —> Y N a n l n in^ml = 0 and permutations of 1, 2, 3, 

7 (T 4 ) 2) 3 V 

C(, —> Nan^Hgin^ = 0 and permutations of 1, 2, 3, 

a 

yN a ny a nl = 0. (11.90) 


l 


(T 2 ) 3 

C 4 


This amounts to cancellation of D9-brane charge, as well as the induced D7-, D5-, and 
D3-brane charges. The conditions agree with (10.18) as expected from mirror symmetry/ 
T-duality. Such relations are even more manifest using the language of Appendix B, and 
introducing the homology classes [0]/ and [T 2 ], for the class of the point and of the two- 
torus for each (T 2 ),-. The D9„-brane has an associated homology class 

3 

[Qfl] = ]1 (<[T 2 ];+ <[«];)> (11-9D 

i=t 

playing the same role as [11,,] in Chapter 10. For instance, (11.90) becomes 

Qfl]=0. (11.92) 


Also, the multiplicities (11.88) can be written I ab = [Q„] ■ IQ/,], in terms of an antisymmet¬ 
ric bilinear product [0],- • [T 2 ],- = — [T 2 ],- • [0],- = 1, which we dub “intersection number” 
with some abuse of language. 
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The T-duality between magnetized and intersecting D-branes allows to directly translate 
many results from Chapter 10. But just to illustrate some direct derivation in the IIB picture, 
we derive the Green-Schwarz couplings involved in mixed f/(l) anomaly cancellation. 
The relevant D9-brane worldvolume couplings are 



Co tr F a 5 ; 
C 6 tr F 2 ; 



C 2 tr ; 
C 8 F a ; 



C 4 tr F 2 , 



(11.93) 


Upon reduction to 4d, the lOd RR forms lead to 2-forms and their 4d dual axions, 


C 2 ; 


B 0 = 

/ C 6 , 

1 T 6 


q = _ 

f c 4 ; 

J (T 2 ),- 

r 

4 = 

f C 4 i / j / k / i , 

1 (T 2 ) j x (T 2 )t 
r 

(11.94) 

4 = 

/ C 6 ; 

/ (T 2 )jx(T 2 )i 

O 

o 

II 

f c 2 , 

’ (T 2 ), 


B 2 = 

f C 8 ; 

1 T 6 

Co ■ 




Performing the 4d reduction, we obtain the 4d couplings 


Na K n 2 a n\ j 

f C 2 A F a ; 

m 4 

m l b m 2 m 3 b 

[ Bo tr (F b A F b ), 
J m 4 

Na m‘a n J a n k a 

[ ci a F a ; 

' m 4 

m b m b n b 

[ B‘ 0 tr {F b A F b ), 

1 m 4 

N a mi m k a n l a 

[ B\ a F a ; 

/ m 4 

m'b n J b n k 

[ Cq tr (F b A F h ), 

' m 4 

N a ml m 2 a ml 

/ B 2 a F a ; 

J m 4 

1 2 3 
n b 1l b H j 

f C 0 tr (F b A F b ), 

Mt 


where the N a prefactors arise from the U (\)„ normalization. The Green-Schwarz ampli¬ 
tude, recall Figure 10.6, has the precise form to cancel the triangle contribution 


-Na n^nlnl m l b m 2 h ml 


N a Ei 


m‘ a n J a n k a m ] b m k b m} b 


Na Ei 


Kmin* m k b n} b n J b 


+N a m l a m 2 a nl n l b n 2 b nl = N a ]“[, (m l a n' b - n l a m l b ) = -N a l ab . (11.96) 


The above relative signs arise from signs in the 4d Hodge duality among fields. 

As a further illustration of the use of T-duality/mirror symmetry to translate properties of 
IIA intersecting brane systems to IIB magnetized brane language, we consider the super- 
symmetry condition for a system of branes. The condition that two magnetized D-branes 
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preserve a common supersymmetry is given by (10.9), where the angles are defined in 
terms of the magnetic fields via (11.80). The discussion of light scalar dynamics and pos¬ 
sible tachyon condensation in the ab open string sector can similarly be borrowed from 
Section 10.2.2. 

The supersymmetry condition JT 0, = 0 can be recast in geometric terms, by noticing 
that it implies the identity JT tan ()j = |~[ tan 0 ,, and using tan (9, = lira F; to obtain 

F a A J A / = (2na ') 2 F a A F a A F a , (11.97) 

where J is the Kahler form on T 6 . It is interesting to particularize the above supersymmetry 
condition to the large volume limit, in which the field strengths are dilute and the right hand 
side (i.e. a' corrections) can be neglected. Then the above condition, together with Fq o) = 
F( o j2 ) = 0 (automatic for factorized fluxes), reproduces the supersymmetry conditions 
(7.49) of heterotic models, as expected from heterotic/type I duality. 


Magnetized D-branes in toroidal orientifolds 

Let us discuss the introduction of orientifolds in toroidal models, focusing on models 
with 03- and/or 07-planes. We start with T 6 quotiented by Q R\ IF /? 3 (— V) Fl , containing 
03-planes, and later consider further orbifolds, which introduce also 07-planes. An impor¬ 
tant subtlety is that the supersymmetry condition in models with 03- and/or 07-planes, in 
terms of the usual angles 9‘ a = arctan (2jtu' Ffj, is 

+ + = (1L98) 

We thus consider type IIB on a factorized 3 T 6 modded out by 0//| At A 3 (— I ) Fl . We intro¬ 
duce magnetized D9-branes, namely stacks of N a D9 0 -brane with topological numbers 
( n ' a , m'a) and their orientifold images, denoted D9 a /-branes, with numbers (n‘ a , The 

relative sign in the wrapping multiplicity arises from D9-brane charge being odd under 
the 03-plane action. Using the RR charge vector (11.91), the analogous [Q a /] for the 
D9 a '-branes, and [Q 03 ] = [0]i x [0] 2 x [0] 3 for the 03-planes, the RR tadpole cancellation 
conditions read 


J2 N a [Qa] + J2 - 32[Qo 3 ] = 0 , (11.99) 

a a 

whose explicit expression, using (11.91), reproduces (10.35), as expected from T-duality. 
This corresponds to cancellation of induced D7- and D3-brane charge, as they are sources 
for the RR fields C 8, C 4 surviving the orientifold action. There are also discrete K-theory 
D5-brane charge cancellation conditions, reproducing (10.36). 


3 The orientifold allows for a non-trivial discrete NSNS 2-form background on the T“s, which we ignore for simplicity. It is 
T-dual to the tilting of 2-tori in intersecting brane models. 
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The spectrum follows from the Dirac index in the relevant sectors, and can be read off 
from the T-dual intersecting brane model in Section 10.4.2. It is given by 

aa + a'a' sector EL u(N a ), 

ab + ba + b'a' + a'b' sector ’^T a b Iab (N a , N/ 2 ), 

ab' + b'a + ba' + a'b sector J2 a b’ b’ (N a , N/ 2 ), 

aa 4“ a a sector n$ym.a I I I a T ^asym.o - (11-100) 

where I ab = [QJ • [Q/,] and I ab ’ = [Q a ] ■ [Q' fo ]. Also ^sym ,a — 2 ( Iaa ' - 4 , 03 ), and 

^asym,c/ = 2 i.Iaa' + la. 03), with I a .03 = [Qa] ' [Q 03 L 


Magnetized D7-brane models on T 6 /(Z 2 x Z 2 ) orientifolds 

As a concrete realization of the above ideas, we consider a model of magnetized D-branes 
in a T 6 /(Z 2 x Z 2 ) orientifold, mirror/T-dual to that in Section 10.6. Incidentally the gauge 
sectors of the model are localized on intersecting D7-branes. 

Consider type IIB on the T 6 /(Z 2 x Z 2 ) orbifold , 4 defined by the actions 0, o> in (10.43), 
and mod out by £IR \ \) Fl ■ The model contains 64 03-planes, and four 07,-planes 

for i = 1,2, 3, with overall RR charges —32 times the classes 

[Q 03 ] = [Oil X [0] 2 X [0] 3 ; [Q 07 J = - [Oil X [T 2 ] 2 x [T 2 ] 3 , 

[Qo 7 2 ] = - [T 2 ]i x [0) 2 x [T 2 ] 3 ; [Qo 7 3 ] = - [T 2 ]! x [T 2 ] 2 x [0] 3 . 

The signs are related to the defining orbifold action, as read off from the T-dual intersecting 
brane model. In order to cancel the tadpoles we introduce stacks of N a magnetized D9 a - 
branes with topological numbers ( n ' a , m‘ a j. and their orientifold images D9„'-hranes with 
( n ‘ a , — m'j, which are T-dual to the intersecting D 6 -branes in Section 10.6. The RR tadpole 
conditions read 


^[Q a ] + E ^[Q«'] -32 [Qo„] = 0, (11.101) 

a a 

with [Qo P ] = [Q 03 ] + [Q 07 J + [Qo7 2 ] + [Qo 7 3 ]- Using (11.91), these formulae reproduce 
precisely the T-dual expression (10.46). 

The spectrum and other properties of the model can be directly computed in the IIB 
magnetized brane picture, by imposing orbifold quotients as in Sections 11.2.1 and 11.3.2. 
However, it is far simpler to just translate the results from the T-dual construction in Sec¬ 
tion 10.6, from which we borrow the examples to avoid redundancy. In particular, the brane 
system in Table 10.4, translated into the present type IIB picture, corresponds to a visible 
MSSM sector embedded in a configuration of D7-branes with magnetic fluxes. The branes 


4 


Our choice of discrete torsion corresponds to the orbifold with Hodge numbers (h\\ , /i2l) = (3, 51), which corresponds to the 
mirror/T-dual of the model in Section 10.6, as mentioned in Section 8.2.6. 
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h\,hj correspond to an additional sector of D9-branes, with orientifold image D9-branes, 
which remarkably preserve 4d AT = 1 supersymmetry thanks to their worldwolume mag¬ 
netization. Upon supersymmetric D9-D9 recombination, the D9-brane charges disappear 
and they become a hidden sector of supersymmetric D7-branes, decoupled from the vis¬ 
ible sector. This interesting construction provides a prototype of a more general class of 
models, further discussed in the next section. 


11.4.3 Magnetized D7-branes beyond tori 

The above example can be regarded as belonging to the general class of magnetized D7- 
brane models in CY orientifolds. Namely, we can consider a CY orientifold with 07- 
planes, whose RR tadpoles are canceled by stacks of D7-branes wrapped on holomor- 
phic 4-cycles S a , and carrying supersymmetry preserving gauge backgrounds. The latter 
condition can be described in analogy with (11.97), as 

F ( 2 ’0) = F (0 ' 2) = 0 , T <U) A/ = 0, (11.102) 

where the super-index denotes the Hodge type. The magnetic flux is said to be “holomor- 
phic” and “primitive.” These conditions can be interpreted as the vanishing of the F- and 
D-term scalar potentials in the 4d Af — 1 effective theory. Incidentally, they are equivalent 
to the self-duality F = *$F of the gauge background on the wrapped 4-cycle. 

In analogy with (10.28), the tension of such a supersymmetric magnetized D7-brane is 
given by the integral of a suitable form, namely 

f Re (e~ i,Pa e J+ii27TOl 'F+ B '>y (11.103) 

4 Sa 

In addition to the gauge multiplets, the D7-branes may contain adjoint chiral multiplets, 
arising from geometric deformations of the wrapped 4-cycle, i.e. zero modes of the 8 d 
scalar <p 1 parametrizing the transverse position. These can be turned into worldvolume 
(2, 0)-forms by contracting with the holomorphic 3-form ^ 3 , as a,j ~ hence 

their number is /z 2 ,o(S). However, non-trivial worldvolume gauge fields may lift some of 
these moduli, due to the constraints ( 11 . 102 ). 

Concerning charged matter, two sets a, b of D7-branes generically intersect over 2- 
cycles Tj a b , supporting chiral 6 d fermions, which couple to the gauge background restricted 
to T.,ib, and thus produce chiral 4d fermions according to the index of the Dirac operator. 
We refrain from a detailed discussion of these constructions in the type IIB orientifold 
setup, as their structure is closely related to the more general setup of F-theory models, 
studied in Section 11.5. 

We conclude by remarking that D3-branes at singularities can be regarded as a partic¬ 
ular realization of this construction, albeit away from the large volume regime. Indeed, 
upon blowing up the singular point, i.e. turning on twisted sector moduli vevs as will be 
described in Section 12.4, the D3-branes actually correspond to D7-branes wrapped on the 
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4-cycle replacing the singular point, and carrying worldvolume gauge backgrounds. The 
different gauge factors arise from differently magnetized D7-branes, while their magne¬ 
tized intersections produce the chiral matter. For instance the blown-up geometries for 
the C 3 /Z 3 , dP\ and C 3 /A 27 are smooth local CYs containing a 4-cycle correspond¬ 
ing to the delPezzo complex surface dPo = P 2 , d P\ and dP% respectively. Despite the 
intuitive appeal of this geometric picture, its validity to study systems of D3-branes at 
singularities is limited to quantities not receiving a' corrections. On the other hand, mag¬ 
netized 7-branes on blown-up 4-cycles in the large volume regime can be used to construct 
interesting local models. This is explored in Section 11.5 in the more general setup of 
F-theory. 


11.4.4 Back to type IIA: magnetized D8-branes* 

The new intuitions about magnetized brane motivate us to revisit type IIA orientifolds 
for a moment. Naively, D 6 -branes wrapping special lagrangian 3-cycles as in Chapter 10 
exhaust all the possibilities for 4d spacetime filling BPS D-branes in type IIA orientifolds, 
since D4- and D 8 -branes should wrap on 1- or 5-cycles, which are actually homologically 
trivial in a general CY space. In fact this is not quite true for D 8 -branes, because a non¬ 
trivial worldvolume magnetic flux F induces a non-trivial D 6 -brane charge through the 
coupling (6.16) 

f F A C 7 . (11.104) 

JM 4 xn 5 

The induced D 6 -brane charge corresponds, in terminology of Section B.l, to the 3-homo¬ 
logy class [ 113 ], Poincare dual to the cohomology class [F] on IT 5 . Such BPS D 8 -branes 
are known as coisotropic D 8 -branes in the mathematical literature. Their existence is in 
fact required by mirror symmetry, which in toroidal models, for example, relates them 
to magnetized D9/D5-branes with off-diagonal (also called oblique) magnetic fluxes, i.e. 
F x ‘V’ F x ‘V > Fyiyjt f° r i 7 ^ j ■ 

We now proceed to the construction of such coisotropic D 8 -branes on T 6 as a simple 
example. Although it admits non-trivial 1- and 5-cycles, and is thus a very special case, it 
is a useful starting point for more representative examples, like orbifolds. For simplicity 
we take a factorized T 2 x T 3 x T 2 torus (or a Z; x Z; orbifold thereof). We consider 
a D 8 -brane wrapped on the 1-cycle m in (T 2 )i, and spanning (T 2 )2 x (T 2 ) 3 with 
constant quantized magnetic flux, given by the integer cohomology class 

2 ^F = n xx dx 2 dx 3 + n xy dx 2 dy 2 + n yx dy 2 dx 3 
+n y y dy 2 d v 3 + h 2 dx 2 dy 2 + fi 3 dx 2 dy 2 , 

(11.105) 

[n 3 ] = (n x [a\\ +m l \b\]) ® ( n xx [b 2 ][b 3 ] + n xy [Zz 2 ][«3] 

+n yx [a 2 ][b 3 ] + n yy [a 2 ][« 3 ] + «2 [fl3]l>3] + «3 [a2\[b 2 \), 
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with wedge products understood. In compactifications with two such D 8 -branes, denoted 
a, b, wrapped on different 1-cycles in the first torus and carrying different fluxes F a , h), in 
the remaining two, the ab open strings produce 4d chiral fermions with a multiplicity 

lab = A f ( F b -F a ) 2 (11.106) 

V ) 8 TX 2 J( T 2) 2 x(T2)3 

= (n\m\ - m\ni) [ (n b xx - n “ xx ) (n b yy - n“ yy ) - (n b xy - n%) (n b yx - n‘ x ) ' . 


Chiral fermions also appear if the two D 8 -brane 1-cycles C a , Cb lie on different T 2 ’s, with 
multiplicity proportional to f c x c aX t 2 (Fb ~ F a ) 2 ; finally, chiral fermions also appear at 
the intersection of D6/,- and D 8 a -branes with multiplicity proportional to (n°m b — m^n b ) 
f n t nn _ (Fb — F a ). In general, the origin of chirality and fermion replication is a combi¬ 
nation of the intersecting and magnetized brane mechanisms. The fermion multiplicities in 
general may be directly computed as intersection numbers of the corresponding (actual or 
induced) D 6 -brane charges, i.e. 


lab = [n 3 D8 “] ■ [n 3 D8f '] or i ab = [nf 6n ] • [n 




(11.107) 


The possibility to introduce magnetized D 8 -branes can be exploited to build new particle 
physics models in type IIA orientifolds, or improve certain features of existing ones. For 
example, consider the Z 2 x Zt orientifold with MSSM-like spectrum in Section 10.6, 
and replace the D 6 -branes a and cl in Table 10.4 by D 8 -branes with wrapping numbers 
= (1,0) and magnetic fluxes (n xx , n xy , n yx , n yy ) = (1, 3, —3, —10), leaving 
the D 6 -branes b and c unchanged. The reader can check that the SM spectrum remains 
the same, and one can easily find extra D 6 /D 8 -branes to cancel RR tadpoles. One novel 
feature, however, is that the D 6 -brane charge induced on a D 8 -brane by the flux does 
not correspond to a factorizable 3-cycle of the kind considered in Chapter 10; at most 
it can be regarded as a superposition of two such cycles, since [II 3 ] in (11.105) can be 
recast as 


[n 3 ] = [flj] ( [b 2 ][b 3 ] + 3 [fe 2 ][fl 3 ] - 3 [a 2 ][£> 3 ] - 1 °[« 2 ] ® [ 03 ]) 

= [at] (— 3[a 2 ] + [b 2 ]) (3[a 3 ] + [b 3 ]) - [ai][a 2 ][a 3 ]. (11.108) 

Another new feature of models with magnetized D 8 -branes is that the flux generates super¬ 
potential couplings involving the Kahler moduli 7}, which may be useful for moduli fixing. 
These couplings arise from the F-term supersymmetry condition for these D 8 -branes, 
which can be shown to be 


(F+J c ) 2 |n 5 =0, 


( 11 . 109 ) 
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where J c = B 2 + iJ, as defined later in (12.9). This condition plays the role of the first 
condition in (10.27). Explicitly, in the above toroidal example (11.105), we can expand 
J c = i Tjdx 1 dy l and easily obtain 

F 2 = ( n xy n yx - n xx n yy + h 2 hi) dx 2 A dy 2 A dx 3 A dy 2 , 

(T f ) 2 |n 5 = -T 2 Tidx 2 A dy 2 A dx 3 A dy 2 , 

F A / c |n 5 = -i(n 2 T 2 + h 2 T 2 )dx 2 A dy 2 A dxj, A dy 2 . 

The reader may check that the F-term condition (11.109) then yields 

(T 2 + in 2 ){T-i + ih'i) = n xy n yx - n xx n yy , (11.110) 

which (redefining the Im 7}) may be interpreted as coming from the superpotential 

Wi = <*>! (T 2 r 3 - / 1 ); fi = n xy n yx - n xx n yy , (11.111) 

where $1 is the open string modulus in (T 2 ) 1 , encoding the D8-brane position and Wil¬ 
son line. The SUSY condition F <]>, = 0 would seemingly fix a combination of the Kahler 
moduli T 2 , 73 . However, toroidal or Z 2 x Z 2 models also contain open string cubic superpo¬ 
tentials <T> 102 < t* 3 , so the full superpotential at best fixes combinations of Kahler and open 
string moduli. In any event the introduction of magnetized D8-branes produces new moduli 
superpotentials, potentially useful in moduli fixing (see Chapter 14 for other class of mod¬ 
uli dependent superpotentials induced by closed string rather than open string fluxes). We 
direct the reader to the references for details on explicit models with partial fixed moduli. 


11.5 F-theory model building 

In this section we study particle physics model building in the context of F-theory. 
F-theory models are a non-perturbative generalization of type IIB D7-brane models, allow¬ 
ing for richer group theoretical structures and with additional flexibility in model building. 
In particular, using F-theory 7-branes it is possible to obtain spinor representations 16 
of 50(10), and thus construct 50(10) GUT models. It also allows the construction of 
SU (5) models in which the 10 • 10 ■ 5 Yukawa coupling is directly present, with an 0(1) 
coefficient; this is in contrast with perturbative type IIB models, where this coupling is for¬ 
bidden in perturbation theory, as already mentioned in the 3-family SU (5) GUT toy model 
in Section 11.2.3. F-theory nicely combines some virtues of heterotic vacua (like 50(10) 
spinorials and top Yukawas) with those of type IIB compactifications (e.g. modular bottom- 
up structure, and flux moduli stabilization as in Chapters 14 and 15). The price to pay is 
that, being non-perturbative, perturbative string theory techniques do not apply, and this 
limits the computation of non-chiral features of the spectrum, and of the 4d low-energy 
effective action. 
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11.5.1 Basics of F-theory 


F-theory can most simply be defined as a particular limit of certain compactifications of 
M-theory. Recall from Section 6.3.4 the duality relation between M-theory on a T 2 and 
lOd type IIB string theory. Denoting the M-theory T 2 radii by R\. AS, and their relative 
angle by 6 , the moduli of T 2 correspond to the area A and complex structure r 

A — R 1 R 2 sin0, r = Y eW - (11.112) 

Taking the limit of vanishing area A —► 0 while keeping r fixed, the 9d theory grows a 
new dimension that lifts the theory to lOd type IIB theory, with complex coupling constant 
r = Co+ie~^. The type IIB 57.(2. Z) S-duality turns into a geometric symmetry (modular 
transformations) of the compactification T 2 in M-theory; it acts on the T 2 basis 1 -cycles 
[a], [fo], and on r as 


([a]\ ^ fa b\ ^ ar + b 

VM/ V d)\[b])' cr+d' 


(11.113) 


with a,b,c,d e Z and ad — be = 1. F-theory on T 2 is defined as the zero area limit of 
M-theory on T , and corresponds to lOd type IIB theory, with constant r. 

The idea now is to consider fibering this duality over a base space. Consider a compactifi¬ 
cation of M-theory on a so-called elliptically fibered K3 space. This is just a two-complex 
dimensional CY space, 5 described as a base Pi (i.e. a two-sphere S 2 ) parametrized by a 
complex coordinate z, and a T 2 erected on top of each point z (known as elliptic fiber 6 ). 
The space is not a simple product, however, as the complex structure of the T 2 fiber in 
general varies over the base, and is given by a (holomorphic) function r(z). F-theory on 
K3 is defined as a limit of this M-theory K3 compactification, in which the area of the T 2 
fiber is sent to zero, keeping the function r(z) fixed. In this limit, the 7d theory grows a 
new dimension and lifts to an 8d compactification of type IIB theory on Pi, with a complex 
coupling r(z) which varies over the compactification space; this last feature is crucial to 
make the compactification preserve supersymmetry, even though Pi is not a CY space. 

A crucial property of T 2 fibrations is that the fiber can become singular over some locus 
on the base. In the above example, there are points in the base where r(z) diverges to 
r — > i oo. This corresponds to a geometry in which one of the T 2 1 -cycles collapses to zero 
size (so that one radius is infinitely larger than the other), so the T 2 pinches off. In general, 
at each degeneration point there is a (p, q) 1-cycle of the T 2 fiber that shrinks to zero 
size. These special points in Pi have an interesting interpretation in the type IIB picture; 
they correspond to (p, q) 7-branes sitting at a point in Pj and filling the non-compact 
8d Minkowski space. Recall from Section 6.3.1 that ( p, q ) 7-branes are non-perturbative 
objects in type IIB theory, which are related by SL( 2, Z) S-duality transformations to 


5 K3 is the only compact manifold with St/(2) holonomy. Its non-zero Hodge numbers are /v | | = 20, 

^0 0 = ^2 0 — ^0,2 — ^2 2 — 1. A simple realization is as an orbifold T^/y^, with four untwisted (l,l)-forms, and the 16 
remaining from the twisted sector at the 16 orbifold fixed points. 

^ “Elliptic curve” is a mathematical name for a (with one marked point, i.e. a choice of origin). 
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the standard D7-branes - which are (1,0) 7-branes in this language. Since D7-branes are 
magnetically charged with respect to the RR scalar Co of type I1B theory, when one moves 
around a D7-brane in a small circle on Pi there is a monodromy Co —* Co + 1, i.e. an 
SL( 2, Z) transformation r -> r + 1; this monodromy is nicely encoded in the F-theory 
K3 geometry, because around a (1, 0) degeneration the basic T 2 1-cycles [«] = (1, 0), 
[b] = (0, 1) suffer a monodromy [a] —> [a], [ b] —> [b] + [a], namely a = b = d = 1, 
c = 0 in (11.113), hence r —> r + I. The SL( 2, Z) monodromy around a general (p, q) 
7-brane is 


M p . q = 



p 2 V 

1 + pqj 


(11.114) 


These monodromies in general prevent the existence of a weak coupling limit with small 
string coupling everywhere on Pi. F-theory is an inherently non-perturbative description 
of type IIB vacua with varying coupling constant, and ( p. q) 7-branes. 

In order to characterize the location and nature of these degenerations in more detail, 
one introduces a mathematical description of the elliptic fibration. A T 2 can be described 
algebraically by an equation in two complex coordinates x, y 

y 2 — x 3 + fx + g, (11.115) 


where /, g are complex parameters related to the complex structure r in a way not explic¬ 
itly needed here; this is the so-called Weierstrass description 7 of a T 2 . In order to describe 
a geometry where the T 2 fiber changes over a base Pi, one simply promotes the constants 
/, g to functions of the base coordinate z 

y 2 = x 3 + Mz)x + gn(z), (11.116) 


where /g, g 12 must be polynomials of degree at most 8, 12 for the full geometry to satisfy 
the CY condition. These functions specify the T 2 fibration completely and in particular the 
location of the degenerate fibers, i.e. the type IIB 7-branes. They are located at points z 
given by the roots of the so-called discriminant function 

A 24 (z) = 4g u (z) 2 + 21 Mz) 3 . (11.117) 


The equation A 24 (z) = 0 has 24 roots (including solutions at infinity) so there are 24 (p, q) 
7-branes in the corresponding type IIB picture. Generically the 24 roots are located at 
different points in Pi, in which case the total space is smooth, even if the fiber degenerates. 
There is an abelian gauge group U (l) 20 , which can be interpreted in the M-theory picture 
as arising from the lid 3-form with two indices along 2-forms on the K3 (since £>2 = 
h ij + /z2,0 + hu .2 — 20). Equivalently, the local geometry around each degenerate fiber 

7 Intuitively, y describes a double cover of the x -plane (i.e. for every value of x there are two values of y), with branch points 
introducing branch cuts connecting the two sheets of the double cover. There are four branch points corresponding to the roots 
of the polynomial in x, and to infinity. The x-plane plus the point at infinity describes a 2-sphere, so the equation describes 
two 2-spheres joined by two tubes corresponding to two branch cuts joining the four branch points pairwise. The resulting 
geometry is a T^, with the branch point at infinity as preferred point, i.e. an elliptic curve. 
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Figure 11.7 Degeneration of the T 2 fiber in F-theory. The T 2 fiber is generically smooth, but degen¬ 
erates at a point in the base, e.g. by pinching into four 2-spheres. The latter display the structure of 
the (extended) Dynkin diagram of an A 3 algebra. Correspondingly, the singular fiber is of type I 4 in 
Table 11.4 and leads to an SU (4) gauge symmetry. 


a supports a harmonic (1, l)-form (»“_, so there are zero modes of the lid 3-form with the 
structure 


C 3 = «£ A A i- (11.118) 

The massless 1-forms A" are U (1) gauge bosons on the worldvolume of the ath 7-brane. 
Note, however, that since bj — 20, the 24 2-forms ( 0 % are not all independent. In general 
U{ l)s cannot be unambiguously assigned to a single 7-brane, although our slightly cavalier 
treatment of U(\)s will suffice for the models of interest. 

When different degenerations coincide, i.e. when A 24 Is) has some multiple root, the 
geometry has a singularity and the theory develops an enhanced non-abelian gauge symme¬ 
try. In the type IIB picture this arises from coincident 7-branes (generalizing the enhanced 
SU ( n ) symmetry from n coincident D7-branes). In the M-theory picture, this arises from 
collapsed 2-cycles on which wrapped M2-branes produce massless gauge bosons enhanc¬ 
ing the gauge symmetry, as studied in Section 6.3.3. Indeed, the (extended) Dynkin dia¬ 
gram of the enhanced gauge symmetry becomes visible in the geometry of the 2 -cycles 
arising from a multiply pinched T 2 fiber. This is shown in Figure 11.7 for a degenera¬ 
tion associated to n coincident D7-branes, namely an order-/; pinching of the (1, 0)-cycle. 
The general situation is characterized mathematically in the so-called Kodaira classifica¬ 
tion of possible degenerate fibers and their ADE enhanced gauge symmetries, shown in 
Table 11.4. 


Orientifold limit and F-theory/type IIB connection* 

As a simple example, let us construct the F-theory description of type IIB on T 2 modded 
out by the orientifold £IH(— \) Fl , with H : z —> —Z. In the quotient space, the model 
contains four 07-planes with charge —4 (equivalently —8 in the toroidal covering space), 
and 16 D7-branes (32 in the covering space, i.e. 16 D7-branes and their orientifold images). 
We consider the configuration with four D7-branes on top of each 07-plane, canceling the 
RR charge locally, and leading to an S'0 ( 8) 4 gauge symmetry. Due to local RR charge 
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Table 11.4 Kodaira classification of singular fibers in elliptic fibrations, 
with their mathematical names in the first column. The last column 
describes the ADE enhanced gauge symmetry associated to a singularity 
characterized by the order of vanishing of the functions f, g, A at the 
relevant point on the base, shown in the three middle columns 


Name 

ord (/) 

ord(g) 

ord(A) 

Singularity-type 

smooth 

> 0 

> o 

0 

none 

Ifl 

0 

0 

n 

^72—1 

II 

> 1 

1 

2 

none 

III 

1 

> 2 

3 

A\ 

IV 

> 2 

2 

4 

a 2 

1 n 

2 

> 3 

n + 6 

D n +4 

1 n 

> 2 

3 

n + 6 

D n +4 

IV* 

> 3 

4 

8 

E6 

iii* 

3 

> 5 

9 

El 

ii* 

> 4 

5 

10 

E& 


cancellation, the RR scalar has trivial monodromies and r is constant over the base space. 
Configurations of this kind have a tunable string coupling which can be used to define a 
weak coupling limit; such limits do not exist in other generic F-theory models. 

The F-theory geometry corresponds to a T 4 /Zt orbifold limit of K3. This can indeed 
be regarded as a T 2 fibration, with constant complex structure, over a base with geometry 
T 2 /1Z ~ P 1 . The four fixed points on the base are loci around which there is a non¬ 
trivial SL( 2, Z) transformation (11.113) with a = d = — 1, c = d = 0, which leaves r 
invariant but flips the sign of the NSNS and RR 2-forms, which from (6.28) transform as 
an SL{ 2, Z) doublet; this is precisely the Q'TZ(—) Fl effect on closed string states. In order 
to understand the gauge symmetry of this F-theory model, we introduce the Weierstrass 
form of the elliptic fibration, given by 

4 

/ 8 = a04 (z) 2 , gt 2 = 04(z) 3 with 0 4 (z) = Y\ (z - z ; -), (11.119) 

;=t 

where a, Zi are complex parameters. The discriminant is given by 

4 

A 24 (z) = (4a 3 + 27) Y\ (z ~ Zi) 6 . (11.120) 

i'=t 

At the four points at z = Zi the fiber is degenerate, with orders of vanishing ord(/, g, A) = 
(2, 3, 6); this corresponds to an /q Kodaira fiber, leading to an enhanced .S'0(8) gauge 
factor at each point, in agreement with the gauge group on the D7/07 system. 
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It is possible to deform the above model by moving the D7-branes slightly off the 07- 
plane. This is described by slightly deforming /g and g 12 in the elliptic fibration, and 
can be used to determine the individual F-theory lifts of the D7-branes and the 07-plane. 
As described above, the D7-branes are described as (1,0) 7-branes, i.e. loci where the 
(1,0) 1-cycle in the T 2 fiber pinches off, inducing a monodromy r —> r + 1. Interestingly, 
an 07-plane does not lift to a single object, but rather to a pair of 7-branes with (/?, q) 
labels (3, — 1) and (1,-1). Their combined monodromy M 3 - \ M \ - \ acts, using (11.114), 
as r-» r — 4, in agreement with the RR charge of a type IIB 07-plane. The .S'0(8) 4 
configuration, known as orientifold limit of F-theory on K3, has the 24 degenerate fibers 
distributed in four sets, each containing four D7-branes plus two 7-branes reproducing the 
07-plane. In this regime the independent t/(1)’s in F-theory can be regarded as supported 
on D7-branes, with no independent U (1) gauge bosons for the 7-branes corresponding to 
the 07-planes. 


11.5.2 F-theory on CY fourfolds 

We would like to consider 4d compactifications of F-theory on an (elliptically fibered) 
8d space Xg. This can be defined in terms of M-theory compactified to 3d on Xg, in the 
limit of vanishing fiber area, in which a new dimension grows to render the theory 4d. 
Considerations familiar from Section 7.2.1 show that 4d Af= 1 SUSY requires Xg to have 
SU (4) holonomy, i.e. must be a CY fourfold, recall Section 7.2.2. The base of the elliptic 
fibration is a three complex dimensional space denoted B6. In type IIB language, we are 
dealing with a compactification on B6 to 4d, with a non-trivial holomorphic background for 
the complex string coupling r(zi, Z 2 , 23), where the z.i denote complex coordinates on B&; 
the compactification contains ( p , q) 7-branes, whose location is defined by the vanishing 
of the discriminant, namely 

A(zt,z 2 ,Z 3 ) = 0. (11.121) 

Since this is one complex equation in three complex variables, it defines a 4-cycle. Namely, 
the 7-branes in the configuration span 4d Minkowski space and wrap the discriminant 
4-cycle in the space Bf,. In general, the discriminant may factorize as a product of poly¬ 
nomials A(zi, Z2, Z3) = Pa (z 1 , Z2, Z3), corresponding to a configuration with several 
7-branes wrapped on different 4-cycles S a , defined by the equation p a (zi, Z 2 , Z3) = 0, e.g. 
see Figure 11.9. On the 4-cycle S a the Kodaira type of the fiber degeneration defines the 
gauge group G a carried by the corresponding coincident 7-branes, denoted 7 a -branes. 

The system is a non-perturbative generalization of configurations already appeared in 
Section 11.4.3, namely type IIB orientifolds with D7-branes on 4-cycles. We can now 
borrow intuitions from these configurations to understand further details on these F-theory 
models. For instance, two 4-cycles S a and S/, will in general intersect along a 2-cycle C a /, 
(or several, depending on their number of intersections; we will ignore this possibility for 
simplicity). We expect the presence of 6d chiral matter localized on these complex curves 
(which are hence referred to as “matter curves”). The appearance and quantum numbers of 
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Figure 11.8 Unfolding of enhanced symmetry loci in F-theory is analogous to tilting parallel 
D-branes in type IIB theory. 


this 6d matter can be derived by realizing that the fiber over C a i, is more singular than the 
generic fibers over S a or Si,. In other words, the 7-branes wrapped on S a and Sb coincide 
over the locus C a b, and lead to an enhanced structure of the singularity. This leads to 
additional collapsed 2-cycles in the F-theory geometry, and therefore to additional massless 
states localized at the intersection C a b■ Since the branes are not exactly coincident, these 
states are not vector multiplets, but rather 6d matter multiplets, charged under the gauge 
groups G a , Gb carried by the l a - and 7/,-branes. 

In general, the 7-branes involved are not perturbative D7-branes, so these massless states 
do not arise from perturbative open strings. The computation of the massless spectrum is 
however possible using the following “unfolding trick,” see also Section 10.7.2. Since the 
states are localized at the intersection C a b, it is enough to carry out the argument locally, in 
terms of 7-branes in flat space. We first consider the case of intersecting type IIB D7- 
branes and proceed by analogy. Consider two stacks of N a and N/, D7-branes in flat 
lOd space intersecting at angles over a 6d space (corresponding to 4d Minkowski space 
plus two dimensions along C a b). The configuration can be regarded as a deformation, 
by the relative rotations, of a system of coincident D7-branes. The latter would lead to 
an enhanced gauge symmetry U(N a + Nb ), which is broken to U(N a ) x U(Nb ) by the 
rotation. The 6d bi-fundamental chiral matter at the intersection arises from states in the 
adjoint of the enhanced group at the intersection U ( N a + Nb), which are not in the adjoint 
of U ( N a ) x U ( Nb )■ Namely they arise from the decomposition 

U(N a + N b ) U(N a ) x U(N b ) 

Adj -> (Adj a , 1) + (1, Adj fc ) + [ (N a , Nfo) + c.c. ]. (11.122) 

Conversely, bi-fundamental chiral matter can be engineered by “unfolding” a set of coinci¬ 
dent branes with U ( N a + Nb) symmetry into two sets carrying U ( N a ) x U(Nb) symmetry, 
see Figure 11.8. 

The idea generalizes automatically to F-theory 7-branes. Consider two sets of 7-branes 
carrying gauge groups G a , Gb intersecting over C a b, where the symmetry locally enhances 
to a larger group G a b- The 6d matter at the intersection transforms in the representations 
arising in the decomposition of the adjoint of G a b under G a x GV For instance, take two 
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sets of 7-branes carrying 50(10) and U (1) symmetries, with an enhanced E 6 symmetry 
over the intersection locus. The decomposition 

E 6 50(10) x 0(1) 

78 -> 45 0 + 1 0 + [ 16_3 + c.c. ] (11.123) 


implies that the intersection supports 6 d matter in the 16 of 50(10). This is already a 
remarkable feature of F-theory 7-branes, since spinor representations cannot arise from 
perturbative D-branes. The crucial ingredient is the existence of points of enhanced excep¬ 
tional symmetry at the intersection. Somewhat more trivially (as they can be realized with 
perturbative D-branes), other unfoldings can provide the matter multiplets for SU (5) GUT 
model building, i.e. 10 , 5 , or their conjugates 


50(6) -* 

35 -* 

50(10) -* 

45 


50(5) x 0(1) 

24o + lo + [ 5i + c.c. ], 
50(5) x 0(1) 

24q + 1q + [ IO 4 + c.c. ]. 


(11.124) 


The construction of F-theory GUT models is described in Section 11.5.3. 

The matter localized on the intersection curves is 6 d, so it is not chiral if directly reduced 
to 4d. In order to obtain chiral 4d matter we need to introduce a non-trivial background for 
the 7-brane worldvolume gauge fields, namely we need to magnetize the 7-branes (as for 
D7-brane modes in Section 11.4.3). Since 7-brane 0(1) gauge bosons arise from the (dual 
M-theory) 3-form as in (11.118), worldvolume magnetic fields correspond to components 
of the field strength G 4 = dC-} with the structure 

G 4 = ^^aF 2 “. (11.125) 

a 

Compactifications with field strength fluxes for p -form fields will be studied in Chapter 14, 
in particular in addressing the problem of moduli stabilization; we postpone a more detailed 
discussion of such configurations, and just we treat the G 4 flux simply as a worldvolume 
flux on the different 7-branes. In the presence of magnetic fields, the 6 d charged matter on 
C a b produces 4d chiral fermions with multiplicity given by the index of the relevant Dirac 
operator, as usual in magnetized brane models. 

Note that sets of three or more 7-branes can intersect simultaneously at points in the base 
space Bg, see Figure 11.9. For instance, already in type IIB models D7i-, D72-, and D 73 - 
branes (wrapped on 4-cycles defined locally by Zi = 0, i = 1, 2, 3 respectively) intersect at 
Z\ = Z 2 = Z 3 = 0. At this point there are no additional massless degrees of freedom; rather, 
these are points of triple intersection of the matter curves C12, C23, C31, and support cubic 
Yukawa couplings of fields 7i 72 —7273 — 737 j, as in Figure 12.2 in Section 12.5.2. This can 
be determined for type IIB D7-branes using open string techniques, which are however not 
available in F-theory; but it can also be derived from unfolding, and generalized readily, 
as follows. The key observation is that the Yukawa coupling arises at a point of rank-2 
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Figure 11.9 General structure of 7-branes and their intersections on the base of an F-theory com- 
pactification to 4d. The 7-branes wrap 4-cycles S a , S etc., pairs of 1 a - and 7^-branes intersect over 
2-cycles C a b, supporting matter multiplets, and triple intersection points produce Yukawa couplings. 


enhancement of the gauge symmetry. Namely the configuration of three kinds of D7-branes 
intersecting pairwise along curves, and with a triple intersection point, can be obtained by 
deforming overlapping D7-branes by two relative rotations. The matter fields entering the 
Yukawa coupling can indeed be obtained from the decomposition 

U(Ni +N 2 + N 3 ) -> UiNi) x U(N 2 ) x U(N 3 ) (11.126) 

Adj -* Adj! + Adj 2 + Adj 3 + ((Ni, N 2 ) + (N 2 , N 3 ) + (N 3 ,N,) 

+ c.c.], 

and the Yukawa coupling is (Ni, N 2 ) • (N 2 , N 3 ) • (N 3 , Ni); the latter can also be understood 
as inherited from the 8 d SYM action of the theory of overlapping 7-branes before unfold¬ 
ing, see Section 12.5.4. Analogously, couplings 10 ■ 5 • 5 in an SU (5) theory arise at points 
of enhanced SO ( 12 ) symmetry, unfolding as 

SO(l2) -» SU (5) x 0(1) x 0(1) (11.127) 

66 — > 24o,o + lo.o + lo,o + 1 1 ^ 4,0 + 5_ 2 , 2 + 5_ 2 ._ 2 + c.c. ]. 

Similarly, the up-type quark Yukawa coupling 10 • 10 • 5 , which is forbidden in D-brane 
models at the perturbative level, can arise in F-theory from a point of enhanced exceptional 
Eb symmetry, as follows from the unfolding pattern 

SU (5) x 0(1) x O(1) (11.128) 

24o,o + lo.o + lo.o + [ 10 - 1 ,-3+ 104 ,o+ 5_ 3i3 + c.c.] + I 53 
1 — 5,—3 - 

As already mentioned, the possibility of having up-type quark Yukawa couplings is one of 
the main motivations for the construction of SU (5) F-theory GUTs. 
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11.5.3 Local F-theory GUTs 

We now put the above ingredients to work and describe F-theory models of particle physics. 
The motivation is to build models which, due to the non-perturbative character of the 
framework, have improved phenomenological properties as compared with their pertur¬ 
bative type IIB cousins; it is hence natural to try and construct F-theory models with an 
underlying SU( 5) GUT, realizing the above mechanism to produce order one 10 ■ 10 • 5 
Yukawa couplings. Although this was possible already in the heterotic compactifications in 
Chapters 7 and 8, the realization in F-theory is better suited for further analysis of moduli 
stabilization and supersymmetry breaking, described in later chapters. 

The construction of compact CY fourfolds and the computation of the effective 4d 
physics is a notoriously difficult subject. In our present setup, however, we are mainly inter¬ 
ested in the study of an SU (5) gauge sector localized on a set of 7-branes wrapped on a 4- 
cycle. Many properties of this gauge sector, like its chiral spectrum, will depend only on the 
local configuration around the 4-cycle, and are quite independent of the details of the com- 
pactification. Hence we may adopt a bottom-up approach similar to that in Section 11.3; 
namely one first constructs a local configuration leading to models of phenomenological 
interest, and subsequently describes possible embeddings into a full-fledged compacti- 
fication. 

The basic strategy is to first construct a simple non-compact base threefold B(>, con¬ 
taining compact 4-cycles, and engineer the particle physics model by introducing sets 
of 7-branes, specifying their wrapped 4-cycles, gauge symmetries, intersection pattern, 
and worldvolume fluxes. Local threefold geometries with compact 4-cycles correspond 
to blow-ups of singularities, where the singular point is replaced by one or several com¬ 
pact 4-cycles; hence, models of 7-branes wrapping compact holomorphic 4-cycles in local 
geometries can be regarded as a large volume version of models of branes at singularities, 
making the application of the bottom up approach natural in both setups. It is possible 
to construct the blowup of, e.g., abelian orbifold singularities, but this in general leads to 
geometries with several compact 4-cycles. Since we are interested in a sector with a single 
gauge factor, a simpler strategy is to search for a local base geometry containing a sin¬ 
gle compact 4-cycle, denoted .S', wrapped by the SU (5) 7-branes. Local threefolds with a 
single compact 4-cycle are actually very restricted, and exist only when the 4-cycle is a 
so-called del Pezzo (complex) surface. The simplest example is the blow-up of the C 3 /Z 3 
singularity, studied in Section 11.3.3, where the 4-cycle is topologically a complex projec¬ 
tive space P 2 , which corresponds to a dPo surface. Similarly, the blow-up of the C 3 /A 27 
singularity in Section 11.3.4 contains a compact dPs surface. 

Given their prominent role in local F-theory models, we describe some geometrical 
properties of del Pezzo surfaces. The 0th del Pezzo surface, denoted dPo, is the complex 
projective plane P 2 , defined as C 3 — {(0, 0, 0)} modded out by the equivalence relation 
(zt, Z2, Z 3 ) ~ (A.zi, Xz 2 , A.Z 3 ), with X e C — {0}; roughly speaking, it is C 2 with the point 
at infinity added. It contains a non-trivial homology 2-cycle, whose class we denote by H, 
obtained by considering any hyperplane defined by a linear equation, e.g. z\ = 0 (plus the 
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point at infinity). The nth del Pezzo surface is denoted dP„, and is obtained by blowing 
up P 2 at n generic points. 8 Namely, each of the n points is replaced by a 2-cycle, with 
Pi topology, whose homology classes are denoted by E r , r = 1, ..., n. In order to get 
a well-defined local geometry with a unique compact 4-cycle, there is a constraint on the 
possible values of n = 0,..., 8, so there are nine different del Pezzo surfaces. 

The cycles H, E r form a basis of 2-cycles in dP„, with intersection numbers 


H ■ H = 1, H ■ E r =0, E r ■ E s = - S rs . 


(11.129) 


Namely, two hyperplanes intersect at a point, a generic hyperplane does not intersect 
the blown-up cycles, and different blown-up cycles are located in different regions and 
do not intersect. As in Section 7.2.2, we may use the complex nature of dP„ to define 
refined homology, in which terms in the above classes are (1, 1). The only non-zero Hodge 
numbers are /?o,o = ^ 2,2 = 1, // 1 , j = n + 1. 

In particular h 2 '° = 0, which recalling Section 11.4.3 implies that the holomorphic 
4-cycle S has no geometric moduli. Hence 7-branes on dP„ have no massless chiral multi- 
plets in the adjoint representation, i.e. no GUT-Higgs to break the SU (5) GUT symmetry. 
Moreover, the additional property ni(dP„) = 0 further implies that it is not possible to 
implement such breaking by discrete Wilson lines, as exploited in Sections 7.3.3 and 7.4 
in the heterotic setup. Fortunately, F-theory models with 7-branes wrapped on dP„ allow 
for an alternative symmetry breaking mechanism in terms of a hypercharge magnetic flux, 
as described later. 

In the local configuration there are SU( 5) 7-branes wrapped on the compact 4-cycle 
S = dP„. There are also other 7-branes wrapped on non-compact 4-cycles of the local 
model, denoted S a , which intersect S on curves C„ which support 6d matter multiplets; 
the kind of matter multiplet is determined by the enhanced symmetry at the intersection, 
as explained in Section 11.5.2. The non-compact 7-branes generically carry non-trivial 
gauge backgrounds for their worldvolume symmetries, which we will take to be generi¬ 
cally U( 1). These should be regarded as global symmetries from the 4d viewpoint - which 
may be gauged in the eventual full compactifications, albeit in a way dependent on the 
global properties of the compact space. For the local model, the only relevant data about 
these extra 7-branes are the intersection curves C a with S, the kind of localized 6d matter, 
and the magnetic field quanta to which the 6d matter couples 



(11.130) 


This information can be sketched in a diagram representing S and the matter curves C„ as in 
Figure 11.10, with the understanding that each real dimension in the diagram corresponds 
to a complex dimension in the local geometry. 

Using these ideas, it is easy to construct local configurations of 7-branes leading to a 3- 
family SU (5) GUT. Consider an example based on dP„, n > 5, with several extra 7-branes, 


In addition, the space Fq = Pi x Pi is also usually included in the del Pezzo family, as it also leads to local models with a 
single 4-cycle. 
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Figure 11.10 The picture shows the local del Pezzo surface and the intersection curves supporting 
the matter and Higgs multiplets of a SU (5) GUT model, as well as the intersection points leading to 
Yukawa couplings. 


labeled by an index a , with the following intersections, local symmetry enhancements, and 
worldvolume fluxes: 


Field 

Curve class C a 

Enhancement 

n a 

10/7! 

2H -Ei- E 5 

50(10) 

3 

5/71 

H 

5(7(6) 

-3 

S H U 

H - E\ - E 3 

5(7(6) 

1 

S H d 

H-Ei-E a 

5(7(6) 

-1 


where the sub-index m denotes “matter” fields. A depiction of the relevant curves is sketched 
in Figure 11.10. It is an SU (5) model with three families of 10 + 5 , and a vector-like pair 
of Higgses in 5 , 5 . The particular choices of curves are motivated to allow for a simple 
modification to be discussed shortly. Also, the two Higgs multiplets are localized on dif¬ 
ferent curves, for reasons to be explained at the end of this chapter. Finally, the curves 
in Figure 11.10 are chosen to intersect at points in a way that yields the desired Yukawa 
couplings. 

As explained above, D7-branes on del Pezzo 4-cycles neither have massless adjoints nor 
discrete Wilson lines to break the GUT gauge symmetry. There is however a possibility 
to achieve the breaking of 5(7(5), by turning on a worldvolume magnetic field for the 
hypercharge generator in SU(5), 

Y ~ diag (2,2, 2, —3, —3), (11.131) 

supported on the homologically non-trivial 2-cycles of dP„. The magnetized branes indeed 
experience a symmetry breaking of SU( 5) to the SM group. In the process, the SU (5) 
gauginos can potentially produce exotic chiral matter charged under the SM group; their 
quantum numbers are given by the branching 

SU( 5) -* SU( 3) x SU(2) l x (7(l)y 

24 (8,1) 0 + (1, 3) 0 + (1, l)o + [ (3,2) 5 + c.c. ], (11.132) 
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where the hypercharge normalization has been chosen to avoid fractional charges later on. 
Since the above fields have (hyper)charge 5, the quantization conditions (B.26) for the 
hypercharge flux over the basis of 2-cycles H, E, in S are 

5 f ^ = n Y , H ,5 [ = ny.E, (11.133) 

J H 2tt J Er 2n 

with integer flux quanta n Y jj, ny.E r e Z. Equivalently, the homology dual is 


Fy 

2 7T 


- ^ ny.HH + ^2 n Y,E r Er'j . 


(11.134) 


The multiplicity of the above ( 3 , 2 ) 5 exotics is given by the index of the relevant Dirac oper¬ 
ator coupled to the hypercharge flux. For del Pezzo surfaces, there exist certain “vanishing 


theorems,” which ensure that this index vanishes if the class 5 ^ 


has self-intersection 


—2, e.g. 5 = E r — E s , with r ^ s, as exploited later. 

As is familiar from previous brane constructions, achieving the actual SM group at low 
energies requires that the hypercharge t/(l)y remains massless. Indeed, a worldvolume 
coupling on the SU (5) 7-branes can produce a B A F term for U (l)y, 


with 


( C 4 A F v ? -> f . 
J 8d J 4d 


Z?2 A Fy, 


Bi = I C4 A Fy = I C4, 
Js J[Fy] 


(11.135) 


(11.136) 


where [Fy] is momentarily shorthand for 5[^]. This potential problem is identical to 
that in heterotic compactification with U (1) bundles, in Section 7.4.3, and would spoil the 
interest of the present F-theory models; there is however an interesting way out, already 
noted at the end of Section 11.3.2 in a different context. The idea uses the global com¬ 
pactification geometry to eliminate the very existence of the closed string zero mode Z? 2 - 
From (11.136), this is achieved if [Fy] is homologically trivial on the full base geome¬ 
try Bg, even if non-trivial on the 4-cycle S, that is [Fy] e /Fl.S - ) but [Fy] ^ /Ft B (l ); in 
other words, it is the boundary of a 3-chain E 3 in Bg, but not lying in S, see Figure 11.11. 
In our above ansatz, [Fy] ~ E r — E s , this corresponds to requiring that [E r ] = [F s ] 
in Bg, despite these classes being different in S. Note that the triviality of [Fy] in Bg is 
a constraint on the global compactification, not determined purely in terms of the local 
geometry. Explicit examples of global CY four-fold geometries with this property can be 
constructed by different techniques; their description is beyond our present scope, so in 
what follows we will simply assume this mechanism to be at work in the local models 
under discussion. 

At the intersection curves C a of S with other 4-cycles S a , there is 6 d matter charged 
under both the SU( 5) (hence coupling to the hypercharge flux Fy) and the U(\) a factors 
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Figure 11.11 Sketch of a a 4-cycle S in a global geometry Bg, such that there is a homology 2-cycle 
class [Fy], non-trivial in S but trivial in Bg, due to the 3-chain S 3 . 


on the non-compact 7 a -branes. The multiplicity of 4d chiral fermions is given by the index 
of the Dirac operator coupled to the gauge backgrounds of the two intersecting 7-branes. 
For a matter field localized on C a , in a representation R, of the SM group, with hypercharge 
y i>a and U(l) a charge q a , the index is 


#R, = yi,a / — 


l£ + */c 


Fa 
c a 2 tr 


yi,a - 


ny,a 


c la~ 


no sum in a. 


(11.137) 


where n Y . a = 5 ^ 


[C a ] and n a are integer hypercharge and U (1 ) a fluxes over C„. 
Since the hypercharge of these states is in general not a multiple of 5, the U(l) a magnetic 
flux quanta are n a /5, i.e. fractional to yield an integer multiplicity. 

Since different fields in a given SU (5) multiplet have different hypercharge, they couple 
differently to the hypercharge flux, and can have in general different number of zero modes. 
This leads to a nice mechanism to produce light SU(2) doublet Higgses, while keeping 
their triplet GUT partners heavy, by requiring that only the former have zero modes. On 
the other hand, since quarks and leptons actually form full SU (5) multiplets, they should 
be most naturally located on curves over which the integrated hypercharge flux vanishes, to 
avoid splitting of GUT multiplets in the matter sector. An example of this idea is provided 
in the example below. 

As usual, the non-trivial gauge backgrounds must satisfy certain conditions to preserve 
supersymmetry. In F-theory they can be understood from the supersymmetry conditions on 
the lid G 4 flux in M-theory, to be discussed in Section 14.1.2, i.e. using (14.35) with the 
ansatz (11.125). The result, however, is identical to (11.102) for magnetized D7-branes in 
general geometric compactifications 


F (2.0) = f (0,2) = A j = 0 , 


(11.138) 


where the super-index denotes the Hodge type, and J is the Kahler form on S. The first 
condition is automatically satisfied, as del Pezzo surfaces do not support (2, 0)- or (0, 2)- 
forms, while the second is non-trivial but can be satisfied for our choices of Fy (and of the 
other gauge backgrounds) in suitable regions in moduli space. 
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We conclude with a concrete model, based on the earlier example. We take 5 
£3 — £ 4 , with self-intersection — 2 , and the following data: 



Matter 

Curve class C a 

Enhancement 

n Y,a 

Qa 

n a 

4d field 

SM field 

10//7 

2H - Ei- E 5 

50(10) 

0 

1 

15 

3 x 10 

Ql,U,e 

5m 

H 

5(7(6) 

0 

1 

15 

3x5 

D , L 

5 

H - Ei - £3 

5(7(6) 

1 

1 

2 

(1.2)3 

H u 

5 

h-e 2 -e 4 

5(7(6) 

-1 

1 

-2 

( 1 , 2)_ 3 

Hd 


where in the last two columns we have indicated the surviving massless 4d fields from 
(11.137). Note that the vanishing hypercharge flux through the 10 and 5 curves (for which 


• [C a ] = 0) produces 4d matter in full SU (5) multiplets, while the non-trivial flux 
through the Higgs curves produces a zero mode for the SU (2) doublet but not for the 
triplets, according to (11.137), for the decomposition 


SU(5 ) -* 5(7(3) x SU(2) l x (7(l) y 

5 -* ( 3 , l )-2 + ( 1 , 2 ) 3 . ( 11 . 139 ) 


Notice that even though the Higgs triplets are heavy, they can still lead to too fast pro¬ 
ton decay through dimension five operators. This could indeed happen if the two Higgs 
doublets would arise as a non-chiral set localized on a single curve. In such case, the two 
massive triplets T, T' lead to couplings, e.g. 

W= QlLT + T'Q L Q L +mTT' -* - LQ l Q l Q l . (11.140) 

m 

This is automatically avoided in the above models, where the two Higgs multiplets arise 
from different curves, so that the triplets T, T' do not have mutual couplings. 

Some further properties of these 5(7(5)-based F-theory GUTS are described in Sec¬ 
tions 12.7 and 16.1.2. As mentioned previously, it would be possible to use similar tech¬ 
niques to build S(9(10) GUT models in F-theory; however, due to the larger size of the 
group, its breaking by (7(1) fluxes produces exotic matter multiplets on S, all of which 
cannot be avoided simultaneously. 

In analogy with Section 11.3, these local models must be regarded as part of a full global 
compactification. There exist global embeddings satisfying most of the above mentioned 
phenomenological requirements, and for which we refer the reader to the Bibliography. 
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Type II compactifications: effective action 


We turn now to the structure of the effective action of type II orientifold compactifica¬ 
tions. We mostly focus on the type IIA orientifolds of Chapter 10, and the type IIB models 
with D3/D7-branes (both in orbifolds, and magnetized) of Chapter 11, with brief dis¬ 
cussions of D9/D5-brane models. We also often stick to one particular picture, relying 
on T-duality/mirror symmetry for the derivation of results in other constructions. We are 
mostly interested in 4d J\f — 1 compactifications, and hence focus on the Kahler poten¬ 
tial K, the gauge kinetic functions f a , and the superpotential W. Although the effective 
action shares some features with that of heterotic string compactifications, there is a sub¬ 
stantial number of novel features. In particular, we describe the implications of anomalous 
t/(l)s and their corresponding FI terms, and carry out detailed microscopic descriptions 
of Yukawa couplings in intersecting brane models, magnetized brane models, and local 
F-theory local models. 


12.1 The closed string moduli in type II orientifolds 


We start with a description of the closed string moduli in type II orientifolds, in particular 
of the connection between the supergravity moduli fields and the geometric data; this is 
slightly tricky in the way it involves the p-form field backgrounds. 

As discussed in Section 10.1, compactification of type II string theories on a CY man¬ 
ifold Xg gives rise to 4d J\f = 2 supersymmetry. This can be further reduced to 4d A" = I 
by subsequent orientifold actions, whose geometric Z 2 action 77 on the CY X 6 we recall 
from Sections 10.1.3 and 11.1 


Type IIA with 06-planes : 777 = — 7, 1ZQ.?, = ^ 3 , 

Type IIB with 03/07-planes : 77.7 = 7, 77 £2 3 = —Qj,, 
Type IIB with 05/09-planes : 777 = 7, 77 £2 3 = O3, 


( 12 . 1 ) 

( 12 . 2 ) 

(12.3) 


where 7 is the CY Kahler form and £2 3 is the holomorphic 3-form. As we show next, 
the orientifold operation projects out a subset of the original AT —2 fields and reduces the 
closed string spectrum. 
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12.1.1 Type IIA orientifolds with 06 planes 


Recalling Section 10.1.1, compactification of type IIA string theory on a CY manifold 
X(, produces a 4d Af — 2 theory with Kahler moduli in h\ \ vector multiplets, and the 
complex structure moduli and dilaton in I 12.1 + 1 hypermultiplets. Let us recall their micro¬ 
scopic origin in terms of the harmonic forms on Xg, focusing on the bosonic compo¬ 
nents for simplicity. We introduce a basis {top\ p = \ ./,, of (1, l)-forms, and a basis 

{ap, f> K }jf=o,...,/i 2 ,i of 3-forms, satisfying 


/ olk A f> 
Jx 6 



(12.4) 


From Section 7.2.4, the zero modes in the KK reduction of the lOd p-form fields corre¬ 
spond to the expansion along harmonic forms on X(>. In the present case, 

Ci = Ci (x), 

Bi = i> 2 {x) + b p cop, P = \,...,h\\, 

C 3 = Af (x) A cop + C K {x) olk — Ck{x) P K , K = 0,1,..., / 12,1 - (12.5) 

Here b p , C K , Cp are 4d scalars, while Ci (x), A p (x) are 4d U (1) gauge bosons, and £>2 
is a 4d 2-form, which can be dualized into a scalar a, as in Section 9.1.1. There are addi¬ 
tional massless scalars from the CY geometric moduli, given by h\_\ Kahler moduli real 
scalars v p , and hj. 1 complex structure complex scalars z K ■ The Kahler moduli v p combine 
with b p , A p to form h\ \ vector multiplets (A P ■ v p , b p ). The complex structure moduli 
z K combine with C K , Cp, K =1,..., hp 1 , to form hj. ] hypermultiplets (z K , C K , C k)- 
There is finally one hypermultiplet (a, <fi, C°, C°), and the gravity multiplet (g jlv , C 1 ). 

Let us consider now the Q1Z(— 1) Fl orientifold projection, where '12 acts on .1 and TL 
as in (12.1). The intrinsic action of £2(—1) Fl on the original type IIA lOd fields can be 
easily obtained from the action in type I, Section 4.4.2, upon formal application of three 
T-dualities. The NSNS 2-form B 2 is intrinsically odd (and the metric G and dilaton <j> are 
even), while the RR 1-form Ci is intrinsically odd and the RR 3-form C 3 is even; this 
follows since T-duality in three transverse directions maps C\ into the Q-odd type IIB RR 
4-form, and C 3 into an C-even RR 6 -form (as it relates to the Q-even RR 2-form in type I 
by lOd duality in the sense of Section B.3). 

Harmonic forms are classified according to their behavior under the orientifold action. 
We thus define a basis of odd (even) (1, l)-forms t» a (< v a ), with a = 1, ..., /zj" j, a — 
1 ,..., /zj j, and their dual ( 2 , 2 )-forms w a ( d ) a ) by 



( 12 . 6 ) 


The harmonic 3-forms are similarly split into even and odd under the Z 2 geometric action 
12. In type IIA orientifolds it is possible to choose the basis {ap , fi K } such that up are 
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even and are odd. As described above, both / and lh are odd under the orientifold 
action, hence their zero modes arise from expansions into odd harmonic ( 1 , 1 ) forms 

J = v a (x)w a , B 2 = b a (x) a> a , a = l,..., h~[ l . (12.7) 

These correspond to l (complexified) Kahler moduli, as described later. Similarly one 
can show that the number of scalars from the /-Z 2,1 complex structure moduli is reduced by 
half, leaving ^ 2,1 real scalars. Finally, C 3 is even under the orientifold action and can be 
expanded as 

C 3 = A°[(x) Aco a + C K {x)a K , (12.8) 

where C K are hi. 1 + 1 real scalars. They combine with the surviving z K real scalars and 
the dilaton to form hi. 1 + 1 chiral multiplets. The A" give rise to h + i vector bosons which 
are contained in vector multiplets. The closed string massless spectrum thus contains, in 
addition to the gravity multiplet, h ( Kahler moduli T a , hi ] complex structure moduli IIk 
and the complex dilaton Uq = S. As shown in the Bibliography, they are defined in terms 
of the microscopic string parameters through the expansion in harmonic forms of suitably 
complexified Kahler 2-form and holomorphic 3-form 


J c = Bi + iJ = i T. T a co a , 

a=l 

* 2,1 

f2 e = C 3 + i Re (C£2 3 ) = iS ao — i Uk oik- (12.9) 

K= 1 

Here C is a normalization factor defined by 

C = e-^e K ™l\ K cs = -log(- l -J^n 3 A£2 3 ), ( 12 . 10 ) 


where K cs is the complex structure moduli Kahler potential (9.29), and (p 4 is the 4d dilaton 
defined by 


e^ = 


e '* 

VVol(X 6 ) ■ 


( 12 . 11 ) 


As in the heterotic case in Section 9.1.1, the general form of the closed string 4d effective 
action can be derived from the KK reduction of the lOd type I1A action. We skip this 
computation and simply quote the resulting Kahler potential 



J A J A J 



Re(Cf2 3 ) A * 6 rfRe(Cf 23 ) 


( 12 . 12 ) 


The first term depends on the Kahler moduli T a and, as in the heterotic case in (9.29), is 
the logarithm of the volume of X 6 - The second term is a function of the complex dilaton 
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S and complex structure moduli. The explicit form of this Kahler potential for toroidal 
orientifolds is described in Section 12.1.4. 


12.1.2 Type IIB orientifolds with 03/07-planes 

A similar analysis can be carried out to compute the closed string moduli and their 4d 
effective action for type IIB orientifolds, as we review in this section for models with 03- 
and/or 07-planes. The case of 09/05-plane models is discussed in the toroidal setup at the 
end of Section 12.1.4. 

For type IIB with 03/07-planes, the orientifold action is Q'JZ(— \) Fl , with 1Z acting as 
in (12.2). The intrinsic action of £2(— 1) Fl on the lOd fields can be easily obtained from 
the Q action in type I, Section 4.4.2, upon formal application of six T-dualities. The NSNS 
2-form Z ?2 is intrinsically odd (and the metric G and dilaton </> are even), while the RR 
O-form Co is intrinsically even (as it maps to the RR 6 -form, whose Hodge dual, in the 
sense of Section B.3, is the ^2-even RR 2-form in type I), the RR 2-form is odd (as it 
T-dualizes into the f2-odd RR 4-form), and the RR 4-form is even (as it T-dualizes into the 
£2-even RR 2-form). 

Again the harmonic forms split as even or odd under 7 Z, and we introduce odd and even 
(1, l)-forms (» a , co a , (2, 2)-forms cb a , and 3-forms otg, a-r. The dilaton combines with 
the even Co held into the complex dilaton S. The odd fields If and Ci, and the even C 4 
have the expansions 

B 2 = b a (x)o> a , 

C 2 — c a (x) co a , a = 1 ,..., h J j, 

C 4 = A\ Aa- k + C a (x)d) a , k=\,...,h+ v ct=\,...,h\ v (12.13) 

where b a , c a and C a are 4d scalars and A\ are 1/(1) gauge bosons. There are additional 
massless scalars from geometric CY moduli. Since 7 ZJ = J, there are hj j surviving real 
Kahler moduli u“; on the other hand, 7?. £2 3 = —Q 3 , and there are hif j complex structure 
moduli. The massless closed string sector contains the gravity multiplet, plus { chiral 
multiplets T a containing the scalars (v a ,C a ), h / { chiral multiplets U,\ containing the 
complex structure moduli, hj | chiral multiplets G a containing the scalars (b a ,c a ), lit | 
vector multiplets, and the complex dilaton chiral multiplet S. As shown in the Bibliography, 
the relationships between the supergravity variables and the geometric data are 

T a = —i J Jc A U>a, Jc = C 4 + -e ^ J A J + (C 2 — i SBf) A Bi, 

uA = i J ^3 AffJ, 

S = e-* + /Co, 

G a = c a — iSb a . 


(12.14) 
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The 4d effective action may be described in terms of the Kahler potential 


f^ire = - log (-i j SI 3 A - log (5 + S *) - 2 log f e~** J 


J A J A J 


(12.15) 


The Kahler potential is in general an implicit function of the moduli, with no explicit 
expression in terms of T a , G a and S\ there is, however, an explicit expression for the large 
volume Kahler potential for the overall modulus T, leading to the familiar result 

k 4 2 ^hb = - log (-i j S2 3 aS2 3 ) - log (S+S*) - 31og (T + T*). (12.16) 

This has the same no-scale structure already encountered in (9.17) and (9.30) for heterotic 
compactifications. The above Kahler potential is at leading order in a'; there are in gen¬ 
eral higher order perturbative corrections in a', as well as non-perturbative a' corrections 
(worldsheet instantons), similar to those mentioned in Section 9.1.3. Already before ori- 
entifolding, there is a computable leading correction (in an expansion in inverse powers of 
the volume) to the Kahler potential for the 4d N = 2 Kahler moduli of type 1IB on X (l ; 
it arises from the KK reduction of a computable R 4 correction in the lOd action. Type IIB 
orientifolds inherit this correction, which modifies the 4d J\f = 1 Kahler potential (12.15) 
by an additional piece inside the log, i.e. 


-2 log 




f 


J A J A J — 
2 


e ?< 3 > nr i 


(12.17) 


where y (X 4 ,) = 2(h \ \ —hj, 1 ) is the Euler number of X6, and £ is the Riemann zeta function 
with £(3)= I /k 4 — 1.2; this perturbative correction will be relevant for moduli 

stabilization in the framework of Section 15.3.2. 

In type II CY orientifold compactifications, Kahler and complex structure moduli have 
imaginary parts given by integrals of RR potentials. The lOd gauge invariance of the latter 
implies a shift symmetry of the 4d RR scalars, exact in string perturbation theory. This 
shift symmetry, together with holomorphy, prevents the appearance of these fields in the 
superpotential, hence they are exact moduli in string perturbation theory. Non-perturbative 
D-brane instanton effects, however, can produce superpotential contributions for these 
moduli, as described in Chapter 13. Also, compactifications including additional back¬ 
grounds, like p- form fields strength fluxes, have ingredients violating these symmetries 
and thus produce non-trivial superpotentials for moduli, as described in Chapter 14. 


12.1.3 Moduli in M-theory compactified on G 2 manifolds* 

As we reviewed in Section 10.7.2, one can obtain 4d AT — 1 supersymmetric theories 
by compactifying M-theory on a 7d manifold X 7 of G 2 holonomy. In this section we 
review the structure of the 4d effective action obtained from KK reduction of lid Af= 1 
supergravity, leaving its computation for the references. Recall that the non-abelian gauge 
group and chiral content of such compactifications arise from singularities in the compact 
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manifold, and hence cannot be obtained in this approximation; the analysis thus restricts 
to the moduli, and the 4d 17(1) gauge bosons. 

Introduce the basis and {ct> tz }o'=i ....,* 2 °f harmonic 3- and 2-forms on X 7 , 

respectively. The M-theory 3-form C 3 produces massless scalars c l and gauge bosons A" 
from the KK expansion 

C 3 = c 1 '(*)</>,- + A“ Aco a , i = 1, ...,fo 3 (x 7 ), a = 1, ...,h 2 (X 7 ). (12.18) 

The metric moduli are encoded in the associative 3-form p introduced in Section 10.7.2, 
which can be expanded as 

*> = £V(x)&. (12.19) 

i 

The scalars c 1 , s‘ combine into the complex moduli 

S i =c i + is i , (12.20) 

which belong to b 3 (X 7 ) 4d J\f = 1 chiral multiplets. The dimensional reduction of the lid 
action can be shown to produce for them the following Kahler potential 

k}k = -3 log J ( 12 . 21 ) 

where the term in brackets is proportional to the volume of X 7 . Concerning the abelian 
gauge bosons A a , their gauge kinetic function is given by 

faft = TTT S ' f 0; A<a 0 A cop. (12.22) 

2 /fjj Jx 

An interesting template for comparison are the G 2 holonomy manifolds introduced in 
Section 10.7.2, of the form 

X 7 = (X 6 xS‘ )/Z 2 , (12.23) 

where X 6 is a CY, and Zi acts as x 10 —> —x 10 on S 1 , and as an antiholomorphic involu¬ 
tion 1Z on X(,, i.e. 77.(7) = — 7, 77(f2 3 ) = Q 3 ; they correspond to the M-theory lift of the 
£21Z (—) -orientifold of type IIA on Xg, with the fixed points of 7 Z in Xg corresponding 
to the 06-planes (with overlapping D 6 -branes). This connection with type IIA orientifolds 
allows to compare the effective action from the above KK reduction of the 1 Id supergrav¬ 
ity with the results in Section 12.1.1. Indeed, recall the structure (10.67) of the associative 
3-form tp, 

tp= 7 A7x 10 + Re (V 8 Ca 3 ), (12.24) 

where this more precise formula includes a factor C, defined in (12.10); we also normalize 
f Si dx 10 = 2ttR, and set /r 3 0 = K^/2itR = 1. Then plugging q> into (12.21) one recovers 
the type IIA orientifold Kahler potential (12.12). 
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Concerning the gauge bosons A“, they fall in two classes. First, those associated to 
harmonic forms supported at degenerations of the S 1 fiber correspond in the type IIA ori- 
entifold to U( l)’s on D 6 -brane worldvolumes. Second, gauge bosons arising from lid 
3-form components C jxi j along the h t | harmonic 2-forms even under the orientifold action, 
correspond in the type IIA orientifold to RR U( 1) gauge bosons, further discussed in 
Section 12.1.1. 


12.1.4 The closed string moduli space in toroidal orientifolds 


In this section we flesh out the results of Sections 12.1.1, and 12.1.2 in the simplest case 
of toroidal orientifolds. This allows to provide explicit expressions for several somewhat 
obscurely defined quantities, and to display their geometric interpretation. 

We first fix our notation for the geometric moduli on the tori. For simplicity we consider 


factorized T° = (T z )i x (Tff 2 x (T^H, wi 
(T 2 );, i — 1, 2, 3. A basis of 3-forms is 

ao = dx 1 A dx 2 A dx 2 \ 

a\ = dx 1 A dy 2 A dy 2 ', 

ot 2 — dy^ A dx 2 A dy 2 \ 

a3 = dy ] A dy 2 A dx 3 ; 


coordinates ( x , y) of periodicity 1 on each 

= dy 1 A dy 2 A dy 2 , 

= dy 1 A dx 2 A dx 2 , 

= dx 1 A dy 2 A dx 2 , 

fo = dx 1 Adx 2 Ady 2 , (12.25) 


normalized to satisfy (12.4). A basis of 2- and 4-forms is given by 

a>i = —dx 1 A dy 1 ; 5; = dx 2 A dyi A dx k A dy k for i ^ j ^ k ^ i, (12.26) 

satisfying / t6 &>; A a>j = S,j. The geometry of each (T 2 ) ; - is defined by two basis vectors 
{ej x , ejy) along x J , yi , of radii R{, R J y , with area denoted (2n) 2 Aj. Here we measure 
geometric lengths in units of o' ,| Z 2 , so all geometric quantities are adimensional, with cor¬ 
rect dimensions restored by rescaling R J X y —> a'~ 2 ! 2 R J x , y . In terms of these data, the 
(T 2 ) ; - complex structure parameter is 

Uj = ^-(Aj + i e jx ■ e Jy ), (12.27) 

e jx 

as in (9.81) with Gn = e y ■ e y , G 22 = e x ■ e x , G\ 2 = e y ■ e x \ we then have dij = 
dx J + i U/dy!, anc j the Kahler form and holomorphic 3-forms read 

3 

J = AiCOi, 

; = 1 

^3 = (c/x 1 + i U\ dy 1 ) A (dx 2 + i U 2 dy 2 ) A (dx 2 + i U 3 dy 2 ), (12.28) 


with the latter clearly admitting an expansion in the 3-form basis (12.25). 
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Consider first the type IIA orientifold T 6 /[£2(— \) Fl 12a], with 12a ■ (x l ,y') = 
(x l , —y‘ ), and so 12 a (J) = —J and 12 a (£2 3 ) = fi 3 . The model contains 06-planes along 
the x‘ directions, e.g. for rectangular tori Uj = R{/R{ and A/ — R{ III. We focus on 
the seven “diagonal” moduli of this IIA orientifold, namely the dilaton S, the three Kahler 
moduli Tj, and three complex structure moduli Uj, for the three 2-tori. As described above, 
the moduli can be concisely described in terms of the complexified forms (12.9). In this 
case the normalization factor (12.10) is C = e~^, and 


Tj = a' 1 R‘ x Ry + i j B 2 A u>i , 

J T 6 

S = e“V“ 3/2 ^ R 2 X R 3 x + i [ C 3 a/3 0 , 

Jt 6 

Ui = e-*a'~ 3 ' 2 R[ R{, R k v - i [ C 3 A ft, i^j^k 

Jt 6 




(12.29) 


where we have made now explicit the length dimensions of R‘ x . With these definitions 
the Kahler potential (12.12) for the moduli reads 


kIKu = - log(S - 


S*) - lo 8 ( Ui + U *)~J2 lo S + T *) ■ (12 - 3 °) 


1=1 


! = 1 


Consider now the type IIB orientifold T 6 /(C2 (— I ) F '12p,], with 12b '■ (x', y‘) = 
(— x l , —y l ) and so 12.b( J) — J and 12b(£1 3 ) = —^ 3 . The model contains 03-planes, but 
the results below are valid for models with 07-planes as well. Using the above basis, we 
have hj { = hi= hi , = 0 and so there are neither G" moduli nor RR gauge bosons. 
We again focus on the seven diagonal closed string moduli, i.e. the dilaton, and the Kahler 
and complex structure moduli of the three 2-tori; they are also denoted S, Tj , and Uj , even 
though their relation with the lOd microscopic parameters differs from the case of type IIA 
or heterotic models. In (12.14), the last term in J c drops since Ih and C 2 are projected out. 
The expressions for moduli in type IIB orientifolds with 03/07-planes are 


Tj = e-* u’- 2 R{ R{, R k r R k 


k — i / C 4 A a>j , i ^ j k / /, 

J T 6 


S = e-* + iC 0 , 
Uj=Uj. 


(12.31) 


Incidentally, the 4d complex structure fields are directly the 2-tori complex structures. 
The complete moduli Kahler potential is again given by (12.30). The equality of both 
IIA and IIB expressions is in fact expected from mirror symmetry, which as described in 
Section 10.1.1 exchanges Kahler and complex structure moduli, 


Tj 


Uj , 5 


S, 


(12.32) 
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or, more simply, from T-duality along x 1 , x 2 , and x 3 , which recalling (3.89) acts as 

R[->—, e-* -* e^a'-^RlRlRl. (12.33) 

x R' xxx v ' 

Toroidal type IIB 03/07 models can be related to type IIB 09/05 models (in particular, 
type I on T 6 ) by a T-duality in all T 6 directions. Applying to the moduli in (12.31) the above 
T-duality rules, along with the action (5.6) on RR fields, the moduli for IIB orientifolds with 
09/05-planes can be shown to be 

Ti = V “ 1 R[ R‘ - if C‘ 2 A mi , 

Jt 6 

S = V“ 3 rJ. R 2 x R 3 R\ R 2 R 3 + i a, 

Ui = j -—> Ui, (12.34) 

where a is the 4d dual of the RR 2-form C 2 , and we have relabeled x l and y‘ to set 17/ = Uj. 
Using the T-duality, the moduli Kahler potential for type IIB with 09/05-planes has also 
the form (12.30); this is a reflection of the heterotic/type I duality of Section 6.3.5. 

Note that although toroidal heterotic, type IIA and IIB models have the same Kahler 
potential for the diagonal moduli, the expression of the latter in terms of microscopic string 
quantities differs in the different constructions. For instance. Re 7} are volumes of 2-tori 
in heterotic and type IIB 09/05 models, while it relates to volumes of transverse 4-tori in 
type IIB 03/07 models; also, in type IIB models the dilaton dependence is encoded in S, 
Tj , while in type IIA it appears in Ui. 

In the above discussion we have not included the open string sector. Actually, mix¬ 
ing between both sectors is important, and in fact the Kahler potential for closed moduli, 
or rather the very definition of the 4d supergravity fields, is modified in the presence of 
D-branes, as we describe in next section. 


12.2 Kahler metrics of matter fields in toroidal orientifolds 

As in the heterotic case, the Kahler metrics of the charged matter fields in type II orien¬ 
tifolds depend on geometric moduli, but in the orientifold case they will depend also on the 
complex dilaton. They are difficult to compute in general CY orientifolds, but are explic¬ 
itly computable in toroidal orientifolds, as we review now for type IIB 03/07-models with 
D3-branes and magnetized D7, -branes of Section 11.4. The results for type IIB toroidal ori¬ 
entifold with 09/05-planes, or type IIA with 06-planes, can be obtained using T-dualities 
as described above. 

For concreteness we focus on the toroidal orientifold models introduced in Section 
11.4.2. We consider type IIB on T 6 /Z 2 x Z 2 modded out by ^Rj/? 2 ^ 3 (— l) Fi , with R, : 
(x l , y l ) —> (—x ‘, — y’). The models contain D3-branes and magnetized D7,-branes, which 
we describe in the notation of magnetized D9-branes, i.e. using the wrapping numbers m‘ a 
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D 3 
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Figure 12.1 Different open string chiral fields in 03/07 orientifold models. 

and magnetic flux quanta n ' a ; D7,-branes are recovered for ml = 0, while D3-branes cor¬ 
respond to m 1 = m 2 — in 3 = 0. For convenience we recall the definition (11.80) of the 
“angles” associated to each D-brane 



(12.35) 


where (27r ) 2 A, is the area of the (T 2 ),-. 

Charged matter fields arise from different open string sectors, depicted in Figure 12.1, 
and falling in two main classes. We denote by “untwisted” the states from open strings with 
both endpoints on the same stack of branes, and “twisted” those from open strings between 
different stacks. On a stack of D7,-branes, there is a vector multiplet of a gauge factor G/, 
and three massless chiral multiplets cj', j = 1, 2, 3, in the adjoint of G,-; these are mod- 
uli of the D7, -brane, with C ; -' associated to the brane position in the transverse (T );, see 

7. 

Figure 12.1(a), and C', i j , associated to the Wilson lines along (T )j, see 
Figure 12.1(b). In twisted sectors D7/-D7, there are massless chiral multiplets, denoted 
C 7 ' 7 /, transforming as bi-fundamentals of G, x Gj, Figure 12.1(c). On a stack of 
D3-branes, there is a vector multiplet and three “untwisted” chiral multiplets C 3 describing 
the brane position, Figure 12.1(d). For D3-branes coinciding with some D7;-branes, there 
are extra “twisted” matter fields, denoted C 37 ', Figure 12.1(e). 

The metric of these matter fields can be obtained from an explicit computation of string 
scattering amplitudes; these computations are beyond our scope and we simply quote the 
results, starting with the fields C 7 ' on a D7, -brane. These are in the adjoint in magnetized 
toroidal orientifolds, but can correspond to bi-fundamental or two-index tensor represen¬ 
tations in toroidal Z,y orbifolds, such as those constructed in Section 11.2 in the T-dual 
D9/D5-brane description. For the D7,--brane position moduli C,', the Kahler metric is 



i, (12.36) 
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with 4d dilaton e = e^a' 3 ! 2 /-J A\A 2 A 2 . The result for Wilson line moduli cj', / / j is 

, (12.37) 


e^ 4 \Ju'Aj 

m^A/c + ia'nk 

(llj + uf\ J A i A k 

mj Aj + ia'nj 


= 


The results (12.36) and (12.37) can also be obtained from KK dimensional reduction 
in type I, followed by T-duality transformations on (T 2 ),-, turning the D9-branes into 
D7 j -branes. 

For D7,--branes with no worldvolume magnetic flux, we have ( n',m') = (1,0) and 
(n J . m J ) = (0, 1) for j i. The above metrics simplify and using (12.31) read 


Ki, = 


1 


Ki, = 


1 


c i‘ (Ui + U*) (S + S*) ’ c; (Uj + u p(T k + T*) 


k. 


(12.38) 


Twisted fields between D7-branes, e.g. D7 1 -Dli states, are the most interesting from the 
model-building point of view, since these bi-fundamentals contain quarks and leptons in 
specific constructions leading to models of particle physics. Their Kahler metric can be 
obtained from string scattering amplitudes, which have actually been computed in the 
literature in the mirror/T-dual type IIA intersecting D6-brane models. The result is 


K 


C'l'2 


— >4 


n ( u j+ u i) 


i =1 


-”j r(i -vj) 

V r ( v ;) ’ 


(12.39) 


in terms of the Euler T-function, and where Vj = (0j ; — 0^ )/n, with the convention 0< 
Vj < 1 and i-’i + i >2 + ^3 = 2. The Kahler metric depends on Kahler moduli through the 
vj, and there is also an additional dependence inside e r A. For D7[-, D72-branes with no 
worldvolume fluxes, the result simplifies to 


Kc 1 i 7 2 — 


1 

(t/i + U*) l/2 (U 2 + U*_) l/2 (73 + T *) l/2 (S + S*)V 2 ' 


(12.40) 


Analogous results apply to D72-D73 and D7 i-D 73 intersections. 

D3-branes do not carry worldvolume fluxes, so the Kahler metrics for the matter fields 
C 3 are analogous to the untwisted sector of a heterotic orbifold, i.e. 


1 

c ‘~ (u l + V-)(T J+ T-y 


(12.41) 


Finally, for D3-branes embedded into, e.g., a D73-brane, the Kahler metric for C 31i is 

1 


(U\ + U*) dl/n ( U 2 + U*_Y 2,n (7i + T*y ,z (72 + T*) 


02/71 


\!/2 , 


\ 1/2 ’ 


(12.42) 
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where 0\, 62 are related through (12.35) with the fluxes in the first and second tori wrapped 
by the D73-brane. Analogous results hold for D3-D7i and D3-D72 twisted fields. Note that 
for 9 1 = &2 = 7t/ 2 the above result agrees with (12.40) upon T-duality along the second 
and third tori. Note also that all the above metrics are diagonal, i.e. there are no mixed 
kinetic terms for the matter fields. 

To illustrate the structure of the above matter metrics, let us consider models with no 
worldvolume flux, and take U, = 1 for simplicity. The above metrics and closed string 
Kahler potential are encoded in a complete Kahler potential 


k}k = 


■ log (s + 5* - £ |c/f) - J 2 + T* 


a 


Di Jk 

M= 1 


C lk 


E a 


|c 7 A| 


‘ Jk (S + s *)'/ 2 (Ti + T*) 


lc 37 --| 


1/2 


1 3 

2 E Dijk \1/Z 

, M= i (Tj + Tj) (T k + T*) 


(12.43) 


with Djj k = 1 for i j / f / i, and Djj k = 0 otherwise. The lowest-order term in an 
expansion in matter fields reproduces the T and S dependence of the above metrics in the 

flux-less case; however, expression (12.43) is valid to all orders in the untwisted matter 

7 • 

fields C. 1 , Cf. The structure inside the logs can be obtained from T-duality to the result 
for toroidal type I models, for which the untwisted matter dependence can be computed 
from KK reduction of the lOd theory; it amounts to a shift of the closed string moduli, as 
in (9.9) in heterotic models. For instance, T-duality along T 6 turns the D9- into D3-branes 
and reproduces the first line in (12.43). 

It is interesting to compare the above metrics for the flux-less case with those in heterotic 
toroidal orbifolds in Section 9.3.1. In the latter case the leading order 7) dependence of 
matter fields metrics in (9.44) is ]~[?=i (ji + 77*)"'. The modular weights n , are 0 or —1 
for untwisted fields, and fractional numbers for twisted sector fields. In contrast, in type 
IIB orientifolds the analogs of the modular weights are always —1, 0, or —1/2; the only 
“twisted” modular weight is 1 /2, arising in mixed open string sectors, for which worldsheet 
oscillators have moddings shifted by 1 /2. 

A second difference concerns the dependence on the complex dilaton S. In heterotic orb¬ 
ifolds the Kahler metrics do not depend perturbatively on S, while in IIB orientifolds this 
dependence appears in the Kahler metric of the D7-brane field C ( 7 ', and of the 
D7-brane intersection fields C 7,7,: . This will lead to relevant consequences in the structure 
of SUSY-breaking soft terms in flux compactifications in Section 15.5.3. From string dual¬ 
ity, we would expect SO(32) heterotic models to yield the additional S dependence only 
in the presence of non-perturbative NS5-branes, but inclusion of these non-perturbative 
objects would invalidate the use of the worldsheet tools required to treat the orbifold model. 
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On the other hand we already encountered such ^-dependence for matter metrics in the 
heterotic M-theory effective action, see (9.41). 

The computation of Kahler metrics for matter fields for non-toroidal type II orientifolds 
remains a challenge. However, we will see in Section 15.5.3 that, for certain classes of 
models with matter fields on a localized set of D7-branes, one may use scaling arguments 
to obtain the Kahler moduli dependence of the matter metrics. Similar scaling arguments 
also apply to local F-theory GUT models. 

We conclude by mentioning that all these formulae equally apply to the mirror type 
IIA orientifolds with intersecting D6-branes, obtained via T-duality along the three x' 
coordinates. This amounts to an exchange 7) -o- Ui in the above formulae. 


12.3 The gauge kinetic function 

We move on to the description of the gauge kinetic functions for type II orientifold mod¬ 
els. We focus on D-brane worldvolume gauge fields, and consider models of intersect¬ 
ing/magnetized D-branes, and of D-branes at singularities. We finally also describe the 
gauge kinetic function for U( l)s arising in the RR closed string sector. 


12.3.1 Gauge couplings for intersecting/magnetized branes 


In perturbative heterotic CY compactifications the gauge kinetic function is universal and 
essentially given by the complex dilaton S. In contrast, in type II orientifolds, gauge bosons 
are localized on D/j- branes and the gauge kinetic function depends on p and the volume of 
the wrapped cycle n p _ 3 . This translates into a dependence on the dilaton S and complex 
structure moduli U-, in type IIA models, and on S and Kahler moduli 7) in type IIB mod¬ 
els. The gauge kinetic function may be computed from KK dimensional reduction of the 
D-brane DBI+CS action (6.6), (6.15), whose relevant structure for present purposes is 


—ptp / e ^-/det(G + B — 2na'F), p p 

JDp 

I# f \ /^ tr „ 2noi'F—B . 

,CS = Up / > C q tre H-, 

J Dp „ 


Sbp.DBI 

Sd p .cs = 


(a , ) _(p+1)/2 

(27 t)P ’ 


(12.44) 


where G, B are the metric and NSNS 2-form, implicitly pulled back onto the brane world- 
volume, F the worldvolume gauge field strength, C {n 1 are RR forms and, exterior products 
of forms are understood. Expanding 5dbi to second order in F, the inverse of the gauge 
coupling constant is 

1 , ( a ') (3_p)/2 

<12 - 45) 

It relates to the (p + 1)-dimensional coupling (6.14) by a factor of Vol(n p _ 3 ), the vol¬ 
ume of the wrapped cycle (absent for p = 3). The CS action provides for the extra axion 
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coupling rendering the gauge kinetic function holomorphic in the moduli, e.g. through 
the term 

[ Cp —3 f tr (F A F). (12.46) 

J n p _3 JAd 

Such couplings already appeared in Sections 10.3.1 and 11.4.2, when discussing f/(l) 
anomaly cancellation in orientifold compactifications. 

Let us note that the above coupling constants and the corresponding gauge kinetic 
functions for D-brane groups derived below use the gauge group generator normaliza¬ 
tion Tr (T a Ti,) — S a b■ To compare with the SM gauge couplings, usually expressed in the 
convention Tr (T a Tb) = ^& a i>, one has to divide the gauge kinetic functions by a 
factor of 2 . 


Gauge couplings for intersecting D6-brane models 

Let us consider first the case of D 6 -branes in type 1IA orientifolds. In the general setup of 
Section 10.3.2, the above expressions give the following gauge kinetic function for the ath 
stack of D 6 -branes 


rD 6 
Ja 


(aT 3/2 
(2jt ) 4 


e~^ f Re(e- i<Prl Q 3 ) + i 

( C3 

Jn a 

J n„ J 


(12.47) 


where D 6 -branes wrap special lagrangian 3-cycles 11 of BPS phase tp a defined in (10.27), 
and whose volume is given by (10.28), i.e. f n Re ( e~ lVa ^ 3 ). 

A particular case allowing simple explicit computations is provided by D 6 0 -branes with 
wrapping numbers (n' a . m' a ) on a factorized T 6 . The CS term leads to 


Im 



— n l n 2 n 3 C° 
2n 


1 

2tt 


J2 n ‘a m a m a C ', 


/ J / ^ / L 


(12.48) 


where the 4d RR scalars C°, C l are defined in terms of the basis (12.25) as 

C K = (4jr 2 aT 3/2 I C 3 A f K , K =0,1, 2, 3. 

J T 6 

On the other hand, the inverse coupling constant from (12.45) reads 


]_ = (« 0- 3/2 

8 a 6 ( 277 ) 4 


fl ( n 'a 2 ^ R x) +( m 'a 2 X R \) 

i'=l *- 


(12.49) 


(12.50) 


where the last factor gives the wrapped volume, just the product of the lengths of the three 
1 -cycles in each 2 -torus, taken rectangular for simplicity; in the case of branes sitting on 
top of an orientifold plane the volume is halved, and so is the inverse coupling. The above 
expressions are valid in general, even in the absence of supersymmetry. In supersymmetric 
configurations (12.50) and (12.48) combine into a holomorphic function. This is shown by 
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simplifying the non-linear structure of (12.50) using the supersymmetry condition (10.10) 
Y^=i = 0 ’ which implies tan ( 0 ^) = ]~[ ( tan ( 0 ^); then, plugging the trigonometric 
identity 

3 l 

M + tan 2 0 l a j = 1 — ^tan0^tan0i, (12.51) 

; = 1 i : ff=j 

in (12.50), the resulting linear expression combines with (12.48) into the holomorphic 
coupling 

2 tt //* 6 = n' a n 2 a nlS - ^ n l a m J a m k a U t , (12.52) 

with S, Ui as in (12.29). This result also follows from (12.47) with £2 3 as in (12.28). 


Gauge couplings for D7- and D3-brane models 

Consider now type IIB orientifolds with D3- and magnetized D7-branes. In the general 
setup of Section 11.4.3, D7-branes on holomorphic 4-cycles T\ a , carrying worldvolume 
gauge fields F a , have a gauge kinetic function 


/■D7 _ ( a ) 
Ja 


'i—2 


(2;r)5 


b J Re + i J 


C2k e 


2 na'T a 


(12.53) 


where 2na'T=2na'F + B, and we have used (11.103), allowing for a general BPS 
phase <p a in analogy with (12.47). Upon expanding the exponential, the first term produces 
the wrapped volume, while the subsequent describe contributions from the worldvolume 
gauge flux, i.e. from lower-dimensional induced branes. 

A particular case allowing simple explicit computations is D7,-branes on a factorized 
T 6 , with wrapping numbers rn 1 and magnetic fluxes nff for which one finds 


gr (2 n) 5 a' 2 


| Imj A-i + ia'nj 


JAi 


(12.54) 


In the supersymmetric case, the holomorphic gauge kinetic function is the mirror of (12.52) 
with (n ‘, m l ) — (1, 0), now with S and T' defined as in (12.31). 

2it— nj n k S — m{ m\ 7) , i / j / k / /. (12.55) 


For D3-branes we have the simple result 


2nf m = S, (12.56) 

which can also be recovered from the above by using (n J , m J ) = (1,0) for i — 1, 2, 3. 

In F-theory unification models with 7-branes wrapping a local 4-cycle S, as in Section 
11.5.3, the gauge kinetic function in the large volume limit is also 2jr/ oc T$, with Ty the 
local Kahler modulus whose real part is the volume of S. In an SU (5) F-theory GUT there 
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are, however, additional corrections from the hypercharge flux Fy required to break the 
symmetry down to the SM; those corrections appear from the expansion of (12.53) at sec¬ 
ond order in the flux, and are different for the three unbroken gauge factors SU (3), SU (2) 
and U (l)y, giving rise to sub-leading corrections to the SU (5) unification of coupling 
constants. We direct the reader to the Bibliography for further details. 

Gauge couplings for D9- and D5-brane models 

The results for D9- and D5-branes can be obtained analogously. In particular, for toroidal 
orientifolds they can be obtained by application of T-duality, as in Section 12.1.4. For 
instance, in toroidal orientifolds with D9/D5-branes (with no magnetization), we have 


2nr/ D 9 = S, 27rf D5k = T k . 


(12.57) 


A general feature of type IIA and 1IB orientifolds is that the value of gauge couplings 
is given by the volume wrapped by the corresponding brane. In a model with the differ¬ 
ent MSSM gauge factors localized on different branes, gauge couplings are in general not 
unified. One possibility to implement unification, as seemingly suggested by experimental 
data, is to simply tune these volumes; in this approach, the threshold corrections (which, 
just as for heterotic orbifolds in Section 9.6.1, are computable in toroidal models or their 
quotients) are less relevant since such corrections are minute compared to tree level modi¬ 
fications of the gauge couplings. An aesthetically more pleasing possibility is to construct 
orientifolds with a 51/(5) GUT symmetry, in which this unification is automatic; however, 
they have the drawback that perturbatively exact U( 1) symmetries forbid the 10 • 10 • 5 
Yukawa coupling, so that either non-perturbative D-brane instanton effects (Chapter 13) 
or non-perturbative F-theory constructions (as in Section 11.5) must be invoked. We will 
come back to the question of gauge coupling unification in the different string constructions 
in Section 16.1. 


12.3.2 Gauge couplings for D-branes at singularities 


The above formulae are essentially geometric in nature, and need modifications for sys¬ 
tems of D-branes in orbifolds, such as those in Sections 11.2 and 11.3. Their gauge kinetic 
functions contain, on top of the expected contributions described above (divided by the 
order of the orbifold for branes fixed under it), new contributions from twisted sector mod¬ 
uli, implied by the anomaly cancellation mechanism, e.g. in Section 11.2.2. Indeed, the 
complexification of the axion coupling (11.18) results in an additional term in the gauge 
kinetic function for the nth set of D-branes, given by 



(12.58) 


with T>/ ; the 6^-twisted sector moduli, whose imaginary parts are the RR axions. 


412 


Type II compactiflcations: effective action 


For instance, consider a model with D9-branes in a type IIB toroidal Zv orientifold, 
with odd IV; using the D9-brane gauge kinetic function (12.57), and adding (12.58) with 
the Chan-Paton traces (11.21), we get 


= —S + ^EE n 


cos 


2tc ka\ <J> 


N 


( P ) 


Ck 


(12.59) 


where c| gives the number of Ok fixed points, labeled by P. In applications the factor 1 /N 
is often absorbed by redefining the moduli. 


12.3.3 Kinetic function of RR U(l)s 

As described in Section 12.1, in generic type II orientifolds (albeit more rarely in toroidal 
orbifolds) there are in general massless t/(l)s from the RR sector. Since there are no mass¬ 
less states charged under them, they cannot be identified with any known physical t/(l), 
like hypercharge; however, there are possible phenomenological consequences of these 
gauge bosons, as briefly discussed in Section 16.4.3, so we quickly overview their gauge 
kinetic functions. 

In the type IIA case there are { such gauge bosons. Performing a dimensional reduc¬ 
tion from the lOd theory their gauge kinetic function can be shown to be 

fafs(Tc) = ~D aPc T c , (12.60) 

where a, f = 1, ..., hf j, the T c are the Kahler moduli labeled by c = 1 ( |, and 
D a p c are the CY triple intersection numbers (9.37). In the case of type IIB orientifolds 
with 07/03-planes, there are ht , RR U( l)s with gauge kinetic function 

faMU- k ) = T afi (U- k ), (12.61) 

where now a, f = 1,..., lit \ and k = 1, ..., lit l ■ Here T a p is a holomorphic function 

of the complex structure moduli U k , given by the second derivative of the underlying 
AT— 2 prepotential (see Section 2.4.1) - which has already appeared as Q(U) in the 
heterotic context in Section 9.1.3. In the large complex structure regime, in the sense of 
Section 10.1.2, (12.61) is a linear function of Uj, in agreement with the expected mirror 
symmetry with (12.60). Note that the moduli dependence of the gauge kinetic functions are 
reversed compared to D-brane worldvolume gauge bosons; in type IIA the gauge kinetic 
functions for D6-brane gauge groups depend on complex structure moduli, whereas for RR 
U (l)s they depend on the Kahler moduli, and conversely for type IIB models. 


12.4 U(l)’s and FI terms 

As discussed, e.g., in Section 10.3.1, in type II orientifold compactiflcations some 1/(1) 
gauge bosons become massive due to B A F couplings to RR closed string 2-forms. 
Such couplings play a crucial role in the 4d Green-Schwarz cancellation of mixed U(\) 
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anomalies, but can also exist for non-anomalous U( l)s. As shown in Section 9.5.2, super- 
symmetry in 4d Af— 1 models relates such couplings to field dependent FI terms. In type 
IIA orientifolds they are controlled by the dilaton S and complex structure fields U„, 
whereas in type IIB orientifolds they are controlled by S and the Kahler moduli 7’,. Recall 
that U (l) a FI parameters q" modify the D-term scalar potential in the 4d effective action 
as in (2.29), i.e. 


^ = E 

a 


i 

28 UWa 



(12.62) 


where the sum in a runs over all U (l)s, and the sum in n over all charged scalars. We have 
also reabsorbed here a factor gu(i) a in the gauge field. 

The FI contribution to the scalar potential can be understood as a contribution to the 
vacuum energy arising from D-brane configurations slightly deformed away from the 
supersymmetric vacuum conditions, as we show next. For concreteness we focus on type 
IIA intersecting D 6 -brane models, the analysis for mirror type IIB models being identical. 
The vacuum energy arises from the tensions of the D 6 -branes (including images, implicit 
in what follows) and 06-planes as 




E N « v °hn«) - 4 AoeVoKfloe) 


(12.63) 


where = and N a and Nq(, are the numbers of D 6 -branes on T\ a and 

06-planes on Flo 6 - For a supersymmetric configuration, the D6/06 tensions equal their RR 
charge, so RR tadpole cancellation implies that the above total energy vanishes; namely, in 
the language of Section 10.3.2, if II a and FIo 6 are special lagrangian 3-cycles with equal 
phase tp — 0 in (10.27), the volumes (10.28) are such that (12.63) vanishes. Let us now 
consider a small deviation from this configuration, by changing complex structure moduli 
^3 —»■ with = (1 + i tan< 5 a )f 23 |n a , so S a is a small non-zero BPS phase, i.e. 
Im (e _i, 5 ,! £Y 3 ) | n = 0 (and S — 0 for fIo 6 )- The vacuum energy is 



In the second equality we have used Re 1 nf)fi = Kc ^ 3 1 anc * f act that in the 
SUSY case ,/n Re ^3 — 4/Vof, f n()( Re ^3 = 0, from the RR tadpole condition 
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N a [n< 2 ] — 4No6 = 0; in the third, we used that Im ^21 n„ = 0 and hence Re ^ 3 1 n a = 
| 1 1 = cos 8 a |n;| L . The final FI term is 

Ili fl I J I Ill a 


Ha — 


Ja_ 

2tzm' 


(12.65) 


controlled by the string scale and the angles (determined by complex structure moduli). 

As a more explicit example, consider the type IIA T 6 /(Z 2 x Z 2 ) orientifold. The volumes 
wrapped by the Z) 6 a -brane (and its image a') and the whole set of 06-planes are 


Voi(n fl ) = 



4A 06 Vol(n 0 6) = (27T) 3 


4 Y\ Ri * +4 I2 Rl * Rj y R z 


1=1 


1=1 


i / J / ^ / *> 


( 12 . 66 ) 


to be replaced in (12.63) to get the vacuum energy. It is easy to show that in supersymmetric 
models it cancels as a consequence of the RR tadpole cancellation conditions (10.46). The 
above explicit formula allows for a more explicit derivation of the expression for the FI 
term, e.g. for D 6 fl -branes with slightly non-supersymmetric angles (0, 9 a , —9 a + S a ) with 

<5 a « 1: 


V = e~*H6 N a Vol(n fl ) (1 - cos<$ a ) « J2 — 

a a 2 Su(l) a 



(12.67) 


We can also derive the FI term from the effective action. In this Z 2 x Z 2 orientifold, 
invariance under the shift (10.26) requires the Kahler potential for the dilaton S and com¬ 
plex structure fields (/; to include the U(l) a vector superfields as follows: 


KlK(U, U*) = -l0g[S + S*-Y l QaVa ) -El 0 ® + Qo 


V a 


i= 1 


( 12 . 68 ) 


with Q® = , Q' a = — m' a n J a n k a , i ^ j ^ k ^ i. Expanding to linear order in V a , 

we get the following FI term 


-T-~ = “ f —r N a m l a ml m 3 a R\ R;R 3 ,~J2 N “ < < n a K R * R l 
8ua) a 2ita'^ \ i / 

where we have used kJ = (Tta^e 2 ^)/ ^/?J. R“ R\ R x y R^ R easily obtained from (4.47). 

The FI term is thus proportional to P|, tan 6' a — JT tan 0' a , which vanishes for a SUSY 
configuration; on the other hand, for slightly non-SUSY angles, e.g. (0, 9 a , —9 a + 8 a ), the 
reader may check that = sin8 a /(27Ta') ~ 8 a /{2jta') as in (12.64). The mass matrix 
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of the C/(l) bosons may be obtained expanding ( 12 . 68 ) to second order on the vector 
multiplets. One obtains 


M: 


ab 


= £ 


Qa Q[ 


K =0 k 4 


(uk + u*y 


(12.69) 


with Uq— S. Recalling the above expression for k%, one easily checks that (at least for 
isotropic tori) the non-vanishing masses are of order of the string scale; in particular for 
square tori with R\ = R\ = R\ one obtains M^ lb — Q b /(Ana'). 

The mixed term in the D-term scalar potential (12.62) produces masses for the charged 
scalars, which actually reproduce the microscopic string theory mass formula ( 10 . 6 ) 
for light scalars at D 6 -brane intersections. Take a bi-fundamental scalar with charges 
(q a , qt,) = (+1, —1) under two D 6 -branes with SUSY misalignments S a , <5/,, with <5 = 
&i + &2 + 6 * 3 - The mass from (12.62), using (12.65), is 


L ab 


— QaHa qbHb — 


S b °nb + d ab + 


J ab 


2na' 


2na' 


(12.70) 


reproducing the result in Section 10.2.2. 

Note that the structure of FI terms in perturbative type II orientifolds is somewhat differ¬ 
ent from that in Section 9.5 for perturbative heterotic CY compactifications (without U( 1) 
gauge backgrounds) or toroidal orbifold compactifications. In these heterotic models the 
FI terms arise at one-loop, whereas in type II orientifolds they appear at tree level; in fact 
FI terms in type II orientifolds do not get further quantum corrections, as follows from the 
topological nature of the BaF couplings to which they relate by 4d J\f — 1 supersymmetry. 
A further difference is that in the heterotic case the FI terms are controlled by the dilaton, 
so they cannot vanish in an interacting theory, and trigger unavoidably a Higgs mechanism 
by some charged scalars. In contrast, in type II orientifolds they are controlled by closed 
string geometric moduli (Kahler moduli in IIB and complex structure moduli in IIA mod¬ 
els), and are proportional to the deviation from the supersymmetric configuration; hence, 
they can be consistently set to zero by simply choosing supersymmetric D-brane configu¬ 
rations, or turned on continuously if the symmetry breaking is desirable. Incidentally, this 
gauge symmetry breaking is the D-brane recombination described in Section 10.2.2. 

We conclude by mentioning the structure of FI terms in type IIB models with D-branes 
in orbifolds, as in Sections 11.2 and 11.3. As described there, the B A F couplings involve 
Kahler moduli <t>/ ; in orbifold twisted sectors, hence the FI terms are controlled by their real 
parts Re <!>*. Specifically, to leading order in the blowing-up modes one has kinetic terms 

K* t = {Q k + <t>* k +d k V m i)) 2 , (12.71) 


where <4 oc tr (Yk'^Ud))- Then the FI term / oc z/^-Re (O*), and so blowing-up the sin¬ 
gularity turns on an FI term on the D-brane system. In the blown-down orbifold limit 
Re <t>^. = 0 the FI terms are vanishing, so again, unlike the heterotic case, the FI terms may 
be safely put to zero and no gauge symmetry breaking is triggered. The corresponding 
t/(l), however, gets a mass of order the string scale. 
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12.5 Superpotentials and Yukawa couplings in type II orientifolds 
12.5.1 Generalities 

The computation of charged matter superpotentials in type 11 orientifolds is in general a 
difficult task, but a phenomenologically relevant one, as they lead to Yukawa couplings 
for SM fields in models of particle physics. The superpotential, and thus the Yukawa cou¬ 
plings, are functions of closed string moduli and may be in principle computed from disk 
diagrams; in practice, their computation has been carried out in models described by a 
free worldsheet CFT, namely toroidal models and orbifolds and orientifolds thereof, as 
described later on, although some ingredients have wider applicability. 

Before focusing on these particular classes, we review some general features of pertur¬ 
bative superpotentials in type II orientifolds. An important property is that (in the absence 
of fluxes) the holomorphic superpotential for type IIA CY orientifolds depends only on 
Kahler moduli, while for type IIB CY orientifolds it depends only on complex structure 
moduli. This property follows from considerations of the microscopic worldsheet compu¬ 
tation, and will be clearer in our derivation of Yukawa couplings in Sections 12.5.3 and 
12.5.4. Note that this is consistent with the mirror symmetry exchanging both construc¬ 
tions and both kinds of moduli. Hence at the level of Yukawa couplings for massless chiral 
multiplets C 1 we have 

Wua = h ] lf K (Ti) C’C J C K + ■ • • , WhB = h'l%(Ui) C ! C J C K + • • ■ . (12.72) 

Despite this “decoupling” of moduli at the level of the holomorphic superpotential, the 
physical Yukawa couplings are not holomorphic functions of the moduli, due to additional 
factors from rescaling the participating fields to get canonical kinetic terms. Recalling 
(2.109), physical Yukawa couplings are thus 

Yuk = (. K I K J K K )- 1 ' 2 e G/2 h IJK , (12.73) 

where Kj is the Kahler metric of the matter field C 1 and G is the Kahler function (2.47); 
the presence of these factors is crucial to disentangle the holomorphic and physical Yukawa 
couplings in explicit computations, as we describe below. 

A final important property of perturbative Yukawa couplings in type II orientifolds 
is the selection rules imposed by the 1/(1) symmetries arising from the U(N) gauge 
groups on each D-brane stack. The perturbative superpotential is invariant under these 
symmetries, as follows from a simple analysis of the Chan-Paton indices in worldsheet 
diagrammatics. This is true even for those U{ l)s which are massive due to B A F cou¬ 
plings, discussed in Section 12.4, which remain as perturbatively exact global symmetries. 
They are generically present, and impose selection rules beyond the mere invariance under 
the actual 4d gauge group; as already mentioned in Section 11.5, for example, they lead 
to important restrictions on Yukawa couplings. These selection rules can be overcome by 
considering non-perturbative setups, like the F-theory models in Section 11.5, or including 
non-perturbative instanton effects in the type II orientifold setups, as in Chapter 13. 
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Figure 12.2 Schematic Yukawa coupling among three chiral fields C 7,7 t living at D7-brane 
intersections. Each dimension represents one complex coordinate zt,i = 1,2, 3. 


12.5.2 Yukawas in type IIB toroidal orientifolds and D7/D3-branes at singularities 

The Yukawa couplings and their moduli dependence can be explicitly computed in certain 
setups, like the type IIB toroidal orientifolds in Section 11.2. Their couplings in fact have 
a simple structure and admit intuitive interpretations, as we now illustrate for D3/D7-brane 
models. For concreteness we focus on Z 2 x Z 2 orientifolds (other cases admitting a similar 
analysis), in the absence of worldvolume magnetic fluxes. The model contains D7, -branes 
wrapping the T 4 transverse to the z'tli 2-torus. They have adjoint matter fields from position 
moduli cj' and Wilson line moduli C- 1 i f j, and bi-fundamental fields at intersections 
C 1 ' 1 >, i f j. There are Yukawa couplings among these fields of the form (ignoring gauge 
indices for simplicity) 

3 

w 7 = c 7 l 72 c 7273 c 73?1 + \Dij k c] i c lilk c 1{lk + Cj‘'c 7 'C 7 i] , (12.74) 

1=1 


with Djjk = 1 for i f j f k f i. and zero otherwise. The last term in this expression 
is analogous to the untwisted Yukawa in heterotic orbifolds, as expected from T-duality 
to type I, and S-duality to heterotic. The second term shows that continuous Wilson lines 
(C 7 ') break the gauge symmetry and give masses to some of the C 7 ' 7 *' fields living at inter¬ 
sections. Finally, the first Yukawa coupling corresponds to one among three intersecting 
D7-branes, see Figure 12.2. 

There are additional Yukawa couplings in the presence of D3-branes, involving the 
D3-brane position moduli Cf, and the D3-D7, fields C 37 '. Concretely, 


w 37 = c 3 c 3 c 3 


£c 3 c 37 '-c 37 '- 


Y c]‘ C 37 ' C 31 ' + °ijk C ljlk c 37 ' c 31k . 




(12.75) 


The first coupling is T-dual of the third term in Wi above, and has already appeared 
in (11.43). Other terms may be understood geometrically, e.g. the second term, already 
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appeared in (11.47), describes the mass for D3-D7, fields C 37 ' when the D3-brane is moved 
away through a vev (C 3 ). All the above superpotential couplings are of order one and satisfy 
the //-momentum conservation rule introduced for heterotic models in Section 9.3.2, now 
arising from worldsheet correlators on the disk. 

In models of particle physics based on D7-brane configurations, the SM quarks and 
leptons often reside at D7, -D7 / intersections, and the relevant Yukawa couplings arise 
from the first term in Wy. Using (12.40), (12.30) the supergravity formula (12.73) gives for 
the physical Yukawa coupling for three intersecting D7-branes, 


Yinter — 


(S + S*) 1 / 4 


[(7t + T*) (r 2 + T*) (73 + 7?)] 


1/4’ 


(12.76) 


for the flux-less case. Incidentally, this coupling is a geometric mean of the gauge couplings 
of the three intersecting D7-branes. For the other two terms in (12.74), the physical Yukawa 
couplings are (I) + 7j*)~ 1 / 2 , and hence equal the corresponding gauge coupling constants; 
this is expected, as these terms are related to gauge interactions by an enhanced J\f = 2 
SUSY preserved by the fields involved. 

For other toroidal orientifolds, the Yukawa coupling superpotentials are directly inher¬ 
ited from the above, by simply truncating the fields to those surviving the orbifold projec¬ 
tion, as described in Section 11.3.2. In particular, this truncation applied to (12.75) leads 
to the superpotential (11.46), (11.50) for local systems of D3/D7-branes at C 3 /Z ; v abelian 
orbifold singularities, since it involves only fields localized at the singularity. There are 
also generalizations of these expressions for D3-brane systems at toric singularities, with 
some terms in the D3-brane superpotentials in (11.72) for the conifold and (11.77) for the 
dPi theory. We will not need to delve further into their description. 


12.5.3 Type IIA orientifolds: Yukawas from disk worldsheet instantons 

In the context of type IIA orientifolds, Yukawa couplings between fields living at 
D6-brane intersections arise from worldsheet instantons, in a way somewhat analogous 
to the Yukawa couplings in heterotic orbifolds described in Section 9.3.2. These are string 
worldsheets wrapped on a holomorphic 2d surface with disk topology and with boundaries 
on the intersecting D6-branes; hence, they pass through the different intersection points, 
each of which introduces an open string vertex operator changing the boundary conditions. 
For instance. Figure 12.3 shows the quark Yukawa coupling HQiqp in a configuration of 
three D6-branes on 3-cycles Tl a , 11/,, and n c , corresponding to the baryonic, left, and right 
stacks in the particle physics model in Section 10.6. 

The requirement that the 2d surface on X6 spanned by the worldsheet should be holo¬ 
morphic ensures that these instantons contribute to the holomorphic superpotential; their 
area is given by the integral of the Kahler form on X6. Denoting 4 (/J t the area (in string 
units) of a disk 7?,^ joining fields at three intersections i, j, k, the corresponding Yukawa 
couplings is roughly of the form 
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Figure 12.3 Worldsheet instantons involving three different boundary conditions, from the 2d 
worldsheet and spacetime points of view. 


Yi jk = h qu . J2 e ~ A ‘ ik ’ (12.77) 

Hijk 

where the sum runs over possible holomorphic embeddings of disks joining the intersec¬ 
tions. The coefficient /t qu stands for the contribution from worldsheet quantum corrections, 
i.e. fluctuations around the minimal area semiclassical solution; just as for heterotic orb- 
ifolds in Section 9.3.2, such contributions factorize from the semiclassical sum. Although 
the expression (12.77) is real, the inclusion of couplings of the string worldsheet to the 
background NSNS 2-form and to D6-brane Wilson lines makes them complex, and in fact 
holomorphic on the Kahler and D6-brane moduli, as shown later for toroidal models. 

Let us describe the explicit computation of the worldsheet instanton sum for cubic super¬ 
potential couplings in factorized toroidal geometries, the results being valid for orbifold 
and orientifolds thereof. The 3-cycles wrapped by the D6-branes, denoted a , b, c, cor¬ 
respond to straight lines in each T 2 , and the holomorphic disks among three D6-branes 
project to triangles defined by three lines on each T 2 . Due to the factorized Kahler form 
(12.28), the area of the disk is the sum of the triangle areas. For a single T 2 the triangle 
area defined by three ab, be, ca intersection points can be computed to be 

A ijk (l) = \f ah f bc l ca \(S(i, j, k) + if , (12.78) 

where A is the T 2 area, I ab , I bc , I C a are the intersection numbers on a single T 2 , and i, j, k 
label the different intersection points of each kind, i.e. 


i = 0,1,..., \I a b\ - 1, /' = 0, 1,..., |/ ca ] — 1, * = 0,1,..., 17*1-1. (12.79) 


Here we take the integers I a b, he, ha to be coprime, which ensures that there exists a 
triangle connecting every triplet ( i , j, k). One also defines 


i j k 

S(i, j, k) = — + — + — 

lab ha he 


e. 


hb^c + ha^b + hc^a 

hbheha 


(12.80) 


Here e parametrizes the relative position of the branes, with e a , c b , L giving the D6-brane 
transverse distances to the origin, in units of A/Vol(n), e.g. see Figure 12.5. Finally, the 
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integer / accounts for multiple wrappings of the triangle around the T 2 . The contribution 
of triangles on this T 2 to the Yukawa coupling is the sum 


hijk 


I] eX P 

leZ 


( Aijk(!)\ 

~ 

's' 

\ 2tux' ) 


_<p _ 



e 2jii(b+l)<l> 


leZ 


(12.81) 


where we have recast the result in terms of a modular theta function (A.6), with 


8 = 8(i, j, k), 4> = 0, 


q — exp 


1 ah Ph: Pa 
a' 


(12.82) 


As mentioned above, there are in general phase contributions to the above Yukawa cou¬ 
plings. The string worldsheet couples to a NSNS 2-form held background via (3.10); this 
can be accounted for by complexifying the T 2 area as iA —»■ iA + II, so the modular 
parameter becomes 

( B + iA \ 

q = exp I 2717 - — - \labhcha\ I = exp(2:r( J \I a bhJca\), (12.83) 


where J denotes the integral of the complexified Kahler 2-form over the 2-torus. Further¬ 
more, the worldsheet boundary couples also to D6-brane Wilson line backgrounds around 
the compact directions via (3.13). Since in general we consider models with no gauge sym¬ 
metry breaking by Wilson lines, we restrict to gauge backgrounds along the diagonal t/ (1) 
factors, and denote exp(2jr//) a ), exp(27r//Sfo) and exp(27r//j c ) the Wilson lines phases for 
each D6-brane on its wrapped 1 -cycle on T 2 , respectively. The worldsheet sweeping out 
the triangle picks up a total phase depending on the relative length fractions x a , Xb, x c , of 
its sides, namely 

glniXaPa ^27lixhf)b ' ^p-Tlix c fi c __ g2jzi (Ib c Icafibl~ lab (12 84) 


The Yukawa couplings including this contribution from the Wilson lines can be recast as 
the theta function with characteristics 


hijk 



( J I lab I be lea I) > 


where now 


(12.85) 


S = S(i,j,k ), $ = IabPc + IcaPb + IbcPa- (12.86) 

Note that this is in general a complex function, which is a relevant property to achieve a 
non-trivial CKM CP-violating phase in semi-realistic models. 

Since the complete T 6 model is factorizable, the total value of the Yukawa is obtained 
as the product of the three T 2 contributions, namely 

{J" Kb^Jcal) ’ 


fijk 


= h 


qu. 


Y\& 

r=1 


(12.87) 
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where the parameters S r , <//, and J r , are given by (12.80), (12.86), and (12.83) for each 
(T 2 ) r . Remarkably, this semiclassical piece contains all the flavour-dependent information 
on the Yukawas. 

The quantum part can be computed to be given by 


V = e 0/2 n 

r=l 


r(i-v r ab )r(i-v r ca )r(v' b + v' ca ) 
r (< b ) r (Ka) r (1 - Vab r - Vta) 


( 12 . 88 ) 


in terms of Euler’s T function with V ab — iP a ~ 6 b) I 11 ■ The fact that the flavour depen¬ 
dence is restricted to a subsector of moduli (Kahler), while the remaining moduli (complex 
structure) are flavour-blind, is physically relevant in addressing the flavour problem in 
supersymmetry breaking, see Section 15.6.2. 


12.5.4 Type IIB orientifolds: Yukawas from overlap integrals 

We now describe the computation of Yukawa couplings in type IIB orientifolds with mag¬ 
netized branes. We focus on toroidal models, which are actually mirrors of the previous 
toroidal type IIA D6-brane models; it is however useful to derive the Yukawa couplings 
directly in type IIB language, since the main ideas generalize to other geometries, as we 
exploit in Section 12.7. 

We consider magnetized D9-brane models in the large volume regime, in which 4d 
chiral matter arises from zero modes in the KK compactification of lOd fields, and the 
cubic Yukawa couplings arise from cubic interactions already present in the lOd spacetime 
action. The Yukawa coupling coefficients are given by overlap integrals of these internal 
zero modes, in analogy with heterotic Yukawa couplings in Section 9.1.3 - which is not 
surprising due to the relation between heterotic and type I compactifications. An important 
property about these zero modes is their localization in the internal space: from the string 
theory viewpoint, open strings with endpoints on differently magnetized D-branes have 
boundary conditions freezing the center of mass position; from the spacetime viewpoint, 
such strings behave as charged particles in a magnetic field, with groundstates correspond¬ 
ing to lowest Landau levels. Their profiles are Gaussian and lead to exponentially sup¬ 
pressed overlaps, in agreement with mirror symmetry to the type IIA exponential Yukawa 
couplings (12.77). 

To make the discussion more explicit, the lOd lagrangian on D9-branes with U ( N) 
gauge group reduces at low energies (i.e. large radius regime) to lOd super-Yang-Mills 
(SYM) 

L = -~Tr ( F MN F MN ) + ^Tr (*T M D M ^ . (12.89) 

The worldvolume magnetic fields F a , F b , etc., break the gauge group upon compactifica¬ 
tion as U ( n ) U(n a ) x TJ {nf) x • • • 
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( Fa \ 

F b 

V 




The lOd U(N) gaugino field leads to massless 4d gauginos and bi-fundamental chiral 
fermions, from diagonal and off-diagonal blocks, respectively. For the case of two factors, 
we have 


*F 




/ Ad U (n a ) 

Ad bif.(n a , ip,) \ 

A 


gaugino 

chiral fermion 

C 

D ) 

CPT conj. 

Ad U(n b ) 
gaugino / 


In the compactification to 4d, the lOd fields are expanded in harmonics as 

^(x>\ y m ) = X®(^) ® M}' m ), (12.90) 

k 

Anix^, y m ) = ^2 <p(k )(x M ) <8) <p { k),n(y m ), 
k 

where x 1 ' and y m are 4d and internal coordinates, respectively. The internal components 
of the off-diagonal blocks i//"^, m are eigenfunctions of the internal kinetic operators 
l/) (:d , A(,j, and zero modes are solutions of 


% d = 0, A 6d = 0, (12.91) 

where tildes indicate the coupling to the gauge background F a — Fb- We focus on SUSY 
models, where the boson and fermion 6d wave functions are identical. 

The 4d Yukawa couplings between these massless fields arise from KK reduction of the 
cubic coupling A • *F ■ VF from the lOd fermion lagrangian in (12.89). As illustrated in 
Figure 12.4, the Yukawa coupling coefficients are the overlap integrals 

Yijk = f f r m Vrf Vkmfapy, ( 12 . 92 ) 

2dX 6 

where g is the lOd gauge coupling, a, y are U(n ) gauge indices and f a p Y are U{ri) 
structure constants; also \// , <p are fermionic and bosonic zero modes respectively, and 
i, j, k label the different zero modes in a given charge sector, i.e. the families in semi- 
realistic models. The Yukawa couplings are thus obtained as overlap integrals of the three 
zero mode wave functions in X6. 

In the following we consider such wave functions and their overlap integrals explicitly 
for factorized T 6 compactifications, the results being useful for orientifolds and orbifolds 
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Figure 12.4 Pictorial representation of the computation of Yukawa couplings as triple overlap 
integrals of zero modes. 


thereof, see Section 11.4. Consider first the simple case of a £/(l) gauge group in a single 
T 2 with quantized constant flux given by 

F zi = —M, Me Z, (12.93) 

Im r 

where r — iU in terms of the T 2 complex structure parameter in (12.27), and z is a T 2 
complex coordinate. Consider a 2d two-component spinor \jr = (t/r+, t/r_) on T 2 . with 
charge q under the 17(1). The corresponding zero mode equations are 

D^+ = £>V_ = 0, (12.94) 


with D the 2d gauge covariant derivative. To describe their solutions, we introduce the 
functions 


x[r’’ N ( r, v) = A fj e illNvlmv l lmz V 


N 


(Nv,N r), 


(12.95) 


where A fj are normalization factors A/) = (2Imr 1 ' 2 , with A the T 2 area; 
also is the Jacobi theta-function with characteristics 


(*.*> = £ 


0 ni(a+l) 2 x 27ri(a+l)(v+b) 


/eZ 


In terms of (12.95), we can write down the solutions to (12.94) as 


(12.96) 


z + f) (V+) ~ ^ + 

i/rL = ilrj’q M (T,z + b ($-)* = ^- j '~ qM (T,z + $), (12.97) 

where j = 0,..., \M\ — 1, the star denotes complex conjugation, and = (j + T& is a 
complexified Wilson line. One can explicitly check that 


ZT (>!)*= 0 ( 9 = -l), (12.98) 

D^L)* =0 (q = -1 ). 


Dtjr[ =0 (q — +1), 
D^fL= 0 ( 9 = +l), 


(12.99) 
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We can loosely interpret \j/ ] + as the zero mode wave functions corresponding to mass¬ 
less 4d left-handed fermions, while correspond to their antiparticles. Right-handed 

fermions are then associated to \jr J _ and their antiparticles to . Notice the important 

fact that the solutions (12.98) and (12.99) are mutually exclusive, in the sense that the theta 
function defining i/rf. is normalizable only for M > 0, whereas i jr!_ is only well-defined for 
M < 0; hence, the non-trivial flux M 0 automatically selects a preferred chirality of the 
2d (and hence the 4d) spinors. Moreover, we obtain several replicas of such chiral fermions, 
from the \M\ independent solutions (lowest Landau levels) of the Dirac equation. This is 
the microscopic origin of chirality and replication in the type 1IB language, reproducing 
the index theorem result in Section 11.4.1. 

Instead of a single U( 1), we are rather interested on a product of non-abelian factors, 
resembling if possible the SM structure. In order to have non-trivial Yukawa couplings, we 
introduce three magnetized stacks, in terms of a flux of the form 


/ 

... 1 n 


Fzz — 


it i 

Im r 


rib 1 
m b Lfl b 


( 12 . 100 ) 


where we take m a e N + and n a is an integer multiple of m a , a = a, b, c. The initial gauge 
group U ( m ) is broken to U(m a ) x U(nib) x U(m c ). We are now interested in the zero 
modes corresponding to chiral bi-fundamental fields with respect to the three gauge groups 
involved. One finds wave functions similar to those of (12.97) upon the replacements 
N —»■ I a p = n a /m a — np/mp = I a p/m a mp; the I a p are analogs of the intersection num¬ 
bers in the intersecting D6-brane type IIA dual, since they give the number of zero mode 
solutions. Generalizing to T ] x T 2 x T 2 the zero mode wave functions are products of the 
three T 2 wave functions. 


f jr ' Z r + Sab) = Nr exp 


ixI r ab (z r + &) 


Im (f + 's r ah ) 


Im r 


x 


(W+ &)>%&), ( 12 . 101 ) 


where j r — 0 ,..., 


l ab 


1 label the number of zero modes on (T") r , r — 1, 2, 3 and the 


Wilson line parameters f L on (T 2 ),. are defined as 


Sap — 


nginpSa - npm a Sp 
lap 


( 12 . 102 ) 


The corresponding Laplace equation for the scalar fields leads to analogous wave functions. 
In a factorized torus T 2 x T 2 x T 2 the Yukawa coupling is the product of three integrals of 
the form 

yijk = dzdz r J ° b (z + Sab ) • r Jca (z + Sea) ■ (l + Ccfc))* , (12.103) 
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where i, j, k label the flavours. Despite the seemingly complicated structure of the zero 
mode wave functions, their triple overlaps can be computed explicitly. The final result 
on T 6 is 


3 r 


Y iJk = e^ 2 l 


21 m Tr 


l = \ l(A r /a ') 2 


jr 

H '2 


w_ 
e 2 


S-jk 


(*'■ 


' \J r J r V 
r | 1 ab 1 bc 1 c 


.i) 


(12.104) 


Here |/[| and |are the two smallest numbers among \I' ah \, \l [ c \, and l[. a \, <fi is the lOd 
dilaton, and 


b 


/' k’ 

- - -1- , 

jr jr ’ 

1 ca 1 bc 

(12.105) 

jr jr jr |-1 V 

ah bc Cfl| Imt r ’ 

(12.106) 

+ l bc la + I r ca lb > 

(12.107) 


with = n a ( a /m (y . This is already the physical Yukawa coupling, i.e. with fields having 
canonical kinetic terms. Comparing with the supergravity formula (12.73) one is led to 
identify the holomorphic piece with the holomorphic superpotential Yukawa coupling 


3 

hijk(r r , l r ) = ]~~[ i? 

r= 1 





T r J r J' 

\ l ab 1 bc 1 c 


'!)■ 


(12.108) 


Recalling (12.72), this is indeed a holomorphic function of the complex structure and 
the open string moduli (complexified Wilson lines). In particular, since it is indepen¬ 
dent of Kahler moduli, this holomorphic superpotential is remarkably valid even away 
from large volume. The remaining factors in (12.104) can be shown to correspond to the 
non-holomorphic pieces in (12.73), and do depend on Kahler moduli, hence the above 
expression only holds in the large volume regime. 

This result should be equivalent by T-duality/mirror symmetry to the results found for 
intersecting D6-branes models in Section 12.5.3. In particular, writing z r = x r + x r y r , 
T-duality along the y r -directions turns the intersecting D6-branes models into type I com- 
pactifications with magnetized D9-branes. The intersection angles 0 r a p map into a'I^/A 
and the type IIB large volume regime corresponds to the type IIA regime of small angles. 
One can indeed show that both results for Yukawas agree after the T-duality replacements 


/, c = Cl + r$2 


v = cp + Je, 


(12.109) 


in each T 2 . Namely, exchanging complex structure and Kahler moduli, and type IIA and 
IIB open string moduli. The matching of both computations is a remarkable test of 
T-duality/mirror symmetry. Both computations are technically and conceptually quite dis¬ 
tinct, since in type IIB it involves compactification of lOd SYM field theory, whereas in 
type IIA the result arises from stringy effects, i.e worldsheet instantons. However, both 
describe the same 4d physical quantities, and nicely agree. 
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12.6 Effective action of an MSSM-like example 

To illustrate the above general computations in an explicit model, it is worthwhile to 
describe the effective action of an explicit toroidal orientifold yielding an MSSM-like 
model of particle physics. The model is a generalization with k families of the T°/(Z 2 x Z 2 ) 
orientifold with MSSM-like spectrum in Section 10.6, interpreted in type IIB framework 
as magnetized D7, -brane models as in Section 11.4.2. The relevant data for the MSSM 
sector are: 


Branes 

N a 

( n a’ m a) 



(M. 0 « 3 ) 

D7i 

6 

( 1 , 0 ) 

(k, 1 ) 

(k,- 1 ) 

, 1x82^ TC Tt8'^ 






/ 7 X \ 

D7 2 

2 

( 0 , 1 ) 

( 1 , 0 ) 

( 0 ,- 1 ) 

(°- r”) 

D7 3 

2 

( 0 , 1 ) 

( 0 ,- 1 ) 

( 1 , 0 ) 

{«.*. |) 


with Q' a defined by (12.35) and jtSi = arctan (a’k/Ai). This sector is 4d J\f = 1 supersym¬ 
metric, with condition (11.98), for a suitable choice of Kahler moduli. In particular, the 
SUSY condition for D7 1 -branes requires A 2 — A 3 . Also, recalling from Section 11.4.2 that 
the model includes additional hidden branes, the SUSY condition tan f)' a = I!, tan Q l a 
requires 12Ai + 8 A 2 + 6 A 3 = A\A2A3/01 12 . Let us discuss now some relevant ingredients 
of the effective action. 


Gauge kinetic functions 

For simplicity, we describe the effective action for the model in the Pati-Salam case, where 
some brane stacks coincide and the gauge group enhances to SU( 3 + 1) x SU(2)p x 
SU( 2)s x U(iy. The gauge kinetic functions from (12.55) are 

2 ^/ 3+1 = Ti + k 1 S\ 2 nf L = \ T 2 ; 2nf R = \ T 3 , ( 12 . 111 ) 

where the factors 1/2 in fi R arise from the fact that the D 72 - and D 73 -branes sit on top 
of orientifold planes. Possible gauge coupling unification within this model is discussed in 
Section 16.1.2. 


Matter fields kinetic terms 

The SM fields are localized at intersections of the Dlj branes. The Higgs field lives at 
the intersection of D 72 - and D 73 -branes, which carry no worldvolume magnetic fluxes, so 
from (12.40) we have 

1 

(s t\ 112 W3) 1 / 2 ’ 


K h = 


( 12 . 112 ) 
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Figure 12.5 Brane configuration corresponding to the MSSM-like model described in the text, for 
the choice k = 3. For simplicity, we have not depicted the stacks d , d ', a'. 


where we define s — (S + S*), f; = (7} + T*) , ut = (Ui + {/*). Left-handed fermions 
Qi, L, are localized at D 7 i-D 72 intersections, and, after some algebra, (12.39) yields 


i r (M 

x 1 / 2 (f 2 r 3 ) 1/4 r(l - 8 ) ’ 


(12.113) 


with the same result for the metric Kq r r of right-handed SM multiplets from D 7 /-D 73 
intersections. Here we have not included the dependence on the complex structure fields. 
In the large volume regime, fluxes are dilute and we can expand these expressions for small 
8. One finds for Kq l l 


k Ql,l = k Qr.R 


8^0 


7T 

(it ) 1 / 2 



k log 4 l~s\ 

TT V t) ’ 


(12.114) 


where we have set tj = tj = t because A 2 = A 3 . Kahler metrics analogous to these will 
be relevant in the computation of SUSY-breaking soft terms in Section 15.5.3. 


Yukawa couplings 

The structure of Yukawa couplings is more intuitive in the language of the mirror type 
IIA orientifolds with intersecting D 6 -branes. In order to illustrate the flavour structure 
in a realistic case, we focus on the 3-family model k = 3, shown in Figure 12.5 in the 
purely toroidal (not orbifold) case. We denote a, b. c the D 6 -branes which, together with 
their orientifold images, give rise to the 5(7(4), USp(2)^ and USp (2)/,> gauge factors in 
Pati-Salam language. Recall that the SU ( 4) a may be broken to SU (3) a x (7(1),/ by split¬ 
ting the stack a\ in the toroidal case one can also separate the brane c from its image to 
break SU(2)r —> (7(l) c . The relevant gauge group then becomes the SM one, enlarged 
by a gauged U(1)b-l- The D 6 -brane locations are characterized by the parameters e, and 
rp c denotes the b-c distance in (T 2 ) 1 . The latter is the vev of a modulus X coupling to 
the Higgs pairs as X H u Hd (since they arise in the be open string sector, and get a mass 
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from stretching across r/, c ), so it plays a role similar to the NMSSM singlet mentioned in 
Section 2.6.3. 

The a, b, c D6-branes form triangles in the second and third 2-tori. Yukawa couplings 
arise from worldsheet instantons spanning them, so using (12.87) the holomorphic Yukawa 
couplings for U- and D-quarks are 
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(3/ (3) ), 
(3/ (3) ), 


(12.115) 


where the geometric meaning of c <2> , e (3) , and 6 (3 ’ is indicated in Figure 12.5, and 0 <2 \ 
0 (3) , 0 13 ’ are Wilson line variables whose full definition is unnecessary for our purposes. 
The structure of the mass matrices can be recast as 
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1 \ 

( 1 

1 

1 \ 



Y u ~ A• I 1 
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| • B, Y d ~ A ■ 1 
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1 

|-B, 

(12.116) 

V 1 

1 

1 ) 

V 1 
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1 ) 




where A, B, B are diagonal matrices with entries bilinear in ^-functions. This texture leads 
to one massive and two massless eigenstates, an encouraging result reproducing qualita¬ 
tively the observed structure of fermion masses, with the third quark-lepton family much 
heavier than the first two. We may expect that further corrections from other sources (e.g. 
instantons, see next chapter) may give rise to smaller but non-negligible contributions to 
the rest of the masses. 

In order to obtain the physical Yukawa couplings, these terms in the holomorphic super¬ 
potential must be multiplied by the non-holomorphic factors as in (12.73). This can be 
done using the above expressions for the Kahler metrics. Very remarkably, since different 
families have equal intersection angles, this amounts to an overall factor, with no flavour 
dependence. 

The result for Yukawa couplings in the type IIB intersecting D7-brane picture can be 
obtained by replacing the Kahler parameter J r , the brane positions e r ,e r , and Wilson line 
parameters <p r by the complex structure L" and the Wilson line parameters £[, 

This simple model nicely illustrates the possibilities of realistic D-brane model building 
in string theory, in setups explicit enough to allow the computation of their 4d effective 
action. It is remarkably easy to obtain non-trivial appealing features, like a realistic gauge 
group and a correct chiral spectrum of three quark-lepton families, along with reasonable 
leading order Yukawa coupling structure. On the other hand, the model is not fully realistic, 
e.g. since it contains unwanted massless adjoint chiral multiplets from D-brane moduli. 
Some of these features can be improved upon supersymmetry breaking and moduli fixing, 
described in later chapters. 
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12.7 Yukawa couplings in local F-theory models* 


The techniques to compute Yukawa couplings in the type IIB setting in principle gener¬ 
alize to more complicated curved geometries and non-constant gauge fluxes. In practice, 
an obvious difficulty is that the computation of the zero mode wave functions requires a 
knowledge of the global compact geometry. The problem is however more tractable within 
the context of a bottom-up approach as described in Section 11.3.1. The idea is that in mod¬ 
els with localized SM brane sector, it suffices to have a local description of the geometry 
around the branes to compute the relevant SM physical parameters. This strategy applies 
both to local configurations of D7-branes wrapping intersecting 4-cycles inside CYs and 
to the local F-theory models in Section 11.5.3, on which we now focus. 

As discussed in Section 11.5.2, 7-branes wrapped on a localized 4-cycle 5 carry a world- 
volume GUT gauge group G$, e.g. 51/(5). The quark and lepton multiplets of the SM 
reside at matter curves c 5, corresponding to the intersection with additional 
7 a -branes. Yukawa couplings come from the triple overlaps of these matter curves involv¬ 
ing quarks, leptons and Higgs fields, see Figure 11.10 for an 51/(5) example. As already 
mentioned, one of the advantages of F-theory GUT unification is the natural presence of 
10 ■ 10 ■ 5 h Yukawa couplings, which are perturbatively absent in 51/(5) type IIB ori- 
entifolds. A point worth mentioning in this respect is that, as shown in the figure, the 10 
matter curves in F-theory must self-intersect (or pinch) for such a Yukawa coupling to 
be viable; indeed, if the two intersecting 10 matter curves were distinct, the texture of 
the resulting U-quark Yukawas would have zero entries in the diagonal, leading to a phe¬ 
nomenologically unreasonable pattern of one zero eigenvalue and two other comparable 
eigenvalues. It turns out that the pinched structure is fortunately quite common in F-theory, 
arising from monodromies of the singularity structure relating naively different matter 
curves. 

The localization of the Yukawa around a point is actually not exact, since the different 
massless fields have a non-zero spread, associated to their internal zero mode profiles. 
Actually, the Yukawa couplings again arise as overlap integrals 



(12.117) 


Since the Yukawa coupling is localized, its computation through (12.117) requires the 
zero mode wave functions only near the intersection point. The latter can be characterized 
using the unfolding introduced in Section 11.5.2. Consider an unfolding G -* G s x U (1) 
describing a matter curve; from the 7-brane worldvolume perspective, this is described as 
a deformation of an 8d field theory with gauge group G, by a linearly changing vev. The 
detailed structure is beyond our scope, and for present purposes it suffices to describe the 
local dynamics in terms of a 4d J\f = 1 gauge multiplet (A , ?;), and three chiral multiplets 
(Aj, i/q), (Aj, an d (^ 12 , X 12 ), all in the adjoint of a gauge group G; the latter corre¬ 
spond to components of the 8d gauge fields along the two complex coordinates zi, zi of 5, 
and to the 7-brane position in the transverse direction. The unfolding G —► G s x 1/(1) is 
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implemented through a varying vev for the position moduli, along the generator Q of the 
1/(1) C G, 

(</>) = M\ z\ Q- (12.118) 

Here M* is the fundamental F-theory scale (the analog of the string scale in I1B orien- 
tifolds). At zi 0 the symmetry is broken to Gs x 17(1), while at zi =0 it is enhanced to 
G; hence the locus zi = 0 defines the matter curve E, supporting fields in representations 
of Gs x 17(1) given by decomposing the adjoint of G. 

The local structure of the zero mode wave function for these matter fields can be obtained 
from the local Dirac equations, descending from the original 8d theory. Locally we may 
take a flat Kahler form dz\dz\ + dzidzi, and the equations of motion can be shown to be 

V2 3ip — Ml zi q rfe = 0; 3^2 — V2M* zi q q = 0, (12.119) 

3iVq - M^ziq X =0; 3jx - z\ q i/q = 0, (12.120) 

where q is the U (1) charge of the matter field, y = x\i, and the pieces linear in zi arise 
from the linear vev (12.118). From the above equations one can see that there are no local¬ 
ized solutions for q and i/zj, and indeed it is consistent to set q = 1 //=, = 0; on the other 
hand, the coupled system for x and i//j has solutions (taking q = 1) 

X= f(z2)e~ M *' Z1 ' 2 ; f- 1 = -f(z2)e~ M *' Zl ' 2 , (12.121) 

where f(z 2 ) is an arbitrary holomorphic function of the coordinate along E. Note that there 
is a single independent zero mode with two (non-independent) components / and i//y. The 
zero mode is peaked around zi = 0, with width ~ 1 /, and corresponds to the 6d matter 
field localized on E. The replication of 4d chiral fermions arises upon compactification on 
E with magnetic fluxes, which can produce multiple zero modes on E; at the local level 
this is captured by the general holomorphic function f{zi), as will be clear shortly. 

We are now interested in evaluating the Yukawa coupling of three chiral fields com¬ 
ing from three intersecting matter curves E a , E/,, E r , which may be locally described by 
Z] = 0, Z 2 = 0 and zi + z 2 = 0 in the surface S. The Yukawa couplings are obtained as 
overlap integrals over S of the three wave functions involved, i.e. 

Y = J x c dzidzidz 2 dz 2 + cyclic permutations in abc, (12.122) 

where a, b, c denote the three matter curves. Given the matter field localization, the above 
integral is essentially supported at zi = zi = 0. In Yukawa couplings for semi-realistic 
models we can, without loss of generality, associate quarks and leptons to the curves a, 
b and the Higgs to the matter curve c. The existence of three quark and lepton families 
corresponds to the existence of three independent zero mode wave functions on E„, E/,; 
near zi = z.i — 0, their local behavior corresponds to a basis of holomorphic functions 
f a (Z2) — (l, Z2, Z 2 ) on and g b (z\) — (1, zi, zf) on Efc, while the single Higgs zero 
mode on E c behaves as a constant. Given the exponential dumping of the wave functions, 
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the integral to be performed is not sensitive to the global geometry of the curves and one 
can extend the integral on zi, Z 2 over C 2 . Ignoring momentarily the effect of magnetic 
fluxes, we can just use the zero mode wave functions in (12.121) for £ a , and its analogs for 
E*, E c . Since the integration measure is invariant under z.i — > e' e Zi, the integral vanishes 
except for f(z, 2 ) = I, g(’i) = 1, in which case Y = tt 2 ; thus only one flavour of quark and 
leptons can get a mass at this level, which is a reasonable starting point to explain fermion 
mass textures. This result is quite similar to those already described in toroidal type IIA 
and IIB models, e.g. the example in Section 12.6. 

As in the toroidal case, one expects that further ingredients may generate corrections and 
induce smaller Yukawa couplings for the rest of the generations. One might have expected 
to induce such corrections from the inclusion of magnetic fluxes, necessarily present to 
get 4d chirality; however, this is not the case, and magnetic fluxes modify the zero mode 
profiles, but not the Yukawa couplings. A heuristic explanation based on perturbative type 
IIB intuitions is as follows. Consider carrying out the above computation, with non-trivial 
magnetic fluxes, for perturbative type IIB D7-brane models, to produce their holomor- 
phic Yukawa superpotential. From (12.72) the result cannot depend on Kahler moduli, and 
so must be given by the infinite volume result, in which the fluxes are infinitely diluted 
and can be taken to zero. A more precise argument (valid also in the non-perturbative 
F-theory setup) is that there is always a gauge choice in which the background gauge field 
A m is purely holomorphic, and so, e.g., the last equation in (12.120) is unchanged upon 
covariantizing derivatives; such unchanged equations (which can be interpreted as F-term 
equations in the 8d SYM theory) turn out to be the only relevant ones to compute the holo¬ 
morphic Yukawa coupling. Nevertheless, there are further generically present ingredients 
which can induce the desired corrections. In particular, D-brane instantons, or the addition 
of IASD (1,2) fluxes discussed in Section 15.4.1, have been shown to induce corrections 
to these Yukawa couplings. We refer to the Bibliography section for more details. 
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Most 4d string vacua constructions in previous chapters have been carried out in the realm 
of perturbation theory (around the corresponding weak coupling limit). However, there are 
several instances in which non-perturbative effects play an important role. In this chapter 
we introduce brane instantons in 4d string vacua, analyze their impact on the low-energy 
effective action, and discuss some applications for particle physics model building. 


13.1 Instantons in field theory and string theory 


Non-perturbative effects are a crucial ingredient in quantum field theory and string theory. 
An important class of non-perturbative effects can be described in terms of instantons, i.e. 
semiclassical configurations providing saddle points in the euclidean path integral of the 
spacetime fields of the theory. In this section we review instantons in field theory and their 
generalization to brane instantons in string theory. 

13.1.1 Instantons in gauge field theory 

Many ingredients of instanton effects in string theory are already present in the more famil¬ 
iar setup of field theory. We briefly review gauge theory instantons, restricting to those 
aspects relevant for the brane instantons in the following sections. 


Generalities 


Instantons are classical solutions to the euclidean equations of motion in field theory. The 
prototypical example is given by instantons in 4d gauge theories, which are gauge field 
configurations obeying the self-duality condition in euclidean space 


1 


i.e. F = * 4 d F. 


(13.1) 



An explicit solution for SU{ 2) gauge groups is given, in the gauge () /; 4" = 0, by 


A a = o=a (* ~ X o)v P 2 
** ^ (x-xo) 2 (x-xo) 2 + P 2 ' 


(13.2) 
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Here xq and p are the position and size of the instanton, and correspond to bosonic zero 
modes in the language introduced later; the rj“ lv are the so-called ‘t Hooft symbols, which 
realize the ath SU (2) generator as a generator of the SO (4) ~ SU (2) 2 rotation group. The 
above expression implies an alignment of the internal SU (2) direction of the gauge field 
and the 4d spacetime direction, such that as one moves around the S 3 at infinity in 4d, the 
gauge field winds around the SU (2). 

In general, an instanton configuration can be characterized as providing a map from S 3 
at infinity in R 4 to the gauge group G, and is therefore classified by the homotopy group 
n 3 (G), as reviewed in Section B.4. For any simple group, Fl3(G) = Z, which implies that 
instanton configurations are labeled by an integer winding number, or topological charge, 
referred to as the instanton number 

*= \ f Tr ( F A F). (13.3) 

J4d 

Negative values are realized by anti-instantons, which satisfy an anti-self-duality relation. 
Using the self-duality (13.1), the classical action for an instanton configuration is 

Oyj-2 

Sd. = -5 -|*|. (13-4) 

£ym 

As is familiar from quantum mechanics, a classical solution to the euclidean equations of 
motion describes the saddle point approximation to a tunneling process in the minkowskian 
theory, with strength e~ Scl — clearly a non-perturbative contribution to the path 

integral of the theory. If the gauge theory has a non-trivial 9 angle, as in (1.29), the instanton 
amplitude is, schematically 


e 


-Set 




(13.5) 


Hence instanton configurations break the perturbative continuous shift symmetry of the 9 
parameter to a periodicity of 2n. 


Gauge instantons and fermion zero modes 

There is an interesting effect when introducing fermions, related to the chiral anomaly. 
Consider for concreteness a theory with a Weyl fermion in a representation of G (assumed 
free of gauge anomalies), and with charge +1 under an additional (7(1) global symmetry 
e.g. fermion number. The mixed (7(1) — G 2 anomaly implies that under a global (7(1) 
transformation 

& € S 4 ci — e j tr(FAF) ~ ti, (13.6) 

J4d 

i.e. an instanton number k background violates (7(1) charge conservation by k units. 

This can be understood microscopically by considering the semiclassical expansion of 
the theory around the instanton background. In a saddle point approximation to the path 
integral, we need to integrate over fluctuations around the saddle configuration, and in 
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particular over fermion field configurations obeying the Dirac equation coupled to the 
instanton background. By explicit evaluation, or using the index theorem (7.47), it can be 
shown the fermion field has k zero modes = 0, i = 1 ,,k, which therefore do not 
appear in the action at the quadratic level. Since these are Grassmann variables, satisfying 
f dO = 0, / OdO = 1 as in (2.9), the path integral of the instanton process automatically 
vanishes unless it includes one external leg for each fermion field with a zero mode. For 
each fermion field integration we schematically have 


/ 


[V\fi] e s fi(xi) ■ ■ 


■ f{Xk) 


f [ V ^. 


Vf*\ e~ s « ■ ■ ■ tfi k £ 0, (13.7) 


with possible restrictions on k arising from the Grassmann nature of the fermion zero 
modes, and from the necessary contraction of gauge indices (ignored above for simplicity). 

Since instantons are localized configurations in 4d spacetime, the effect of the instanton 
process to the amplitude can be described as an effective so-called ‘t Hooft vertex 


e“ Sd - [ = e~ Scl tA(jc) • ■ ■ (13.8) 

k 


The insertion of Grassmann variables in the integrand, required to yield non-vanishing 
amplitudes, is referred to as saturation of fermion zero modes. 

The instanton location, as xq in (13.2), is actually a bosonic zero mode of the config¬ 
uration, arising from the fluctuations of the gauge field around the instanton background. 
These zero modes are Goldstone modes of the translational symmetries broken by the 
instanton. In the path integral we integrate over them and this restores the 4d Poincare 
invariance of the theory. In addition, we need to sum over processes including multiple 
instanton vertices. Since they are indistinguishable, the resulting sum can be exponenti¬ 
ated, resulting in a correction to the 4d effective action. Considering a situation with several 
fermion species fi( a ), a = 1, which for simplicity we take to have the same (7(1) 
charge and representation under G, the instanton correction to the 4d effective action has 
the structure 

A S 4d ~A J d 4 xe~ s «- [xfi m (x)] k ■ ■ ■ [if (n) {x)] k , (13.9) 

where the factor A indicates further contributions from the integration over additional 
bosonic zero modes (like the instanton size, or its orientation in the gauge group), as well 
as the integration over non-zero modes for the different fields. 

The generalization to different charges and representations, and to several (7(1) symme¬ 
tries, is straightforward. In particular, in a theory with vector-like fermions, there may be 
couplings among their putative fermion zero modes, actually lifting them at the level of the 
interacting theory. Saturation of such fermion modes (often still denoted “zero modes” by 
abuse of language) in their Grassmann integrals can proceed via these interaction terms, 
so they do not require the introduction of external legs. Thus the number of external legs 
in instantons corrections like (13.9) actually reproduces the net number of fermions, in 
agreement with the anomaly argument. 
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We will be interested in the structure of instantons in 4d AT = 1 supersymmetric theo¬ 
ries, to which we turn now. Supersymmetric theories include fermions, making the study 
of instanton fermion zero modes particularly relevant. Instantons break some or all the 
supersymmetries of the theory, and therefore have goldstino fermion zero modes, which 
are crucial in order to determine the kind of 4d superspace interaction term that is induced 
by the instanton. Instantons preserving half the supersymmetries are denoted BPS, with the 
relation between instanton charge (13.3) and classical action (13.4) playing the role of the 
BPS bound (2.63). BPS instantons break two supersymmetries and have two goldstinos 9 a , 
which are exact fermion zero modes of the configuration. In the absence of other fermion 
zero modes (or if they are lifted by interactions as described above), the instanton induces 
a correction to the 4d superpotential 

A&w ~ J d 4 xd 2 de~ T 0( Or,.(13.10) 

where r is the chiral multiplet whose scalar component is the gauge kinetic function, with 
value r = 8jr 2 /g^ M + id, and O is a possible operator involving charged chiral multiplets, 
in a supersymmetric generalization of (13.9). Note that the integration over the fermion 
zero modes 0 restores the SUSY invariance of the interaction. 

Let us emphasize the important property that only instantons with exactly two fermion 
zero modes (just those required to saturate the dr 9 integration) can contribute to the super¬ 
potential. BPS instantons with additional fermion zero modes induce 4d F-term correc¬ 
tions involving higher-derivative interactions, or multi-fermion terms (containing more 
than two fermions). These are therefore less relevant operators, and ignored in the fol¬ 
lowing. Finally, instantons breaking all supersymmetries have (at least) four fermion zero 
modes, the goldstinos 9 a , 9^. Integration over them leads to a D-term interaction in the 
4d action. These could be potentially interesting corrections to Kahler potentials, but as 
they originate from non-supersymmetric configurations, they are in general not amenable 
to precise computation. 

Instanton superpotentials in 4d Af = 1 SQCD 
There are several examples of instanton effects in 4d Af = 1 supersymmetric gauge field 
theories, in particular the SQCD theories introduced in Section 2.5.1. These have SU(N c ) 
gauge symmetry and Nf flavours, i.e. massless chiral multiplets Qj, Q- in the fundamen¬ 
tal and anti-fundamental representations respectively. For instance, SU(N C ) instantons in 
Nf — N c — 1 SQCD generate a non-perturbative superpotential 

A 2JV c +1 

W=—-(13.11) 

det (QiQj) 

where A 2Nc+1 = e~ z p 2Nc+l is the dynamical (or confinement) scale of the theory, with p. 
being a scale required on dimensional grounds. The above expression is a particular case of 
the general N / < N c Affleck-Dine-Seiberg superpotential (2.65). The general expression 
can be derived from (13.11) by adding large flavour mass terms A, and integrating 
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them out. In particular this allows one to recover the Af — 1 SYM superpotential (2.66), 
whose structure can be written 

WsYM = N c e N c /r 3 , (13.12) 

in terms of the SYM gauge kinetic function r e ff = (%n 2 /+ id) + ■ ■ •, where the 
dots denote additional corrections, most prominently the one-loop contribution. Again /i 
is a scale required by dimensional analysis. Since the exponent in (13.12) is N c times 
smaller than the instanton action, the superpotential is sometimes said to originate from 
“fractional instantons.” Incidentally these will receive a natural interpretation in the string 
theory implementations in Section 13.2.2. 


13.1.2 Worldsheet and brane instantons in string theory 

String theory also contains non-perturbative effects from euclidean instanton configura¬ 
tions, not surprisingly since string theory contains field theory (coupled to gravity) as its 
low-energy limit. Indeed in 4d string theory vacua there are euclidean configurations, local¬ 
ized in 4d Minkowski space, and characterized by a topological charge, hence also called 
“instantons.” 

The most obvious possibility is configurations of euclidean closed string worldsheets 
completely wrapped on 2-cycles C of the internal compactification geometry, and localized 
at a point in 4d Minkowski space. These are the worldsheet instantons already mentioned 
in Sections 9.1.3 and 10.1.2, and whose contribution to the superpotential in heterotic orb- 
ifolds was described in Section 9.3.2. In theories with open strings, there are analogous 
open worldsheet instantons, whose contribution to the superpotential was computed in 
Section 12.5.3. Worldsheet instantons are BPS when C is a holomorphic 2-cycle, their 
topological charge is the 2-homology class [C], and their strength is 


e 1 — exp 



(.J + iB 2 ) 


(13.13) 


where J is the CY Kahler form, and lh is the 2-form coupling to the fundamental string. 
The factor of i in the coupling to the 2-form field, as compared with (3.10) arises in going 
to the euclidean theory. The strength of worldsheet instantons is thus controlled by the 2d 
worldsheet area, so they are non-perturbative in a ', but perturbative (in fact, tree level) in 
g s . Note that in heterotic compactifications the shift symmetries of some of the 4d scalars 
from the lOd 2-form are violated already at tree level in g s . We are more interested in 
genuinely non-perturbative instantons in string theory. Clearly these should be attributed 
to objects whose tension is an inverse power of g s , i.e. branes in string theory. Hence 4d 
string compactifications have brane instanton effects arising from possible branes wrapped 
on different cycles of the internal CY, and localized in 4d Minkowski space. 

For instance, in 4d heterotic compactifications there are instantons from NS5-branes 
completely wrapped on the internal space X6, and localized in 4d. Recalling from 
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Section 6.2 the NS5-brane tension 7 ns5 ~ 1 /g^, we find that the strength of NS5-brane 
instantons is schematically 



(13.14) 


exp 


with modulo numerical factors in the exponent. Here Ifi, is the lOd dual to the 2-form Ih, so 
its integral is the universal heterotic axion a, with the factor of i due to the euclidean signa¬ 
ture. Also, Vx 6 is the volume of X6, and S is the 4d complex dilaton in (9.9). The amplitude 
(13.14) is non-perturbative in g s , and in fact, noting the gauge kinetic functions (9.21) for 
the 4d gauge groups, it behaves like a gauge instanton. Indeed, as noted in Section 7.5, the 
NS5-branes can continuously turn into gauge instantons in heterotic theory. 

There are similar NS5-brane instantons in type IIA orientifolds and type IIB 03/07 
models. However, NS5-branes lack a proper microscopic description in string theory, and 
are not very tractable objects, so we will not discuss them further. We rather focus on 
D-brane instantons in type II orientifolds, describing them via open strings. This allows a 
precise determination of their zero modes by quantizing the open strings with one or both 
endpoints on the D-brane instanton, see Section 13.2. We also focus on 4d AT — 1 models, 
and concentrate on BPS instantons, although certain properties depend just on topological 
arguments, and extend to non-BPS instantons, or non-supersymmetric compactifications. 
Also for concreteness we use the language of geometric CY compactifications, but many 
properties extend to other setups in close analogy. 

Consider a 4d Af = 1 type II orientifold compactification with 4d spacetime filling 
D-branes (denoted ‘‘gauge branes” in the following). The conditions for a wrapped 
euclidean brane to define a BPS instanton are the same kind of supersymmetry condi¬ 
tions as for gauge branes, e.g. recall Sections 10.3.2 and 11.4.3. This follows because 
gauge and instanton branes have four ND directions along 4d Minkowski space, and pre¬ 
serve supersymmetry if their internal cycles are mutually supersymmetric as well. Thus in 
type IIA intersecting brane models, with D6-branes wrapped on 3-cycles, BPS instantons 
arise from euclidean D2-branes wrapped on (not necessarily the same) special lagrangian 
3-cycles (10.27) with suitable phase. In type IIB orientifold models with D3-branes at 
points and D7-branes on 4-cycles, BPS instantons arise from D(-l) branes at points in 
the CY, and from euclidean D3-branes wrapped on (not necessarily the same) holomor- 
phic 4-cycles (possibly with non-trivial supersymmetric gauge backgrounds). In type IIB 
models with D5- and D9-branes, BPS instantons arise from euclidean D1-branes on holo- 
morphic 2-cycles, and euclidean D5-branes wrapped on the whole CY (possibly with non¬ 
trivial supersymmetric gauge backgrounds). For simplicity, we use “cycle” (with quotes) to 
mean all the data specifying its internal structure on the CY, namely the wrapped cycle plus 
any possible gauge background on its worldvolume. Note that mirror symmetry exchanges 
type IIA and IIB orientifold models, and acts consistently on the relevant instantons. There¬ 
fore we often restrict our discussion to the type IIA setup, and merely translate the corre¬ 
sponding results to the mirror type IIB. This is particularly useful since in type IIA all BPS 
instantons are given by euclidean D2-branes. 
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Let us consider a Dp-brane instanton wrapped on a (p + 1)-cycle W p + 1 , with trivial 
NSNS 2-form and worldvolume gauge background for simplicity. From the D-brane action 
(6.6), (6.15), its strength is 



(13.15) 


with G being the worldvolume metric induced from spacetime. The factor of i in the CS 
piece arises from the euclidean signature. The above expression clearly defines a non- 
perturbative effect scaling as e ~ 1 ' gs , as expected. The instanton action is controlled by the 
wrapped volume, and its phase is given by the 4d scalar d( P +\) arising from the (p + 1)- 
form. The latter coupling breaks the perturbatively exact shift symmetry of the RR scalar 
to a discrete subgroup. 


®(p+ 1) ^ a (p+ 1) T 27T, 


(13.16) 


in analogy with gauge instantons. Hence D-brane instantons are the perfect candidates to 
induce certain perturbatively forbidden couplings, as will be exploited later on. Note that 
for Dp-branes carrying worldvolume magnetic fluxes, there are induced lower-dimensional 
D-branes, which modify the classical action of the configuration and its couplings to 4d RR 
scalars. 

For BPS instantons the exponent in (13.15) is a complexified modulus, as in 
Section 12.3.1. This is a complex structure modulus in type IIA models, measuring the 
3-cycle (complexified) volume wrapped by the D2-brane, and correspondingly a Kahler 
modulus in type IIB models, controlling the (complexified) volume of the wrapped “cycle” 
(i.e. including gauge field contributions). 

General D-brane instantons include gauge field theory instantons as a particular case. 
Indeed, as mentioned around (6.17) in Section 6.1.2, Dp-branes on top of D(p + 4)-branes 
behave as gauge instantons in the D(p + 4)-brane gauge theory. Hence in type II orien- 
tifolds, gauge instantons in a sector of D(p + 4)-branes wrapped on a “cycle” W p +\ are 
described as euclidean Dp-branes on W p+ \. In fact, their strength (13.15) agrees with the 
gauge instanton strength (13.5) upon using the gauge kinetic functions in Section 12.3.1. 

String theory models however include novel non-perturbative instanton effects, from 
D-branes wrapped on “cycles” different from those of gauge branes. They do not admit 
the interpretation of gauge instantons, and are often termed “non-gauge,” “stringy” or 
“exotic,” instantons. A most relevant property for our purposes is that their strengths are 
not controlled by gauge coupling constants, and therefore need not be extremely sup¬ 
pressed, and may lead to interesting effects in realistic particle physics models, as explored 
in Section 13.3. 


13.1.3 Field theory operators from D-brane instantons 

We have seen that D-brane instantons violate the shift symmetries of the RR scalars to 
which they couple. In type II orientifolds with gauge D-branes, some of these RR axion 
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shifts are intertwined with D-brane (7(1) gauge transformations, as in (10.26). D-brane 
instantons coupling to such RR scalars can violate, in a proper sense, these (7(1) symme¬ 
tries, and induce perturbatively forbidden couplings, as we now describe in the type IIA 
picture. Note that the following arguments are topological and hold for general CYs and 
also for non-BPS instantons and non-supersymmetric models. 

Consider a type IIA compactification with D 6 ,,-branes wrapped on 3-cycles Y\ a , 
momentarily ignoring orientifold projections. As in Section 10.3.1, we introduce a basis 
{[a^]} of 3-cycles, and its dual basis {[/S^]}, i.e. [a^] • [yS 7 ] = <5[, and define 


Qak — [n«] ’ 


(13.17) 


The B A F coupling in (10.23) implies a shift (10.26) of the RR scalar a k = fat C 3 under 
D 6 -brane 6 '( I ) a gauge transformations, i.e. 

A“ -* A“ + 9 M A a , a k ^a k + J2 N a Q ak A a . (13.18) 


Recall that the corresponding (7(1) gauge bosons are actually massive, and that the (7(1) 
symmetries may be anomalous or not. They remain as perturbatively exact global symme¬ 
tries, but broken, in a suitable sense, by D2-brane instantons as follows. 

These models contain euclidean D2-brane instantons wrapped on 3-cycles, thus cou¬ 
pling to the RR scalars and naively breaking their shift symmetry. To see this, consider a 
D2-brane instanton on a 3-cycle ITi ns t of volume V 3 , with an expansion 


[Hinstl = "7inst [«*]. with <?L = [Hinst] ■ [j8*]- 


(13.19) 


Using (13.15), the naive instanton amplitude is roughly 


e Scl = exp 


L +i 

8s 


if C 3 ) = exp(- — ~iJ2 

' n inst )\ \ 8s V 


<lLt a k 


(13.20) 


This amplitude picks up a phase under the RR scalar shift (13.18), 


e Scl ->• e ScL 


exp | -i ^2 N " Qak 7,nst A n j = e ^ ex P ^“1 ^ N « 7 <Mnst A fl^ , 

' a,k ' a (13.21) 


where 4,j nst = [n a ] • [rTi nst ] is the intersection number of the gauge and instanton 3-cycles. 
This would seem to clash with the RR scalar shift being actually part of the (7(1) gauge 
symmetry (13.18). 

The puzzle is solved by the fact that the instanton in general has fermionic zero modes 
charged under the (7(1) gauge symmetries, which lead to additional charged matter field 
insertions. Namely, open strings stretching between the D2-brane and the D 6 a -brane lead 
to / a jnst (net) fermion zero modes in the fundamental representation of (7 ( N a ). Let us 
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Figure 13.1 Worldsheet disk amplitude inducing a cubic coupling in the euclidean D2-brane instan- 
ton action. The cubic coupling involves the 4d charged chiral multiplets at the intersection ab of the 
D6-branes, and instanton fermion zero modes at the intersections of the D2-brane with the D6-branes 
a and b. 


denote them Ya‘p a with Pa = 1, ..., N a a U(N a ) gauge index, and i a = 1, ..., |/ a instI 
labeling intersections. The instanton amplitude contains an integration over such fermion 
zero modes, i.e. 


/ n [ d rZ P a] (13.22) 

a,p a ,i a 


where S z . m . contains possible interaction terms of the instanton zero modes, see later. It 
is easy to check that the phase rotation (13.21) is actually canceled by the U(l) a phase 
rotations of the charged fermion modes in the instanton measure. 

Assuming some knowledge about possible interaction terms of the fermion zero modes 
y, we can provide a more explicit expression for the resulting instanton amplitude, and 
understand this cancellation at the level of the 4d effective action. As discussed for gauge 
theory instantons, there are two basic ways to saturate these additional fermion zero modes 
in the path integral: through interactions lifting the zero modes, or through external fer¬ 
mionic leg insertions. Consider the former, in a simplified description. Split the D6 a -branes 
in two sets, labeled a± according to the sign of I a ,inst.- Hence we have fermion zero modes 
a' a _ in the and fi J a+ in the . Here we assume them to be in equal numbers to 
achieve pairing by interactions. The systems typically contain interaction terms of the form 

Sz.m. = Cjj k ot' a _ fi'l + , (13.23) 

where <t> ( V are 4d chiral multiplets in the (□«, □/,) at D6 a -D6b brane intersections 
(labeled by k = 1,..., I<,/,)■ These terms arise via open string disk worldsheet instantons, 
see Figure 13.1, analogous to those producing Yukawa couplings in Section 12.5.3. These 
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interactions can be used to saturate the fermion zero mode integrations, so the instanton 
amplitude has the structure 

det(<J> flfo ), (13.24) 

where det(<t> a /,) denotes a polynomial in the fields <t>^ of degree Mz-l4-,instl = 
^Zb+ ^b+\ 4+,instl' It indeed reduces to a determinant when there is a single field at the ab 
intersection. Its role is analogous to the operator O in (13.10). It is now straightforward 
to show that the phase rotation (13.21) is canceled by the charge of det(<t> fl /,). The mecha¬ 
nism generalizes to situations with a more involved structure of the couplings (13.23), see 
later for examples. Note that in what concerns the charged matter content of the theory, the 
instanton generates couplings which are forbidden by the U( 1) symmetries to all orders in 
perturbation theory, and which are possible non-perturbatively due to the non-trivial trans¬ 
formation (13.21). In this sense, the intersection number / a ,inst of the D2-brane instanton 
with the D6 a -branes determines the amount of violation of the f/(l)„ gauge symmetry. The 
above discussion generalizes easily to models with orientifold action, by simply replacing 
4,inst —*■ 4,inst — 4',inst i n the relevant formulae. 

In cases where there are unpaired charged fermion zero modes, which cannot be satu¬ 
rated with interaction terms, insertion of external legs is required, as in (13.9). The end 
result is an expression similar to (13.24), with det(<J>) replaced by an operator in the chiral 
multiplets DO„/„ whose lowest component is a multi-fermion term saturating all unpaired 
fermion zero modes. Clearly, the resulting effective vertex reproduces the net amount of 
charge violation. 

The charge violation by D-brane instantons reproduces as a particular case the violation 
of anomalous U(\) charges by gauge instantons of Section 13.1.1, as follows. Consider 
Nb D6/,-branes on a 3-cycle IT*, leading to a U(N/,) gauge factor, and N a D6„-branes on 
n„ producing a U(N a ) factor, on which abelian U (1 ) a part we focus. There is a U (1 )„ — 
SU(Nb) 2 mixed anomaly (10.21) proportional to N a I a b (no sum over a), so from (13.6) a 
k = 1 SU(Nb) gauge theory instanton violates U (1 ) a charge by N a I a b units. In the string 
theory setup, the gauge instanton is played by a euclidean D2-brane on 11/,, i.e. on top of 
the gauge D6/„-branes, and its U(\) a violation is [n a ] ■ [Ili ns t] = 4fo- Note, however, that 
the U( 1) charge violation is more general in the string theory setup, since “stringy” brane 
instantons produce vertices violating even non-anomalous U (l)s. 

In applications, we are in general interested in {/(l)-violating instantons leading to 
operators with the lowest possible dimension. In particular, we are interested in non- 
perturbative superpotentials (in general involving the charged matter fields), rather than 
other higher-dimensional F-term operators. As for field theory instantons, the conditions 
for a BPS instanton to contribute to the superpotential relate to its structure of (neutral) 
fermion zero modes, as we describe in the next section. 


13.2 Fermion zero modes for D-brane instantons 

As for instantons in gauge field theory, the structure of fermion zero modes on D-brane 
instantons determines the superspace structure of the non-perturbative correction. As noted 
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above, we are eventually interested in contributions to the non-perturbative superpotential, 
which arise from brane instantons with two exact fermion zero modes. We first discuss the 
computation of fermion zero modes, and subsequently present several instances in which 
all zero modes but two are eliminated, either via orientifold projections, or via saturation 
with interactions. 


13.2.1 Computation ofD-brane instanton zero modes 

For concreteness we focus on 4d AT = 1 type IIA orientifolds with intersecting D6-branes, 
and on a BPS instanton from a D2-brane on a special lagrangian 3-cycle ni nst . We consider 
the two cases of ]lj ns t being invariant under the orientifold action (“invariant” instanton), 
or mapped to an image on FF. (“non-invariant” instanton). 

The computation of D2-brane instanton zero modes is very analogous to the computation 
of the massless spectrum on a putative D6-brane wrapped on ni nst . Hence we may borrow 
results from Chapter 10, with a few minor modifications: First, since D2-branes do not 
stretch in the 4d Minkowski space, it is not possible to use the light-cone gauge for the 
corresponding open strings. Consequently there are additional physical open string modes, 
e.g. arising from oscillators in the two additional 4d dimensions. Second, the orientifold 
projection on certain 2-2 and 2-2' open strings has an extra sign as compared with the 
analogous 6-6 and 6-6' sectors, due to the change between NN and DD boundary conditions 
in the 4d directions. This is similar to the relative sign between orientifold projections in 
99 and 55 sectors in Section 6.1.3. Note that the 4d space-filling D6-brane on n; ns t is an 
auxiliary tool, and it need not be one of the gauge D6-branes present in the model. 

For illustration, and to emphasize some important properties, we first turn to the discus¬ 
sion of some relevant sectors. 


Neutral fermion zero modes 

Let us start with the sector of zero modes neutral under the 4d D6-brane gauge groups. 

This arises from open strings with both endpoints on the D2-branes (or stretching between 

the D2- and the D2'-branes, if different). 

• Universal sector: non-invariant instanton : There is a universal sector of 2-2 zero modes, 
present for any BPS D-brane instanton, independently of the properties of the wrapped 
cycle. For an instanton not invariant under the orientifold action, and with multiplic¬ 
ity k, there is a worldvolume U ik) gauge symmetry. Notice that, although there are no 
gauge bosons in 0 + 0 dimensions, the gauge group is still well-defined, since it acts 
on charged states (open strings ending on the instanton brane). In this universal sector 
there are four real bosonic zero modes in the adjoint representation, whose eigenval¬ 
ues describe the instanton positions. The “center of mass” degrees of freedom are four 
translational Goldstone bosons x' 1 . In addition there are four fermion zero modes, in the 
adjoint, whose “center of mass” degrees of freedom are goldstinos of the accidental 4d 
AT — 2 supersymmetry in this sector. They split in two sets, according to their chirality 
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under the S0( 4) 4d euclidean rotational symmetry. Two of them, denoted 6 a , are the 
actual goldstinos of the 4d AT — 1 supersymmetry. The remaining two, denoted r<>, are 
present even in the minimal case k = 1. Hence such U (l)-type instantons cannot con¬ 
tribute to superpotential terms, unless additional effects lift the extra zero modes, see 
Section 13.2.2. 

• Universal sector: invariant instanton: For an instanton mapped to itself under the ori- 
entifold action, the projection truncates the above universal 2-2 zero mode content as 
follows. The worldvolume group is projected down to orthogonal or symplectic groups, 
which we use to denote the instantons as being of Oik)- or USp(k) -type. For O(k )-type 
instantons, the four bosonic zero modes and two fermion zero modes (those associated 
to 0 a ) are projected down to the two-index symmetric representation, while the other 
two fermion zero modes (related to Ya) project onto the antisymmetric representation. 
Hence for 0( I )-type instantons, the universal sector contains just two fermion zero 
modes, the goldstinos 6 a , so they are optimal candidates to generate non-perturbative 
superpotentials (if no additional zero modes arise from other non-universal sectors). 

For USp(k )-type instantons, the orientifold projects the four bosonic zero modes and 
two fermion zero modes to the two-index antisymmetric representation, and the other 
two fermion zero modes to the symmetric representation. Hence, even for the minimal 
case of USp(2 )-type instantons, there are at least two fermion zero modes in the triplet 
representation, in addition to the two 4d Af = 1 goldstinos. Hence these instantons 
cannot contribute to the superpotential, unless additional effects lift the extra zero modes, 
see Section 13.2.2. 

• Deformation modes : In addition to the above universal modes, there may be bosonic 
and/or fermionic zero modes related to geometric moduli of the cycle wrapped by the 
D-brane instanton (or their fermionic analogs). In our applications we are mostly inter¬ 
ested in instantons contributing to the superpotential, hence with only the two universal 
0 a fermion zero modes. We will therefore focus on (or assume) instantons with no addi¬ 
tional deformation zero modes. Hence our present discussion is sketchy, leaving the 
detailed description for the references. 

Deformation modes can arise in the 2-2 sector for invariant instantons, and in the 2-2 
and 2-2' sectors (and their images) for non-invariant instantons. In the 2-2 sector, the zero 
modes before the orientifold are (the dimensional reduction of) £»i (Hi nst ) adjoint chiral 
multiplets, in analogy with the result for D6-brane geometric moduli. In the 2-2! sector 
of non-invariant instantons, the zero modes before the orientifold projection are given by 
(the dimensional reduction of) [FIinst]-[n[ t ] chiral multiplets in the bi-fundamental rep¬ 
resentation. The orientifold projection of all these multiplets is easily determined from 
the analogous projection for D6-branes, using the above-mentioned sign differences. 

Charged fermion zero modes 

Consider now sectors of open strings stretching between the D2-brane (or its image) and 
the 4d gauge D6-branes in the model (or its images). The zero mode multiplicities are 
again closely related to the spectrum in a putative D6-brane on Hi nst . Note, however, that 
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replacing a D2-D6 to a D6-D6 system, changes the 4d Minkowski direction boundary 
conditions from ND to NN. These additional twists change the mass formula by shifting the 
zero point energy by 1/2, rendering all bosonic modes in the D2-D6 sector “massive,” while 
relating the chiral multiplets in the D6-D6 intersections to purely fermionic zero modes at 
D2-D6 intersections. Still their multiplicities are preserved, and for any D6 n -brane, the 
(net) number of instanton fermion zero modes in the fundamental representation \3 a is 

Invariant instanton [n a ] • [Ilj nst ], 

Non-invariant instanton [n a ] • [nj nst ] + [fl a ] • [nj nst ] , (13.25) 

as anticipated in the discussion in Section 13.1.3. In the above description we have con¬ 
sidered that a runs through D6-branes and their orientifold images. In the latter case, the 
fundamental should be flipped to the corresponding anti-fundamental, according to the 
general rule □„ = ff a > in Section 10.4.1. In applications, we assume the above charged 
fermion zero modes to have couplings to 4d charged chiral multiplets, allowing for their 
saturation. 


13.2.2 Non-perturbative superpotentials from D-brane instantons 

Instantons contributing to the superpotential must have the two 4d J\f = 1 goldstinos 6 a 
as the only exact fermion zero modes. Any additional fermion zero modes must either be 
absent, or appear in interactions allowing for their saturation. In this section we describe 
several mechanisms to eliminate the pervasive universal modes t„, leading (in the absence 
of non-universal exact fermion zero modes) to instantons contributing to the superpotential. 
If the instanton has zero net intersections with the 4d gauge branes, these superpotentials 
can involve only closed string moduli, and be of the form 

VT n .p = A (~) e~ Scl , no charged fermion zero modes, (13.26) 

where ,S' C |. is essentially the wrapped “cycle” volume modulus, a Kahler modulus in type 
IIB and a complex structure modulus in type IIA models. The prefactor A (z). arising from 
the integral over non-zero modes, is a holomorphic function of the moduli z, which are 
complex structure moduli in type IIB and Kahler moduli in type IIA models. 

As described in Section 13.1.3, if the instanton has fermion zero modes a, f charged 
under the 4d gauge branes, and coupled with 4d chiral multiplets via interactions (13.23), 
the superpotential has instead the structure (13.24), schematically 

VT n p = A(z ) e~ Scl det ' a b, with charged fermion zero modes. (13.27) 

Note that this structure implies a violation of the perturbative decoupling in (12.72). 

Both kinds of superpotentials have interesting model building applications, which we 
discuss in Section 13.3 for (13.27), and Section 15.3.1 for (13.26). 

There are several mechanisms lifting the universal fi fermion zero modes, and allowing 
the instantons to generate superpotentials of the above kinds (in the absence of extra non- 
universal fermion zero modes). In particular: 
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• 0(l)-type instantons: As already mentioned in Section 13.2.1, instantons with world- 
volume 0 ( 1 ) symmetry have their fermion zero modes removed by the orientifold 
projection. 

• Gauge instantons: D-brane instantons wrapped on the same cycle as gauge D-branes 
correspond to gauge instantons, and can generate superpotentials as in Section 13.1.1. 
This is possible because their rj> fermion zero modes have interactions with modes from 
open strings stretching between the instanton and gauge D-branes, allowing for their 
saturation. Interestingly, this lifting mechanism works also for U( 1) gauge D-branes. In 
this case, the D-brane instanton does not admit a gauge theory interpretation, as there 
are no instantons in 1 /( 1 ) gauge theories. 

• Closed string fluxes: As will be discussed in Section 14.3.3, the presence of field strength 
fluxes for closed string fields can induce interactions lifting fermion zero modes, in 
particular the universal r &. 

Instantons in F-theory and the arithmetic genus* 

The use of <9(l)-type instantons is perhaps the simplest way to ensure the appearance of 
non-perturbative superpotentials in type II orientifolds. Interestingly, for type IIB models 
the conditions for a D3-brane instanton to generate a superpotential admit a generalization 
to F-theory, as follows. Recall from Section 11.5 the relation between type IIB/F-theory 
and M-theory. Namely M-theory on a CY fourfold Xs elliptically fibered over a base three¬ 
fold Bft, in the limit of vanishing T 2 fiber size, is equivalent to F-theory on X* i.e. type 
IIB on B 6 with ( p,q ) 7-branes wrapped on the 4-cycles over which the ip, q) 1-cycle of 
the T 2 fiber degenerates. In this duality, instantons in type IIB/F-theory from D3-branes 
wrapped on a 4-cycle C mst of B 6 map to M-theory instantons from M5-branes wrapped 
on a 6 -cycle /) mst , given by the T 2 fibration over Ci ns t. The condition that the D3-brane 
instanton generates a superpotential can be recast as geometric conditions for /) mst . The 
KK reduction of the M5-brane action shows, via the index theorem, that the net number of 
neutral fermion zero modes is twice the arithmetic genus x(Anst)> defined below. Thus a 
necessary condition for the instanton to generate a non-perturbative superpotential is 

3 

X(Anst) = 1, With x(Anst) = J2 /7 ».0(Anst)- (13.28) 

n =0 

This only counts the net number of fermion zero modes, with the individual h n o providing 
their actual multiplicities. Thus the sufficient condition is 

*o,o(Anst) = 1, A.o( Anst) = 0 for n = 1, 2 , 3. (13.29) 

We stress that these conditions apply only to instantons carrying no worldvolume fluxes (as 
these modify the counting of fermion zero modes) and in the absence of additional effects 
which may lift some of the fermion zero modes, e.g. bulk 73 -form field strength fluxes, see 
Section 14.3.3. 

It is interesting to check that these conditions for superpotential contributions repro¬ 
duce the need of <9(l)-type instantons for F-theory vacua related to perturbative type IIB 
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orientifolds. Indeed, consider a type IIB model with a i/(l)-type D3-brane instanton, not 
intersecting any 7-brane in the model. In the M-theory picture, the T 2 fiber does not degen¬ 
erate at any point in Ci nst , hence the M5-brane 6-cycle is topologically Anst = Ci ns t x T 2 . 
Since the arithmetic genus is multiplicative and y (T 2 ) = 0, we have y (Anst) = 0, which 
does not fulfill the necessary condition (13.28). This agrees with the result in Section 13.2.1 
that {/(l)-type instantons have extra zero modes and cannot contribute to the superpoten¬ 
tial. Consider now a D3-brane instanton such that Ci ns t intersects only 7-branes of same 
(p, q ) kind. Then Anst is a T 2 hbration whose only degenerations over Ci ns t are pinchings 
of the ( p, q ) 1-cycle. Since the orthogonal 1-cycle does not pinch, Anst contains an S 1 
factor and again y (Anst) = 0. This agrees with the type IIB statement that intersections of 
the D3-brane with D7-branes cannot lift the r modes. Clearly, condition (13.28) requires 
that two independent 1-cycles in the T 2 fiber degenerate over Ci ns t. This is in particular 
achieved by type IIB D3-brane instantons of 0(l)-type, as follows. The corresponding 
4-cycle intersects some 07-plane, which, recalling Section 11.5.1, lifts to F-theory as two 
7-branes with different (p, q) labels. Namely, Anst is a T 2 hbration over Cinst with degen¬ 
erations along the two independent 1-cycles, thus making (13.28) possible. In terms of the 
type IIB D3-brane, the r fermion zero modes are removed by the monodromy around the 
(p, q) degenerations, i.e. the 07-plane projection. The actual appearance of a superpoten¬ 
tial requires the additional conditions (13.29), which are related to the absence of additional 
(deformation) fermion zero modes. 

It is worthwhile to mention that the F-theory realization of instantons provides a phys¬ 
ical interpretation of the fractional instantons generating the non-perturbative superpoten¬ 
tial (13.12) of A f= 1 pure SYM. Consider for concreteness type IIB with a set of N c 
D7-branes wrapped on a rigid 4-cycle C, i.e. h \ o = A.o = 0, thus leading to a 4d AT = 1 
pure SU(Nc) gauge sector (times an irrelevant f/(l) factor). The non-perturbative super¬ 
potential from D3-brane instantons in this system can be efficiently discussed in terms of 
F-theory, equivalently as M5-brane instantons in the dual M-theory picture. Recall from 
Section 11.5.1 that in F-theory the SU(N C ) gauge group arises from an /y, degenera¬ 
tion, in which the T 2 fiber splits into N c 2-cycles of S 2 topology, which we denote C;, 
i = l,..., N c , with the homological relation £T[C,] = [T 2 ]. The J\f = 1 SYM superpoten¬ 
tial is generated by euclidean M5-brane instantons wrapped on the 6-cycles A = C, x C, 
which satisfy (13.28) and also (13.29). The fractional nature of the cycles [C;], whose vol¬ 
ume modulus is morally N times smaller compared with the [T 2 ] modulus, explains the 
fractional exponent in (13.12). 

Despite the above nice matches, note that general F-theory compactifications, and hence 
their instantons, generically do not admit a perturbative type IIB interpretation. 


13.3 Phenomenological applications 

The generation of non-perturbative superpotentials from D-brane instantons has several 
possible phenomenological applications. They differ from gauge theory instantons in two 
important respects. Unlike the latter, which are normally very much suppressed, the 
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exponential factor exp(—S c i.) for non-gauge D-brane instantons is not necessarily too 
small, since Sd. is in general unrelated to the SM gauge couplings. Also, gauge theory 
instantons only violate anomalous f/(l) symmetries (like B + L or PQ-like symmetries in 
the SM), whereas D-brane instantons in string theory can violate anomalous and anomaly 
free f/(l) symmetries (like B — L). 

We consider several different applications in turn below. 


13.3.1 Neutrino masses 

As mentioned in Section 1.2.6, the small masses for the observed neutrinos may be 
explained by the existence of right-handed neutrinos with large Majorana masses. Most 
SM-like models obtained from type II orientifolds have three right-handed neutrino fields 
v' R , i = 1, 2, 3, in their massless spectrum. For concreteness let us concentrate on type 
IIA intersecting D6-brane models with four stacks of branes, a, b, c, d, and images, with 
gauge symmetry SU (3) x SU (2) x U (l) a x U (1)* x U (l) c x U (1 )d, as in Section 10.5.1. 
Right-handed neutrinos arise at the intersection of the c and d' branes and have charges 
(1, 1) under U (l) c x U (1 ),{■ Thus a direct Majorana mass for these right-handed neutri¬ 
nos is forbidden by these perturbatively exact 17(1) symmetries. However, instantons may 
generate a superpotential coupling of the form 

e~ Scl v R VR, (13.30) 

where vr now denotes the chiral multiplet. This seemingly violates U (1 ) c x U and 
hence B — L, in two units. In fact, as described in Section 13.1.3, the exponential factor 
transforms as in (13.21), and can compensate for this non-invariance if 

finst.c = 2; 1'mfX.d' = 2, (13.31) 

for an orientifold invariant instanton. There are hence four charged fermionic zero modes 
at, y,,i = 1,2 corresponding respectively to those intersections. Disk amplitudes like that 
in Figure 13.1 generate cubic couplings of the form 

S'z.m. OC d‘J (ptiV a yj), a = 1, 2, 3. (13.32) 

Integration over these charged zero modes produces a factor 

Jd 2 a d 2 y e~ d " a - VaVb J d 2 a d 2 y ajajy k yi d' a k d J b ’ = v a v b ^ €ijeud lk d b j , 

yielding a right-handed Majorana neutrino mass term of the form 

v a v b M s ( 'eumd^dl ') e “ 5d '. (13.33) 

The right-handed Majorana masses obtained are of order 

M R ~M s d 2 ex P^-^), ( 13 . 34 ) 
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and are not necessarily much suppressed, since V 3 is unrelated to the volumes wrapped by 
the gauge D 6 -branes and hence to the SM (inverse) gauge coupling constants. In particular, 
for M s ~ 10 16 GeV, a suppression of a few orders of magnitude produces a mass Mr in 
the preferred see-saw range. 

It is worth emphasizing that this generation of non-perturbative neutrino masses requires 
a gauged (7(1) b-l with gauge boson made massive by B A F couplings. Also, since this 
is an anomaly-free symmetry (in the SM with right-handed neutrinos), the effect can be 
realized only by stringy, rather than gauge, instantons. 

Instanton effects may also give rise to the dimension-5 Weinberg operator (1.24) of 
Section 1.2.6, through a superpotential 



(13.35) 


Once the Higgs field gets a vev v this operator gives rise directly to Majorana masses for 
the left-handed neutrinos of order ~ kv 2 /M. In this case an Oi 1 )-type instanton should 
have intersection numbers 



(13.36) 


These intersection numbers are precisely opposite to those required for vr Majorana 
masses. There are four fermionic zero modes a ; ,yi,i = 1,2, corresponding to the intersec¬ 
tions of the instanton with the branes c, d'. These zero modes can have couplings involving 
the L and H„ chiral multiplets 


Sz.m. OC c'a [di{L a H u )yj ]. 


(13.37) 


Integration over these fermion zero modes produces a Weinberg operator with a coefficient 
~ c 2 e~ Scl -■ /M s . In a given compactification instantons generating Weinberg operators may 
coexist with instantons generating vr masses. The latter seesaw contribution is expected to 
dominate over the Weinberg operator contribution, which is suppressed by both the 1 /M s 
and exponential factors. On the other hand, for moderate exponential suppression, it may 
compete with the seesaw contribution. 

The flavour structure, which is relevant for neutrino masses and mixings, is encoded 
in the coefficients d‘J and c'J. These are model dependent and may be computable in 
particular models. On general grounds, this flavour structure of the instanton contributions 
is totally uncorrelated to that of Yukawa couplings, so it is expected to produce typically 
large mixings in the neutrino sector, as observed experimentally. In order to extract more 
specific results for the flavour structure of the Majorana neutrino masses one needs more 
information about the d'J and c'J coefficients. A particular situation where they are partially 
fixed by symmetry are USp( 2 ) instantons (assuming that their extra zero modes are lifted), 
for which i, j are USp( 2) indices and the symmetry requires d‘J = d a € ,J . They can be used 
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Table 13.1 Zero mode multiplicities required to generate lepton/baryon number 
violating superpotential operators from 0(l)-type instant on 


4 d Operator 

hnst,a 

hnst,a' 

Anst ,b 

Anst,c 

Anst,c' 

Anst ,d' 

hnst.d 

VRVR 

0 

0 

0 

2 

0 

-2 

0 

lh u lh u 

0 

0 

0 

-2 

0 

2 

0 

LH U 

0 

0 

0 

-1 

0 

1 

0 

QDL 

0 

0 

-1 

0 

1 

1 

0 

UDD 

-1 

0 

0 

1 

2 

0 

0 

LLE 

0 

0 

-1 

0 

1 

1 

0 

QQQL 

1 

0 

-2 

0 

0 

1 

0 

UUDE 

-1 

0 

0 

2 

2 

-1 

0 


to illustrate the generic hierarchical structure of masses. Considering several contributing 
instantons, labeled by r, the right-handed neutrino mass matrix reads 

Mf ~ M s d^d^e^i . (13.38) 

r 

This produces a structure of the form 


M R ~M s J2*- ! ®(dP,4\4 ) ) 

( 1 

1 

1 \ 

fd[ r) \ 

4 r) 


1 

■ 

r 

V 1 

1 

1 1 

W) 


For three or more contributing instantons the rank of the matrix is three and all neutrinos 
get massive, with generically hierarchical masses due to the exponential factors. A similar 
hierarchical structure could also appear if the left-handed neutrino masses came directly 
from a Weinberg operator as above. 


13.3.2 Other B/L-violating superpotential terms 

Other baryon/lepton number violating superpotentials may be generated by instantons, 
including R-parity violating dimension-4 operators (2.70), as well as dimension five proton 
decay operators as in Section 2.6.2. A list of such operators is given in Table 13.1, which 
also shows the required instanton intersection numbers in SM-like brane configurations 
with four D-brane stacks (assuming SU (2 )i to be realized as U .S'/?(2) for simplicity). 

For instance, the LH U bilinear operator is essentially the square root of the Weinberg 
operator, and may be induced by an 0(1 (-type instanton with intersections 

W = -1; W' = !. (13.40) 

and suitable zero mode couplings, with coefficient ~ M s exp( —.S - ms t). 
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It is similarly possible to induce dimension-4 operators. For example, the QDL operator 


may be generated by an (9(l)-type instanton with intersection numbers 


^inst ,b — 1> ^inst,c' — 1 

hnst ,d' — 1 

(13.41) 

and zero mode couplings 



Sz.m. oc c ah [« (d“ Q^j y J 

+ 4 

(13.42) 


Here a. y are zero modes from (inst — c'), (inst— d'), and (h — inst) intersections, j is an 
SU (2)/ index, and a , b are flavour indices. Analogous trilinear or quartic disk amplitudes 
involving two charged zero modes should exist to generate the remaining operators in 
Table 13.1. 

All R-parity violating couplings should not be simultaneously present in the low-energy 
field theory since they would induce too fast proton decay. Thus models in which R-parity 
is respected are specially attractive. On the other hand, lepton number violation is required 
to have neutrino Majorana masses. These phenomenological considerations point to the 
interesting possibility of having instantons inducing neutrino masses but no R-parity vio¬ 
lating operators. A relevant remark in this respect is that if only USp(2) instantons are 
present, R-parity conservation is automatic. This follows because all charged zero modes 
necessarily come in USp(2) doublets, so the induced 4d operators must involve an even 
number of 4d charged fields. On the other hand, such instantons can generate neutrino 
masses, if the extra universal zero mode triplets are lifted by some mechanism. 

13.3.3 Yukawa couplings 

In perturbative type II orientifolds some of the required SM Yukawa couplings may be for¬ 
bidden by 17(1) symmetries. An already familiar example is the U-type Yukawa coupling 
10 • 10 • 5 h in D-brane realizations of SU(5) GUTs, which are forbidden by the 1/(1) 
factor in U (5). In flipped SU (5) the opposite situation occurs, since now the 10 • 10 ■ 5# 
couplings contain D-quark Yukawas instead. The U (1) symmetries forbidding the U-quark 
Yukawa couplings are in general anomalous, and hence massive, and so D-brane instan¬ 
tons may induce the forbidden couplings. It is easy to figure out what is the structure of 
instanton fermion zero modes required in order to get these Yukawas. Consider a stack 1 of 
five D 6 -branes with gauge group U (5)i intersecting a single D 6 -brane 2 with gauge group 
U ( 1 ) 2 - The minimal structure of D 6 -brane intersections required to get a 577(5) GUT is as 
in Table 13.2. 

The subindices show the (7(1) i x 17(1)2 charges, and primes denote orientifold image 
D 6 -branes. The 10’s and 5’s arise from the 11' and I '2' intersections, respectively, whereas 
the Higgs fields reside at 12' intersections. As mentioned, the D-type Yukawas 

10 ( 2 ,o) ■ 5 ( _i,i) • 5" w) (13.43) 

are allowed by the (7(1) symmetries, whereas the U-type coupling 

10 ( 2 , 0 ) • 10 ( 2 , 0 ) • 5 ^ 1} 


(13.44) 
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Table 13.2 Configuration of intersecting 


D6-branes realizing an 

5(7(5) GUT 

Intersection 

l ab 

(7(5)! x ( 7 ( 1)2 

IF 

3 

10 ( 2 , 0 ) 

1 ' 2 ' 

3 

5(-l.l) 

22' 

3 

1 ( 0 ,- 2 ) 

12 ' 

1 

5# _i_ 5 # 

( 1 . 1 ) ^ (- 1 ,- 1 ) 


is forbidden. The latter may however be generated by an O(l)-type instanton with inter¬ 
section numbers /i ns t,i = h.in&t = 1, yielding fermion zero modes a 1 , i = 1, ...,5 
(transforming in a 5) and y, and with couplings to the GUT multiplets 

5 z . m . - d a a l \Q“ ja J + d'tfSfy, (13.45) 

where a = 1, 2, 3 is a family index. Integrating over the zero modes yields a U-type 
Yukawa superpotential 

W Y = e~ Sd - e ijk i m d a d b d' (l0“10^5") . (13.46) 

The Yukawa coupling flavour structure is encoded in the product d a d b , and hence a single 
instanton gives rise to a rank-1 Yukawa matrix. However if several different instantons 
contribute with a slight hierarchy in their prefactors one can obtain a rank-3 matrix with 
hierarchical eigenvalues, as in (13.39). The exponential prefactors, although they need not 
be very small, suggest that such contributions may not suffice to reproduce the 0 ( 1 ) top 
Yukawa coupling. As mentioned in Section 11.5, this is one of the motivations to realize 
GUT-based models in the non-perturbative setting of F-theory. 

A similar analysis yields the conditions to generate the forbidden Yukawa couplings in 
flipped 5(7(5) models. The use of instantons in this scheme is perhaps more attractive, 
since the Yukawa coupling in question is of D-type, so the exponential instanton factor 
could possibly explain the top/bottom quark mass hierarchy, as the former arises at tree 
level, while the latter arises non-perturbatively. 

Instanton effects may also play an important role in modifying the perturbative structure 
of Yukawa couplings in non-unified SM-like models. This can be illustrated with a new 
MSSM-like type IIA Z 2 x Z 2 toroidal orientifold model, with D 6 -branes on the 3-cycles 
in Table 13.3. The model is dubbed “local” in the sense that it does not satisfy the RR 
tadpole conditions, although this may be easily solved by adding suitable extra D 6 -branes, 
which we do not display for simplicity. The gauge group is 5(7(3) x 5(7(2) x (7(1 ) a x 
U(l) b x (7(1 ) c x (7(1 )d, and its massless spectrum is shown in Table 13.4. It corresponds 
to the MSSM with the hypercharge defined as Y = \Q a — \Qc — jQd, with a gauged 
U (1 )b-l- The anomalous (7(1)/, becomes massive in the usual way. The local model is 
supersymmetric for T 2 complex structure moduli satisfying Re (7i = Re (7 2 = Re Lfi/2. 
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Table 13.3 Wrapping numbers of a MSSM-like 
local intersecting D6-brane model 


MSSM-2 


( n r m f) 


Na = 6 + 2 

(1,0) 

(3,1) 

(3,-1/2) 

N b = 4 

(1,1) 

(1,0) 

(1, —1/2) 

N c = 2 

(0,1) 

(0,-1) 

(2,0) 


Table 13.4 Spectrum and U{ 1) charges of the MSSM-like model 


Intersection 

Matter fields 


Qa 

Qb 

Qc 

Qd 

Qy 

ab 

Ql 

(3,2) 

1 

-1 

0 

0 

1/6 

ab’ 

dL 

2(3, 2) 

1 

1 

0 

0 

1/6 

ac 

Ur 

3(3, 1 ) 

-1 

0 

1 

0 

-2/3 

ac' 

Dr 

3(3, 1 ) 

-1 

0 

-1 

0 

1/3 

bd 

L 

( 1 , 2 ) 

0 

-1 

0 

1 

-1/2 

bd' 

l 

2 ( 1 , 2 ) 

0 

1 

0 

1 

-1/2 

cd 

VR 

3 ( 1 , 1 ) 

0 

0 

1 

-1 

0 

cd' 

Er 

3 ( 1 , 1 ) 

0 

0 

-1 

-1 

1 

be 

H d 

( 1 , 2 ) 

0 

-1 

1 

0 

-1/2 

be' 

H u 

( 1 , 2 ) 

0 

-1 

-1 

0 

1/2 


The perturbatively allowed couplings are 

^T(1,0,0) #»(-!,-1,0) ^R(0,1,0) dL(l,o,0) Hd(- 1.1,0) E)r( 0,-1,0), 

((t,o,t) Hd(- 1 , 1 , 0 ) Er( 0 ,- 1 ,- 1 ) la,0,1) H u(- 1 - 1 , 0 ) v fl( 0 ,i,-i)> (13.47) 

where the subscripts denote the charges under U(\)b x U( l) c x U (1 ),/■ Thus the [/(I) 
symmetries allow for perturbative Yukawa matrices of the form 

/ Y n Y n Y 13 \ 

mu,D,L,N — I Y21 Y22 Y23 1 . (13.48) 

V 0 0 0 / 

There are also couplings which are perturbatively forbidden by U(l)b, namely 

C?L(- 1 , 0 , 0 ) ^«(-l,-l, 0 ) ( 0 , 1 , 0 ) Gz.(- 1 , 0 , 0 ) ^(- 1 , 1 , 0 ) ( 0 , —1,0 )7 

£(-l,o,i) Hd(~ t.1,0) £?K(0,—1, —i) £(-i,o,i) El 11 (— 1 —1.0) v R(0,i,-i)> ( 13 . 49 ) 

and provide the missing entries in (13.48). These can be non-perturbatively generated by 
instantons with fermion zero modes a l , i = 1,2 in an SU (2)/ doublet from / mst /, = —1, 
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two singlet zero modes y + , y~ from /inst,c = Anst.c' = 1> and zero mode couplings of 
the form, e.g. a, Q“ U b y ~ and a, //,' y + . This generates a U -quark Yukawa coupling with 
structure 

J d 2 ad 2 ye- s «-d b e i je k ,ct i (Q j U b )y-a k H l ll y + , (13.50) 

where b = 1, 2, 3 is a flavour index. And analogously for the remaining perturbatively 
forbidden Yukawa couplings in (13.49). Incidentally, note that in this example instantons 
cannot generate vg Majorana masses since U(\)b-l is not made massive by Stuckelberg 
couplings. 


13.3.4 pi-term 

In the context of the MSSM, there is one phenomenologically relevant mass bilinear super¬ 
potential term, the //-term in (2.69), i.e. 

HH u H d . (13.51) 

In some MSSM-like D-brane models such a term may be forbidden by 1/(1) symmetries, 
as for instance in the Zt x Zt example in the previous section (in which the //-term vio¬ 
lates 1/(1)/,). It can, however, be generated by an instanton with intersection numbers 
/ m st./j = —1, /instx = /in S t. c ' = 1 (incidentally, the same as in the above example) and 
cubic couplings 

<XiH‘ u y+ , ajH J d y-. (13.52) 

Upon integration over fermion zero modes one obtains // ~ exp(— S c i)M s , thus offering 
an explanation for the smallness of the //-term even for large M s . One potential problem 
is that the same instanton generating the //-term may also contribute to some entry for a 
Yukawa matrix, leading to conflict due to the two very different required couplings. This 
issue is, however, very model dependent. 

This is an attractive approach to the //-problem, already mentioned in Section 2.6.3. The 
//-term is forbidden perturbatively by an anomalous 17(1) symmetry, and is generated by 
instantons with a hierarchical small value. The mechanism does however not explain why 
the SUSY-breaking soft terms turn out to have values of the same order of magnitude as 
//. An alternative mechanism to generate the //-term, addressing this last point, will be 
described in Chapter 15, based on closed string fluxes. 


13.3.5 Instanton induced Polonyi terms 

Instantons may generate superpotential terms not only for SM matter fields but also for 
fields in a hidden sector involved in the SUSY-breaking of the theory. A simple example 
of such sector is the Polonyi model in Section 2.3, described by a superpotential linear in a 
single field z. Such sectors can be engineered using two stacks of single D6-branes carrying 
gauge group 1/(1)i x U( 1)2 intersecting at one point, which supports a SM singlet z, with 
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U (1) charges (1, — 1). The linear superpotential is forbidden by these U (1) symmetries, but 
may be generated by a D-brane instanton with intersection numbers /i ns t,i = h, inst = 1, 
and a cubic coupling azy . This would lead to 

Wp — M] exp(-S c i.)z. (13.53) 

Hence D-brane instantons may play an interesting role in contributing to the dynamics of 
SUSY breaking, see also Section 15.7. This is yet another example of how string theory 
instanton effects can generate a variety of couplings of phenomenological relevance. 
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Flux compatifications and moduli stabilization 


In all string compactifications studied in previous chapters, the massless spectrum con¬ 
tains a large number of moduli, including the dilaton and the CY geometric moduli. These 
are problematic, as they couple to matter particles and easily lead to deviations from 
universality of gravitational interactions (fifth forces), which have not been observed exper¬ 
imentally. Therefore, any serious attempt to reproduce realistic string models of particle 
physics and/or cosmology, must address the issue of moduli stabilization; namely, the gen¬ 
eration of a scalar potential fixing the vevs of the moduli fields and giving them large 
enough masses to overcome such phenomenological problems. In this chapter we review a 
very general and systematic mechanism to fix large numbers of (or even all) moduli. It is 
based on a generalization of the simplest compactification ansatz, allowing for non-trivial 
backgrounds for additional lOd fields. Most prominently, the compactifications include 
non-trivial fluxes for the field strength tensor of the diverse p-form fields in the lOd theory. 
Application of string dualities to these motivates additional possible backgrounds, termed 
geometric and non-geometric fluxes. Compactifications including field strength fluxes, or 
their generalizations, are thus known as “flux compactifications.” This chapter focuses on 
their definition and impact on moduli stabilization, while their role in SUSY breaking is 
further explored in Chapter 15. 


14.1 Type IIB with 3-form fluxes 

A prototypical class of flux compactifications is obtained from type IIB (orientifolds) on 
CY geometries with non-trivial fluxes for the NSNS and RR 3-form field strengths (and 
their F-theory generalization, which we briefly touch upon). These compactifications admit 
a simple lOd supergravity description, similar to a standard CY compactification, but with 
a non-trivial warp factor (and a 5-form field strength) from the backreaction of the fluxes. 
In the large volume regime, the fluxes are dilute and the moduli stabilization can be studied 
in terms of the 4d effective theory, by the simple addition of a superpotential to the effective 
action of the flux-less CY compactification. This description provides a template for more 
general discussions of moduli stabilization in later sections. 
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14.1.1 Ten-dimensional supergravity solution 

We consider type IIB compactification on 6 d spaces X(, with CY topology, but in the 
presence of non-trivial NSNS and RR 3-form field strength fluxes f/ 3 , F 3 . Since fluxes 
gravitate, their backreaction implies that the actual lOd spacetime is not just the product of 
4d Minkowski space times a CY. The full solution is however simple and can be spelled 
out quite explicitly, as we now describe. 

The type IIB supergravity action (4.45), written in the Einstein frame, becomes 


Sub = —-y / d w x nf^g R - 


— f 

2/c 2 / 

ZK10 J 

— f 

9 k 2 / 
10 J 


C 4 A 


G 3 A G 3 

4 i Im r 


3jift d M r 
2 (Im r ) 2 


5'local ■ 


1 I p 

- ~\Fi ““ 


|g 3 | 

2 Im r 




(14.1) 


Here, 


r = Co + ie ^, G 3 = F 3 — rf/ 3 , with F 3 = c/C 2 and f /3 = dB 2 , 


(14.2) 


and 

F 5 = F 5 — -C 2 A//3+ -B 2 A F 3 , with *iod F 5 = F 5 . (14.3) 

The term .Sj 0C a] includes local sources of the lOd supergravity fields present in the com¬ 
pactification, like D3-branes or 03-planes, see below. 

We consider compactifications with F\ = 0, and fluxes F 3 , lh with no sources, 


dF 3 = 0, dH 3 = 0. 


(14.4) 


They thus determine cohomology classes in X 6 ; in fact, minimization of the kinetic energy 
stored in the flux implies that F 3 , f/ 3 , are given by the harmonic representatives (with 
respect to the underlying CY metric) of these classes. The fluxes are determined by their 
integrals over 3-cycles y in X 6 , which from the arguments in Section B.26, must obey a 
Dirac quantization condition (B.26), i.e. 

—L— f F 3 = m v e Z, — l -yr— [ H 3 = n v e Z, (14.5) 

(27 r) 2 a' J y y (2: r)V J y y 

where the factors (27ra , ) _1 arise from the elementary (FI- and Dl-brane) charges under 
Bn, C 3 . For odd quanta, there is a potential subtlety in flux quantization in orientifold 
models, so we assume even quanta in order to avoid it. 

The internal 3-form fluxes gravitate, and their effect on the metric follows from the 6 d 
piece of their kinetic term 


£g = 


24k 


L 


10 Jx 6 


I (G 3 ) mnp ( G 3 y nnp 
d b y g 2 - r - 


1 

8atio 2 



G 3 A * 6^3 


(14.6) 


Im r 


Im r 
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In addition the simultaneous presence of NSNS and RR 3-form flux provides a source for 
the RR 4-form, as follows from the Chern-Simons interaction 



(14.7) 


This manifests as a contribution to the Bianchi identity for the RR 5-form, 


dFs = d * F 5 = Hj, A Ft, + 2 /cio''M 3 P 3 ° ca \ 


(14.8) 


where is the localized source contribution e.g. from D3-branes and 03-planes. 

Since fluxes carry tension and charge, they behave in many respects as a distribution of 
D3-brane charge; this suggests an ansatz for the supergravity solution produced by the flux 
background, similar to the Dp-brane solution (6.25) for p = 3. We assume 4d Poincare 
invariance, constant dilaton, and maintain independent metric and 5-form backgrounds, 
postponing their actual relation, and propose 


dsj 0 = e 2 A( y } dx»dx v + e~ 2 A( y> g mn dy m dy n , 
F( 5) = (1 + *io d) da A dx° A dx 1 A dx 2 A dx 3 


(14.9) 


where g is the underlying CY metric, which is also implicitly used to raise/lower indices 
in what follows. The warp factor e 2A ^ and the function a(y) are determined by Laplace 
equations sourced by fluxes and gradients (and localized sources, which we ignore for the 
moment), i.e. 


y 2 g 4 A _ g 2 A ( ( x 3 ) mllp (G 3 ) m " P + e - 6 A 



12 Im r 



+ 2 e~ 6 A d m ad m e 4A , 


(14.10) 


12Imr 


with V computed with the underlying CY metric. From equations (14.6) and (14.7), the 
tension and 4-form charge induced by the fluxes are equal if they satisfy the imaginary 
self-duality (ISD) condition 


* 64^3 = iG 3. 


(14.11) 


For this class of fluxes we can consistently set 


,4 A 


(14.12) 


a — e 


so both equations in (14.10) are equivalent, and the supergravity solution becomes anal¬ 
ogous to that of BPS D3-branes; the ISD condition is indeed similar to a BPS condition, 
although its interplay with supersymmetry is trickier, as discussed later. 

The ISD condition on fluxes is not just a convenient choice. From (14.10) we have 



(14.13) 
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On a compact manifold the left-hand side integrates to zero, and the right-hand side is 
positive definite, so all terms must vanish; hence consistency of the 4d Poincare invariant 
ansatz requires ISD fluxes. 

Since fluxes source the RR 4-form, its RR tadpole cancellation condition, i.e. the inte- 
grability of the Bianchi identity (14.8), becomes 

2 Afflux + Ndj ~ -N 03 = 0. (14.14) 

Here and in what follows, N \ 33 denotes the number of D3-branes in the quotient space 
(equivalently, the number of D3-branes in the parent space, not counting orientifold images). 
The term Nq 3 also includes contributions from induced D3-brane charge on magnetized 
D7-branes; similarly N q 3 includes, besides 03-planes, other negative D3-brane charge 
sources, e.g. see (14.38) in the upcoming F-theory generalizations of the IIB setup. Finally 
Afflux is the contribution from the fluxes, 

Afflux =- t -r f H 3 aF 3 , (14.15) 

(2jz) 4 (a') 2 J X6 


determined by the flux quanta as follows. Introduce a basis of 3-cycles {oik, P K }, K — 
0 ,..., h 2 \, with [a K ] ■ [fi L ] = <$£, and denote m K ,niK, and n K , uk the corresponding F 3 
and H 3 flux quanta (14.5). Then 


Afflux 


wd? £ d" 3 // 3 ~ l* I/ 3 ) 


( n K m,K — iiKm K ). 
K 


For ISD fluxes, this 3-form flux tadpole contribution ;Vn ux is positive, as follows. Display¬ 
ing the ISD condition as 


*6 H 3 /g s — —(F 3 - CoH( 3 )), (14.16) 

we have 

[ H 3 aF 3 =—-f H 3 a* 6 H 3 ~—[ gi |// 3 | 2 > 0. (14.17) 

Jx 6 8s JX 6 gs JX 6 

Hence the RR tadpole cancellation requires the presence of negative D3-brane charges, 
e.g. 03-planes; since these extra sources are BPS, their effects on the metric and 5-form 
Laplace equations (14.10) are still consistent with (14.12). 

The above system has a natural generalization to F-theory, which thus includes also non¬ 
trivial holomorphic background for the lOd complex coupling r. These are best described 
in terms of M-theory on a CY fourfold Xg, with non-trivial flux G 4 for the field strength 
4-form, as described later on. 

The ISD condition (14.11) is actually not a condition on the fluxes, which are fixed 
by the integer quanta (14.5), but rather a condition fixing the CY moduli which enter the 
ISD condition through the 6 d Hodge operation. The analysis of moduli fixing is most 
efficiently carried out in the 4d effective field theory description, worked out in the next 
section. Certain features are however manifest at this level, like the presence of a universal 
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unfixed modulus, corresponding to the overall size R of X$; this is a particular case of the 
upcoming general pattern that Kahler moduli are not fixed by 3-form fluxes. 


14.1.2 Effective field theory description 


From the above discussion, type IIB compactifications with 3-form fluxes lead to (possibly 
partial) stabilization of the dilaton and complex structure moduli. The mass scale of the 
lifted moduli is of order the scale of local flux densities, and (modulo extra factors from 
possible local effects) typically scales with the (unfixed) overall size R as 


m moduli 



(14.18) 


In the large volume regime, this is parametrically smaller than the KK scale ~ 1 /R, and 
the moduli stabilization dynamics can be studied purely in terms of the 4d effective theory. 
For large R. the flux densities and their effect on the Laplace equations (flux-laplace) dilute 
away, and the metric ansatz (14.9) is close to a CY compactification. Hence, the 4d effective 
theory between the KK scale and the flux scale is the Af= 1 effective action in Chapter 12; 
at scales (14.18), the effective action must include new terms to account for the fluxes 
present in the background. 


The flux superpotential 

The most relevant such term corresponds to a superpotential; other corrections, e.g. to the 
moduli Kahler potential, are suppressed in the large volume regime and ignored in the fol¬ 
lowing. The 4d JV = 1 superpotential induced by the fluxes can be heuristically computed 
using the following argument, which describes the introduction of fluxes in terms of BPS 
domain walls. 

Consider a type IIB orientifold compactification on a CY Xg, and introduce a D5-brane 
wrapped on a special lagrangian 3-cycle [n], spanning the coordinates x°,x l ,x 2 in 4d 
spacetime, and located at x 3 = 0. This describes a BPS domain wall separating the two 
regions x 3 < 0 and x 3 > 0; the two regions differ in their If flux, as we now show. The 
D5-brane sources F 3 as 

dF 3 — ^(n) A <5o(x 3 ) c/x 3 , (14.19) 

where <$o(x ) is a standard Dirac delta function, and <5(n) is the Poincare dual of n, i.e. a 
3-form on the CY, localized on n and with indices in the three directions transverse to n. 
Now (14.19) implies a jump in the F 3 flux across the 3-cycle n dual to n (in the sense that 
[n] - [n] = i), as follows. Consider a path I = {x 3 e (— e, e)} crossing the domain wall 
in 4d, and compute the difference in flux across n 

f f 3 - f f 3 = f dF 3 = [ dx 3 S(x 3 ) f a 3 (n) = [n] • [n] = 1 , 

4ftx 3 =e J fl,x 3 =-e Jflxl Jl Jfl 

where we have used Stokes theorem in the first equality and (14.19) in the second. 
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The D5-brane domain wall has a tension given by the volume of the wrapped 3-cycle 
n. For a BPS domain wall in a 4d Af = 1 theory, its tension is associated to the difference 
of the superpotentials between the two vacua. Assuming vanishing flux for x 3 < 0, the 
superpotential for the CY compactification with Ft, flux at x 3 > 0 is essentially 

W F} = f £2 3 = / F 3 a£2 3 , (14.20) 

in Jx 6 

where the localization of [F 3 ] on [FI] is used to extend the integral to the whole Xf,. 

The superpotential for general NSNS and RR fluxes can be obtained analogously by 
using domain walls with NS5/D5-brane charge; equivalently, by covariantizing the above 
expression with respect to the SL(2, Z) S-duality of type 1IB theory, under which the 
two 3-form fluxes form a doublet. The result is known as the Gukov-Vafa-Witten super¬ 
potential 

Wgvw = / G 3 a £23 = / (F 3 — i S H 3 ) A £ 23 , (14.21) 

ix 6 Jx 6 

where we have replaced the complex coupling r by the 4d dilaton notation S. This result 
may also be obtained by an explicit KK reduction of the original type IIB lOd theory. 
The superpotential depends explicitly on S, and implicitly on complex structure moduli U 
through £ 23 ; the resulting scalar potential generically stabilizes all these moduli. 

Supersymmetry conditions and no-scale structure 

The above 4d effective action description allows to study the structure of the scalar poten¬ 
tial, its minima, and their supersymmetry properties. For simplicity, we consider the case 
with only the overall Kahler modulus T, and take = I. 

Recall the moduli Kahler potential (12.16) in the large volume regime 

K = -3 log(r + T*) - log (S + S *) - log (^ -1 J £ 2 3 A £ 2 3 ^ ■ (14.22) 

The scalar potential (2.50) is 

V = e K (g al D a W DfW-3\W\ 2 \, (14.23) 

where we sum over all moduli. The structure of (14.22) produces a cancellation between 
the overall Kahler modulus T contribution, and the second term above; the remaining scalar 
potential is 

V = e K (g ij Di W D-W^j , (14.24) 

where we sum over the dilaton and complex structure moduli only. It is positive definite, 
and vanishes on configurations D , W = 0. for which it leads to Minkowski vacua. These 
vacua are supersymmetric only if they satisfy the additional condition Dj W = 0. Even 
without supersymmetry, these vacua have zero 4d cosmological constant, due to the no¬ 
scale supergravity structure, already mentioned in Sections 9.1.1 and 12.1.2. This structure 
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holds in the classical and large volume approximation, and is modified by quantum and a' 
corrections, which are in fact relevant for the Kahler moduli stabilization in Section 15.3. 
Despite corrections, the leading no-scale structure plays an important role in supersymme¬ 
try breaking and its (gravity) mediation to the Standard Model, as studied in Sections 15.4 
and 15.5. 

Let us be more explicit on the conditions for a Minkowski vacuum, and for supersym¬ 
metry. From the dilaton Kahler potential (14.22) and the superpotential (14.21), the dilaton 
multiplet auxiliary field is 

D S W = - n 1 „ [ G 3 a!2 3 . (14.25) 

S + S*J Xs 

For the complex structure moduli, we need the relation 

9t/,^3 = -Kjjj ^3 + Xi » (14.26) 

where K[j i = 3 u i K, and the Xi form a complete basis of (2, 1) forms. We obtain 

Dui W = f G 3 A Xi • (14.27) 

Jx 6 

Therefore, denoting G 3 1the ( p, q ) component of the complex tensor G 3 , the condi¬ 
tions D$W = D;j / W = 0 to have a (supersymmetric or not) 4d Minkowski vacuum read 

G 3 1 ( 3 ,o) = G 3 |( 12 ) = 0. (14.28) 

These are equivalent to the ISD condition (14.11), as follows. Since the 6d Flodge operation 
*6 d on complex tensors introduces a factor ±i for each holomorphic or antiholomorphic 
index, respectively, the imaginary (anti)self-dual parts of G 3 decompose as 

G 3 |isd = G 3 |(2,d,p + G 3 |(i,2),np + G 3 |(o, 3 >. 

G3I1 ASD = G 3 |( 3 ,o> + G 3 |(2,d,np + G3l(t,2),p, (14.29) 

where “P” denotes the so-called “primitive” term, obeying G 3 A ./ = 0, and NP stands for 
“non-primitive”; in a CY compactification there are no harmonic 5-forms, so G 3 A J = 0, 
and there are no NP components. The conditions (14.28) therefore imply the vanishing of 
the IASD 3-form flux, i.e. we recover that 4d Minkowski vacua require ISD fluxes. 

The ISD condition allows for (2, 1) and (0, 3) flux components. The condition for 4d 
Af=l supersymmetry requires vanishing of 

D T W=—^— f G 3 aQ 3 . (14.30) 

T + T* Jx 6 

Namely 


<^31(0,3) = 0, 


(14.31) 


and hence supersymmetric Minkowski vacua are obtained for (2, 1) fluxes. 
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When considering the introduction of fluxes on spaces with non-trivial homology 
1-cycles, like T 6 orientifolds, the dual 5-form can support a non-zero G 3 A J; in these 
cases, supersymmetry requires the additional condition of its vanishing 

G 3 A / = 0, (14.32) 

This arises from D-term constraints related to the superpotential by the underlying enhanced 
supersymmetry in such compactifications. 


F-theory generalization* 

The above description of the effect of fluxes in the low-energy effective action general¬ 
izes to F-theory. Recalling Section 11.5, F-theory compactifications are defined in terms 
of M-theory on a CY fourfold Xg, in this case with 4-form flux G 4 for the 3-form gauge 
potential. Using arguments similar to the above with an M5-brane domain wall, the super¬ 
potential is 

W= I G 4 a^ 4 . (14.33) 

4x 8 

This reduces to the type IIB expression (14.21) by using the relation between F-theory and 
IIB quantities away from degenerations of the T 2 fiber 


G 4 = 


i G^dw 
S + S 


h.c., 


£2 4 = f2 3 A dw. 


(14.34) 


Here dw = dx + iSdy, where x, y are coordinates on the T 2 fiber, with complex structure 
r — iS, and so J T2 i dw dw/(S + S) = 1. The F-theory perspective is useful in showing 
that type IIB 3-form fluxes can stabilize 7-brane position moduli, since they correspond to 
complex structure moduli of the CY fourfold X 3 ; this will be recovered in Section 15.4.1 
from a perturbative type IIB perspective. 

The SUSY conditions on G 4 can be analyzed in analogy with the type IIB case. They 
require G 4 to be (2, 2) and primitive 


G 4 = G 4 | ( , G 4 a J\g — 0, with 7x 8 = 7b 6 + dw dw. (14.35) 

It is easy to use (14.34) to recover the SUSY conditions on the type IIB G 3 . 

As described in Section 11.5.1, degenerations of the T 2 fiber correspond to type IIB 
7-branes. Such degenerations support harmonic (1, l)-forms u> a , localized on holomor- 
phic 4-cycles S a on the base Bf,, corresponding to the 4-cycle wrapped by the type IIB 
7 f ,-branes. From (11.118), components of G 4 flux along o> descend to 7-brane worldvolume 
magnetic fields F in the latter, via 

= a Tv (14.36) 

a 


Applying the F-theory G 4 SUSY conditions (14.35) to such components (noting a> a A 
dw dw = 0), one easily reproduces the SUSY conditions (11.102) for general magnetized 
7-branes. 
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It is worthwhile to mention the generalization of the RR tadpole cancellation condi¬ 
tion (14.14) to F-theory; in M-theory on Xx there are different sources contributing to the 
3-form tadpole, sketchily 

y 1 N i [ c 3 + f G 4 aG 4 aC 3 + f Y$(R)aC 3 

l JMlj JM 3 xX 8 jM 3 xX 8 

=*Y, N i+ f G 4 AG 4 + = 0. (14.37) 

,■ Jx 8 24 

The first term is the contribution from possible M2-branes at points in Xg, and the second 
is the 4-form flux contribution from the Chern-Simons coupling in the lid supergravity 
action (4.51); the third is a quantum correction in M-theory, with Y& a polynomial quar- 
tic in the curvature 2-form whose only relevant property for us is f x Kx = /(Xg)/24, 
where x (Xg) = Y^=o (Xg) is the fourfold Euler characteristic. Translating to type IIB/F- 
theory language, these correspond to sources of RR 4-form tadpole. Using the G 4 com¬ 
ponents (14.34), (14.36), and the property fj 2 A a>b = S a bS(S a ), the schematic tadpole 
condition is 


£ "< + i £ f s /^ n + \ /* « A * + = 1 »• <14J8 > 

i la 

This generalizes (14.14) as follows. The first and second contributions correspond to Np> 3 
and describe actual D3-branes, or induced ones on magnetized 7-branes, while the third is 
the AW contribution (14.15) from NSNS and RR 3-form fluxes; the last term generalizes 
the 03-plane contribution 2 /Vox ^ including also the gravitational Cher-Simons couplings 
on 7-branes, L C 4 tr (R 2 ), recall (6.16). 

J 'a 


14.1.3 Warped throats* 

The warp factor in (14.9) is an interesting new ingredient beyond the standard KK compact- 
ification. In particular it describes a gravitational redshift with dependence on the internal 
coordinates, and implies that the 4d length scales change as one moves in the internal 
space. This can be probed by a D-brane sector localized in X6, e.g. D3-branes. The effect is 
generically negligible in the large volume limit, since uniformly distributed fluxes become 
dilute, and so does the warp factor; however, configurations with partially localized fluxes 
can lead to deep gravitational wells in the internal geometry, known as throats. They can 
be used to realize the Randall-Sundrum scenario of Section 1.4.3 in string theory, and 
generate spectacular hierarchies in the 4d physics. We briefly detour to discuss the proto¬ 
type system of this kind, the deformed conifold with fluxes, and to mention generalizations 
including rich gauge sectors at the bottom of the throat. Other model building applications 
of warped throats appear in Sections 15.3.1 and 16.6.2. 
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The deformed conifold with fluxes 

Recall from Section 11.3.4 the description of the conifold as the non-compact singular CY 
space (11.74), which, changing variables, we write as w 2 + w 2 + w 2 + = 0. This 

singular space admits a smoothing, known as complex deformation, which replaces the 
singular point by an S 3 with size controlled by a complex structure modulus (hence the 
name). The deformed conifold is described by the modified defining equation 


w 2 + w]_ + w 2 + w 2 = z. 


(14.39) 


Here the complex parameter z is the modulus controlling the S 3 size; e.g. for z real and 
positive, the equation for the S 3 arises by restricting the w;, to real values. The conifold 
describes the local geometry of a CY near an S 3 , which we refer to as A-cycle. Its dual 
/1-cycle is non-compact in the local model, but is eventually compact on a real CY com- 
pactification; this can be mimicked in the local model by introducing a cutoff in the radial 
direction of the conifold space. 

On this local CY we introduce the following 3-form flux quanta on these cycles 

—— [ F 3 = 2 nM, f H 3 = -27 tK, (14.40) 

2na' J A 2 jx a'J B 

and so Nr ux — M K. As we show shortly, the hierarchy is generated for flux choices satis¬ 
fying K ~S> Mg s (since the dilaton field is not localized in the conifold geometry, we treat 
it as an external parameter, possibly fixed by other ingredients in the compact model). 

The explicit solution for the resulting lOd supergravity background is known, but many 
of the relevant physical properties of the model can be understood using the simpler 4d 
effective theory description. The superpotential (14.21) becomes 


W= G 3 A £2 3 = (2;r)V [M £2 3 -iKS ) . 

Jm V Jb Ja ) 

The integrals of Q 3 for the conifold geometry are known to be 

z = / £ 23 , / £ 2 3 = ——— log z + holomorphic, 

Ja Jb 2ni 

so the explicit superpotential is 

W = (2n) 2 a' (M —— log z — i KSz) ■ 

\ 2ni / 

Setting Co = 0, S = 1 /g s , the leading terms in D- W = 0 for K » Mg s are 

M K 

— log z - i — = 0, 

2m g s 

leading to stabilization of the S 3 modulus at an exponentially small value 

2t tK\ 

/' 


(14.41) 


(14.42) 


(14.43) 


(14.44) 


z ~ exp 


(14.45) 
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Figure 14.1 Warped throat from the deformed conifold with 3-form fluxes. 


The exponentially small S 3 size allows for a useful approximate description of the throat. 
The deformed conifold can be approximated by a singular conifold, with a cone structure 

dsj d = g mn dy m dy" = dr 2 + r 2 dsj {i , (14.46) 

with 7i, i = S 2 x S 3 being the 5d base of the cone, whose details are not particularly relevant 
here. Fluxes are localized around the S 3 and their effect on the supergravity solution can be 
approximately described as a stack of Afflux D3-branes at r = 0. The solution is analogous 
to that of D3-branes in flat space (6.33), with Z = e~ 4A , by simply replacing the transverse 
R 6 metric by (14.46). 

ds 2 = e 2A( ' r) dx M dx v + e~ 2A ^ ^ dr 2 + r 2 dsj { ^ , (14.47) 

with the warp factor harmonic function 

e ~4A(r) = 1+ with R 4 = Ang s N &ux a a . (14.48) 

n 

At very large radius rf>> R the solution becomes the conifold metric, which glues to the 
rest of the compact CY space. On the other hand, for r <-fR we can neglect the constant 
term, and obtain 

r 2 R 2 

ds 2 = i] llv dx^dx v + —dr 2 + R 2 ds\ ,. (14.49) 

The 4d Minkowski directions combine with the throat radial direction to produce an AdSs 
geometry; the angular coordinates parametrize a constant size T\ \ space. This approxima¬ 
tion holds at locations r large compared with the S 3 size r = z 1 / 3 , at which the fluxes cut 
off the AdS throat, with a value for the warp factor 

e Amm ~ r ~ exp (-) , (14.50) 

V 3 MgJ 

providing an exponential hierarchy of energy scales of physical systems localized at the 
bottom of the throat, due to their large redshift. 

The system provides a string theory realization of the Randall-Sundrum (RS) warped 
dimensions in Section 1.4.3, see Figure 14.1. The throat (14.49) corresponds, upon a 
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change of coordinates, to the AdSs geometry in the RS construction (with the compact 7j i 
space being irrelevant for this discussion). The cutoff at r corresponds to the infrared (IR) 
brane in the RS construction. Finally, the cutoff at very large radius where the throat joins 
the remaining CY geometry plays the role of the ultraviolet (UV or Planck) brane in the RS 
construction. Note that the negative tension of the latter is actually realized in the string the¬ 
ory setup, since RR tadpole cancellation requires the rest of the CY space to produce a neg¬ 
ative 4-form charge —Na ux , and, by the BPS condition, a corresponding negative tension. 

The present discussion fits well the AdS/CFT holographic relation described in Sec¬ 
tion 6.4, as suggested by the analogy between (14.49) and (6.35). The approximate AdSs 
region is holographically dual to an approximately conformal 4d field theory, with the 
radial direction corresponding to the field theory energy scale. The large radius region is 
the ultraviolet of the field theory, which can in fact be described quite explicitly: it is given 
by the theory (11.72) of D3-branes at a conifold geometry in Section 11.3.4, with gauge 
group SU (N) x SU (N + M) and N = Afflux = KM. The approximately AdSs bulk is dual 
to the renormalization group flow of this field theory, which for large K is almost confor¬ 
mal, but still non-trivial. The end of the throat at r is dual to the infrared of the field theory, 
described effectively by a pure SU(M) SYM, which confines at a scale computed to be 
A = exp (—2 tt /Y/3 Mg y M ). The nice agreement with (14.50) implies that the exponential 
hierarchy generated by the warp factor is holographically dual to the exponential hierarchy 
generated by dimensional transmutation. 

The SM on a warped throat 

There are diverse model building applications of warped throats. Following the proposal in 
Section 1.4.3, one interesting possibility is to locate the SM degrees of freedom at the IR 
end of the throat, to generate the electroweak/Planck hierarchy. String theory provides an 
arena for such explicit model building, by localizing the SM on a set of D-branes. In order 
to achieve chirality, the latter must belong to one of the type IIB classes of constructions 
studied in Chapter 11. A simple possibility is to consider a throat geometry with a C 3 /Z 3 
orbifold singularity at its IR end, at which sets of D3- (and possibly D7-) branes realize 
a chiral gauge theory, as in Section 11.3.3. Although the conifold does not have a Z 3 
symmetry to generate a Z3 singularity (of the appropriate kind) by quotienting, it is easy to 
construct spaces with the required properties using the toric singularities in Section 11.3.4. 

Consider the toric singularity defined as a quotient of C 6 by the C* actions 



z 1 

Z2 

Z3 

Z4 

Z5 

Z6 

(C*)i 

1 

1 

-1 

— 1 

0 

0 

(C*)2 

0 

1 

0 

—2 

1 

0 

(C*) 3 

0 

1 

1 

1 

0 

-3 


Let us describe the resulting geometry in terms useful for our discussion. Using (C *)3 to 
set ze = 1, the remaining (C *) 2 quotient of C 5 is a singular space, known as the “sus¬ 
pended pinch point” (SPP) singularity; it can be described via (C *) 2 invariant coordinates 
^ = Z1Z4Z5, y = z\z?,Z4, v = Z1Z3, w = Z2Z4Z5, subject to xy = vw 2 . Actually, since ze has 
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(C *)3 charge —3, there is a left-over discrete Z 3 identification acting on the remaining 
coordinates as zi —> e 2nl ^ 3 Zi for i = 2, 3, 4. Hence, the actual geometry is the quotient of 
the SPP geometry by the Z 3 action 

x-+e 2ni/3 x, y->e 27Ti/3 y, v -* e 2ni ' 3 v, w -» e 4yTi/3 w. (14.51) 

This space admits a complex deformation, as follows. In the SPP covering space, the 
coordinates zi, <a, Z3, Z4 quotiented by (C*) 1 describe a conifold singularity, admitting 
a complex deformation as described in (14.39). This induces a deformation of the SPP 
singularity to a smooth space, described by 

xy = vw 2 + ew, (14.52) 

where e denotes the parameter controlling the 3-cycle size. The deformed equation is still 
invariant under the Z 3 action (14.51), so its quotient describes a complex deformation 
of the space SPP/Z 3 ; the resulting geometry contains a non-trivial 3-cycle with S 3 /Z 3 
topology, and has a C 3 /Z 3 singularity arising from the Z 3 fixed point x = y = v = w = 0 
in the covering SPP space. 

Turning on fluxes on the 3-cycle and its dual leads to a warped throat in complete anal¬ 
ogy with the deformed conifold case, but with a C 3 /Z 3 singularity at its tip. Locating stacks 
of D3-branes at the latter allows the construction of chiral gauge sectors at the IR end of 
the throat. The simplest possibility is to use D3-branes (and no D7-branes) to realize the 
SU (3 ) 3 trinification model of Section 1.2.4; including D7-branes on non-compact 4-cycles 
(partially stretching along the radial direction on the throat) allows to realize the models 
in Section 11.3.3. This provides an explicit realization of a (supersymmetric) Randall- 
Sundrum construction with semi-realistic spectrum in string theory. In analogy with the 
conifold case, it is possible to describe in detail the gauge theory holographically dual to 
the throat, which corresponds to an approximately conformal theory with partial confine¬ 
ment at an IR scale, below which the SM fields arise as emergent (or composite) degrees 
of freedom. 


14.2 Fluxes in type II toroidal orientifolds 

The above general type IIB flux compactifications can be studied very explicitly in the 
framework of toroidal models (and quotients thereof); these also allow for an analogous 
discussion of type IIA flux compactifications. The expectation that type IIA/B flux com¬ 
pactifications are related by T-duality/mirror symmetry will suggest the existence of larger 
classes of fluxes, whose discussion we also start in this section. Our notation and conven¬ 
tions for this section follow Chapter 12. 


14.2.1 Type IIB orientifolds and fluxes 

Let us first consider the type IIB orientifold T 6 /£21Z(— \) Fl , with 1Z acting as (x ‘, y‘) —> 
(— x l , — y‘), so there are 64 03-planes. We focus on the diagonal moduli, i.e. the dilaton S, 
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the three Kahler moduli 7/ and the three complex structure moduli [/*, which appear e.g. 
in the Zt x Z 2 models in Sections 10.6 and 11.4.2. 

We can introduce arbitrary NSNS and RR 3-form fluxes, since all components survive 
the orientifold action. We fix a normalization absorbing the (47t 2 a') factor in (14.5), so 
that fluxes are integer linear combinations of the 3-forms in (12.25), 

3 

F3 = —m a 0 - e 0 p 0 + ^ (e/ot; - qi Pi), 

7 = 1 

3 3 

H 3 = h 0 Po - + h 0 a 0 - (14.53) 

7 = 1 7 = 1 


with integer m, eo, e,, qi, ho, a ;, Itq, a /. Replacing into the superpotential (14.21), and 
using the definitions (12.31), (12.28) of the moduli and ^ 3 , one obtains 

3 

W fl ux — eo + i Ui ~ <71 U 2 U 3 — qj U\U 3 — 173 C /1 C /2 + i m t /1 C/ 2^3 
7=1 


+ S 


3 

i ho — 'y ' at Ui + iai U 2 U 3 + ia 2 C/ 1 C /3 + iaj U 1 U 2 — ho U 1 U 2 U 3 
i=t 


(14.54) 


As announced, the superpotential depends on the dilaton and complex structure moduli, 
but not on the Kahler moduli. The reader may check that the RR tadpole condition (14.14) 
becomes 


(Vd3 


mh 0 - eoh 0 + ^(g/fl; + <?,•«,•) 


= 16. 


(14.55) 


Section 14.2.4 presents explicit examples of flux compactifications in this orientifold. 


14.2.2 Type IIA orientifolds and fluxes 

Let us now consider the introduction of field strength fluxes in the type IIA mirror of 
the above toroidal orientifold. The model without flux is obtained by applying T-duality 
along the directions x', and corresponds to a type IIA orientifold T 2 ’/ Q'R,(— I ) Fl - , with 
1Z : (x l , y l ) —> (x l , — v'). We focus again on the seven diagonal moduli, and on NSNS 
and RR field strength fluxes, introduced in close analogy with the previous section. We 
postpone more general possibilities to later sections. 

The NSNS 3-form flux H 3 is intrinsically odd under the orientifold action, see Sec¬ 
tion 12.1, and expands in odd 3-forms in the basis (12.25), 

3 

H 3 = J2 h iPi- 

/=0 


(14.56) 
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The RR field strength F4 is intrinsically even, while F 2 and /*(, are odd under the orien- 
tifold projection; in addition there is a 0-form flux To, the Romans parameter mentioned 
in Section 4.2.5, and which is even under the orientifold action. Restricting to factorized 
fluxes, the expansions in the basis (12.26) are 

3 3 

Fo = -m; F 6 = e()dvo\ (} ; F 2 = F4 = e, 5,, (14.57) 

1 = 1 1 = 1 

with r/volg the volume form (B. 11) on Xr. We normalize our basis p-forms so that coeffi¬ 
cients in (14.56), (14.57) are integer. 

A novelty of this type IIA compactification is that the NSNS and RR fluxes have odd 
and even degree, respectively, so the corresponding flux superpotentials depend on both 
complex structure and Kahler moduli, respectively. Indeed, the superpotential, from the 
type IIA version of the argument in Section 14.1.2, reads 

Wrr-Aux = [ e Jc AFRR, Wnsns-Aux = f £2 C A W 3 , (14.58) 

Jx 6 Jx 6 

where /-rr = Fq + F 2 + F4 is a formal sum of RR fluxes and J c , Q r are defined in (12.9). 
These expressions may also be obtained by KK reduction of the type IIA lOd theory, see the 
Bibliography. The expected dependence on all moduli becomes manifest upon replacement 
of the flux expansions (14.56), (14.57) in (14.58), i.e. 

3 

V^RR-flux — eo + i ^2 e ‘ Ti — qiT2T3 — q 2 T\T 2 — q 2 T\ T 2 + i m 7) T 2 T 2 , 

1=1 

3 

f^NSNS—flux = ihoS - i ^2 hiUi. (14.59) 

! = 1 

The RR tadpole conditions, including D 6 „-branes on factorized 3-cycles, are 

J2 N a n W a n l + ^mh 0 = 16, J2 N an l a m 2 a ml + \mhi = 0 , 

a a 

^2 N a m l a n 2 a ml + ^mh 2 = 0, ^ N a m l a m 2 a nl + ^mh 3 = 0. (14.60) 

a a 

Comparing the type IIA and IIB results, there is a seeming contradiction with mirror sym¬ 
metry. For instance, the superpotentials (14.54) and (14.59) do not agree upon the exchange 
Tj -o- Ui ; also, type IIA fluxes contribute to the four RR tadpole conditions, while type IIB 
ones contribute to the D3-brane tadpole, but not to the D7-brane one. The explanation 
is that NSNS 3-form fluxes turn into more general fluxes upon T-duality/mirror symme¬ 
try. The complete set of fluxes required for consistency with T-duality/mirror symmetry is 
described in Section 14.4. 
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14.2.3 Geometric fluxes 

The motivation to introduce CY geometries as compactification spaces in string theory 
arose in Chapter 7 as a natural (supersymmetry preserving) ansatz for compactifications, 
in which only the lOd metric acquires a non-trivial background. In flux compactifications 
there are additional backgrounds turned on, so it is natural to consider more general pos¬ 
sibilities for compactification spaces. The classification of lOd backgrounds preserving 4d 
Poincare or AdS supersymmetry has been carried out in terms of quite advanced math¬ 
ematical tools, in terms of the so-called “SU(3) structures” and “generalized complex 
geometry.” In practice, many interesting examples correspond to “twisted tori,” which can 
be described in terms of an underlying toroidal compactification with additional twists of 
the periodic directions. They introduce non-trivial components of the curvature 2-form, and 
are hence known as geometric fluxes. Metric fluxes are not invariant under the orientifold 
action of type IIB 03-planes, hence we focus on geometric fluxes in the type IIA toroidal 
orientifolds with 06-planes of the previous section. 

Consider a 6d internal space with coordinates x M , M — 1, ..., 6, and introduce the 
(co)tangent 1-forms i] M (x); in T 6 compactifications, t] M = dx M , and d-q M = 0. A twisted 
T 6 is defined by considering the 1-forms to be linear in the x M , so that 

dr] P = -^a)M N r) M Arj N , (14.61) 

where are constant coefficients, antisymmetric in the lower indices. They admit sev¬ 
eral physical interpretations. For instance, describes a twisting of the direction t] P 
over the directions M, N, hence the name twisted torus. It also can be regarded as a quan¬ 
tized magnetic flux along M, A for the U(l) gauge boson arising from the metric in the KK 
compactification along x p , recall Sections 1.4.1 and 3.2.3, hence the term “geometric flux.” 

The also admit an algebraic interpretation as follows. Each 1-form rj M has a dual 
tangent vector, or momentum operator Z M 

7 1 M = A™{x)dx N -* Z M = {A~ l ) N M ^L. (14.62) 

The metric fluxes o> p JN are the structure constants of the Lie algebra they generate, 

[Zm. Zn] = a>M N Zp. (14.63) 

The Jacobi identity of the algebra implies that geometric fluxes must satisfy 

^IMN^RlP — 0- (14.64) 

Equivalently, this follows from requiring d 2 ij p = 0; also, requiring c/volf, = )/ 1 ...not 
to be exact implies a> P N = 0. A last useful result from (14.61) is that, for a 2-form 
X = ^Xmnpi m a rj N with coefficients independent of the x N , we have 

(dX)LMN = (*)[lm x N]p, (14.65) 

denoted dX = co ■ X for short; similar formulae can be obtained for higher forms. 
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As already mentioned, geometric fluxes are not invariant under the 03-plane orien- 
tifold action of type IIB. We thus focus on type IIA orientifolds with 06-planes, defined 
by the geometric action on the twisted torus coordinates rf —> rf , ij a —> — rf , i = 1 , 2, 3, 
a — 4, 5, 6 . Hence the only allowed geometric fluxes are of type co' ab , o>'j k , af h . As in Sec¬ 
tion 14.2.2, we focus on fluxes along factorized directions. To make the constraints (14.64) 
explicit, we introduce the convenient notation 


(:;) 
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"64 
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^11 ^12 £>13' 
bl\ &22 &23 
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in terms of which the Jacobi identities imply the twelve constraints 


bij a j + bjjdj = 0 ; i^j, 
bikbkj T bkkbjj — 0 ; i ^ j ^ k. 


(14.66) 


(14.67) 


Some obvious solutions to these constraints are, e.g., /;,y = 0, a,- f 0; or a; = 0, bij = 
bi&ij ; or a* = a, bij = b,i £ j, bn = -b. 

An interesting further interpretation for geometric fluxes is as T-duals of NSNS 3-form 
fluxes. Consider an example of type IIB on a flat T 6 with NSNS flux 

ds 2 = (dx 1 ) 2 + ■ ■ ■ + (dx 6 ) 2 , (14.68) 

Ht, = —a\ dx 1 A dx 5 A dx 6 — 02 dx 4 A dx 2 A dx 6 — a 3 dx 4 A dx 5 A dx 2 . 

In a particular gauge the NSNS 2-form components are B 15 ~ a\x°, B 26 ~ cinx 4 . B 34 ~ 
a^x 5 . Upon T-duality along x 1 , x 2 , jc , recalling (5.6), they turn into off-diagonal compo¬ 
nents of the T-dual metric g' 15 , g' 26 , g' 34 . The type IIA T-dual has vanishing NSNS flux, and 
a twisted torus metric 


ds' 2 = (dx 1 + a\x 6 dx 5 ) 2 + (dx 2 + a 2 X 4 dx 6 ) 2 + ( dx 3 + aj,x 5 dx 4 ) 2 
+ (dx 4 ) 2 + (dx 5 ) 2 + (dx 6 ) 2 . 


(14.69) 


The twisted torus tangent 1 -forms are indeed 


if = dx 1 + a\x 6 dx 5 \ p 4 = dx 4 , 

rf = dx 2 + aix 4 dx 6 \ rf = dx 5 , 

if = dx 3 + aj,x 5 dx 4 ', rf = dx 6 . 


(14.70) 


From (14.61), the resulting geometric fluxes are co ^ 6 — a 1 , <wj ? 4 = 02 , a > 45 — 03 . 

A final interpretation of geometric fluxes is in terms of twisting the theory by a sym¬ 
metry along an internal S 1 , a so-called Scherk-Schwarz compactification. Consider the T 2 
associated to (if, if) in the above example. Equation (14.70) implies that in moving along 
the S 1 along rf, i.e. x 6 -* x 6 + 1, the T 2 undergoes a transformation 17 * —> rf + a\if, 
if —»■ rf. This is a geometric SL(2, Z) symmetry of T 2 for integer a\, i.e. for quantized 






472 


Flux compatifications and moduli stabilization 


geometric flux; twisted torus compactification can thus be described as a modified KK T 6 
compactification, with additional symmetry twists along internal S 1 directions. This view¬ 
point is also useful in generalization to non-geometric fluxes in Section 14.4; it also shows 
that geometric fluxes must be quantized for consistency of the twisted torus structure. 

The algebra structure (14.63) underlies the description of the 4d effective action of com- 
pactifications with geometric fluxes in terms of gauged supergravity, but for simplicity we 
present a more pedestrian approach, based simply on the introduction of a generalized flux 
superpotential. This can be derived by a generalized KK compactification on the twisted 
torus, or using T-duality relations. The result is a generalized NSNS flux superpotential 

Wnsns = f n c A(H 3 +dJ c ), (14.71) 

7X 6 

with Q c , J, defined as in (12.9) with the formal replacement dx m —► if. The geometric 
fluxes appear in dJ c , which is computed using (14.65). The full superpotential, including 
the above U'nsns and H / rr-Hux in (14.59), interestingly contains terms coupling U, and T, 
moduli, 

3 

W = e 0 + ih()S + ^2 
i= l 

— q\, T 2 T 3 — q 3 T\ T 3 — q 3 T\ T 3 + im T\T 2 T 3 . (14.72) 


iei 


- a, S - bn Ui - y bij Uj)Tj - ih / Ut 


Geometric fluxes contribute to the RR tadpole conditions, as can be derived from the 
equations of motion for the RR 7-form C-j. The relevant piece of the action is 


/ 

Jit 


[C 7 A (mH 3 + dF 2 )] ■ 


M4XX6 


x>X 


C 7 . 


M 4 xn fl 


(14.73) 


The first term arises from the kinetic energy f G 2 A * | oj G 2 ■ with GA = m Ih + If and 
* 104^2 = dCj + • • •, with dots denoting possible Chern-Simons couplings, while the sec¬ 
ond describes the coupling to D6-branes (and 06-planes). The contribution from geometric 
fluxes arises because dF 3 f 0 on the twisted torus, e.g. (< 7 ^ 2)456 = + a 2 <l 2 + 

a 3 q 3 ). Consistency of the equations of motion leads, in our example, to the RR tadpole 
cancellation conditions 

Nan l a n 2 a n 3 a + -(h 0 m + a\q\ + a 2 q 2 + a 3 q 3 ) = 16, 

a 

J 2 N a nWaml + ^(mhi - q\b n - q 2 b 2 \ -< 73 ^ 31 ) = 0, 

a 

T. N a m l a n 2 m 3 a + ^( mh 2 - q\b \ 2 - q 2 b 22 - q 3 bn) = 0, (14.74) 

a 

y N a m l a m 2 a nl + ~(mh 3 - q\b \ 3 ~ ^ 2^23 - < 73 ^ 33 ) = 0 , 

a 


where we have included one 06-plane and D 6 -branes on factorized 3-cycles in T 6 . 
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14.2.4 Examples of moduli fixing 

We now present some examples of moduli stabilization with the above flux superpotentials, 
with an illustrative rather than exhaustive purpose. We concentrate on the seven generic 
“bulk,” i.e. untwisted, moduli S. Ui , 7/ of the Z 2 x Z 2 orientifold for both its simplicity and 
its usefulness to build semi-realistic models. The inclusion of interesting D-brane sectors 
is postponed to Section 14.3. 

Assuming the familiar Kahler potential (12.30), the 4d scalar potential is 


V = e 


K 


Y (<|.+ ^flDcpW] 2 - 3|W | 2 

<S>=S.Ti,Ui 


(14.75) 


where we have set = 1. Examples below include 4d Af — 1 supersymmetric Minkowski 
vacua, Minkowski no-scale vacua, and AdS vacua. 


Example of Af = 1 type IIB flux vacuum 

The type IIB flux superpotential only includes the S and If moduli. The equations for 
supersymmetric Minkowski vacua are 

D t W = W = 0, D s W = d s W = 0, D Ui W = d Ui W = 0. (14.76) 

Since the number of equations exceeds that of parameters by one, supersymmetric 
Minkowski vacua are non-generic and require one extra constraint, as follows. Using 
(14.54) and denoting s = Re S, tj = Re T, and u, = Re IJ, , the real part of the above vacuum 
equations give four homogeneous relations 

a\u\ + U2U2 + ajuj = 0, + c/jU^ + qt.Uj =0, / ^ j ^ k. (14.77) 

In order to have s, Uj f 0 the determinant of this system must vanish, leading to the 
constraint 


{am + a iq2 ~ asqi ) 2 = 4 a\q\a 2 qi. (14.78) 

A simple solution is 02 — ay — —ai/ 2 , q 2 — <73 = —q i/2. Choosing vanishing values for 
the rest of the fluxes, the induced superpotential has the form 

W = -a x Slh -qiU 2 U 3 + X -{U 2 + Uf){axS + q l U l ). (14.79) 

Minimization yields a SUSY Minkowski minimum at U\ — U2 = Uj = a\S/q\. The flux 
contribution to the RR 4-form tadpole is (3fligi/2), which must be positive for consistency. 
Altogether the three complex structure moduli are fixed in terms of S, while the Kahler 
moduli 7), absent from the superpotential, remain undetermined. 
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Example of Af — 0 type IIB no-scale flux vacuum 

We now consider Minkowski vacua with no-scale SUSY breaking, requiring D$W — 
Djj i = 0 but generically W f 0, so that Dp W f 0 and SUSY is broken. Such minima 
can be shown to exist only if m ^ 0, ho 0, and y\ = y 2 — y 3 — 0, where 

Yi = met + qjq k \ i f j f k. (14.80) 

Consider the superpotential of the form 

W = e o + ih 0 S + i ^ e t U t - q x U 2 U 3 - q 2 UiU 3 - q 3 U\U 2 + im U 3 U 2 U 3 . (14.81) 

i 

Minimization fixes the axions Im (7/ = —qi/m, Im S = (eom 2 — q\q 2 q 3 )/hom 2 , whereas 
for the real parts one gets Iiqs = mu \ u 2 u 3 . Hence one must have horn > 0 and again the 
flux contribution to RR tadpoles is positive. The superpotential at the minimum is Wo = 
lihos, and the gravitino mass is m 2 , 2 = hom/2>2t\t 2 t 3 , displaying a no-scale behavior. Only 
four axions and one combination of the real part of the moduli are fixed. This set of fluxes is 
exploited in Section 14.3.2 to trigger supersymmetry breaking in the semi-realistic particle 
physics model of Section 11.4.2. 


Fixing all bulk moduli in AdS in type IIA 

Type IIB examples like the above necessarily lead only to partial moduli stabilization, since 
Kahler moduli do not appear in the superpotential; one must then resort to further effects, 
like non-perturbative superpotentials as in Section 15.3.1, to achieve full moduli stabi¬ 
lization. Type IIA flux compactifications overcome this difficulty and lead to full moduli 
stabilization already at the perturbative level. As an example, we construct an AdS 4 A f = 1 
SUSY model, with no geometric fluxes - introduction of geometric fluxes or generalization 
to non-supersymmetric AdS examples are easy and not discussed explicitly. The superpo¬ 
tential is given by the two terms in (14.59), and we assume m ^ 0. The vacuum structure 
is determined by the combinations y, in (14.80), required to satisfy y, < 0 in order to pro¬ 
duce SUSY vacua, i.e. Dp W = 0, Dp W = 0, and Dp. W — 0. Minimization fixes Kahler 
axions at Im T, = ~q,/m, whereas for the other axions 


Iiq Im S — hj Im Uj 


1 

m 2 



q\qiq 3 


J2^iYi 


(14.82) 


The real parts are fixed at 


h 


5lK2K3[. t = nh. 

3m 2 \yf' 2 y 2 


nh 

—; s 

n 


2yih 2y\t\ 

-; U[ = -. 

3mho 3 mhj 


(14.83) 


Hence there is stabilization of Tj, s and zq, and a single linear combination of the axions 
Im S and Im U,. The fact that some axions remain unfixed is in fact welcome to allow 
for the introduction of D 6 -branes leading to chiral gauge theories, as we will discuss in 
Section 14.3. 








14.3 D-branes and fluxes 


475 


Note that s > 0, > 0 requires mho > 0, mhk < 0, hence the flux contribution to 

the RR tadpoles is again positive (in D 6 -brane units). In this example, only m, ho and /?& 
are restricted by RR tadpole conditions (14.60), while eo, e; and q, are unconstrained. This 
allows for minima at arbitrarily large volume and small dilaton, as follows. Introducing 
overall factors C 2 , C 4 , which rescale the RR 2- and 4-form fluxes q,, e; respectively, the 
moduli vevs and the 4d and lOd dilaton for large fluxes scale with C 4 and C 2 respectively as 

t ~ * 1/3 ~ « 3/3 - r l/1 - 0(c\ /2 ), 0( C2 ) 

e 04 ~ d(c“ 3/2 ), 0(c ~- 3 ); e* ~ C>(c“ 3/4 ), 0(cfl 3/2 ). (14.84) 

Thus the configuration is at arbitrarily large volume and weak coupling for large enough 
C 4 and/or c 2 , a limit in which the 4d vacuum energy rapidly decreases. 

Toroidal orbifold/orientifold compactifications with different fluxes produce explicit 
examples of AdS minima with full bulk moduli stabilization. Full moduli stabilization 
would also require the fixing of the twisted sector moduli in orbifolds. There are actually 
explicit models (e.g. based on a Z 3 x Z 3 orientifold) with stabilization of twisted mod¬ 
uli, although the examples analyzed do not lead to Minkowski or de Sitter minima (with 
all moduli fixed). As discussed in Section 15.3.1, further ingredients may provide mech¬ 
anisms to uplift fully stabilized AdS vacua to de Sitter vacua. However, the realization of 
these possibilities in the oversimplified setup of toroidal compactifications is questionable. 
Even if possible, the very symmetric underlying toroidal geometry is unlikely to produce 
SUSY breaking scales hierarchically below the string scale. Nevertheless, these models 
prove useful to show the explicit realization of full moduli fixing by fluxes. 


14.3 D-branes and fluxes 

In order to build compactifications leading to realistic particle physics models, we need 
to combine the above fluxes with the D-branes producing the SM fields, as illustrated in 
an example in this section. The simultaneous presence of both ingredients leads in gen¬ 
eral to interesting interplays. For instance, we have already seen that both D-branes and 
fluxes contribute to RR tadpoles. Also, as described next, there are compatibility condi¬ 
tions restricting possible D-brane wrappings in terms of the fluxes present, or vice versa. 
Finally, the generation of soft terms induced from non-supersymmetric fluxes on a set of 
supersymmetric D-branes is studied in Sections 15.4.1 and 15.5.3. 


14.3.1 Freed-Witten consistency conditions 

The combined introduction of fluxes and D-branes requires certain mutual compatibility 
(so-called Freed-Witten) conditions. We describe them for toroidal type IIA orientifolds 
with D 6 -branes and NSNS and geometric fluxes, although the derivation holds in more 
general compactifications, and in the dual type IIB orientifolds. 

The consistency conditions can be derived from considerations of the 4d effective action 
as follows. Recall from Section 10.3.1 that in type IIA (orientifold) compactifications. 
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RR scalars in complex structure moduli shift under D6-brane worldvolume 17(1) gauge 
transformations according to (10.26). Since these RR scalars appear linearly in the super¬ 
potential Wnsns in (14.71), the latter is in general not gauge invariant. The condition for it 
to remain gauge invariant is 



{.Hi + coJ c ) = 0 , 


(14.85) 


where we have used dJ c = co-J c , according to (14.65). 

This constraint, derived macroscopically from consistency of the 4d effective action, 
can also be obtained from a microscopic viewpoint, as we now show, without geometric 
fluxes for simplicity. Recall from Section 6.1.2 that the D-brane worldvolume field strength 
Fj and the NSNS 2-form lh necessarily combine into the tensor (6.12), i.e. lira Ti = 
2 tcu'F j + IF- Since d 7 2 = 0, the worldvolume Bianchi identity for Ti in the presence of 
NSNS 3-form flux is 

dF 2 = z^—Hi\ n , (14.86) 

2na’ Ufl 

and integration over the wrapped 3-cycle n a yields the Freed-Witten constraint. Condition 
(14.85) is a generalization in the presence of geometric fluxes. The constraint is sometimes 
called cancellation of Freed-Witten anomalies, since it was originally derived from the 
study of worldsheet anomalies for open strings in the presence of NSNS 3-form flux. 

In toroidal models, expanding in a basis of 3-cycles, the Freed-Witten condition in the 
case without geometric fluxes implies that any D6 a -brane should obey 


Cal hi = 0, with Cat) — 

/ 

Cai = m' a n J a n k a , for i ^ j £ k. (14.87) 


This is in general a strong constraint on the possible D6-branes in flux compactifications. 
Physically this constraint guarantees that the RR scalar linear combinations becoming mas¬ 
sive by mixing with U(\) a gauge bosons are orthogonal to those getting mass from the 
fluxes. In particular, in models with chiral D-brane sectors, the Freed-Witten constraints 
ensure that the RR scalars involved in the Green-Schwarz anomaly cancellation are not 
made massive by the fluxes. A final interesting implication of the Freed-Witten conditions 
is that mutual compatibility restricts the kinds of fluxes that may be coupled to a given 
D-brane sector, and vice versa. This may have implications for the space of realistic string 
vacua, as we discuss in Section 17.2.2. 


14.3.2 An MSSM-like example with fluxes 

To illustrate the previous points one can construct an explicit string compactification which 
combines flux moduli stabilization and sectors of D-branes yielding MSSM-like particle 
physics models. The JV = 0 type IIB no-scale flux vacua in Section 14.2.4 can be com¬ 
bined with the MSSM-like T 6 /(Z 2 x Z 2 ) orientifold discussed in Section 11.4.2, which is 
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mirror to that in Section 10.6. The model has a D-brane content as in Table 10.4, where 
the integers (n‘-, m?) correspond to the worldvolume magnetic flux and wrapping num¬ 
bers, respectively, so the MSSM sector is realized on D7-branes. The tadpole cancellation 
(14.60) (extended to include the 07,-plane contributions) can be satisfied by choosing 
Nf — % (instead of Nf =40), and closed string fluxes ho = m = 8, with the rest of the 
fluxes vanishing. From the results in Section 14.2.4, one finds partial moduli stabilization, 
with the real parts of S and U/ related by hos = mu \uiui. and their imaginary parts fixed. 
This simple example illustrates partial moduli fixing in a MSSM-like model. 

This simple model has Freed-Witten anomalies due to the non-trivial H 3 flux on the 
D9-branes h 12 and their images, since these branes have horn 1 irmniT, -fl- 0. This can be 
overcome by recombining the brane h\ with the image h' 2 of h 2 , leading to a consistent 
recombined brane h 1 + h’ 2 . 


14.3.3 Fluxes and D-brane instantons* 


Fluxes may also have non-trivial effects on the D-brane instantons introduced in Chap¬ 
ter 13. There are Freed-Witten constraints restricting the possible D-brane instantons in 
a given flux compactification; also, background fluxes may lift extra fermion zero modes 
of D-brane instantons, allowing more instantons to contribute to the superpotential. Hence, 
fluxes have competing effects on the non-perturbative superpotential, removing some instan- 
ton contributions and bringing down new ones. 


Freed-Witten condition on D-brane instantons 


In Section 14.3.1 we provided a microscopic derivation of the Freed-Witten constraint on 
possible D-brane wrappings in a flux background. This derivation and hence constraints 
like (14.85) apply not only to gauge D-branes filling the 4d non-compact directions, but 
also to D-brane instantons. Namely, the presence of fluxes imposes additional topological 
conditions on the allowed D-brane instantons. The conditions have an interesting 4d effec¬ 
tive theory interpretation also in this case; they ensure that the combinations of RR scalars 
to which the D-brane instanton couple are orthogonal to those made massive by the flux 
superpotential, as follows. 

Let us focus on D2-brane instantons in type IIA compactification with NSNS 3-form 
flux Ht, (and no geometric fluxes). The argument bears some similarity with that in Sec¬ 
tion 14.3.1, from which we borrow the required notation, and is similarly valid beyond 
the toroidal setup. The flux superpotential Wnsns (14.58) in type IIA compactifications 
depends linearly on the moduli [//, and in general gives masses to the linear combinations 
of RR scalars /; / Im U /. A D2-brane instanton wrapped on a 3-cycle U a also couples 
to certain linear combinations of the RR scalars, since its non-perturbative contribution to 
the 4d action has the structure 



(14.88) 
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where dots denote additional pieces irrelevant for our discussion. The Freed-Witten con¬ 
dition (14.87) for D2-brane instantons precisely ensures that allowed instantons couple to 
combinations of RR scalars not coupled to the fluxes. 

Although important, this condition is in practice not too restrictive in certain classes 
of examples, most notably in the type IIB compactifications with 3-form fluxes of Sec¬ 
tion 14.1. There, non-perturbative effects arise from D(— l)-brane instantons, located at 
points in X(, and insensitive to total Hi, flux integrals, or from D3-brane instantons wrapped 
on 4-cycles; generic holomorphic 4-cycles in CY spaces do not have non-trivial 3-cycles, 
so integrals of Hi, on the D3-brane volume vanish, and the Freed-Witten conditions are 
satisfied. Incidentally, the pattern that 3-form fluxes and D3-brane instantons naturally cou¬ 
ple to different moduli, arises in Section 15.3.1 in a proposed framework for full moduli 
stabilization. 


Lifting of fermion zero modes 

In the interplay of fluxes and D-brane instantons, a second interesting effect is the possible 
lifting of instanton fermion zero modes by the fluxes, as mentioned in Section 13.2.2. 
This arises because the fermionic completion of the D-brane worldvolume action contains 
couplings with the structure 

© r mnp @T M np- (14.89) 

Here © describes the open string Ramond groundstate, transforming as a lOd spinor whose 
decomposition describes the different worldvolume fermions; also, T MNP is a lOd 
3-index antisymmetric tensor defined in terms of field strength (or possible geometric) 
fluxes. These couplings can be obtained from a computation analogous to that of gaug- 
ino masses in Section 15.4.1, and is beyond our scope. For illustrative purposes, we quote 
the structure of the tensor Tmnp for D(—1)- and D3-brane instantons in type IIB 03-plane 
models with NSNS and RR 3-form fluxes, with Co = 0. Denoting with hatted and unhatted 
indices the directions along or transverse to the D-brane, the relevant tensor components 
can be computed to be 

1 

D( 1) • i F mnp H mn p — i (G f)ninp , 

&s 

D3 : — e Am F% + - H Mp . (14.90) 

2 'gs 

This lifting of fermion zero modes allows more instantons to contribute to the 4d super¬ 
potential, enriching the non-perturbative effects in flux compactifications. To illustrate this 
possibility, consider one D(—l)-brane instanton, at a fixed point of a Zi x Z 2 orbifold, 
not fixed by orientifold actions. Its fermion zero modes are 0 a and r„, in the notation of 
Section 13.2.1, so it does not contribute to the superpotential. However, turning on the (orb¬ 
ifold invariant) 3-form flux G 3 = G^^dzidzidzi, + G (Qi,)dz\dz 2 dzi, induces fermion 
zero mode interactions of the form 

•Sz.m. — G(3,0) 09 + G( o, 3 ) rr. 


(14.91) 
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Hence ISD (0, 3) flux components lift the r universal fermion zero modes, and allow 
the instanton to contribute to the superpotential of the 4d Af = 1 effective theory (spon¬ 
taneously broken by the non-SUSY flux). 

This fermion zero mode lifting effect is relevant in the proposed generic character of 
the scenario in Section 15.3.1 of full Kahler moduli stabilization via non-perturbative 
superpotentials. 


14.4 Mirror symmetry, T-duality, and non-geometric fluxes* 

The type IIA and type IIB toroidal orientifolds discussed in previous sections are related 
by mirror symmetry, namely T-duality along three directions. Recalling (5.6), a T-duality 
along x M transforms RR fluxes as 

Fmni-n p <—> Fni-n p - (14.92) 

Correspondingly, the RR flux superpotential pieces in (14.59) and (14.54) indeed match 
after the replacement Uj -o- I) (i.e. a triple T-duality). On the other hand, as already men¬ 
tioned, the NSNS flux terms in (14.59) and (14.54) do not match, reflecting that NSNS 
3-form fluxes are not preserved under T-duality, and map to new kinds of fluxes. This 
was already partially described in the introduction of geometric fluxes in Section 14.2.3, 
although the superpotentials (14.72) and (14.54) are still not consistent with T-duality/ 
mirror symmetry. In this section we describe the additional NS fluxes required for a 
T-duality invariant formulation. 

Systematic application of T-duality suggests the introduction of two new types of NS 
fluxes, described by tensors Qp N and R M N r ‘, according to the chain 

„ T M M .Tv, r>MN , T f, „MW / UQ ,» 

— HmNP < - > U>NP < —* Qp * - > “ F ■ ( 14 . 93 ) 

We have introduced some extra signs in order to agree with earlier conventions, e.g. in 
Section 14.2.3 we showed that H 156 = —a \ turns into a>j 6 = a\ upon T-duality along x 1 . 
The new tensors are completely antisymmetric in the upper indices. 

The new fluxes Q and R do not admit a geometric interpretation and are known as 
non-geometric fluxes. For the fluxes Q, this may be understood as follows. Recall from 
Section 14.2.3 that, e.g., a geometric flux produces a reparametrization of the 2-torus 
(T 2 ) 15 as one moves around the direction 6 by x 6 -> x 6 + 1, i.e. an SL(2, Z )u modular 
transformation on the complex structure of (T 2 ) 15 . Consequently, its T-dual flux Qy 1 pro¬ 
duces an SL( 2, Z )t modular transformation on the Kahler parameter of the 2-torus (T 2 ) 15 
as x 6 —> x 6 + 1. The latter SL(2, Z)j is identical to that in Section 9.6 for heterotic the¬ 
ories, and can act non-trivially on the (T 2 )is area e.g. A —> 1/A, so there is no globally 
defined geometric interpretation for the internal space with Q fluxes. In other words, Q 
fluxes lead to locally well-defined lOd supergravity backgrounds, but transition functions 
glueing different patches involve T-dualities (which are a good symmetry of string the¬ 
ory but not of geometry), and so are globally non-geometric. The fluxes R are even more 
strongly non-geometric and do not admit even a local geometric interpretation. 
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Table 14.1 Non-geometric and NSNS 3-form fluxes in 03-plane models, and their T-duals 
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The Q’s are intrinsically odd under the orientifold involution, while the R’s are even 
(and recall that Hmnp is odd and a>f f , is even). Hence, in type IIB with 03-planes there 
are neither geometric fluxes nor non-geometric fluxes of type R. The only allowed fluxes 
are therefore non-geometric fluxes Qp N , and NSNS 3-form fluxes Hmnp ■ Using T-duality 
along the directions 1,2,3, the fluxes present in the mirror type IIA model with 06-planes 
include components of all NSNS field strength, geometric, and non-geometric fluxes Q 
and R. Further T-dualities (along 4,5,6) relate the models to type I theory (i.e. type IIB 
with 09-planes), for which the orientifold involution is the identity and only intrinsically 
even fluxes, denoted « and R, are possible. The different fluxes and their T-duality relations 
are shown in Table 14.1. Notice that the indices are ordered cyclically according to their 
corresponding sub-torus. 

In analogy with field strength and geometric fluxes, non-geometric fluxes contribute both 
to the 4d superpotential and the RR tadpoles. We describe their computation for type IIB 
03-plane models, with results for other models following straightforwardly from T-duality. 
It is useful to define, in analogy with (14.65), the contraction of a p- form X with Q to 
obtain a (p — l)-form QX with components 


( QX)lm v ■ ■Mp-2 


1 

2 


Q[L X Ml -M p . 2 ]AB- 


(14.94) 
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The type IIB superpotential, completed to be compatible with T-duality, reads 

W= f (F 3 - iSH 3 + QJ C ) A n 3l (14.95) 

J T 6 

with J c — i ^ ;= | Tjd>i, recall Section 12.1, and QJ C is a 3-form according to (14.94). In 
terms of flux quanta, the RR, NSNS 3-form, and Q-induccd terms are 


3 

W = eo + i ejUj — qi U 2 U 3 — q 3 UiU 3 — q 3 U 1 U 2 + im U 1 U 2 U 3 
!=1 


+ 5 


3 

iho — y ' atUi + id\ U2U3 + id2 t/1 C/3 + id 3 C/1 C/2 — ho U1U2U3 
i=1 


3 r 3 1 

+ J 2 r > ~ ihi - J 2 u i b n + ibii u 2 Ui + ib 2i Ui U 3 + ib v (/, U 2 + hi U\ U 2 U 3 . 

1 = 1 L 7=1 

(14.96) 


In this type IIB orientifold the RR 4-form tadpole condition is (14.55). From T-duality 
we also expect the non-geometric fluxes to contribute to RR 8-form C s tadpoles (which 
also receive familiar contributions from D7/07s if present). A natural guess for this cou¬ 
pling, furthermore motivated by T-duality, is 

- f C 8 A QF 3 , (14.97) 

Jm 4 xT 6 

where the contraction QF 3 is a 2-form according to (14.94). Explicit computation yields 
three independent tadpole conditions. 


—Noli + 2 


mhj - e 0 hj - ^(qjbji 


+ e j h j 


= 0 , 


(14.98) 


related to the three possible D7, -branes, which we have included for illustration. Analo¬ 
gous results are obtained in other T-dual setups. 

As with geometric fluxes in Section 14.2.3, non-geometric fluxes are subject to certain 
consistency conditions, generalizing (14.64). They can be derived as the Jacobi identities 
of an algebra extending (14.63) by the inclusion of new generators, which can be regarded 
as associated to translations in the T-dual coordinates. We direct the reader to the references 
for details. 

The idea to use string dualities to derive the existence of new fluxes can be extended 
to non-perturbative dualities. In toroidal compactifications this leads to the introduction 
of the so-called “S-dual fluxes,” which lie beyond our scope. The extension of flux com¬ 
pactifications to include non-geometric (or these more general) fluxes gives rise to several 
new terms in the superpotential, allowing for new patterns in the moduli potential and 
its minima. Refraining from a systematic discussion, we just mention the existence of 
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explicit flux configurations leading to de Sitter or Minkowski minima with full moduli 
stabilization. More generally, a lesson from the very existence of these new flux degrees 
of freedom is the suggestion that generic string vacua with moduli stabilized may have a 
non-geometric character. A precise statement in this direction, however, requires a not yet 
achieved understanding of these generalized fluxes beyond toroidal setups. 


14.5 Fluxes in other string constructions* 

It is possible to consider the introduction of field strength (or more general) fluxes in 
other string or M-theory compactifications; these are often related to the fluxes in type 
II orientifold models studied in previous sections. For illustration, we consider heterotic 
string flux compactifications on a (not necessarily CY) 6d space, with 3-form fluxes. This 
class is related by heterotic/type I duality to type IIB compactifications with 09-planes, 
with RR 3-form and geometric fluxes. Familiar domain wall arguments, or direct KK 
compactification, lead to the superpotential 

W bBt = [ Q 3 A(H 3 + dJ c ). (14.99) 

Jx 6 

For X6 a twisted torus with geometric fluxes a>, we have dJ c = a>J c , and we recover the 
structure of the dual type IIB models. In this case, we may apply heterotic/type I duality to 
borrow explicit expressions from type IIB models with 09-planes. For instance, we expand 
the heterotic 3-form flux as 

3 

H 3 = -eo «0 + - Y+qm + ejfii), (14.100) 

/=l 

and use the notation in Table 14.1 for the geometric fluxes. Recalling the definition of 
moduli (12.34), LJ, — Uj, J, = i Tj ojj , the explicit superpotential is 

3 

Whet = m + i qiUi + e\ U 2 U 3 + e 2 U\U 3 + e 3 U\U 2 — ie o U\U 2 U 3 
i= l 

3 r 3 

+ Y T > -»A« + Y h u i + ib 'i U 2 U 3 + ib 2i Ui U 3 + ib 3i Ui U 2 - hi U x U 2 U 3 . 

i=1 L J= l 

(14.101) 


The structure of (14.99) is incidentally similar to the type IIB superpotential (14.21), with 
H 3 + dJ c playing the role of G 3 . This is in particular manifest by restricting (14.101) 
to Ti = T, so it becomes identical to (14.54) up to a replacing T —>- S and relabeling flux 
quanta. By arguments analogous to those in Section 14.1.2, compactifications with ISD 
H 3 + dJ c lead to heterotic vacua with 4d Minkowski no-scale structure, with the complex 
dilaton S as unfixed modulus. 
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Moduli stabilization and supersymmetry 
breaking in string theory 


We continue the study of moduli stabilization, now focusing on its interplay with SUSY 
breaking in string compactifications. We describe different mechanisms proposed for het¬ 
erotic and type II orientifold compactifications, and elaborate on type IIB models, which 
allow for very explicit computations. Fluxes not only help in fixing moduli but generically 
induce SUSY breaking soft terms in the effective action. Some scenarios of SUSY break¬ 
ing in string construction boil down to SUSY breaking in the dilaton or geometric moduli 
sector, and can be described in the 4d effective supergravity action in a quite model inde¬ 
pendent formalism. This setup allows the computation of soft terms and sparticle spectrum 
of string compactifications in terms of a few parameters, which may be tested at the LHC 
if low-energy SUSY is realized in Nature. 


15.1 SUSY and SUSY breaking in string compactifications 

In previous chapters we have described the construction of string compactifications, mainly 
focusing on 4d Af— 1 supersymmetric models; indeed, these have been far more stud¬ 
ied than directly non-supersymmetric compatifications, for several reasons. SUSY con¬ 
stitutes a theoretically most compelling ingredient proposed for particle physics at the 
TeV scale, providing a natural solution to the hierarchy problem, as mentioned in Sec¬ 
tions 1.3.3 and 2.6. This requires mechanisms breaking supersymmetry in string compact¬ 
ifications, at scales parametrically smaller than the fundamental string scale M s . Directly 
non-supersymmetric models, i.e. breaking supersymmetry close to the fundamental scale, 
must either have a low fundamental scale, i.e. with a (possibly effective) string scale just 
above the weak scale, or else override naturalness as a misleading criterion and admit the 
existence of a fine-tuning on, e.g., statistical or anthropic grounds. From the theoretical per¬ 
spective, 4d AT = 1 supersymmetric constructions are also advantageous, as they are under 
better control; for instance, non-supersymmetric configurations often contain tachyons 
and are unstable, as explicitly discussed in Section 10.2.2 for intersecting D6-branes, 
while supersymmetric models are automatically tachyon-free. Even overlooking this point, 
supersymmetric compactifications allow to carry further the computation of physically rel¬ 
evant features of the 4d models; for instance, the massless spectrum, in which bosons 
and fermions combine into supermultiplets, or the structure of the 4d low-energy effective 
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field theory, which enjoys powerful non-renormalization properties for its holomorphic 
couplings. 

The realization of TeV scale SUSY particle physics models in 4d Af — 1 string com- 
pactifications requires SUSY breaking at a scale much lower than the fundamental scales 
(like the string, Planck, or gauge coupling unification scales). This cannot arise from 
quantum corrections in g s , i.e. loop corrections, due to the non-renormalization of the 
superpotential and other holomorphic quantities. Therefore the diverse ingredients play¬ 
ing a role in SUSY breaking fall in two classes. The first corresponds to modifications of 
the compactification, like the introduction of p-form or geometric fluxes in Chapter 14; 
these are usually described in terms of a (generalized) flux superpotential in the 4d J\f = 1 
effective action, potentially breaking SUSY spontaneously. The second corresponds to 
the inclusion of non-perturbative effects arising from brane instantons, which can corre¬ 
spond to strong gauge dynamics or stringy instantons, as described in Chapter 13. In some 
constructions several of these mechanisms are invoked simultaneously to achieve SUSY 
breaking. 

An important issue is that SUSY breaking is a property of the (possibly local) mini¬ 
mum of the scalar potential, so it can be established and studied only once full moduli 
stabilization has been achieved. This relates the a priori independent problems of SUSY 
breaking and moduli stabilization. The latter was partially addressed in Chapter 14, in 
terms of flux compactifications, and we now continue its study in several proposals for 
full moduli stabilization, focusing on their interplay with SUSY breaking. The models fall 
into three main classes: (a) models with a common origin for SUSY breaking and moduli 
stabilization, so both are controlled by the same scale; (b) models with moduli stabilized at 
a high scale, so they decouple leaving a rigid 4d J\f = 1 SUSY theory, which subsequently 
develops dynamical SUSY breaking at lower energies; (c) mixed situations, in which some 
of the moduli are fixed at a high scale, whereas the remaining moduli are stabilized by 
effects which break SUSY simultaneously. An example of case (a) is provided by heterotic 
models with gaugino condensation, Section 15.2. Case (b) can be envisaged in type II com¬ 
pactifications, since the multiple fluxes may potentially fix all moduli in a supersymmetric 
way; such setups are implicit in the studies of gauge mediated SUSY breaking in string 
theory. Section 15.7. In practice, the simplest full stabilization (type IIB) models realize 
case (c), with the dilaton and complex structure moduli fixed at a high scale, leaving an 
effective theory for the Kahler moduli, addressing simultaneously their stabilization and 
SUSY breaking, Section 15.3. 

There are still many poorly understood aspects of SUSY breaking and moduli stabi¬ 
lization in string theory; yet there has been substantial progress in uncovering possible 
ingredients for full moduli stabilization, and in combining them to achieve SUSY breaking 
at hierarchically small scales, with the possibility of tuning the 4d cosmological con¬ 
stant. Although the explicit construction of complete realistic models realizing all required 
ingredients has not been achieved yet, general classes of models allow the study of many 
qualitative features, and the quantitative parametrization of phenomenologically relevant 
particle physics properties. 


15.2 SUSY breaking and moduli fixing in heterotic models 


485 


15.2 SUSY breaking and moduli fixing in heterotic models 

The main proposal for SUSY breaking in heterotic compactifications is gaugino condensa¬ 
tion in a hidden sector. The mechanism is most simply illustrated in the CY compactifica- 
tion with standard embedding of Section 7.3.2, although it applies to more general heterotic 
compactifications. Moreover, gaugino condensation or similar non-perturbative superpo¬ 
tentials apply in other string constructions, including type II orientifold compactifications, 
see Section 15.3.1. 


15.2.1 Gaugino condensation in heterotic compactifications 

Heterotic CY compactifications with standard embedding have an E6 x E g gauge group, 
with chiral matter charged under the E(, (providing the visible particle physics sector) and 
decoupled from the E^ hidden sector. The latter is a 4d Af — 1 pure SYM sector which, as 
described in Sections 2.5.1 and 13.1.1, develops a non-perturbative superpotential for the 
dilaton multiplet and a gaugino condensate 

W(S) = /x 3 exp {\ , (iU.) — A 3 = p? exp { 3 ) , (15.1) 

\ 2 peJ \2g z Ei P Ei ) 

where ji — a' -1 ' 2 , S is as defined in Section 9.1.1, and g Ei is the gauge coupling constant 
of the condensing £g group, whose one-loop /1-function is fi Ei = —90/(167r 2 ). A sim¬ 
ilar general structure holds in other (0, 2) compactifications, with other groups yielding 
smaller, more realistic, condensing scale. 

The resulting effects on the heterotic model can be systematically studied using 4d 
Af= 1 supergravity, with the above non-perturbative superpotential. Restricting for sim¬ 
plicity to the dynamics of the overall Kahler modulus T and the dilaton S, the Kahler 
potential is (9.17), 


K = — log(5 + S*) - 3 log(T + T*), 


(15.2) 


where from now on we set = \ for simplicity. The resulting scalar potential is 


V = e K (K ss *)~ 1 \D s W \ 2 


1 

(S + s*)(T + r *) 3 


35+n 

2 Pe s ) 


This potential has a runaway behavior on both T and S. driving the theory towards a non¬ 
interacting ( S —> oo) decompactified (T —»• oo) limit, as sketched for S in Figure 15.1(a); 
this is a rather generic feature of simple gaugino condensation in heterotic compactifica¬ 
tions, and motivates the introduction of additional ingredients to produce physical minima 
at finite moduli vevs. 

A possible additional ingredient is to introduce 3-form fluxes in the compactification, as 
in Section 14.5. In the absence of metric fluxes the flux superpotential is independent of 
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(a) 


(b) 



* 


Re S 


Re S 


Figure 15.1 (a) Runaway behavior of a single gaugino condensate; (b) for double gaugino condensate 
a local minimum at finite Re5 may develop. 

S and T, hence for the present purposes can be regarded as a constant contribution c. The 
scalar potential becomes 



(15.3) 


Upon minimization, we have D$ W = 0 and the S vev is fixed, with V = 0 and hence 
unfixed T vev. Since Dj W = —3 W/(T + T*) ^ 0, SUSY is broken along this classical flat 
direction, yet with vanishing 4d vacuum energy (i.e. cosmological constant); this realizes 
a no-scale structure, as the SUSY breaking scale slides with the T vev. Despite its seeming 
appeal, this structure does not survive higher corrections in a' or g s to the above classical 
supergravity approximation; e.g. in the strong coupling regime, this manifests in the het¬ 
erotic M-theory corrections in Section 9.2, which do indeed spoil the no-scale structure. A 
further issue is that the above potential genetically describes high-scale SUSY breaking, 
since pure 3-form fluxes yield values of c which cannot be made parametrically small in 
string units. This might be improved by generalizing the flux compactification to allow for 
geometric fluxes (i.e. non-CY compactifications) as in Section 14.2.3, but then the Kahler 
moduli dependence of the corresponding flux superpotential spoils the no-scale structure. 

A second possible ingredient, in more general non-standard embedding models, is the 
presence of several hidden gauge factors G n with gaugino condensation, i.e. 



(15.4) 


n 


where b n are the G n one-loop /1-functions. A purely phenomenological tuning of the 
superpotential parameters shows that, e.g., for two gauge factors there exist local minima 
for S, as sketched in Figure 15.1(b), for which the value of Re S is furthermore consis¬ 
tent with the unified gauge coupling as extrapolated from the MSSM values. This can 
already be seen in a simple toy model with two gaugino condensates and, e.g., gauge 
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group SU(N)\ x SU(M) 2 , with M > N and no matter transforming under the condensing 
groups. The gaugino condensation superpotential reads 

W(S) = ii\e~ s/2N + iJ 2 e~ s/2M e is , (15.5) 


where /x i 2 are of order the string scale and we have allowed for a relative phase 8. The 
model produces a minimum dW/dS = 0, which fixes the value of Re S at 


Re 5 = 


1 - N/M l0S 


n / 4 / ’ 


(15.6) 


with ImS such that the condensates have opposite sign, irrespective of the value of 8. 
One can easily find values for N, M and the scales /i 1 2 such that Re S — 1 / g 2 ~ 2, as 
required for standard gauge coupling unification. This mechanism for fixing the dilaton 
is sometimes called the racetrack scenario; the actual construction of concrete heterotic 
models with suitable structure of visible and hidden gauge factors is non-trivial and beyond 
our scope. 


15.2.2 Modular invariant gaugino condensation 

In the simple scheme in the previous section, the Kahler modulus T remains undeter¬ 
mined, due to the T -independence of the superpotential. However the Kahler moduli gener- 
ically enter the superpotential when considering the one-loop threshold corrections to 
the gauge kinetic functions. These can be explicitly computed in orbifold compactifica- 
tions, and enjoy interesting modular properties under T-duality symmetries, as discussed in 
Section 9.6. We now study their impact on moduli stabilization upon gaugino condensation. 

We focus on orbifolds with factorized underlying T -T 2 xT 2 xT 2 , and on the 
SL{2, Z) T-duality symmetry on the 7j moduli, and for simplicity ignore the dependence 
on complex structure moduli. The gaugino condensation superpotentials (15.1), (15.4), are 
clearly invariant under the SL( 2, Z)7., in contrast with the result (9.90) that superpotentials 
must transform with modular weight — 1. This puzzle is solved by the one-loop corrections 
to the effective action and their T-duality transformations, studied in Section 9.6.1; indeed, 
recall the one-loop corrected gauge kinetic functions (9.106) 

ftree + ^one-loop = _ _L ^(fc‘' - k^) log )? (7}) 4 . (15.7) 

i=l 

For a single Eg gaugino condensate, with gauge kinetic function fr H and Kac-Moody level 
k — 1, the superpotential is 

3 /Eg 3S 3 6 (*£ g '~ i Gs) 

W Eg = = !j?e 2 ^ n^ (7 ^ 


(15.8) 
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From (9.105), we have /3 E& = 3/j^/C 1 6tt 2 ), and so the SL( 2, Z ) Ej transformation of the 
piece depending on S‘ GS is precisely canceled by the transformation (9.101) of the dilaton 
S, reproducing the duality transformation (9.90) for the superpotential 

W Eg —> W Es ( iaTi + di)-\ (15.9) 


In order to describe the implications for moduli stabilization, we consider for simplicity 
cases with S' GS = 0 (e.g. the Z 2 x Zt orbifold) and concentrate on the dependence on the 
overall Kahler modulus 7\ = T 2 = I 3 = T. The above single Eg gaugino condensate super¬ 
potential, generalized to several gauge factors (allowed to have charged matter), motivates 
the following structure for the superpotential: 


Hcond 


Q(S) 

ri(T) 6 


35 

ri (T ) 6 


(15.10) 


where now the coefficients d„ depend on the matter content of the gauge factor G„, and 
£2(S) is a shorthand notation. The supergravity scalar potential is 


V = 


\ri(T)\ 


-12 


(s + s*)(t + r *) 3 


\(s + s*)Q s - n\ z + 


3(T + T*)\, 2 
1021 


Ifil 


where G 2 — G 2 — 2jz/(T + T*), with G 2 = —4-jtri(T)~ 1 dr](T)/dT being the holomor- 
phic Eisenstein function. Using (9.100), the reader may easily check that this potential is 
modular invariant under SL( 2, Z) T-duality transformations. 

This duality completed multiple gaugino condensation scalar potential has an extremum 
with respect to the complex dilaton S, defined by 


(S+ S*)£2 s - ft = 0. 


(15.11) 


After closer numerical scrutiny it can be shown to correspond to a minimum which fixes 
S. The analysis can proceed further for the simplest case of two condensates. Suitable 
choices of the underlying parameters can again lead to minima with reasonable values 
of Re S — 2, i.e. «c ~ 1/24, the unification coupling constant. For this two-condensate 
model, extremization with respect to T also leads to a minimum fixing Re T ~ 1.2. Thus in 
this simplified example, the S and T moduli are simultaneously fixed, and there is SUSY 
breaking along T , namely Fy = 0, Fj ^0. 

The stabilization at finite values of T is very generic, and follows from T-duality invari¬ 
ance, since i](T) —► 0 when Re T 00 ; alternatively, T-duality invariance effectively ren¬ 
ders the Kahler moduli space finite, thus preventing runaway. The detailed physics around 
the minimum may however lie beyond perturbative analysis, due to the potentially large 
one-loop correction to the gauge kinetic function in (15.7), which may even cancel the tree 
level contribution, leading to a strong coupling regime. 

Results for the above simplified model are expected to generalize to more realistic 
situations, e.g. involving all untwisted moduli; it is also reasonable to expect analogous 
dynamics in other heterotic compactifications (e.g. on CY spaces). The main lesson is that 
multiple condensates, once one-loop corrections to gauge kinetic functions are included. 
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leads naturally to moduli stabilization and SUSY breaking. However, the mechanism has 
several potential drawbacks, as for instance it typically leads to only moderately large 
Kahler moduli vevs, rendering the effective field theory approximation questionable due 
to a' corrections; stabilization in a reliable regime thus requires a careful choice of the 
condensate parameters, whose microscopic realization in a realistic compactification is 
challenging. In addition, as in examples in Section 2.5.1, gauge sectors with charged mat¬ 
ter may lead to superpotentials involving the charged matter multiplets, and not just the 
moduli. 

We conclude this section with an important issue not addressed in the above discussion. 
Racetrack potentials typically have minima at negative value of the potential, i.e. 4d cos¬ 
mological constant, and thus describe 4d anti-de-Sitter (AdS 4 ) vacua. In order to agree 
with the observation of a tiny but positive cosmological dark energy, the scenario must 
include further sources of potential energy, for which no widely accepted proposals exist 
in the heterotic setup. As discussed in the next section, the situation is in better shape in 
type II orientifold models. 


15.3 SUSY breaking and moduli fixing in type II orientifolds 

Type II orientifolds include new ingredients as compared to the heterotic case, like the 
rich set of p-form fluxes, and the generic presence of localized D-brane sources. Also, the 
better computational control allows to address new issues, like full moduli stabilization 
with tuning of the 4d vacuum energy to a small positive value. 


15.3.1 The KKLT setting 

As described in Section 14.1, type IIB with NSNS and RR 3-form fluxes generically 
leads to stabilization of the dilaton and complex structure moduli, but leaves Kahler mod¬ 
uli unfixed. Moreover, shift symmetries in the RR scalars prevent Kahler moduli from 
appearing in the superpotential in perturbation theory. These symmetries are broken by 
non-perturbative D-brane instanton effects (recall Chapter 13), which can produce non- 
perturbative superpotentials fixing the Kahler moduli. This setup, known as the Kachru- 
Kallosh-Linde-Trivedi (KKLT) scenario, suggests a generic picture for full moduli sta¬ 
bilization in type IIB orientifold compactifications (or their F-theory generalizations). It 
moreover suggests a possible mechanism for tuning the vacuum energy, even to small 
positive values. 


Full moduli stabilization 

For our purposes it suffices to focus on the dynamics of the overall T -modulus, as in 
Section 14.1.2. In the large volume regime the Kahler potential is (12.16), i.e. 

K = — log(5 + S*) - 3 log(T + T*) - log (^ -i J Q 3 A 


(15.12) 
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where recall that (Re T) 3 / 2 gives the overall compactification volume. The 3-form fluxes 
Hy, Fy induce a superpotential (14.21) and, due to the no-scale structure of (15.12), the 
scalar potential is positive definite and given by (14.24), i.e. 

V = e K J2s ij DiWDjW, (15.13) 

ij 

where the sum runs over the dilaton and complex structure moduli. As described in 
Section 14.1.2, minima correspond to configurations with imaginary self-dual (ISD) Gy, 
generically containing a supersymmetric (2, 1) piece and a non-supersymmetric (0, 3) 
piece. The latter induces a non-zero value Wo for the superpotential at the minimum. 
Assuming that flux stabilization of the dilaton and complex structure moduli occurs at 
a parametrically high scale, compared to Kahler moduli stabilization, we proceed to the 
discussion of the latter regarding Wo as a constant. 

In analogy with the heterotic analysis in the previous section, non-perturbative effects 
are expected to contribute to Kahler moduli stabilization. In the present type IIB mod¬ 
els with D3/D7-branes, there are non-perturbative superpotentials from D3-brane instan- 
tons wrapped on 4-cycles, hence yielding T -dependent superpotentials; they also include 
gauge theory non-perturbative effects, like gaugino condensate superpotentials, as partic¬ 
ular cases when the D3-brane instantons wrap the same 4-cycles as some background 
D7-brane stack. In any event, the superpotential including non-perturbative contributions, 
has the structure 

W = W 0 + ce~ l7TaT , (15.14) 


where a is a (positive) model dependent quantity, and c is in general a holomorphic function 
of the complex structure fields, assumed already fixed at a higher scale, hence is regarded 
as a constant in what follows. The scalar potential for T is minimized for DjW = 0, and 
setting Im T = 0, Re 7’ — a for simplicity, yields 

Wq = —ce~ 2naa ^1 + ■ (15.15) 


For sufficiently small Wo, the a vev is fixed at moderately large values. Since DjW — 0, 
SUSY remains unbroken, in an AdS 4 vacuum with negative cosmological constant given 
by the potential energy at the minimum 


V min = -3e K \W\ 2 


2jT 2 a 2 c 2 e~ 47laa 

3(7 


(15.16) 


The qualitative dependence of the potential on er is depicted in Figure 15.2(a). 

A natural question is whether an exponentially small Wo is reasonable and/or possible. 
Such very small values require delicate cancellations among contributions from many dif¬ 
ferent flux degrees of freedom; although a priori unnatural, this discrete tuning may be 
justified on general grounds by the large number of possible flux vacua for a given CY 
orientifold compactification, so that some of them realize accidentally small values, see 
Section 17.3. Incidentally, a small Wq is also required in the setup of Section 15.5.3, where 
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Figure 15.2 (a) Qualitative form of the T -dependent potential in compactification with 3-form fluxes 
and non-perturbative effects; there is a supersymmetric AdS 4 minimum, (b) After uplifting, the 
minimum is a non-SUSY dS 4 with small cosmological constant. 


it sets the order parameter of gravity mediated SUSY breaking, so that Wq/M* <10 15 
for TeV low-energy SUSY. 


Uplifting to de-Sitter vacua 

The flexibility of type IIB orientifold compactifications suggests an improvement of the 
above models, allowing to envisage a structure with small and positive potential energy at 
the minimum, thus leading to 4d de-Sitter (dS 4 ) vacua. The mechanism, usually referred 
to as uplifting, amounts to include additional sources of tension in the compactification, 
implicitly from the beginning of the construction. The simplest possibility is to include 
anti-D3-branes (D3-branes) sitting at points in the compact space, and satisfying a RR 
tadpole constraint generalizing (14.14) 

N D 3-N m +Nn ux -^No3=0, (15.17) 

or a similar generalization of the tadpole condition (14.38) for F-theory models. 

The D3-branes break supersymmetry explicitly, and give a positive contribution to the 
scalar potential from their tension, which in the Einstein frame is of the form 


SV = 


D 

(T + r*) 3 ’ 


(15.18) 


where D is proportional to the number of anti-D3-branes, and may contain model- 
dependent suppression factors. As will become clear in Section 15.4.1, the interactions 
with the NSNS and RR 3-form fluxes dynamically fix the D3-brane location on the com¬ 
pact space Xg, such that they naturally fall to the bottom of possibly present warped throats; 
this leads to exponential suppression warp factors e 4j4min in D, allowing S V to balance 
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the exponentially small T -dependent superpotential contributions. The full potential has 
now the form 



(15.19) 


V = 


It is reasonable to expect that the value of D may be (discretely) fine-tuned by varying the 
fluxes controlling the warping; thus the vacuum energy can be tuned to a small and posi¬ 
tive value, exponentially suppressed with respect to fundamental scales of the microscopic 
theory. The structure of the potential is sketched in Figure 15.2(b). The dS 4 vacuum is 
meta-stable, with an obvious tunneling channel to the a —> oo decompactification regime, 
and other less obvious channels of flux-D3-brane annihilation; the lifetime of such meta¬ 
stable vacua has however been shown to be much larger than the age of the universe, for 
the range of parameters of interest. 

The above approach should be regarded as a road map for full moduli stabilization 
in a dS 4 vacuum, since the construction of truly explicit models realizing all ingredients 
simultaneously is beyond present computational techniques; for instance, an important bot¬ 
tleneck is the computation of complete non-perturbative superpotentials in models with 
several Kahler moduli. In addition, the assumed separation of scales of complex structure 
and Kahler moduli stabilization can be problematic in general, and mixing can potentially 
lead to tachyonic directions. Concerning the uplifting, its realization in terms of D3-branes 
is conceptually problematic due to the explicit breaking of SUSY. This may be overcome 
in other realizations, like e.g. non-supersymmetric gauge flux backgrounds on D7-branes, 
interpreted as non-vanishing D-terms as in Section 12.4, and leading to uplifting potentials 
of the form (15.18); or by simple flux compactifications with no SUSY breaking objects, 
but with meta-stable vacua in their flux-induced scalar potentials (15.13), yielding a vac¬ 
uum energy with a 1 /(T + T*) 3 dependence, due to the factor e K . In any event, complete 
explicit models are notoriously hard to realize. 

A qualification to the importance of explicit constructions is however the following. This 
approach to full moduli stabilization in a dS 4 vacuum requires a delicate tuning of fluxes, to 
achieve small values of Wq and D. However, for each such vacuum there are further effects, 
from a' and quantum corrections, which in general modify significantly the vacuum energy, 
yet are beyond present computational abilities. The discussion in the above setup, and 
other related constructions, is however meaningful, in that it establishes the possibility to 
engineer, with fairly explicit and realistic ingredients, potentials with minima deep enough 
to survive the inclusion of such corrections. Although the properties of these minima (e.g. 
the 4d cosmological constant) suffer important modifications, the large number of models, 
e.g. of flux choices for a given CY orientifold, raises the reasonable expectation that a 
subset of them realizes the proposal, even after inclusion of these corrections. Further ideas 
based on the large multiplicity of flux vacua are discussed in Section 17.3. 

There are finally several open questions in going from the toy models of moduli fixing to 
more realistic compactifications including gauge D-brane sectors, realizing particle physics 
models. For instance, stabilization of all Kahler moduli through non-perturbative effects 




15.3 SUSY breaking and moduli fixing in type II orientifolds 


493 


solely may not be completely viable in the presence of realistic SM-like D-brane sectors. 
This is because necessarily some D-brane instantons intersect the gauge D-branes, and lead 
to superpotentials involving the (SUSY) SM charged fields, rather than just the Kahler 
moduli, recall Section 13.1.3. Hence realistic compactifications possibly require further 
ingredients in the moduli dynamics. 


15.3.2 Large volume generalization 

One of the drawbacks of the above scheme for moduli fixing is the requirement of very 
small values of Wq. Although achievable by suitably tuned fluxes, this raises the question of 
moduli stabilization for generic values of Wq. The smallness of Wq is necessary to achieve 
Kahler moduli stabilization in the large radius regime, although in practice the volumes 
cannot be made arbitrarily large, and often stabilize barely above the string length. For 
instance, taking Wq/M * — 10 -15 (e.g. to obtain TeV scale SUSY breaking in gravity 
mediation as in Section 15.5.3), and assuming c — a ~ 1, eq. (15.15) yields a ~ 6. Since 
a ~ g~ l R 4 , in the perturbative regime of small g s we have R — 0(1) in string units. 

This argument suggests that the supergravity approximation may need the inclusion of a' 
corrections to describe the moduli stabilization for generic Wq. Indeed, it has been shown 
that in type IIB orientifold compactifications the leading correction to the Kahler potential 

(12.17) can compete with non-perturbative corrections to the superpotential, and lead to 
generically very large volume moduli stabilization. 

We consider type IIB compactifications with 3-form fluxes, assumed to fix the dilaton 
and complex structure moduli at a parametrically large scale, below which the effective 
dynamics reduces to the Kahler moduli. The main ingredients of the “large volume moduli 
stabilization” scenario can be illustrated in a toy model with two Kahler moduli, 7), and T s , 
controlling the overall volume and a 4-cycle size, eventually shown to stabilize at very large 
(“big”) and moderately large (“small”) sizes, respectively; the mechanism also requires 
X(X 6 ) < 0. An explicit example is provided by the CY CP^ | | 6 9) [ 1 8 ], which has h \ \ = 
2, /j 2 ,i =272. In such models, the Kahler potential including the leading a' correction 

(12.17) , written in terms of the real parts r b = Re 7),. r v = Re T s , reads 


K = -2 log 


9V2 




r, 3/2 ) + 


2 g: 


3/2 


(15.20) 


with § > 0. The superpotential includes a non-zero constant contribution Wo related to the 
3-form fluxes, and we moreover assume a non-perturbative contribution from D3-brane 

instantons on the “small” 4-cycle, namely W — Wq + A s e~“ sTs . The scalar potential for the 

3/2 

volume V ~ r b and r v has the structure 


V ~ 




U a sWoA s T s e asZs v£|Wo | 2 


V 


(15.21) 
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where X, /i, v are 0(1) constants. The first two terms are analogous to those in (15.19), 
with the relative minus sign due to a phase factor arising from the value of the Im T s axion 
at the minimum. 

The structure of the potential is as follows. For r b —> oo with a s x s = log V, the second 
term dominates and the potential approaches zero from below; for smaller V, r s , the other 
terms dominate and are positive. Thus the potential must have a local AdS 4 minimum at 
intermediate values, which explicit minimization fixes at 

£2/3 

V oc e“ sTs » 1, t s oc s —. (15.22) 

8s 

For moderate a s , the overall volume V is much bigger than the size of the small 4-cycle 
governed by r s . The hierarchy arises from competition of the non-perturbative super¬ 
potential e~ Ts and the perturbative correction in negative powers of r/,. As announced, 
the minimum exists for generic values of Wo, with no specific tuning. In contrast to 
Section 15.3.1, the AdS 4 minimum is not supersymmetric, with SUSY broken by Fj h 
and Fj s ; however, for \ Wq\ 2 1. the third term in (15.21), i.e. the a' correction, becomes 
negligibly small, and we recover the scenario of Section 15.3.1. 

As in the previous section, any realistic model should contain additional ingredients, e.g. 
D3-branes, to uplift the minimum to a dS 4 vacuum with small and positive cosmological 
constant. The important difference is that, in the present setup, the SUSY breaking effects 
from these extra sources are sub-dominant compared to the Kahler moduli auxiliary field 
vevs; hence the SUSY breaking can be modeled as modulus dominated, see Section 15.5, 
with order parameter the gravitino mass 


my2 _ \Wo\/M 3 p 
Mp ~ (Re T b )V 2 ' 


(15.23) 


In the large volume scheme the overall volume may be arbitrarily large, and is in fact 
decoupled from Wq. Thus the hierarchy of scales can be generated either by fine-tuning 
Wo <5£ M 3 , or through a naturally achieved large volume Re 7/. 

This impacts on the value of the string scale, since M 2 ~ M~JV. An attractive possi¬ 
bility is an intermediate string scale M s ~ 10 11 GeV with V ~ 10, requiring a generic 
Wo/Mp ~ 1, and yielding nryi — 1 TeV. A high string scale, e.g. M s — 10 16 GeV, is possi¬ 
ble for V ~ 10 3 , but requires a fine-tuned Wq/M 2 ~ 10 -13 . The extreme alternative of TeV 
string scale would be problematic (for Wo — 1), because the too light moduli could give 
rise to unobserved deviations from Newton’s law. 

The large volume scenario should again be regarded as a road map towards full mod¬ 
uli stabilization in type IIB compactifications. In this respect, it is interesting that this 
moduli stabilization pattern generalizes to cases with additional Kahler moduli, for the 
so-called “swiss cheese” CYs. These are spaces with one Kahler modulus T b control¬ 
ling the (eventually very large) overall volume, and a number of additional moduli T s y 
whose (eventually moderately large) vevs describe the size of 4-cycles decreasing the CY 
volume, see Figure 15.3. However, fully explicit models realizing all required properties 
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Figure 15.3 Pictorial view of a “swiss cheese” CY, where the modulus tj, defines the overall size, 
while the modulus z s describes the size of “hole” 4-cycles. 


(in particular, the non-perturbative contributions) are lacking. Still the flexibility of the 
construction allows to envisage including sectors of D3- or D7-branes realizing particle 
physics models; given the large overall size of Xg, the setup is well-suited to the bottom-up 
strategy introduced in Section 11.3.1. An appealing scenario is to consider a supersymmet¬ 
ric particle physics D-brane sector, with SUSY breaking due to fluxes, as we explore in 
coming sections. 


15.4 Soft terms from fluxes in type IIB orientifolds 

Up to now we have studied the stabilization and SUSY breaking effects of fluxes in the 
moduli sector. We now wish to explore their effects on the D-brane open string sectors 
potentially associated to SM fields. This can be explored by using the D-brane DBI + 
CS action coupled to the non-SUSY flux (supergravity) background, which shows the 
appearance of additional terms in the D-brane worldvolume effective action. These are 
typically SUSY breaking soft terms, as well as certain SUSY contributions to the super¬ 
potential. Interestingly, these terms may often be understood as arising from spontaneous 
SUSY breaking of a low-energy supergravity action, as in the gravity mediation scenario 
discussed in Section 2.6.5. 


15.4.1 Microscopic description from the D-brane action 

The effects of (possibly SUSY breaking) fluxes on a set of D-branes can be computed, from 
a microscopic viewpoint, by coupling the D-brane to the lOd supergravity background 
of the fluxes using the DBI and CS actions ( 6 . 6 ), (6.15). This is particularly suitable in 
situations where the D-branes are localized on a small region of the compactification space 
X 6 , so that a local non-compact approximation to the latter can be used. 

For concreteness we focus on the well-understood setup of type IIB compactifications 
with NSNS and RR 3-form fluxes, and systems of D3- or D7-branes, see Figure 15.4. We 
consider the following ansatz for the lOd supergravity flux background 

ds 2 = Z 1 (x m )~ l/2 ri l j, v dx IJ -dx v + Z 2 (x m ) ] g mn dx m dx n , 

F$ = (1 + *iod)dC 4 with C 4 = x(x' n )dx°dx l dx 2 dx i , 
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Figure 15.4 A type IIB CY (orientifold) compactification with D3- and D7-branes in the presence 
of NSNS and RR 3-form fluxes Gy. 


t = r(x m ), 

Gy = ^ Gl mn (.X m )dx l dx m dx n , (15.24) 

where g mn is the underlying CY metric. For ISD 3-form flux, the equations of motion 
enforce Z\ = Zi, X4 = Zf, so the ansatz reduces to the supergravity background (14.9) with 
(14.12), but we keep the above more general form. We are interested in the background near 
the D-brane location; for instance, for a D3-brane stack, the background can be expanded 
to the relevant order around its location x m = 0 as 

Z“ 1/2 = 1 + l -K mn x m x n + ■■■ , = 1 + ■ • • , 

T — R) T ~Z t/miX X , gmn — &mn “h ' ' ' » 

j (15.25) 

X — COItSt. + — Xjnn X X 4“ * ‘ , Ghnn (x ) = Gl mn 4“ • ■ • , 

Fy = -(Xmn + Xnm)*'" dx n dx°dx l dx 2 dx 3, + ■ ■ ■ . 

The local constant 3-form flux Gy has 20 independent components, and transforms in a 
reducible 10 4- 10 representation under the local SO(6 ) rotation group, corresponding to 
the imaginary self-dual (ISD) and imaginary anti self-dual (IASD) pieces. It is convenient 
to split them under the CY SU( 3) subgroup as 10 = 64-34-1, leading to Table 15.1. There, 
we have defined 

Sij = -(eikiGj^j + e/kiG^j), A-jj = -(ej^jG^j - ej^G^), (15.26) 

and similarly for S-jj , A,j ; also, the subindices P, NP indicate whether or not the flux 
satisfies the primitivity condition Gy A J — 0. NP fluxes are absent in compact CY spaces, 
since there are no harmonic 5-forms, so we ignore them in the following. 
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Table 15.1 Different components of the complexified 3-form flux G 3 



ISD 



IASD 


5(7(3) rep. 

Form 

Tensor 

5(7(3) rep. 

Form 

Tensor 

I 

(0, 3) 

G 123 

1 

(3, 0) 

G 123 

6 

(2, 1)p 

S G 

6 

(1,2) P 


3 

(1.2 ) NP 


3 

(2, 1) NP 

A <] 


Soft terms on D 3 -branes 

Let us now describe the coupling of D3-branes to the above flux background. The world- 
volume theory is, in 4d fif — 1 language, a U(N) SYM theory with three adjoint chiral 
multiplets <t>;, i = 1, 2, 3. The non-abelian version of the DBI + CS bosonic action ( 6 . 6 ), 
(6.15), known as the Myers action, reads 

Sdbi = -113 J d 4 xe~ lp Tr det(P[£] - Ina'F^) det (Q) 

S C s = M3 J Tr ^P[ e 27r, '“'VV C q e~ B ]e lna ' F 


with 


E„ v = E„ v + E^fiQ- 1 - 8) mn E nv , (15.27) 

Emn = Gmn + Bmn , Q' n n = S' n n + 2 jriaftp"’, tp p ]E pn , 

where we have ignored the curvature CS coupling. Here P[M] denotes the pullback of the 
lOd background onto the D3-brane worldvolume, as in ( 6 . 8 ), and i,pCp denotes contraction 
of a leg of the p-form, transverse to the D3-brane, with the associated worldvolume scalar. 
The supersymmetric completion of the above action contains also fermionic terms, skipped 
for simplicity. 

One can now replace the ansatz (15.24) with the expansions (15.25) in the action. In 
doing so, the coordinates x m in (15.25) are regarded as D3-brane worldvolume scalars via 
x m = Ina'flm. The expansion of the resulting D3-brane action is the flux-less flat space 
one with additional terms, which in general correspond to SUSY breaking soft terms on the 
D3-brane worldvolume theory; for example, plugging the 4-form C 4 = \x m nx"‘x n + ■ ■ ■ 
in the CS action produces soft scalar masses, upon the identification x m ~ (j) m . We skip the 
full computation and simply quote the resulting soft term lagrangian, given by 
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C = -\2K i j - Xij + gi(Imr) I -j]a>'4>- / - - [iKij - Xij + g. 5 (Imr),y] 0 '<JU + h.c. 

-ejjjSik^ i> J i> k + h.c. 


+ gsVto(^Gmcijk* i <l> J <l> k 1 


8s 


1/2 


2V2 


GmM+^SijVW + h.c.), 


(15.28) 


where g s = e^, and we have normalized the kinetic terms and used complex notation for 
the indices. Also, X, T' are the gaugino and the three fermionic partners of the complex 
scalars O', all in the adjoint representation, and gauge traces are implicit. As announced, 
(15.28) contains the different soft terms introduced in Section 2.6.3. 

For pure flux background with no additional sources, the lOd supergravity equations of 
motion relate the different background parameters, allowing to compute the soft terms 
lagrangian in terms of the local 3-form flux density; the only piece remaining essen¬ 
tially unconstrained is the second scalar mass term in (15.28), which corresponds to a 
B-term in the notation of Section 2.6.5. In the notation therein, one gets soft terms of 
the form 


r IG123I 2 + -Re + , 

L ‘J v _ 

1/2 1/2 1/2 

hij k ^G m , Ma = ^_G l2 3, Mj=-^=Sij, (15.29) 

where hjjk are the coupling constants of the J\f = 4 superpotential in this complex basis, 
WyV "=4 = /z, / A; < J > 'O'O a / 3!. Interestingly, all soft terms vanish for purely ISD flux, e.g. 
there are no terms involving the ISD non-SUSY (0, 3) component Gp 3 alone. The under¬ 
lying reason is a cancellation between the DBI and CS contributions for ISD fluxes; this 
is in fact expected since ISD fluxes, even the non-SUSY (0, 3) component, satisfy a BPS- 
like relation, so that their contribution to the energy density (“tension”) is related to their 
contribution to the 4-form RR tadpole (“charge”), and they have no interaction with the 
D3-branes in the system. As we show in Section 15.5.3, this is consistent with the no-scale 
structure in the effective action. 

On the other hand, for D3-branes, the sign flip in the CS piece eliminates the cancella¬ 
tions, and ISD fluxes do induce soft terms. The physical interpretation is that D3-branes 
fall into regions of maximum flux density, corresponding to potential wells for them, and 
scalar masses at the minimum describe the energetic cost in climbing this potential; inci¬ 
dentally, this explains our statement, in Section 15.3.1, that D3-branes naturally stabilize 
at the bottom of warped throats. If only (0, 3) fluxes are present the above soft terms have 
the relationships 



A'ijk — hijkM a ; 


m q = 3%l^l 


(15.30) 
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Figure 15.5 The 4-cycle wrapped by a D7-brane is pierced by the 3-form fluxes, which induce 
modifications of the 8d worldvolume action. 


These SUSY breaking soft terms can be realized in semi-realistic particle physics models 
obtained from stacks of D3-branes on local singularities e.g. C 3 /Z/v, along the lines of 
Section 11.3. Conversely, there are non-trivial terms on D3-branes from IASD fluxes. For 
instance, the pattern (15.30) arises for D3-branes in the presence of IASD (3, 0) fluxes. 
We will see in Section 15.5.3 that these correspond to the relationships in supergravity 
with SUSY breaking induced by the dilaton. Also, (1,2) fluxes Sij, although IASD, can 
be checked to induce a SUSY superpotential mass pij for the chiral multiplets. 

We thus see that ISD fluxes do not induce interesting soft terms on D3-branes. Although 
they induce soft terms on D3-branes, the latter models are explicitly non-supersymmetric 
(i.e. even before the introduction of fluxes) and bring about additional difficulties. As we 
now discuss, a more appealing setup is provided by D7-branes, for which ISD fluxes do 
induce SUSY breaking soft terms. 

Soft terms on D7-branes 

The D7-brane action coupled to the flux background describes an 8 d theory with flux 
induced terms, which subsequently must be compactified on the wrapped 4-cycle E 4 to 
yield the 4d soft term lagrangian, see Figure 15.5. To avoid complications due to this KK 
compactification, we consider the simplified situation of backgrounds constant over the 
wrapped 4-cycle, and moreover focus on the simplest local geometry T 4 x C. We thus 
consider an expansion like (15.25) only in the two transverse directions, so the relevant 
local symmetry is just 5(9(4) x 5(9(2). 

In contrast to the D3-brane case, ISD fluxes lead to non-trivial soft terms on D7-branes. 
For example, expansion of the DBI action produces a term B mn B mn , with indices along 
the D7-brane worldvolume. Writing B mn — H mn kX k + • • ■ with x k in the transverse direc¬ 
tions, produces mass terms H mn t c H mn i<p k <p l for the transverse scalars fields; there is no 
similar coupling in the CS piece, and thus no cancellation. The fact that ISD fluxes sta¬ 
bilize D7-brane position moduli is consistent with the F-theory picture, in which the lat¬ 
ter are complex structure moduli of the CY fourfold, and thus are generically stabilized 
by fluxes. 
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We skip the full computation of the soft term lagrangian from the DBI + CS action, 
and just quote the result, restricting to purely ISD fluxes for simplicity. For a D7-brane 
transverse to the z 3 complex plane, one obtains 


/ 1 \ 1/2 1/2 
m 'c\P = Jg ( 231 2 + ’ Ma = Yyf A 'ijk ~ ~ h ijk^J^ G \2 3 T 


1/2 

A*33 = -^ 7 =(%)*; B' = = 2M a p 33 , 


6s/2 


18 


(15.31) 


where M a is the gaugino mass, <t > 3 is D7-brane position modulus, and p 33 , B 33 are p- and 
B -terms for this field. There are two additional adjoint chiral multiplets, corresponding 
to Wilson lines along T 4 , which remain massless at this level; note however that they are 
generically absent in more realistic wrapped 4-cycle topologies. Note that the different soft 
terms obey relations 


A 'ijk = -hijkM a , ml h2 =0,mli = \M a \ 2 , B r 33 = 2M a p 33 . (15.32) 


This soft term pattern is of phenomenological interest in compactifications realizing par¬ 
ticle physics models, as discussed later in Section 15.6. In particular, note that ISD fluxes 
on D7-branes induce both p- and //-terms for the <t >3 superfield; they are in general of 
the same order of magnitude as the SUSY breaking soft terms, so this provides in prin¬ 
ciple an elegant solution to the /x-problem of the MSSM discussed in Section 2.6.3. The 
appearance of non-trivial soft terms on D7-branes by ISD fluxes solving the supergravity 
equations of motion provides a nice picture of SUSY breaking mediation in flux com- 
pactification, and motivates the construction of string models in which SM fields reside at 
D7-branes. 

The above formalism to compute flux induced soft terms is valid for models of 
D3- and/or D7-branes in orbifolds, as in Sections 11.2 and 11.3; one just truncates the 
above soft term lagrangian onto invariants of the corresponding Z,y symmetry. However, 
in models of intersecting magnetized D7-branes, quarks and leptons arise from fields 
at D7-brane intersections; the effect of fluxes on such fields is difficult to obtain using 
the above techniques, since the DBI + CS action does not describe the “twisted” open 
strings corresponding to intersecting branes. This case will be addressed in Section 15.5 
using a more general and model independent approach, using the supergravity 4d effective 
action. 


15.4.2 Macroscopic description in the 4d effective action 

The presence of ISD and IASD fluxes has an interesting interpretation in the 4d Af = 1 
supergravity effective theory. As suggested by the analysis of SUSY conditions in 
Section 14.1.2, 3-form fluxes correspond to non-vanishing vevs for the auxiliary fields 
of the dilaton S, Kahler moduli 7j , and complex structure moduli. 
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For simplicity we focus on the dilaton S and overall Kahler modulus T. Recall the 
supergravity auxiliary field for a chiral field (2.51), i.e. 

T =-e K/2 K ij DjW. (15.33) 


Using the Kahler potential (14.22), and the derivatives (14.25), (14.30), we have 


F S = (S+S*) l/2 (T 


F r = (S+S*)~ XI1 {T 


r*r 3/2 f g ( 3 ) 

Jx 6 

f c '- 

JXf. 


+ T *) 


A S2, 


A £2. 


(15.34) 


Thus (3, 0) and (0, 3) flux components correspond to vevs for F s and F T , respectively. In 
the next section we show that these vevs act as spurions for SUSY breaking, and reproduce 
the earlier D3- and D7-brane soft term patterns; moreover this formalism allows the com¬ 
putation of soft terms in more involved D7-brane configurations, including intersections 
and magnetization. 

Before entering details, it is illustrative to discuss the scale of soft terms; this is fixed 
by the flux density G 3 , which scales roughly as G 3 ~ fci'/R 3 , with / related to the flux 
cjuanta. The soft term scale on D3- or D3-branes is 


1/2 

8s „ 

Wsoft = —^Gj = 
\/2 


fg¥ 2 a' 

V2 R 3 


fM 2 

M n 


(15.35) 


where we have used M p — (a')~ 2 R 2 . Comparing with (2.92), this is consistent with (F) — 
M 2 , i.e. SUSY breaking of order the string scale. In particular, for an intermediate string 
scale M s — 10 10 GeV, soft terms fall in the ballpark of 10 2 —10 3 GeV. Realization of this 
scale pattern, e.g. in the large volume scenario of Section 15.3.2, relates the electroweak 
hierarchy to the large overall compactification volume. Note, however, that flux SUSY 
breaking does not necessarily imply the intermediate string scale, since in general fluxes 
may be inhomogeneously distributed, and the smallness of soft terms could rely on local 
suppression factors, like warping. Alternatively, this smallness could come from the can¬ 
cellation of many contributions to a flux-induced constant superpotential Wo, as in Sec¬ 
tions 15.3.1 and 17.3. 


15.5 General parametrization of moduli/dilaton induced SUSY breaking 

Gravity mediation is one of the most elegant schemes for low-energy SUSY breaking 
in a way consistent with phenomenological constraints. String compactifications are par¬ 
ticularly well-suited for that proposal, as they generically have the dilaton, Kahler and 
complex structure moduli S, 7), U„, with Planck scale suppressed couplings to ordinary 
(SM) matter. It is natural to assume that some of these fields may play an important 
role in mediating SUSY breaking to the SM. This is in fact explicitly realized in type 
IIB compactifications with SUSY breaking by 3-form fluxes, as discussed in the previous 
section. 
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The consequences of general SUSY breaking in the moduli sector can be explored in 
a fairly model independent formalism. This leads to the prediction of SUSY breaking 
soft term patterns in large classes of models, characterized by the form of their 4d JV = 1 
supergravity action, i.e. the gauge kinetic functions and Kahler metrics for matter fields. 
The basic assumption in this approach is that the bulk of SUSY breaking can be encoded 
in vevs, of unspecified origin, for auxiliary fields Fg,F T i for the dilaton and/or the Kah¬ 
ler moduli. The strategy is analogous to the successful parametrization of EW symmetry 
breaking in particle physics in terms of a vev (of somewhat unspecified origin) for the 
Higgs field. 

We start with the description of the general formalism, common to all compactifications, 
and subsequently spell out the results for the different setups, like heterotic compactifica¬ 
tions, D3-brane models, or intersecting D7-brane models. 


15.5.1 General formalism 


We consider compactifications with a MSSM sector, with general gauge kinetic functions 
f a , and (diagonal) Kahler metrics K a for the chiral matter fields C“, i.e. 



(15.36) 


(We maintain the convention /r| = 1 in this section.) Diagonal Kahler metrics to leading 
order are quite generic in string compactifications. hence this restriction is well-motivated. 
Note that the term in Z, if present for the MSSM Higgs doublet bilinear H u Hd, may give 
rise to induced pt- and B-terms, as mentioned on page 56. 

In addition there is a total superpotential W, including the standard Yukawa couplings, 
as well as possibly constant and moduli dependent pieces, 


W = W mod . + \n a pC a Cl i + ^Y a pyC a C^C y + ■■■ , 

L 6 


(15.37) 


where W mo d, P- and Y a p y in general depend on the moduli. We in principle allow for 
explicit /i-term type of couplings, e.g. induced by fluxes, instantons, or otherwise. 

In the following we focus on heterotic and type IIB orientifold compactifications, in 
the large volume regime, and on the dilaton S and overall Kahler modulus T, which are 
universally present; a different variant is also considered at the end of Section 15.5.3. Type 
IIB results can be translated to type IIA language via mirror symmetry. In both heterotic 
and type II models, the moduli Kahler potential is 


K = — log(»S + S*) - 3 logCT + T*). 


(15.38) 
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Under our assumption that SUSY breaking is dominated by F s and F l vevs, the 4d AT = 1 
supergravity scalar potential leads to the vacuum energy 

Vo = K S ~ S \F S \ 2 + K Tf \F T \ 2 - 3e K , (15.39) 

where F S = e K / 2 K~1 D$W and F 1 — e K ^ 2 K~^DjW. It is convenient to parametrize 

F s = V3m 3/2 (K S s)~ 1/2 sin 9e~ iys , 

F t = V3m 3/2 (K T f r l/2 cos6e- iYT , (15.40) 

where we defined the gravitino mass m 3 / 2 = exp(G/2), with G — K+ log | W\ 2 ; this 
parametrization is automatically consistent with the observed approximate value Vo = 0. 
The goldstino angle 6 measures the relative magnitudes of .S'- and '/’-induced SUSY 
breaking. There are arbitrary phases y$, yr, potentially relevant for CP violation in the 
theory, but which we ignore in the following for simplicity. 

Regarding the auxiliary field vevs as spurions for SUSY breaking, the 4d Af — 1 super¬ 
gravity lagrangian produces the following soft terms 

£soft = \{M a X a 1 a + h.c.) - ;n 2 C*“C“ 

- (^A aPy Y a p y C a C^C Y + Bp.H u H d + h.c.) , (15.41) 

with M a , m a , A a p y and B defined by (2.104)-(2.107), and C a , Y a p y , p. defined by (2.108), 
(2.109), (2.110). From now on we omit hats, and turn to the application of these general 
formulae to the different classes of string embeddings of the SM. 


15.5.2 Heterotic compactifications 

Recall from Chapter 9 the leading order gauge kinetic functions and charged matter Kahler 
metrics 


fa = k a S- K a = (T + T *)"-, 


(15.42) 


where k a are the gauge Kac-Moody levels, and n a are the modular weights. In large vol¬ 
ume smooth CY compactifications n a — — 1, while for toroidal orbifolds other (integer) 
values are possible. The soft terms computed from the above formulae are 

M a = V3m 3 / 2 sin0, 
m 2 — m^i 2 ( 1 + n a cos 2 0), 

A a p y = -v / 3m 3/ 2(sin0 + cosda> a p Y ), (15.43) 


where 


(Oapy 


1 

V5 


3 + n a + np + riy — (T + T*) 


Ycifiy 
Ycifiy _ 


(15.44) 
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Incidentally, the last term in co vanishes in cases with constant Yukawa couplings, e.g. for 
untwisted sector fields or Z 2 twisted sector fields in toroidal orbifolds; it is also negligible 
for Yukawas among fields at the same fixed point, as they are approximately constant in 
the large T limit. 

Concerning the B-term for the Higgs fields H u , II one obtains the results 

(a) = -m 3 / 2 [l + V3sin0 + cos0(3 + n Hu +n Hd )\, (15.45) 

(b) Bz = 2a77 3 / 2 CI + cos 0), (15.46) 

with case (a) when there is an explicit pt -term in the superpotential, and case (b) if it is 
induced by the presence of a non-vanishing Z-term in the Higgs field Kahler metrics. 
The latter possibility arises, e.g., in certain toroidal orbifolds of even order, as explained 
in Section 9.3.1, page 275. An actual realization of this mechanism would require the 
construction of a realistic model where the fields Cj, Cj in (9.48) play the role of Higgs 
fields. No such models have been constructed hitherto, so the idea remains a tantalizing 
suggestion rather than a working mechanism. 

From (15.43) one observes that a general feature of modulus mediated SUSY breaking in 
heterotic models is that scalar masses are always smaller than gaugino masses. This pattern 
survives upon renormalization group running down to the weak scale, as described later in 
Section 15.6.1. An interesting feature is that scalars may actually become tachyonic for 
cos 2 0 > \/\n a \, thus constraining the value of the goldstino angle in terms of the modular 
weights present in the model. We now turn to further soft term patterns in two interesting 
limits. 


Dilaton domination 

For sind = 1 the auxiliary field of the dilaton F s dominates SUSY breaking, and leads to 
the remarkably simple and universal soft terms 

m a = HJ 3 / 2 , M a — ±s/3my/2, A a p y = -M a , (15.47) 

where the gaugino mass sign relates to the choice of phase yg. The model independence 
of soft terms in dilaton domination follows from the universal couplings of the dilaton in 
all heterotic compactifications; it is worth emphasizing that this implies universality of soft 
scalar masses, a good starting point to avoid FCNC in the low-energy theory. In practice 
the main challenge is to actually realize heterotic compactifications in which the dilaton 
dominates SUSY breaking. 


T-modulus domination 

For sin0 =0, SUSY breaking is dominated by the auxiliary field of the overall Kahler 
modulus T. From the above expressions, tachyons are avoided only for n a = — 1. In that 
case we also have w a p y = 0 , and the soft terms are 


ttt-a — AIq — A a p y — 0, 


(15.48) 
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namely, a no-scale structure with vanishing soft terms. Concerning the B-terms, cos 0 = ± 1 
produces B^ = —wt 3 / 2 (l ± 1) and Bz — ± 1). So, for cost? = —1, we also have 

B^ = Bz — 0, while cost? = 1 yields If, = —2m 2 ,j2 and By = 4m-}/2- 
Given the vanishing of the above soft terms at classical level, one-loop corrections to the 
gauge kinetic functions and the Kahler potential become relevant. Those corrections are 
rather model dependent, so it is difficult to draw general lessons. Still some partial results 
can be obtained in abelian toroidal orbifolds, in which such corrections are computable, 
recall (9.102), (9.106). The one-loop gauge kinetic function (9.106) can indeed be used to 
obtain one-loop corrected gaugino mass, with the result 


M a 


kqY 

Re/« 


V3i 


m/2 


. B' a (T+ T*)G 2 (T, T*) 

sm 9 + —-- 

16\/3 n 3 k a Y 



sos y 1/2 

24jt 2 T ) 


cos 9 


with 


Y = S + S* 


Scs 

87T 2 


log(r + T% 


K = b a- ^GS i 


(15.49) 


where Sqs is the constant introduced in Section 9.6.1. Including the one-loop S-T mixing 
term in the Kahler potential, the scalar masses read 


2 2 
m a = m 3/2 


-1 


i — I 1 COS 2 6 

24:t 2 Y 


(15.50) 


In the sin 0 —> 0 limit we have 


m 2 (sm0 -> 0) ~ OT3/2 f 24 ^.2y ) - " m 3 / 2 ' 5 GS X 10 


,-3 


(15.51) 


In all known orbifold examples <5qs is a negative (integer) number, and so tachyons are 
avoided; in such examples, and for not too large Re T , scalar masses turn out to be larger 
than gaugino masses, in contrast with the dilaton domination picture. Another novel fea¬ 
ture of T -modulus dominance is that soft terms are suppressed compared to the gravitino 
mass, a potentially interesting mechanism to overcome the cosmological gravitino prob¬ 
lem mentioned in Section 16.6.3. Despite these interesting properties, the main drawbacks 
of T -modulus domination are its model dependence, and the lack of analytic control over 
one-loop corrections and other possible competing contributions, like anomaly mediation 
contributions. 


15.5.3 Type IIB orientifolds 

Let us now apply the general formalism of Section 15.5.1 to type IIB orientifold compact- 
ifications. We focus on configurations where the MSSM sector is localized on D3- and/or 
D7-branes, since the soft term structure in D9/D5-brane systems is similar in the simplest 
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examples. Also, we do not consider type IIA orientifolds, whose results are related by 
mirror symmetry . 1 


Soft terms on D3-branes 


Recalling (12.56), (12.41), D3-branes on a compact CY with overall Kahler modulus T 
have gauge kinetic functions f a = S (absorbing a 2/r factor in the definition of the moduli 
from now on) and a chiral multiplet Kahler metric K 33 = 1 /('/’ + T*). These are identical 
to the heterotic case with modular weight n a = — 1; since the Kahler potential is also given 
by (15.38), the computation of soft terms is identical to the heterotic case, and yields 



(15.52) 


The result is slightly simpler because all D3-D3 fields have “modular weight” — 1, and 
their Yukawa couplings are moduli independent, and so co a py = 0. The above soft terms 
apply also to models of D3-branes at singularities, studied in Section 11.3, and therefore 
to the semi-realistic particle physics models therein. As in the heterotic case, there are two 
interesting limits: 

• For sin@ = 1 there is dilaton dominance producing the soft terms (15.47). These can 
be checked to agree with the soft terms on D3-branes from IASD (3, 0) 3-form fluxes 
in Section 15.4.1; this dovetails the identification of such flux component with a non¬ 
vanishing vev for Fg, recall Section 15.4.2. Since pure IASD fluxes do not in principle 
provide minima of the flux potential, it is difficult to achieve pure dilaton dominated soft 
terms in type IIB models with D3-branes. 

• For sin 0 = 0 we have modulus domination, and we recover a no-scale result (15.48), 
with vanishing soft terms to leading order. Again, one-loop and other sub-leading effects 
may now become relevant, e.g. the (/-correction (12.17), which spoils the no-scale struc¬ 
ture and thus produces non-vanishing contributions to soft terms. Other corrections may 
appear from the contributions of twisted moduli to gauge kinetic functions of D3-branes 
at singularities, recall Section 12.3.2. In addition, one-loop anomaly mediation terms 
may also be non-negligible. As in the heterotic case, soft terms in T -modulus domination 
are in general very model dependent. 

Soft terms on D7-branes 

Consider now soft terms for open string fields on stacks of coincident D7-branes, with 
vanishing worldvolume fluxes, wrapped on a 4-cycle which for simplicity we take to be 
T 4 . The gauge kinetic function is f a = T and the Kahler metrics for Wilson line moduli 

1 Note that mirror symmetry maps, e.g., type IIB 7 -modulus dominance into type IIA (/-modulus dominance. However, this is 
the interesting case from the type IIA perspective as well, since its gauge kinetic functions do not depend on Kahler moduli, 
so T -modulus dominance produces vanishing gaugino masses. 
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7. 7. 

Cwl and D7-brane position moduli Cp os . (denoted C -' and C i ' in Section 12.2) may be 
obtained from (12.38), 

Kwl = T + ; ^Pos. = s + ! ■ (15.53) 

Recalling (12.74), there is also a Yukawa coupling Cwi.C'wi.Cpos.- We consider the most 
interesting case of T -modulus dominance, since it occurs for SUSY breaking (0, 3) 3-form 
fluxes, which are ISD and thus provide minima of the flux superpotential. The soft terms 
obtained from (2.104), (2.105), (2.106), and (2.107) read 

M = my 2 , = 0, m£ os . = M 2 , A = -M, B = -2M, (15.54) 

where the /l-term value assumes an explicit //-term. In contrast with the D3-brane case, 
T -modulus dominance produces non-vanishing soft terms for most fields. As expected, the 
above soft terms agree with the microscopic computation in Section 15.4.1 of soft terms 
induced by ISD (0, 3) fluxes (15.32) (modulo a sign convention for B). 

Wilson line moduli remain massless (due to their underlying nature of 8d gauge boson 
components), but they are typically absent for more generic choices of the wrapped 4-cycle. 
If present, the C\v[.C\vi.Cp 0 s. Yukawa couplings motivates the model building possibility of 
letting Cpos. and Cwl play the role of Higgs fields and quark/lepton multiplets respectively; 
the resulting soft term pattern of massless squarks and sleptons and massive gauginos and 
Higgs multiplets is sometimes called gaugino domination. 

Consider now a stack of coincident D7-branes, with non-trivial but identical worldvol- 
ume magnetic flux F. This modifies the gauge kinetic function and the Kahler metric for 
the D7-brane position modulus. Using (12.55) and (12.36) to get an estimate, we find 

Re f a = Re T(1 + |T| 2 ), K Pos . = + \F\ 2 ), (15.55) 

where one has F — «(Re S'/Re 7’) l/2 , with n proportional to the flux quanta; the Kahler 
metrics for Wilson line moduli Cwl are not corrected by worldvolume fluxes. For large 
volume (diluted fluxes) these corrections are suppressed, and the soft terms for T -modulus 
dominance read 

m %l = 0, mp os = M 2 (l - 2p), A = -M{ 1 - p), (15.56) 

where p oc 1 / (T + T*). Hence, the presence of worldvolume fluxes does not modify the 
general qualitative structure of the soft terms. 

Soft terms for matter at D7-brane intersections 

Some of the most interesting MSSM-like string vacua are based on configurations of inter¬ 
secting (and magnetized) D7-branes, e.g. the example in Sections 11.4.2 and 12.6, and the 
SM matter fields are localized at D7-brane intersections; the S, T dependent part of their 
Kahler metric, in the absence of magnetic fluxes, is (12.40): 

1 

(s + s*) 1 / 2 (t + r*) 1 / 2 " 


K c iiij = 


(15.57) 
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Table 15.2 Structure of soft terms for different kinds of fields in intersecting D7-brane 
configurations 


Coupling 

M 

2 

m L 

2 

m R 

2 

m H 

A 

B 

(CwL-CwL-Cpos.) 

M 

0 

0 

\M\ 2 

-M 

-2 M 

(Cy i y j -Cy j y i -Cwh) 

M 

\M \ 2 

2 

\M \ 2 

2 

0 

-M 

0 

( C 7i7j-Cl j l k -Ci k y i ) 

M 

|M| 2 

2 

M 2 

2 

|M[ 2 

2 

-3/2 M 

-M 


There are several possible Yukawa coupling structures, as summarized in Section 12.5.2. 
For the Yukawa coupling Cy i y ] Cy p k Cy k y i involving three intersecting D7-branes, modulus 
dominance yields 

2 |M | 2 3 

M = my, 2 , m 2 c 7 . 7 . = A = -- M, B — -M, (15.58) 

where again an explicit /r-term is assumed. The most relevant point is that all sparticles get 
masses. For the Yukawa coupling C 7.7 . Cy j y i C’wl, the soft terms are 

M = HI 3 / 2 , m 2 7;7 . = ^y-, m %L = 0, A = —M, B = 0. (15.59) 

A summary of the three types of modulus dominance soft terms for different D7-brane con¬ 
figurations is given in Table 15.2. For illustration, consider the toroidal Zy x Zy MSSM-like 
model in Sections 11.4.2 and 12.6. All SM matter fields localize at D7-brane intersections, 
and only the SU(3 + 1) D7-branes have worldvolume magnetic flux. In the dilute flux limit 
the soft terms from modulus dominance are given by the third line in Table 15.2. 

Soft terms on local D7-brane configurations 

In the above discussion, SUSY breaking on D7-branes is characterized in terms of a single 
overall Kahler modulus T, in the large volume regime. This may not be an appropri¬ 
ate description for D7-branes wrapping 4-cycles whose volume is independent from (and 
may be parametrically smaller than) the overall CY size; for instance, in the large volume 
scenario of Section 15.3.2, or the F-theory models in Section 11.5. 

These situations are better modeled in terms of two Kahler moduli, T s , 7),, controlling 
the wrapped 4-cycle and overall CY sizes, respectively, as in the simplest setting in the 
large volume scenario. The soft terms on the D7-brane may be computed from the above 
general formalism, and turn out to be mainly determined by the auxiliary field of T s , as 
we now show. We consider a general topology for the wrapped 4-cycle, since the present 
models are realized in non-toroidal setups. Although the matter field Kahler metrics are 
not known, their dependence on the moduli can be determined by scaling arguments in the 
regime r/, ^ r v ^ I (where recall that 77, = Re 7),, r s = Re T s ). Specifically, one proposes 
the Kahler metric for matter fields at intersections to follow the ansatz 
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a-s«) 

K a = -i -, (15.60) 

n 

where plays the role of modular weights, whose leading behavior we compute in the 
following. Recall that the physical Yukawa couplings Y a a y are related to the holomorphic 
Y$ y by(UJ3),i.e. 


Y aPy = e K ' 2 


v (0) 

I ctPy 


(■ K a KpK y )V 2 ' 


(15.61) 


Also, from (12.72), in type IIB models K (()) is independent of the Kahler moduli. Then 
using (15.20), the physical Yukawa coupling scales as 


Ya fly — 


— 3)/2 


(15.62) 


The dependence on the large modulus T/ ; drops at leading order in r s /r/,, as expected for a 
model whose physics is essentially localized on the 4-cycle. This justifies a posteriori the 
tfc dependence of the ansatz (15.60). The r s dependence can be analyzed by recalling that 
Yukawa coupling arises from local zero mode overlap integrals 

Yoifiy ~ J (15.63) 

with zero mode wave functions normalized as 

f \* a \ 2 = f \Vp\ 2 = f \Vy\ 2 =l- (15.64) 

For the case of three fields localized on 2d subspaces at D7-brane intersections, this nor¬ 
malization implies a scaling ~ r s for the zero modes, and hence Y ~ r~ 3/ ’ 4 for 
the physical Yukawa. Comparing with (15.62) yields £„ = 1/2 for the three fields involved. 
Hence for fields at D7-brane intersections 

r 1/2 

K a = —. (15.65) 

n 

Incidentally, note that setting r/, ~ r s reproduces the metrics of fields at intersections in 
toroidal models; the result (15.65) is, however, general in the limit r s r b . 

Using the gauge kinetic function f a = T s and the Kahler metric (15.65), we can com¬ 
pute the soft terms induced by Fj b and Fj s . The result is actually independent of Fj h , as 

expected from locality, and is again given by Table 15.2, now with M = Ft s /(T s + T*); 
the modulus dominance regime thus corresponds to 7’ v -modulus dominance. Note that the 
above derivations and results rely only on the geometric properties of 7-branes and their 
intersections, and hence apply also to the local F-theory models in Section 11.5, in which 
7-branes wrap local del Pezzo surfaces. 




510 


Moduli stabilization and supersymmetry breaking in string theory 


15.6 Modulus/dilaton dominated SUSY breaking spectra and the LHC 

The assumption of dilaton and/or modulus domination in SUSY breaking may be quite 
predictive in specific cases. For instance, in dilaton domination in heterotic and type IIB 
D3-brane models, or in T -modulus domination in type IIB intersecting D7-brane models. 
In these cases, essentially all soft terms are determined by two parameters, a universal 
gaugino mass M and the Higgs /i-term. In other cases, like /’-modulus domination in 
heterotic or type IIB D3-brane models, soft terms vanish at leading order and sub-leading 
contributions, like one-loop corrections, become relevant. Since the latter are very model 
dependent, for illustrative purposes we focus on cases with non-vanishing soft terms at 
leading order. 


15.6.1 Computation of sparticle spectrum 


The soft terms computed in previous sections should be taken as boundary conditions 
at a large string/GUT scale, for subsequent renormalization group (RG) running to low 
energies, to be experimentally tested in the coming years. 

There are a number of constraints that the resulting low-energy parameters must satisfy. 
For instance, the RG evolution of Higgs doublet masses should trigger electroweak (EW) 
symmetry breaking at the right scale, as discussed in Section 2.6.3. This extra condition 
reduces the two free parameters to just one. The condition (2.83) of correct SU(2)i x U (l)y 
breaking may be rewritten as 




2 


- m H „^ f + m 2 Hd 
tan 2 yS — 1 



(15.66) 


with sin 2/3 — 2| Bp |/(/r 2 + p? d ), tan ft = v u /vd , all taken at the EW scale. It is convenient 
to trade /i for tan f and use M, tan f (and the sign of /i) as the free parameters before 
imposing EW symmetry breaking. This low-energy condition yields complicated relation¬ 
ships among the input soft parameters. In practice the renormalization group equations are 
solved with standard numerical codes, to run soft terms from the string to the weak scale, 
and to compute the low-energy SUSY spectrum and the Higgs potential. 

The resulting low-energy spectrum must in addition pass a number of experimental con¬ 
straints, including: present mass bounds for SUSY particles and the lightest Higgs boson; 
constraints from rare processes like b —> sy and B® —» p + p.~\ limits from measurements 
of the muon anomalous magnetic moment a d . If in addition one requires neutralinos to 
provide the correct cosmological dark matter density, there are extra constraints from, e.g., 
the WMAP data. In the situation with a single independent parameter, this long list of 
experimental constraints leads to a predictive scenario, where an eventual measurement of 
a single sparticle mass in principle determines the whole SUSY spectrum. 

As an illustration, consider the case of modulus dominance in models with quarks and 
leptons on type IIB intersecting D7-branes. The two Yukawa coupling structures, leading to 
soft terms (15.59), (15.58), may be analyzed jointly by formally taking the Higgs modular 
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weight as a free parameter, with = 1, 1/2 reproducing the two limits. Then the soft 
terms for the different MSSM fields are 


mL.E.Q.u.D 2 = \M\ 2 /2, m h u , H d 2 = (1 - %h)\M\ 2 , 

Au, d ,l = —M(2 - Sh), B = —2M(1 - $ H ). (15.67) 

These high-scale boundary conditions should be run down to low energies. For illustration, 
we take the high scale to be the gauge coupling unification scale Mqut — 2 x 10 16 GeV, 
and present a sample of the resulting SUSY spectra, for M — 400 GeV and // < 0; it is 
shown in Figure 15.6 as a function of tan ft, and for both cases with = 1/2, 1. In this 
figure g stands for the gluino, h is the lightest /;-squark, and t the lightest top squark. The 
squarks of the first two families have masses similar to that of the h squark for small tan ft, 
and charged sleptons have masses of the order of the sneutrino v. Also / , X° are the 
charginos and the lightest neutralino, and li°, A 0 are the lightest scalar and pseudoscalar 
Higgses respectively. Both figures yield quite similar results, approximately compatible 
with the ratios 


Mg : m q : mj : M x ± : M x o = 1 : 0.84 : 0.34 : 0.4 : 0.18, (15.68) 

for the first two generations of squarks and sleptons. Note that, for not too large tan ft, the 
lightest neutralino is the lightest supersymmetric particle (LSP); for large tan ft the lightest 
stau becomes lighter, because its Yukawa is proportional to 1/ cos ft, and the running to 
low energies decreases the squared masses for large Yukawas. Preventing it from becoming 
tachyonic implies the bounds tan ft < 45 GeV for /// = 1/2, and tan ft < 55 for = 1 ■ 

It is also interesting to see the present experimental and theoretical constraints on the 
parameters; these are shown in the (M, tan ft) -plane in Figure 15.7, for = 0.6 and 
= 1. Dark grey regions are excluded by experimental bounds, as follows: the area 
below the thin dashed line is ruled out by the lower bound on the lightest Higgs mass; the 
region below the thin dotted line is excluded by the lower bounds on the stau and chargino 
masses; the area below the thick dashed line is excluded by b—± sy; the region below 
the double-dot/dashed line is excluded by B® —> /x + /x _ ; finally, the thin dot-dashed lines 
correspond to the lower and upper constraint on the muon anomalous magnetic moment 
a q . The area to the right of the solid line has the stau as the LSP, and is depicted in light 
grey when experimental constraints are fulfilled. In the remaining white area the neutralino 
is the LSP. 

The thick dot-dashed lines correspond to parameters consistent with the boundary con¬ 
ditions for the B-parameter, which are theoretically more uncertain, since they rely on 
the assumption of having an explicit /x-term; this more model dependent constraint thus 
restricts M and tan ft to those lines. For those models, the neutralino is mostly bino, and if 
stable produces a thermal relic density easily exceeding the WMAP constraints on dark 
matter. This is known to happen for most of the parameter space of the CMSSM, as 
already remarked in Section 2.6.1. In our case the correct neutralino abundance is repro¬ 
duced only for neutralino masses close to the stau mass, to enhance coannihilation and so 
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Figure 15.6 Low-energy supersymmetric spectrum as a function of tan/S for = 1/2, (left) and 
= 1 (right) with M = 400 GeV and fi < 0. The dashed area for large tan /3 is excluded by the 
occurrence of tachyons in the slepton sector. 

deplete the neutralino density. The surviving regions correspond to very narrow bands in 
the vicinity of the area with stau LSP, favoring a very narrow range of (typically large) 
values for tan /}. Using the boundary condition for the fi-term one may obtain appropriate 
relic neutralino abundance for ~ 0.6, in which case the thick dot-dashed curve lies in the 
vicinity of the coannihilation region (thus justifying the choice of showing the = 0.6 
plot in Figure 15.7, rather than £// = 1/2). This strongly resembles the result for config¬ 
urations with all particles at 7-brane intersections, i.e. = 0.5, with small deviations 
possibly due to sub-leading corrections from, e.g., worldvolume fluxes. Alternatively, the 
whole white area would be consistent with standard cosmology if there is R-parity violation 
and the LSP is unstable, in which case dark matter should come from another source. 
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Figure 15.7 Effect of various experimental constraints on the ( M , tan/3)-plane for Higgs modular 
weights = 0.6 and §# = 1. 


In the R-parity preserving case, observation (or bounds from the non-observation) of 
missing energy signals from squarks and gluinos at the LHC will allow to test this inter¬ 
secting 7-brane scheme for certain ranges of M. For instance, a luminosity of 1 fb -1 at 
14 TeV allows to explore the region M < 650 GeV, enough to start probing regions of con¬ 
sistent radiative EW symmetry breaking fulfilling all experimental constraints and with 
viable neutralino dark matter; in these areas, gluino and squark masses are m „ < 1.5 TeV 
and Mq < 1.3 TeV, while neutralino masses are m -o < 300 GeV. With a luminosity of 
10 fb -1 at 14 TeV, the LHC would be able to explore the whole region of the parame¬ 
ter space with M < 900 GeV; this corresponds to gluinos and squarks with m „ <2 TeV 
and niq <1.8 TeV, and neutralinos with m< 400 GeV. 

A similar analysis may be performed for the dilaton domination boundary conditions 
(15.47). The running from a high scale ~ 10 16 GeV down to the weak scale yields a struc¬ 
ture for the spectrum with 


Mg : nig : = 1 : 0.93 : 0.32, 


(15.69) 
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which is qualitatively similar to (but still distinct from) that of modulus domination with 
intersecting D7-branes. In both cases gluinos are slightly heavier than squarks, and sleptons 
are a factor ~3 times lighter. In the case with a By term, radiative electroweak symmetry 
breaking does not work in dilaton domination, but it can be implemented in the alternative 
case of a B^ term, as in (15.45). 

These two examples of modulus dominance in intersecting 7-branes and dilaton domi¬ 
nation, show how, if SUSY is found, we might be able to obtain important information on 
the underlying string compactification. General natural assumptions about the origin of the 
SM spectrum and the origin of SUSY breaking in string theory lead to testable predictions. 
A final point to remark is that, in both scenarios, the minima with correct electroweak 
symmetry breaking are not absolute minima; rather there are other lower minima, typically 
breaking charge and color symmetries. This is however not problematic, since the decay 
lifetime of the meta-stable vacua has been shown to be longer than the age of the universe. 


15.6.2 Soft terms, FCNC, and complex phases 

There are other possible signatures of SUSY breaking soft terms in low-energy physics, 
like the already mentioned b —> sy, B® —> pt + p.~ and . In general SUSY models, there 
are also potentially more dangerous FCNC contributions to kaon physics, if soft terms 
(scalar masses and A-parameters) are not sufficiently universal, i.e. flavour independent. 
As we have seen, soft-terms coming from dilaton or T -modulus dominance are, at leading 
order in a' and loop effects, universal. This does not contradict the existence of rich flavour 
patterns in the Yukawa sector, since SUSY breaking and Yukawas are controlled by differ¬ 
ent moduli sectors; for instance, in type IIB models the holomorphic Yukawas depend on 
complex structure moduli, which play no role in the SUSY breaking dynamics in the sce¬ 
nario of Kahler modulus domination. So there is a built-in decoupling between the Yukawa 
structure and modulus dominated SUSY breaking. 

A possible exception to soft term universality may occur in heterotic models with differ¬ 
ent modular weights for the different families, which would result in different soft masses; 
however in all constructions to date the SM fields have all the same overall modular weight, 
either n = -1 or« = —2. 

As noted in Section 2.6.3, another generic problem of low-energy SUSY models is the 
possible generation of large contributions to CP violating processes, like the electric dipole 
moment of the neutron. Indeed, if soft terms like gaugino masses, A and B parameters, and 
/x, are generated with arbitrary phases, their contributions to the neutron electric dipole 
moment are generically too large, contradicting experimental bounds. In the dilaton and/or 
modulus SUSY breaking scenario, such phases arise from the phases ys, yy of auxiliary 
fields (15.40), which would thus be severely constrained. There is however a natural mech¬ 
anism to overcome these potential problems; if SUSY breaking is due to a single auxiliary 
field vev, e.g. Ft, its phase is unphysical and can be rotated away from all soft terms. Thus 
absence of large CP violation effects may be an indication that, in this scheme, SUSY 
breaking is essentially sourced by a single field. 
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15.7 Other mediation mechanisms in string theory 

Gravity and moduli appear as natural mediators of SUSY breaking in string theory. Still it is 
natural to ask whether other mechanisms mentioned in Section 2.6.5 are also possible. With 
a supergravity effective action, it is clear that one-loop anomaly mediation SUSY breaking 
contributions will be generically present; indeed, we already mentioned that in some cases 
in which moduli SUSY breaking contributions are suppressed the anomaly mediation terms 
cannot be neglected. However, a situation with full anomaly mediation dominance requires 
sequestering the SM sector away from the SUSY breaking sector, in particular preventing 
moduli from participating in the SUSY breaking transmission. Although localization of 
the SM sector on warped throats could in principle help in its sequestering from bulk CY 
dynamics, fully realistic implementations of the sequestering idea within string theory have 
proven difficult. 

Another popular idea for SUSY breaking and transmission is gauge mediation. A gen¬ 
eral feature of this scenario is that the required ingredients are purely field theoretical, and 
therefore insensitive to UV physics. Still, it is reasonable to consider string theory embed¬ 
dings of models of gauge mediated SUSY breaking; this requires full moduli stabilization 
at a high energy, leaving a 4d Af — 1 rigid supersymmetric theory at lower energies, in 
which dynamical SUSY breaking (and its mediation to the SM) can subsequently occur. 
Due to this prior requirement of full SUSY moduli stabilization with Af = 1, the potential 
construction of explicit models is notoriously hard already from the start; in addition, given 
the lack of a canonical or minimal model of gauge mediation, most attempts to describe 
gauge mediation in string theory in practice focus on the realization of gauge sectors with 
dynamical SUSY breaking. This has been most successfully addressed in the context of 
type II models with D-branes, given their flexibility to engineer non-trivial gauge sectors, 
and the geometric implementation of decoupling gravitational and moduli dynamics using 
non-compact models. 

Despite the UV insensitivity of the whole scenario, there are several instances in which 
string theory ingredients or concepts are useful for dynamical SUSY breaking. The first 
is the rich non-perturbative dynamics in string theory, which as described in Section 13.1 
includes D-brane instanton effects, in addition to those in gauge theories. These can induce 
contributions to the superpotential relevant for dynamical SUSY breaking, with naturally 
hierarchically small coefficients due to the e~ l ' gs suppression. The second is the use of 
holography in the context of the gauge/gravity correspondence, Sections 6.4 and 14.1.3; in 
particular, the construction of gravitational duals of gauge theories with dynamical SUSY 
breaking, in terms of warped throats with a SUSY breaking source at its infrared end. 


Meta-stable field theory vacua in SQCD and string theory* 

Gauge field theories with spontaneous SUSY breaking at their global minimum exist, but 
are usually rather complicated, and often non-calculable due to the strong dynamics. There 
are, however, very simple models with non-SUSY local minima, which are meta-stable 
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but long-lived against decay to an absolute SUSY minimum; they can be used as SUSY 
breaking sectors for all practical purposes. 

Remarkably enough, such situation can be realized in the SQCD theories introduced 
in Section 2.5.1, in the so-called Intriligator-Seiberg-Shih (ISS) model. It is based on 4d 
J\f = 1 SU(N C ) SQCD, with N f massive flavours with masses much smaller than the scale 
A of strong gauge dynamics. In the free magnetic range N c + 1 < Nf < ^ /V,., the Seiberg 
dual theory is weakly coupled, and describes most efficiently the exact infrared dynamics. 
The dual is a SU(Nf — N c ) theory, with Nf flavours q, q, transforming in the (□; □, 1), 
(□; 1, □) under the gauge and SU(Nf)L x SU(N f)R global chiral symmetry, and gauge 
singlets <t> in the (1; □, □), with superpotential (assuming equal flavour masses) 

W = h q <t> q + hfi 2 tr <t>, (15.70) 

with ji essentially the original (small) flavour mass, and h an 0(1) parameter. 

The F-term condition 3 W /dO = qq — 1 Nf = 0 cannot be satisfied, since qq has rank 
at most N c , strictly smaller than Nf, and there is SUSY breaking. There is a classical flat 
direction of non-SUSY vacua along <I>, which is lifted by one-loop effects, leading to a 
local non-SUSY minimum at (<t>) = 0. Inclusion of SU(Nf — N c ) non-perturbative effects 
shows the existence of N c SUSY vacua in the large (<f>) region, as expected from the 
original SU(N C ) theory. The minimum at the origin is however meta-stable and long-lived, 
leading to SUSY breaking at a scale controlled by the dimensionful parameter ft, which in 
this simple model must be tuned to parametrically low values. 

Given its simplicity, it is natural to consider the realization of this SUSY breaking model 
in string theory. There are fairly explicit such implementations based on local models of 
D3-branes at CY singularities of Section 11.3.4, in particular quotients of the conifold 
theory (11.72). The realization of the SQCD theory is easily achieved by, e.g., engineer¬ 
ing D3-brane theories with gauge group SU(N C ) x SU(Nf), with bi-fundamentals (□, □), 
(□, □), and taking the SU(Nf) coupling very small to effectively reduce it to a global 
symmetry. Although there are no perturbative mass terms for these flavours, they can be 
generated by non-perturbative instantons from D-branes wrapped on the collapsed cycles 
in the singular geometry. The instanton fermion zero modes and their interactions can 
be easily described in terms of dimer diagrams. In suitable examples, they can produce 
the desired flavour masses in analogy with the mechanism in Section 13.1.3. This non- 
perturbative origin in string theory thus provides a natural explanation for the smallness of 
these mass terms in the ISS model. 

The meta-stable non-SUSY vacuum is difficult to establish using the weak coupling 
description of the D-brane system, due to the role of strong gauge dynamics implicit in the 
Seiberg duality. However systems of D3-branes at CY singularities, at strong coupling, 
admit a holographic dual description in terms of warped throats; in particular, models 
based on quotients of the conifold inherit the structure of the deformed conifold warped 
throat in Section 14.1.3. In this holographic description, the non-SUSY vacua are con¬ 
vincingly related to systems of antibranes at the bottom of the throat, in an interesting 
link with the uplifting mechanism used in Section 15.3.1. The meta-stability against decay 
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to a SUSY configuration with no antibranes is associated to possible flux/brane annihi¬ 
lation processes, allowed because they carry opposite charges, as manifest in the tadpole 
conditions (15.17). 

This example thus nicely illustrates the two uses of string theory ingredients in the 
discussion of dynamical SUSY breaking. 
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Further phenomenological properties. 
Strings and cosmology 


In previous chapters we have considered the main properties of the 4d effective action 
of string compactifications, regarding low-energy particle spectra, anomaly cancellation, 
Yukawa couplings, supersymmetry breaking soft terms, and moduli fixing. In this chapter 
we discuss in more detail several other general phenomenological features of string theory 
models of particle physics. These include the possible range of the string scale, gauge 
coupling unification, axions, baryon and lepton number violation, Z'-bosons, and possible 
signatures of low-scale string models. We also introduce some aspects of string cosmology 
and inflation. 


16.1 Scales and unification in string theory 

In string compactifications there are two most important scales, the string scale M s = 
a' -1 / 2 , which controls the mass of string excitations, and the Planck scale M p — 1.2 x 
10 19 GeV, which controls the strength of gravitational interactions; within each kind of 
string compactifications, they are related by the gauge coupling and/or internal volume 
factors, but these relations differ for the various classes of compactifications. In addition 
there are other scales, associated to the geometry of the internal manifold, which control 
the mass of KK replicas. In this section we describe the structure of scales in different 
types of compactifications, and overview the status of gauge coupling unification and its 
scale; a brief summary is provided at the end of Section 16.1.3. 


16.1.1 Heterotic compactifications: scales and unification 

Perturbative heterotic models 

In Section 9.1.2 we showed that in perturbative heterotic compactifications the tree level 
relation between the Planck and string scales is 

M] =—aM 2 (16.1) 

16 ' 

where a is the fine structure constant of the gauge interaction and k the corresponding 
Kac-Moody level, see Section 9.4. In realistic particle physics models, the values for SM 
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or GUT couplings fix a ~ 1 /24, and hence there is little flexibility for the value of the 
string scale, which must lie slightly below the Planck scale. 

In a compactification with the SM group below the string scale, the corresponding gauge 
couplings (at the string scale) are related by 


= kioii = 


16 M 2 
~Mj~ 


(16.2) 


where, as in section 9.4, £ 2 , £3 are the SU ( 2) and SU( 3) Kac-Moody levels, and k\ is 
the U(l)y normalization factor. In the usual compactifications, £2 = £3 = 1, whereas k\ is 
model dependent, with the GUT-like value k\ =5/3 arising in models with an underlying 
GUT group (e.g broken by discrete Wilson lines). Therefore, in the simplest perturbative 
heterotic compactifications there is unification of gauge coupling constants, even in the 
absence of an explicit 4d GUT symmetry. 

Assuming further that the model contains just the MSSM spectrum below the string 
scale, it is possible to run down the coupling constants to, e.g., the electroweak (EW) scale 
~ M z , by using the renormalization group equations (RGEs). For kn — £3 = 1 the one-loop 
relationships are 


sin 9w(M z ) = 

1 + k 1 


1 k\a(M z ) 

2 it 



log 


Mg 

M z 


(16.3) 


1 

u s (M z ) 


1 

1 +*1 


1 

a(M z ) 


1 

2 it 


[b 1 +b 2 - (1 + * 1 ) £>3 ] log 


Mg I 
M Z I 


where Mq = 5.27 x g s x 10 17 GeV is the effective string scale appropriate for the one-loop 
RGEs, as in Section 9.6.1. As discussed in Section 2.6.2 the RGE running for k\ =5/3 
yields unification around the scale 2 x 10 16 GeV, with sin 2 0\\/(M z ) = 0.23 and 013 (Mz) = 
0.12, in good agreement with experimental data. Thus the string unification scale Mq 
is about a factor 20 higher than the standard GUT scale, and gives sin 2 9\y = 0.22 and 
0:3 = 0.19 at the weak scale, in disagreement with data; this is the gauge unification prob¬ 
lem of perturbative heterotic compactifications. 

This may not be a severe problem, since the heterotic unification picture is still valid 
grosso modo, and there may be further corrections potentially improving the quantitative 
aspects. For instance, the hypercharge normalization factor k\ may differ from the canon¬ 
ical SU( 5) GUT value. Indeed, a slightly smaller value k\ ~ 1.4 substantially improves 
the agreement with the low-energy couplings, as depicted in Figure 16.1(a). Such small 
values for k\ can actually be realized, e.g. in examples of heterotic compactifications in 
the fermionic construction, although (due to extra matter beyond the MSSM) there is no 
explicit example solving the unification problem based on this idea. 

A second source of modifications is that most of the realistic heterotic compactifications 
contain additional matter fields beyond the MSSM, which can modify the gauge coupling 
running. Even for heterotic models with no such additional fields at low energies, there 
are generically extra matter fields around the unification/string scale, and massive KK 
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Figure 16.1 Different possibilities for gauge coupling unification in string models, (a) A slightly 
modified k\ allows to postpone the unification scale to M s \ (b) large threshold corrections at the 
string scale; (c) extra matter fields at some intermediate scale M x focus the couplings to unification 
at M s \ (d) in type I or Horava-Witten models it is possible to have M s = Mq uj; (e) in intersecting 
D6-brane models (or their IIB mirror) the wrapped volumes can be tuned to reproduce the low-energy 
gauge couplings; (f) in models of D3-branes at singularities with a left-right symmetric gauge sector, 
couplings unify at an intermediate scale which may be identified with M s . 


and winding states, which can give important threshold contributions to gauge coupling 
unification. At the string scale the couplings are actually given by 

= k a (16;r 2 ) Re 5 + Aj hr (T n , T*, U m , U*), (16.4) 

8 a ' ' t i / 

where A^ h| includes moduli dependent threshold corrections. Such corrections can be 
computed in the orbifold case, as discussed in Section 9.6.1; a general feature in this setup 
is that at large compactification radius R. threshold corrections scale as 


A° 


(b' a - kiS GS ) 2 


(16.5) 


where b' a are the model-dependent coefficients (9.105) for the overall modulus. It is pos¬ 
sible to show that for k\ =5/3, moderate values R ~ 2 — 4, and appropriate choices of 
the coefficients b' a (compatible with reasonable patterns of modular weights for SM fields), 
one can achieve quantitative agreement with the low-energy gauge couplings, as depicted 
in Figure 16.1(b). There is, however, no known explicit heterotic model where the required 
modular weights are actually realized. 
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Yet another possibility, illustrated in Figure 16.1(c), is the presence of additional matter 
fields at an intermediate scale M x , focusing the gauge coupling running towards unifica¬ 
tion. Again, the realization of this scenario in explicit models is possible but challenging. 


Strong coupling and dual type I and Horava-Witten models 

Remarkably, there is a quite elegant solution to the perturbative heterotic unification prob¬ 
lem, by moving onto the strongly coupled regime. For compactifications of the heterotic 
SO (32) theory, this is achieved by using the dual type I string compactifications. In this set 
up, gravitational and gauge interactions arise from closed and open string sectors, respec¬ 
tively, so their strengths have different dependence on the microscopic parameters of the 
compactification. Indeed, the lOd type I action in (4.109) contains the terms 


Sio = 


/ 


710 ^ 


(2tt) 7 


(-G)’ 


g}u' A 


R - 


4V2 g s 


„/3 


Tr +■ 


(16.6) 


where g s — e$ and we have used 2 k^ 0 — (2jt) 1 a' A and K^ 0 /g 2 0 = a' /(2a/ 2). Note the dif¬ 
ferent dilaton dependence of the gravitational and gauge terms. In the heterotic case both 
terms have the same dilaton dependence, and cancel out in the coupling strength ratios, 
leading to (16.1); in type I instead, upon compactification to 4d (in which one picks up a 
6d volume factor), the relation is 


.,2 a C 8s j.,2 

Mr = —— M 


4V2 


p ' 


(16.7) 


Setting etc to the GUT value, the string scale M s can still be lowered to coincide with 
M(- ~ 10 16 by choosing an appropriately small g s , see Figure 16.1(d). This is a quite 
elegant and economical option for unification in type I models (equivalently, in the strongly 
coupled limit of the SO(32) heterotic). Incidentally, one may try to lower the string scale 
all the way down to the weak scale; however, doing this while maintaining etc — 1 /24 fixed 
requires going to compactification volumes smaller than the string length scale, so the lOd 
supergravity effective action is no longer a good approximation. In toroidal compactifica¬ 
tions, though, it is possible to apply T-duality to obtain a model with large compactification 
volume and D3-branes rather than D9-branes, in which case the theory remains under 
control. Unification in D3-brane models is described in the next section. 

An analogous idea may be implemented in E% x E% heterotic string compactification, 
whose strong coupling regime is described in terms of the Horava-Witten theory, see Sec¬ 
tion 7.5, namely M-theory on X6 x S 1 /Zt. As described in Section 9.2, the gravitational 
constant Gn and gauge fine-structure constant etc, are given in terms of the C Y volume Vg 
and the length of the interval p by 


G n 


16;r 2 V6 p ’ 


ao = 


( 4 **n ) 2/3 

214 


(16.8) 


with Afi 1 the lid gravitational constant. The unification mass can be identified as the CY 
compactification scale Mq = V 6 = (87T 2 ) -1 / 2 cy ( i/“(GArp) -1 / 3 ; plugging the values of 
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G ,v and a a = o!gut> the value Mq — Mgut = 10 16 GeV can be reproduced by setting 
1/p oc 10 l 4 GeV. This also fixes the fundamental M-theory scale at k\\~ 2 ^ ~ 2Mgut- 
The resulting hierarchy of scales is as follows: at energies below 10 14 GeV there is an 
effective theory of 4d gravitational and gauge interactions, with the latter assumed to be 
the MSSM; above this energy regime, a new dimension opens up, and there is an effec¬ 
tive description in terms of gravity on a 5d space, with the MSSM still localized on its 4d 
boundaries; thus gauge couplings have 4d running, and unify at the cutoff Mgut, defined 
by the CY compactification scale, slightly above which lies the fundamental 1 Id scale. 

The structure of gravitational and gauge interactions and their strengths in Horava- 
Witten theory is a particular realization of the brane-world scenario of Section 1.4.2. This 
is more systematically exploited in the next section. 


16.1.2 Type II orientifold and F-theory scales and unification 


In type II string compactifications (and orientifolds thereof), the strengths of gravitational 
and gauge interactions are independent, since they arise from the bulk closed string sector 
or the D-brane open string sectors, respectively. Recalling (6.14) and performing a KK 
compactification, the 4d gauge coupling constant on aDp-brane wrapped on a {p— 3)-cycle 
on the CY is 


1 q/(3-/>)/2 

8d p gs(2n)P - 2Vp ~ 3 ’ 


(16.9) 


with V p -3 being the wrapped volume (and Vb = 1 for D3-branes). On the other hand, 
dimensionally reducing (4.45), (4.47), the 4d Planck mass is 


Mi = - 


8V 6 


(2tT) 6 g s 


2 ™/4 ' 


(16.10) 


The type I case corresponds to D9-branes, i.e. p — 9. For p <9 the wrapped volumes V p -j, 
are in general independent from the overall volume V/, and so the ratio between the Planck 
and string scales depends on the kind of D-branes in which the SM is localized. We thus 
consider different possibilities in turn. 


The SM on D3-branes 


This situation is realized by D3-branes at singularities, recall Section 11.3. From Sec¬ 
tion 12.3, the tree-level gauge kinetic function has the form / = S -f r^k, where Re dR- 
are the blowing-up modes; so, in the configuration strictly at a blown-down singularity, all 
gauge couplings unify with 0:03 = g s / 2 , and 


M 4 = aD3 


(2 n) 3 M p 

V2V6 


(16.11) 


The string scale M s can be made arbitrarily small by taking the compact volume V(, large 
enough. Some interesting choices are discussed below. 
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Although non-abelian gauge couplings unify, the hypercharge U (\)y does not in general 
have the canonical SU (5) normalization, k\ =5/3. For a model of D3-branes at a general 
Z/v orbifold singularity, with group U( 3) x (7(2) x U(l) N ~ 2 , the only generically non- 
anomalous and massless 17(1) linear combination is (11.59), namely 

/ 1 1 N-2 \ 

Qdi, g = -^-Q3 + -Q2+J2Qi ) J- (16.12) 

This should be identified with hypercharge, and so 


k i = 5/3 + 2(N — 2), 


(16.13) 


in the normalization tr T~ = \ for U(n) generators. This leads to a weak angle 


sin z 6w 


1 


ki + 1 6N — 4 


(16.14) 


at the string scale. The canonical SU (5) result sin 2 6\y = 3/8 is reproduced only for a Z 2 
singularity, however, which produces a non-chiral spectrum and is thus unrealistic; for the 
Z 3 and other singularities of interest, the hypercharge normalization is not the canonical 
SU (5) one. However, this is not necessarily a fatal drawback for unification, as discussed 
in an explicit example later on. 

Concerning the string scale, there are at least three interesting possible values: 


• M s = Mgut, namely the gauge coupling unification scale. In this case, unification of 
the MSSM gauge couplings would signal the existence of the fundamental string scale 
at unification, as in Figure 16.1(d). This choice of string scale, however, reproduces 
gauge coupling unification only for canonical hypercharge normalization. This is not 
automatically achieved, except if the D3-branes realize an actual SU (5) GUT symmetry; 
however, such constructions lead to additional difficulties, like the perturbative absence 
of top Yukawa couplings, or the explicit violation of R-parity. 

• M s ~ 1 TeV, i.e. string scale close to the EW scale. This is compatible with the observed 
4d Planck scale by taking a large enough compact volume Vg. Assuming for simplic¬ 
ity a single typical length scale in all directions in X 6 (isotropic compactification), the 
required compactification scale is ~ 10 MeV. However, there are no light KK replicas of 
SM gauge or charged fields, since they are localized on the D3-branes, and do not prop¬ 
agate on the internal space (which is felt only by closed string fields like gravitons and 
their KK replicas). This is the simplest string theory implementation of the large extra 
dimensions introduced in Section 1.4.2, some of whose phenomenological implications 
are discussed in Section 16.5. The low fundamental scale reduces the energy range 
of gauge coupling running and prevents their unification. The low-energy couplings 
should at best be reproduced by suitable (non-unified) couplings at the scale M s , see 
Figure 16.1(e); for D3-branes at singularities, this can be achieved (albeit not naturally) 
by tuning vevs for the blowing-up moduli appearing in the gauge kinetic function. 
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• M s — y/MwMp ~ 10 11 GeV, i.e. string scale at a geometric mean intermediate scale. 
This scale appears naturally, e.g. in the large volume compactifications of Section 15.3.2, 
in which SUSY breaking by fluxes with M s — 10* 1 GeV results in soft terms of order 
m s0 ft ~ M~/M p ~ M i(/, around the EW scale. Such intermediate scale is moreover inter¬ 
esting for additional phenomenological reasons. For instance, a pseudoscalar in the 
closed string sector may play the role of QCD axion with a decay constant F a ~ 10 11 GeV, 
consistent with astrophysical and cosmological bounds in Section 1.3.2, see also Sec¬ 
tion 16.2. Also, in models with right-handed neutrinos, a Majorana mass of order 
10 11 GeV reproduces, as in Section 1.2.6, seesaw neutrino masses m v ~ M / M s in the 
correct range. 


An intermediate scale is not compatible with standard MSSM gauge coupling unifica¬ 
tion. A possibility to reproduce the low-energy couplings is to tune the gauge coupling at 
M s , using the extra moduli fields in the gauge kinetic functions, as mentioned above. A pos¬ 
sibly more appealing alternative is to have gauge coupling unification at M s ~ 10 11 GeV in 
models including extra fields beyond the MSSM. One explicit realization is the left-right 
symmetric model from D3-branes at a Z 3 singularity in Section 11.3.3, with a spectrum as 
in Table 11.3. The boundary conditions for the SU (3) x SU (2 )p x SU(2)r x U (1 )b-l 
gauge couplings at the string scale are = g 2 R = (32/3 )g\_ L ', the normalization of 

the hypercharge generator Y = — + \Qb-l is k\ =kp + \kp~p = 11/3, and hence 
sin 2 0\v = 3/14 = 0.214 at tree level. To run down to the EW scale, we assume the LR 
model to be valid from M s down to a scale Mr, with 5(7(3) x SU(2)p x 5(7(2) r x 
U (1 )b-l one-loop /3-function coefficients B 3 , Bp, Br and Bb-p', at the scale Mr, the LR 
model is assumed to break spontaneously to the MSSM (with three EW Higgs sets), with 
one-loop /1-function coefficients bp The complete one-loop running yields 


sin ~9 W (M Z ) = 

1 + k[ 
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B[ = Br + \b { b-l), k\ = kR + \ks-L- (16.17) 
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The spectrum of the LR model gives 


B 3 = —3, Bp = +3, Br = +3, Bb-p = +16, 


(16.18) 
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and using the MSSM bj values (2.71), and k\ = 11/3, we obtain 


sin 2 6\y(Mz) = 


3_ i Ue(Mz) 
14 1 2 7i 



a e (Mz) 3ay(M z ) 2 n 


1 14 1 



(16.19) 


Using a e (Mz)~ [ = 127.9 as input, the choice M s — 10 12 GeV leads, for Mr ~ 1 TeV, 
to values «3 = 0.12, sin 2 0\v = 0.23, in reasonable agreement with data. Thus the model 
shows gauge coupling unification, albeit in a non-standard fashion, see Figure 16.1(f). 
Since the LR gauge symmetry is broken in the TeV range, it could serve as a low-energy 
signature for an intermediate fundamental scale. 

The string model as presented above should be completed with extra branes, in order to 
introduce additional scalars, with quantum numbers of right-handed sneutrinos, to trigger 
the LR symmetry breaking; these extra multiplets do not spoil the one-loop running of 
gauge couplings and their unification. More serious potential difficulties of this model 
are possible FCNCs from the presence of three sets of SM-like Higgs multiplets. Also, a 
generic issue in LR models with relatively low Mr scale is that neutrino masses tend to be 
not sufficiently small. 


The SM on D7-branes 


Let us consider the status of gauge coupling unification in semi-realistic models with the 
SM sector on 7-branes, such as the magnetized D7-brane models in Section 11.4.2, or the 
F-theory 7-brane models in Section 11.5.3. The former are mirror to type IIA intersecting 
D 6 -brane models, which are thus not discussed explicitly. 

An illustrative magnetized brane example is the MSSM-like model in Table 10.4, con¬ 
structed as a type IIB orientifold as described in Section 11.4.2. As mentioned there and in 
Section 12.6, the MSSM sector is actually realized on three sets of D7,-branes, i = 1, 2, 3, 
transverse to the i th 2-torus; the relevant data for the MSSM sector are given in (12.110). 
Using Pati-Salam notation for simplicity, the SU (3+1) x SU (2)/ x SU(2)r gauge kinetic 
functions are ( 12 . 111 ), i.e. 



(16.20) 


As shown in Section 12.6, the SUSY conditions require A 2 = A 3 , and 12Aj + 8 A 2 + 
6 A 3 = Aj A 2 At,/(<x' 2 ). Hence, the SU(2)/ and SU(2)r gauge couplings are equal at the 
string scale, even though the gauge factors are not unified into a larger gauge group. One 
can also tune the areas A 1 , A 2 to achieve further unification with the SU (3 + 1) coupling; 
for instance, with A 2 = A 3 = 6.3a', the SUSY condition implies A\ =3.18a', and there 
is approximate unification of the coupling constants, i.e. Re / 3+1 ~ Re fi = Re fg. Thus, 
although the SUSY condition does not enforce unification with the SU (3+1) gauge cou¬ 
pling, it can accommodate it. However, one can check that, in this example, unification 
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with ccq — 1/25 forces the string coupling to be large, g s ~ 3. Alternatively, the couplings 
may not unify and the string scale may be lowered as in Figure 16.1(e). 

The unification of couplings is clearly more natural in 7-brane models with an under¬ 
lying GUT group, like the SU (5) in the F-theory models in Section 11.5.3. Considering 
for simplicity a perturbative type IIB D7-brane realization, the unified coupling constant is 
given by 

1 1 / V 4 \ 

(16211 

where V 4 is the volume of the wrapped 4-cycle. To display the structure of scales, we 
parametrize the total compact volume as Vx 6 — V 4 R 2 ; then the string and Planck scales are 
related by 

M S = fe«G) 1/2 ^, (16-22) 

K 

and the string scale may be lowered by taking larger transverse size R, or smaller string 
coupling. 

In this class of 7-brane GUT models, the GUT symmetry is broken down to the SM 
by additional gauge backgrounds (i.e. the hypercharge flux in the SU( 5) case), whose 
natural scale is V 4 . The GUT unification scale is therefore Mq ~ V 4 , which for 
suitable choices of microscopic parameters can give Mq ~2 x 10 16 GeV, thus reproduc¬ 
ing the MSSM gauge coupling unification picture. On the other hand, the presence of 
these additional gauge backgrounds induces group dependent sub-leading corrections; they 
essentially come from the F 4 terms in the expansion of (12.53), upon replacing F 2 (F 2 ) 
on the 4-cycle, and so are suppressed at large volume. They may, however, be relevant 
for the detailed comparison of gauge coupling unification in specific models, but their 
discussion is beyond our scope. 


16.1.3 Unification and RCFT type II orientifolds 

D-brane models realizing the SM (rather than GUTs) at the string scale have the different 
gauge factors on different sets of D-branes, and in general there is no gauge coupling 
unification. On the other hand, in certain cases there are relations between the non-abelian 
and hypercharge coupling constants, as follows. Consider for instance the class of type 
IIA models with the SM arising from intersecting D 6 -brane stacks a, b, c, cl, leading to a 
gauge group U(3) u x U(2) b xU( l) c x U(\)d or U(3) a x Sp(2) b x f/(l) c x U(\) d as 
in Sections 10.5 and 10.6. Consider the SU(3) and 57/(2) gauge couplings as arbitrary 
parameters a a = a s and a b — oi 2 , determined by the volume wrapped by the corresponding 
D-brane. In these models the hypercharge generator is a linear combination 



a 



c 




(16.23) 
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a s /a 2 


Figure 16.2 Values of sin 2 0 versus cts/uj for the class of type II RCFT orientifolds studied by 
Schellekens and collaborators (taken from Dijkstra et al. (2005b)). 


and so the hypercharge coupling is 

1111 

— — 7 -H 7 -H 7 —■ (16.24) 

ay ba a la c 

In many semi-realistic models, e.g. in toroidal compactifications with a potential enhance¬ 
ment to an SU (4), the volumes of the stacks a, d are equal, and so a a = ay/. Some other 
models, e.g. those with possible enhancements to LR symmetric models, have a c =oib/2. 
In these particular cases, the relation is 


1 _ 2 1 

ay 3a s a 2 


(16.25) 


This is in principle compatible with the canonical 51/(5) unification if we further have 
a s — a 2 ; even if not, it still provides an interesting partial unification pattern. 

It is interesting to consider the status of unification, and of such relations, in the largest 
available class of MSSM-like models, realized by RCFT Gepner orientifolds as overviewed 
in Section 10.7.1. In this case the inverse coupling constants for the ath set of D-branes 
is g~ 2 = rjRo a /g s , with t] = 1 for unitary groups and t]— 1/2 for orthogonal or symplec- 
tic groups, and Ro a is the boundary coefficient introduced in Section 10.7.1. The plot in 
Figure 16.2 provides the different possible values of gauge couplings in MSSM-like mod¬ 
els with non-unified gauge groups in this RCFT class, in terms of their values for sin 2 0\y 
and a s /a 2 ; the point in the middle corresponds to the canonical 5(7(5) value 3/8 (the 
top solid line is an upper bound on sin 2 9\v )■ The general observation is that in arbitrary 
MSSM-like orientifolds, at least within this class, there are no preferred values for the 
couplings, which are broadly scattered around the SU (5) value. It is still interesting that a 
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non-negligible fraction, around 10 %, satisfy the conditions leading to the partial unification 
relation (16.25). 

In summary, standard MSSM gauge coupling unification may be adjusted in certain 
classes of string compactifications. On the other hand, it appears naturally in others, namely: 
(i) strongly coupled heterotic compactifications (with non-standard embedding) based on 
an underlying GUT symmetry explicitly broken by discrete Wilson lines; (ii) type II orien- 
tifolds with an underlying GUT symmetry, broken by either Wilson lines or hypercharge 
fluxes (in perturbative orientifolds, this can be problematic, since the presence of a large 
Yukawa coupling for the top quark would require very large instant on corrections); and 
(iii) local F-theory GUT models with symmetry broken by hypercharge flux. 

If MSSM gauge coupling unification is not an accident, those large classes of compact¬ 
ifications would be phenomenologically favored. 


16.2 Axions in string theory 


In string compactifications there are generically plenty of axion-like scalar fields, namely 
pseudoscalars a with an effective action invariant under a perturbative shift symmetry a —» 
a + c. These fields appear from (dimensional reduction of) the antisymmetric tensor fields, 
like the 2-form Z? 2 , or the RR p-form fields Ci, C 3 , C 5 in type IIA and Co, C 2 , C 4 , C(, 
in type IIB; the shift symmetry is a 4d manifestation of the gauge invariance (B.21) of the 
original p-form fields. These fields are actually the imaginary components of the 4d dilaton 
and geometric moduli fields, e.g. as described in Section 12.1 (see Section 12.1.4 for the 
toroidal orientifold case). Since CY manifolds generically have hundreds of Kahler and/or 
complex structure moduli, these compactifications may potentially contain hundreds of 
such axion-like fields. 

This genericity of axion-like fields is a very attractive property of string theory, as they 
may play a role in solving the strong CP problem, as described in Section 1.3.2. For this 
purpose, however, the candidate axion-like fields should couple to QCD gauge bosons, 
and also satisfy additional properties, like having a decay coupling constant F a in the 
allowed window 10 9 GeV < F a < 10 12 GeV (however, see the comments at the end of Sec¬ 
tion 16.2.2). The nature of the QCD axion candidate and its value of F a depend on the kind 
of string compactification considered, as we now describe. 


16.2.1 Axions in heterotic strings 


In perturbative heterotic compactifications the gauge kinetic function has (in the large 
volume regime) a dilaton and Kahler moduli dependence of the form 



(16.26) 


where e,- are small model-dependent one-loop coefficients, like those arising from thresh¬ 
old corrections in orbifolds, recall Sections 9.6.1 and 16.1.1. Ignoring these corrections for 
simplicity, consider the complex dilaton S as axion candidate. Defining 
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the gauge kinetic terms read 


S = 


8tt 2 ’ 


(16.27) 


J d 2 e ^ TrW a W a + h.c. = ^ Tr/ > F>lv + ^ 2 Tri > F ' lv - (16-28) 

In standard axion models the canonically normalized axion held is a = F a rj , with F a the 
axion decay constant; then the axion kinetic term is given by 


-3 /i a9 /i a= 3^/7 9 m ?7, 


(16.29) 


and F a may be extracted from the kinetic term of Im S in the 4d effective theory. This is 
given by (9.8) in Section 9.1.1, from which 


Mi 


8 jt(S+S*) 2 m 


aMImS^OmS) 


F 2 = 


Mr 


4tt(8^ 2 ) 2 (S + S*) 2 


(16.30) 


Recalling (S + S*) = 1 / (2jt a c,), with ac, — 1/25 being the QCD coupling at the string 
scale, one finds 

F a = 1.2 x 10 16 GeV. (16.31) 

87r J /- 


This large value for F a is rather generic in heterotic compactihcations. In the alternative 
possibility of the axion candidate given by the imaginary part of some of the Kahler moduli 
Tj in (16.26), the F a is in fact larger, since the coefficients e, are one-loop; in specific 
compactihcations, its typical value is F a ~ 10 17 GeV. 

The situation is similar in the strongly coupled limit of the x £/ heterotic string, 
in terms of the Horawa-Witten theory on X6 times an interval S 1 /Z 2 of length p. The 
main modihcation arises because, as reviewed in Section 7.5, the CY volume changes 
along the interval, so that the averaged compactihcation volume can be parametrized as 
Vj = V(,npe; here e = 1 for small p, and e — 1/2 if the CY volume varies linearly between 
0 and Vg along the interval. The axion candidate Im S has then a decay constant 


8jr 3 / 2 e 


M p . 


(16.32) 


Note that the result does not show an explicit dependence on p, so that the decay constant 
cannot be lowered by increasing p; in fact, it is still ~ 10 16 GeV, and actually reproduces 
the perturbative result for € — 1. 

As in the perturbative case, there are axionic partners of Kahler moduli arising from 
the M-theory 3-form Cijk with one leg along the interval, and two along a 2-form on X6. 
These fields can also enter the gauge kinetic functions, although with coefficients similar 
to the perturbative case. In summary, F a is of order 10 16 -10 17 GeV in generic perturbative 
or non-perturbative heterotic compactihcations. 
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16.2.2 Axiom in type II orientifolds 

Type II orientifolds have plenty of potential axions coming from the diverse lOd RR and 
NSNS / 7 -form fields. Moreover, as already described, the localization of the SM sector 
on D-branes allows to lower the string scale much below the Planck scale, suggesting an 
extra flexibility in the values of the axion decay constants. We now consider these issues, 
concentrating on type IIB orientifolds with the SM on D7- or D3-branes; other setups, like 
type IIA orientifolds, or type IIB D9/D5-brane models, yield similar results. 

As a first toy example we consider the case of the SM sector (or at least QCD) on 
a stack of D7-branes wrapped on a 4-cycle with associated Kahler modulus 7\ whose 
imaginary part is the axion candidate. The gauge kinetic function is of the form 2nf — T, 
and we ignore possible .S'-dependent terms from worldvolume magnetic fluxes, as they 
do not change the argument. Assuming a typical Kahler potential K = — log (T + T*), 
the computation of the axion decay constant is as in the above heterotic case, with the 
replacement S-+T, and again yields F a ~ 10 16 GeV. Note that this holds even if the string 
scale is lowered, against the naive expectation for a more flexible range of predicted axion 
scales. 

In fact, the above assumed form for the Kahler potential is very restrictive, and in generic 
CY compactifications it applies only to the overall Kahler modulus. Let us therefore con¬ 
sider the alternative situation, in which the D7-brane wraps a 4-cycle, whose volume is 
independent of the overall Kahler modulus. A prototypical example are the “small” 4- 
cycles in the swiss cheese CYs mentioned in Section 15.3.2; hence we consider the simple 
example therein, with two moduli and Kahler potential (neglecting the a' corrections, 
which do not modify the argument) 

k~K = -2 log ( r 3/2 - r 3/2 ) - -3 login) + 2 ( % £\ ' , (16.33) 


where recall that Re T\, — n determines the overall volume. The SM is assumed to localize 
on D7-branes wrapped on the small cycle, with modulus T s , so the gauge kinetic function 
is 2nf = T s ; the axion candidate is Im T s , and its kinetic term from (16.33) leads to the 
axion decay constant 


3 \ 1/2 1 M p = / 9a c \ 1/4 M s 

32jr / (r s r 6 3 ) 1/4 8jr2 \x 2 8s) 16?r2 ’ 


(16.34) 


Taking olq = 1 /25 (in the convention with tr T~= I /2) and g s ~ 0.1, one obtains F a ~ 5 x 
10 ~ 3 M s . The axion scale is now directly related to the string scale, and may indeed be 
lowered. So we conclude that axions corresponding to small 4-cycle Kahler moduli may 
have arbitrarily low F a , which in particular can be chosen within the allowed window; this 
conclusion extends to any other model where the SM 7-branes wrap on small 4-cycles. 

A similar pattern is found in D3-brane models. For D3-branes at smooth points in 
the internal space, the gauge kinetic function is 2irf — S, and the Kahler potential 
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K — — log (.S' + S*) leads to axion decay constant (16.31), by a computation analogous 
to the heterotic one. On the other hand, realistic models are actually based on D3-branes 
at singularities, for which the gauge kinetic function is 2 Jtf — S + i.e. depends 

on blowing-up moduli <£*, recall Section 12.3.2. The fields Im Oj lead to axion candi¬ 
dates with decay constants controlled by the string scale, which is the only relevant local 
scale; this fits the interpretation in Section 11.4.3 of D3-branes at singularities as D7-branes 
wrapped on the 4-cycles collapsed at the singular point. 

In summary, string models produce an axion decay constant in the 10 16 —10 17 GeV range, 
unless the SM and the axion candidate are associated to “small” cycles, in which case F a 
can be tuned by lowering the string scale. In the former case, the predicted decay constant 
is much larger than the cosmological upper bound of 10 12 GeV, coming from overclosure 
of the universe. This would suggest a phenomenological preference for the latter scenario, 
with lower string scale and the SM localized on small cycles. However, there are proposals 
to circumvent the problematic cosmological upper bound (e.g. by assuming the universe 
contains an atypically small axion density selected on anthropic grounds), which would 
thus keep alive the possibility of string axions with large F a . 

A final important issue for axions in the string theory setup is their survival at low ener¬ 
gies. Note that, in order to solve the strong CP problem, the axion should be extremely 
light, with the dominant contribution to its potential arising from non-perturbative QCD 
dynamics. In string compactifications, there are several possible sources of large masses 
for axion-like scalars, thus preventing them to play as phenomenologically viable axions. 
For instance, as discussed in Sections 9.5 and 12.4, certain axion-like fields become mas¬ 
sive by combining with D-brane (7(1) fields, via Stiickelberg B A F couplings. A second 
source of masses are closed string fluxes. In the type IIB compactifications in Section 14.1, 
the NSNS and RR 3-form fluxes induce masses for the dilaton S and complex structure 
moduli, including their axionic imaginary parts. These fluxes do not generate masses for 
the (axionic parts of the) Kahler moduli; however, such masses may appear in the type IIB 
compactification with non-geometric fluxes in Section 14.4, or through non-perturbative 
effects from D-brane instantons or gaugino condensation, see Sections 13.1 and 15.3.1. 
Similarly, in type IIA flux compactifications, stabilization of the dilaton, complex structure, 
and Kahler moduli leads to mass terms for the corresponding axion-like fields; analogous 
effects exist also in the heterotic case. The conclusion is that building explicit models of 
moduli fixing in which some QCD axion-like field remains massless may be challenging 
in some models, particularly those with full moduli stabilization. 


16.3 R-parity and B/L-violation 

In SUSY extensions of the SM the existence or not of R-parity, and the possible violation 
of baryon and lepton numbers are important issues. In string theory, the existence of these 
symmetries and their properties are very model dependent. We will thus settle for a general 
view of these issues in the string context, and direct the reader to the Bibliography for more 
information. 
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16.3.1 R-parity and (B-L) in string theory 

As we discussed in Section 2.6.1, the most general renormalizable superpotential con¬ 
sistent with the SM gauge symmetries contains four types of terms violating baryon or 
lepton number, denoted by UDD, QDL , LLE, and LH U in (2.70). In order for the pro¬ 
ton to be stable, some or all of these superpotential terms must be absent. The simplest 
possibility is having an R-parity symmetry forbidding all these couplings. We thus turn 
to the important question of the existence of R-parity in specific examples of string 
compactifications. 

Most semi-realistic J\f= 1 string compactifications constructed to date achieve the 
absence of dimension-4 proton decay exploiting a gauged U{\)b-l symmetry (or a dis¬ 
crete version thereof), at some level. The presence of such gauged U(1)b-l is fairly 
generic in many compactifications, both in heterotic and type II orientifolds. A heuris¬ 
tic argument for this is as follows: B — L is a non-anomalous global symmetry of the SM 
with three right-handed neutrinos, so string compactifications resembling closely the SM 
will tend to contain a U(\ )b-i. symmetry; however, general arguments in Section 17.1.4 
show that consistent theories containing quantum gravity cannot have continuous global 
symmetries. Thus in string compactifications, the U (1 )b-l symmetry, if present, must be 
a gauge symmetry. 

In heterotic orbifold compactifications, the construction of realistic models involves 
introducing vevs along SM singlet flat directions, as in Section 9.7. Their choice is cru¬ 
cial in the final structure of the observable (SUSY) SM superpotential, and its symmetries; 
one can then maintain sufficient proton stability by choosing appropriate flat directions. 
An interesting way to get an effective R-parity, in models with an underlying SO(10) sym¬ 
metry, is to have vevs for SM singlets with even charges under U (1 )b-l- There is then 
an unbroken Z 2 subgroup of U (1 )b-l, which may be identified with R-parity. However, 
this mechanism requires choosing very particular directions in the singlet moduli space, so 
although possible, it may be regarded as non-generic. 

In the case of the SM or MSSM-like type IIA intersecting D-brane models in Sec¬ 
tions 17.1.4 and 10.6 (and their type IIB mirrors), B and L are gauge symmetries, which 
remain unbroken at the perturbative level; therefore B — L, and hence R-parity, are auto¬ 
matically preserved. In MSSM-like toroidal orientifolds with 4 D-brane stacks, U(\)n+i. is 
anomalous and necessarily becomes massive, remaining at low energies as a perturbative 
anomalous global symmetry, just like in the SM; on the other hand, B — L is anomaly- 
free, and may remain or not as a gauge symmetry at low energies, depending on whether 
it has B A F couplings to RR fields. If it becomes massive, there may be non-perturbative 
instanton effects generating R-parity violating terms, so they should be adequately 
suppressed. 

Type II orientifold models with an underlying SU( 5) GUT symmetry are somewhat 
problematic in what concerns R-parity, since in general there are allowed couplings 10 f ■ 
5 f • 5 f, containing UDD and QDL terms, like in the SU (5) example at the end of 
Section 11.2.3. This also holds in the F-theory SU( 5) GUTs in Section 11.5.3, in which 
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proton stability must be ensured by assuming that the fermion matter curves do not have 
intersections which could lead to such couplings. 


16.3.2 Proton decay through dimension-31-6 operators 

Even if dimension-4 operators are forbidden, dimension-5 operators like QQQL or UU DE 
may give rise to fast proton decay. These operators are not forbidden by U{\)b-l, and 
hence are harder to avoid in string compactifications. On the other hand, these higher¬ 
dimensional operators have weaker experimental constraints, and in concrete examples, 
model dependent properties may suppress them sufficiently. This is particularly the case in 
heterotic constructions, since their string scale is necessarily large. 

In MSSM-like D-brane models, the (gauged) B and L symmetries forbid those cou¬ 
plings at the perturbative level; they may still be generated by (model-dependent) non- 
perturbative D-brane instanton effects, although these are generically expected to be suf¬ 
ficiently suppressed. On the other hand, in D-brane or F-theory models with underlying 
SU ( 5) GUT structure, there is no symmetry forbidding those couplings. In the F-theory 
setting they can be sufficiently suppressed by geometrically localizing the two Higgs mul- 
tiplets 5p and 5^ on different matter curves; this way the colored triplet higgsino f /3 mass 
term in Figure 2.2 vanishes, since multiplets on different matter curves cannot couple in 
a mass term. In this case, which is fairly generic, the dangerous dimension-5 operator is 
absent. 

Dimension -6 operators, in analogy with the ordinary SUSY-GUT case, are very much 
suppressed in SUSY models with a large fundamental scale. This is the case in heterotic 
string compactifications, whose string scale is necessarily large. In MSSM-like D-brane 
models, they are again forbidden in perturbation theory by the B and L symmetries. Finally, 
in D-brane or F-theory models with an underlying SU (5) GUT, the fundamental scale is 
~ 10 16 GeV, sufficient to yield proton lifetimes ~ 10 36 years, well above experimental 
bounds of present or forthcoming experiments. 


16.3.3 Neutrino masses 

Most of the semi-realistic compactifications constructed to date have a number of SM 
singlet fields which may be considered as right-handed neutrinos /V,-, in the sense that 
they have Yukawa couplings with left-handed leptons. As described in Section 1.2.6, an 
elegant explanation for the smallness of observed neutrinos is the seesaw mechanism, 
which involves a large Majorana mass for these singlets. Hence, a natural question is 
whether these semi-realistic string compactifications can produce such mass terms. Again, 
the answer is rather model dependent. 

Typically in all string models, such Majorana masses for candidate right-handed neutri¬ 
nos are forbidden by t/( 1) gauge symmetries. There are, however, two main mechanisms 
potentially solving this problem. The first, often arising in heterotic orbifold models, is the 
possible existence of superpotential couplings of the form 
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(16.35) 


here the s a are SM singlet fields, which acquire large vevs in the one-loop re-stabilization 
of the vacuum, recall Section 9.7, and M is a large (string or compactification) scale. The 
second mechanism, explored in D-brane models, consists in non-perturbative instanton 
effects generating couplings of the form 


M s e~ Scl hjj NjNj, 


(16.36) 


as discussed in Section 13.3.1. As explained there, the (7(1) transformation of the N,Nj 
bilinear is compensated by a shift of the classical instanton action S c i. 

The first possibility has been mostly studied in heterotic orbifold compactifications. In 
this case there are typically many singlets N, (often many more than 3), and the possible 
existence of the required superpotential couplings and vevs can be studied using the orb¬ 
ifold selection rules in Section 9.3.2; this turns out to be a non-trivial computation, with 
negative results in many cases, but notably leading to successful Majorana mass terms in a 
few working examples. 

The second mechanism, i.e. instanton induced neutrino masses, is not realized in most 
heterotic compactifications constructed to date. The reason is that in heterotic compactifica¬ 
tions on orbifolds, or on smooth CYs without (7(1) gauge backgrounds, the only modulus 
shifting under (7(1) symmetries is the dilaton .S'; the corresponding instantons euclidean 
NS5-branes wrapped on the internal 6d space; their strengths are of order ~ e~ 1 , just 

like ordinary gauge theory instantons, and thus result in far too small (in fact, negligible) 
right-handed neutrino masses. On the other hand, in MSSM-like models from type II orien- 
tifolds, there is a richer pattern of instanton effects, which can indeed lead to right-handed 
neutrino Majorana masses of the right magnitude, as already discussed in Section 13.3.1. 
We recall that a necessary condition is the existence of a Stiickelberg mass for the U (1 )b-l 
generator. 


16.4 Extra U(l) gauge bosons 


In explicit string model building there are often extra (7(1) gauge interactions beyond 
hypercharge. In fact, we already mentioned that in many compactifications there may 
remain an extra unbroken (7(1 )b-l gauge symmetry, guaranteeing the absence of dimen- 
sion-4 B/L-violating operators. We now review several patterns of extra (7(1) gauge 
interactions in string compactifications, and possible experimental signatures of the 
corresponding Z' gauge bosons. 

16.4.1 Extra U(l)’s in heterotic (2,2) compactifications 

In the heterotic CY compactifications with standard embedding in Section 7.3.2, the E(> 
group may be broken down to the SM by discrete Wilson lines, recall Section 7.3.3. This 


is a possible source of extra U (l)’s, appearing in the branching 

E 6 -* 50(10) x (7(1),/, -* 5(7(5) x U(l) x x (7(1),/,. 


(16.37) 
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Table 16.1 SM fields and their exotic 
partners in the 27, with their charges under 
the extra (7(1) symmetries inside E6 


50 ( 10 ) 

5 ( 7 ( 5 ) 

Qx 

2i/f 

16 

10 : ( 2 ,( 7 , £ ) 

-l 

l 


5 : (D, L) 

3 

l 


1 : 

-5 

l 

10 

5 : (»', H u ) 

2 

-2 


5 : (O', H d ) 

-2 

-2 

1 

1 : N 

0 

4 


The quantum numbers of the SM particles and their exotic E<, partners in the representation 
27 are shown in Table 16.1, in 5 1 0(10) and SU (5) multiplet notation.The U (1 ) x symmetry 
is anomaly free in the SM with three right-handed neutrinos it is in fact a linear combi¬ 
nation Q x —4-Qy~5Qb-l of hypercharge and U (1 On the other hand, if the U ( 1 ),/, 
symmetry remains light upon compactification, cancellation of its anomalies requires three 
families of massless exotics, transforming as 1 + 5 + 5 under SU (5). If those symmetries 
are unbroken in the compactification, the corresponding Z' gauge bosons get massive only 
upon electroweak symmetry breaking. Hence they may be produced at colliders, and also 
contribute to precision measurements of SM radiative corrections. The present Fermilab 
data imply a lower bound of about 800 GeV on such Z' gauge boson masses, which will 
soon be much improved by the LHC. 

Heterotic string compactifications with non-standard embedding may give rise to other 
[7(1) symmetries surviving at low energies. However, in general they bring along addi¬ 
tional chiral exotic fermions, required to cancel their anomalies. It is therefore generically 
expected that these symmetries are broken by the SM singlet vevs introduced to remove 
the additional exotic fields, recall Section 9.7. From this perspective, the U(\) x symme¬ 
try (or other linear combinations of hypercharge and U(I)b-l) is quite special, since 
it is anomaly free in the SM with the addition of just three singlets, the right-handed 
neutrinos. 


16.4.2 Extra U(l)’s in type II orientifolds 

Extra (7(1) gauge bosons also appear in most semi-realistic models based on type II 
orientifold compactifications, as is clear from the various examples in earlier chapters. 
Most of these (7(1) symmetries are anomalous, however, and their gauge bosons get masses 
of order the string scale - with modulo volume factors as described around (12.69). Again 
U( \)B-r. is special, and appears naturally in many explicit models, as already mentioned 
in Section 16.3.1. 
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Table 16.2 Example ofD6-brane wrapping 
numbers giving rise to a SM spectrum 


N a 

(">;) 

(nf, m?) 

( n h m l) 

Na=3 

(1,0) 

(2, 1 ) 

(1, 1/2) 

N b = 2 

(0,-1) 

(1,0) 

(1,3/2) 

N c = 1 

(1,3) 

(1,0) 

(0, 1) 

N d = 1 

(1,0) 

(0,-1) 

(1,3/2) 


Even if the extra t/(l)’s have a mass of order the string scale, they may still be accessible 
to experiment in models with low string scale. To illustrate this possibility, let us consider 
the pattern of C7(l) symmetries in the non-supersymmetric SM-like intersecting D 6 -brane 
models in Section 10.5.1. We consider four stacks of D 6 -branes, labeled a, b, c, d for the 
baryonic, left, right, and leptonic branes. We focus on one example with wrapping numbers 
(«“, m“) on T 2 x T’ x T 2 as given in Table 16.2, with a running through the stacks a, b, 
c, cl. The initial gauge group is U (3) a x U (2 ) b x U (l) c x U (l)d, and the gauge quantum 
numbers of the massless bi-fundamental fermions are given in Table 10.1; they correspond 
to three generations of quarks, leptons, and right-handed neutrinos. 

There are four U (1) symmetries, with charges Q a , Q b , Q c . and Q,j. with nice interpre¬ 
tations in terms of familiar SM global symmetries. Indeed, Q a = 3 B and Qd — —L, with B 
and L being the baryon and lepton numbers. Also Q C = 2T ’J, i.e. twice the third component 
of the SU(2)r familiar from left-right symmetric models. Finally, Q b has mixed SU (3) 
anomalies and has the properties of a Peccei-Quinn symmetry. The two 1/(1) symmetries 
Qb and Q a / 3 — Q c t have triangle anomalies, canceled by the Green-Schwarz mechanism, 
as explained in Section 10.3.1. More concretely, there are four 4d RR 2-form fields B%, 
k = 0, 1, 2, 3, and their dual RR scalars A*. The couplings (10.23) in the toroidal orientifold 
case become 

f 4d B^ AtiF a , n^n^n^ / aotrFo, 

J 4d 

Nan^n^mf f 4d B^ l) A trF„, m P .m%nf [ aitxFl 
J ~ J J4d 

where the contribution from branes and their orientifold images are included. For the 
example in Table 16.2, one has 


o, 

2 a 0 tr F a 2 

^ A(-2trF*), 

\a { (tr F a 2 - 3tr F d ) 

A (3tr F a - tr F d ), 

\ a 2 (—3tr F fc 2 + 6 tr F c 2 ) 

>2 3) A(3tr F a + tr F c ), 

0 . 


(16.38) 

i ^ j yLk, i = 1,2,3, 


(16.39) 
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Figure 16.3 Mass term for U (l)’s mixing with RR 2-form fields (fLR- 

It is easy to check that the combination of both kinds of couplings for the RR fields labeled 
1 and 2 leads to cancellation of mixed anomalies for Qb and 3Q a — Qd- hi addition, the 
RR scalar a o has no Stiickelberg coupling, but couples to the SU (3) D6-brane stack, and 
so provides a QCD axion candidate, exemplifying the ubiquity of axions in string theory 
mentioned in Section 16.2.2. Finally, the field />'/ couples to (non-anomalous) 3 Q a + Qc, 
and makes its gauge boson massive. 

The diagram for the f/(l) mass terms is shown in Figure 16.3. From (12.69) the 1/(1) 
boson mass matrix is 


/ Wgl 0 3 §agc -3 gagd\ 

0 4**0 0 

3 gcga 0 gc 0 

\-3 gdga 0 0 g 2 d / 



where Q° a =ra^m^ , Q' a = — m l a n J a n k a , i ^ j ^k, and the dependence on the gauge 


1 2 3 

1 in ^ vn ^ 


couplings g a arises from normalizing the gauge fields canonically. To avoid volume fac¬ 
tors we have also considered an isotropic torus as explained below (12.69). The vector 
(l/(6g fl ),0, —1/(2 g c ), 1/(2 gd)) is the hypercharge generator, and is the only massless 
eigenstate. Hence, the non-anomalous U(Y)b-l gauge boson is massive, a phenomeno¬ 
logically interesting property, as mentioned at several points. 

If the string scale is sufficiently low, just above the weak scale, there is the possibility 
of producing these three massive extra Z' bosons at the LHC, even before actually reach¬ 
ing the string threshold. Note also that in this case, after electroweak symmetry breaking, 
the four U (l)’s mix with the diagonal SU(2)i generator, producing a 5 x 5 mass matrix 
with the photon as only massless eigenstate. The lightest of the four massive U (1) bosons 
is identified with the observed Z°, which is essentially the electroweak Z° with a slight 
contamination of the other massive t/(l)’s. Present precision measurements like the p- 
parameter constrain the masses of the latter to be above 1 TeV; also, the massive U(1)b-l 
should be heavier than ~ 800 GeV from the Tevatron measurements, and results from the 
LHC are steadily increasing this lower bound as we write this book. 

Let us finally mention that the above toroidal example does not actually allow for a TeV 
string scale, as there is no dimension simultaneously transverse to all SM D6-branes, as 
required in large extra dimension models. The same analysis, however, applies to other 
existing constructions which do allow for low string scale, and have an analogous 1/(1) 
structure. 
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Figure 16.4 One-loop kinetic mixing between visible and hidden (7(1) symmetries. 

16.4.3 Hidden sector U(l)’s and kinetic mixing 

Another interesting piece of (7(1) phenomenology in string compactifications is the appear¬ 
ance of additional (7(l)’s with suppressed or non-existent direct couplings to the SM fields, 
hence termed hidden sector (7(1)’s. Several possible instances are: 

• Type II orientifold compactifications can lead to RR (7(1) gauge bosons when lit t ^0 
(in type IIB) or lit ( ^ 0 (in type IIA), recall Section 12.1. These conditions are not 
realized in the toroidal setup, but are not particularly restrictive in more general CY 
orientifolds, where they are quite generic. The only states charged under RR U (l)’s are 
very heavy D-brane particle states, so there are no light charged fields, and these symme¬ 
tries certainly qualify as hidden U( l)’s. As shown in Section 12.3.3, in type IIB models 
their gauge kinetic function depends on complex structure moduli, and not on Kahler 
moduli, while the converse holds for type IIA orientifolds (as required by mirror symme¬ 
try); note that this dependence is opposite to that of gauge kinetic functions for D-brane 
sectors in the models. The precise form of the gauge kinetic function may be obtained 
from the underlying J\f — 2 prepotential before orientifolding, see Section 12.3.3. 

• In type II orientifolds there may be additional D-branes carrying (7(1) gauge interac¬ 
tions, located away from the SM branes in the compact manifold, i.e. not intersecting 
them (in type IIA terminology). Such C/(l)’s are hidden, as the only states charged under 
both the SM and (7(1)/, are massive open strings stretching between the two D-brane 
stacks. 

• In heterotic compactifications with non-standard embedding, there often appear (7(1) 
symmetries from the hidden Tig sector, thus hidden from the SM sector. 

Although hidden, such (7(l)’s may lead to interesting phenomenology, which we sum¬ 
marize here for the general (not necessarily stringy) case. The main point is that hidden 
(7(l)’s may mix with the SM hypercharge at some level. In particular, if there are mas¬ 
sive particles charged under a visible U(l) v and a hidden U (1)/,, the one-loop diagram in 
Figure 16.4 induces a mixing in the kinetic terms, i.e. 



(16.40) 


Since the mixing operator is dimension 4, the coupling / may be non-negligible even if 
the particles in the loop are very heavy; there is no mass scale suppression, but rather the 
mixing parameter is generically of order 
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(16.41) 


The experimental signatures of a mixing between hypercharge (and hence the photon) 
and a hidden (7(1)/, depend on whether there are hidden sector light particles charged 
under (7(1)/,. If no such charged particles exist, the signatures depend on the (7(1)/, gauge 
boson mass M/,. For M/, ~ 100GeV-l TeV, the limits come from EW precision data, 
and yield / < 10 -2 ; for this range of masses, the hidden (7(1)/, behaves like a Z' and 
could be produced a la Drell-Yan at the LHC. For smaller M/,, the best limits come 
from y -o- y' oscillations and from deviations from Coulomb’s law; the typical bound 
is x < 10 -6 — 10 -7 for Mi, <10 7 eV, although these limits are expected to improve by 
orders of magnitude in future planned experiments. 

If the (7 (1)/, gauge boson is massless (M/, = 0), there are no limits on/, since the kinetic 
mixing matrix can be diagonalized, leading to just a redefined hypercharge with rede¬ 
fined coupling constant. In the supersymmetric case the situation may be more interesting 
because the (7(1)/, gauginos will in general be massive and can mix with the MSSM neu- 
tralinos; this could lead to new signatures at the LHC, if SUSY is found, through different 
cascade decays depending on the neutralino mass patterns. 

The phenomenology changes significantly if there are light particles charged under 
(7(1)/,. In this case the mixing of (7(1)/, with hypercharge induces an effective electric 
minicharge qh for those particles, given by 


<?/. = Xgh =ee. 


(16.42) 


At present there are limits on e depending on the mass m q of the minicharged particles 
(which may be easily pair-created, if sufficiently light) and the mass of the (7(1)* (from 
laser experiments, “shining through a wall” experiments, and others). The typical bound 
is e < 10 -5 — 10 -7 for m q smaller than the electron mass. There are also much stronger 
cosmological limits, which are however very model-dependent and less reliable. 

In string theory this kind of effect could open up a useful window into the structure of 
hidden sectors and yield important information on the underlying compactification. These 
signatures could in principle arise from mixing between visible and hidden sectors coming 
from distant branes (or antibranes) in type II orientifolds, as well as in heterotic com- 
pactifications. In both cases there may be massive string states charged under both visible 
and hidden sectors which could lead to (7(1) mixing. The size of the possible mixing is 
very model dependent with values x ~ 10 -4 in some D-brane scenarios. For hidden RR 
(7(1) gauge bosons, one-loop kinetic mixing requires the (7(1)/,-charged non-perturbative 
D-brane states to couple to the SM sector; although this is in principle possible, no detailed 
study of such states has been carried out hitherto. In addition, such RR (7(1) bosons may 
become massive through Stiickelberg couplings in certain flux compactifications, in which 
case they cannot be considered as relevant hidden (7(l)’s of the 4d effective theory. 

A final related point is the possible appearance of microgauge (i.e. extremely weakly 
coupled) interactions in scenarios like, e.g., the large volume IIB compactifications, arising 
by a different mechanism; namely from D7-branes wrapping the large volume 4-cycle in 
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Table 16.3 Values of large extra dimension radii and scale 
of first KK excitation consistent with a TeV string scale 


n 

1 

2 

3 

7 

R 

10 8 km 

0.1 mm 

10 -6 mm • • 

10“ 12 mm 

R~ l 

o 

1 

00 

n> 

< 

10 -3 eV 

100 eV 

100 MeV 


the manifold, leading to e.g. a suppressed coupling g v ~ 10 4 for an intermediate string 
scale M s ~ 10 10 GeV. 


16.5 Strings at the weak scale 

As discussed in Section 16.1.2, the string scale M s may be arbitrarily close to the EW 
scale, only constrained by experimental limits. This is based on the large extra dimension 
scenario of Section 1.4.2, realized by localizing the SM sector on Dp-branes wrapped on 
(p — 3)-cycles on the internal space. For instance, for D3-brane models, (16.11) implies 
that M s — 1 TeV can be achieved for a sufficiently large transverse volume Vg. For general 
Dp-branes, the string scale may be lowered for sufficiently large transverse dimensions; 
parametrizing them in terms of a single radius R. we may write M p = M 2+ " R", where n 

is the number of large extra dimensions, M p — \/k^ and M* is of order the string scale M s . 
The precise connection between M* and M s depends on n and may be easily established 
using the results in Section 16.1.2; the values of R required to set M* — 1 TeV consistently 
with the experimental value of M p are given in Table 16.3, for different values of n. Note 
that the case n = 1 is excluded, since it requires a radius, R ~ 10 s km, producing too large 
deviations from Newton’s law at astronomical scales. 

If the string scale is close to the weak scale, there are several possible signatures at col¬ 
liders. There are also constraints coming from limits on deviations from Newtonian gravity, 
as well as from astrophysical implications. All these constraints are very sensitive to the 
number of large transverse dimensions and also to the particular string compactification 
underlying the SM interactions. Some generic signatures are the following: 

• Deviations from Newton’s law: Unlike the SM fields, the graviton is allowed to propagate 
on the large extra dimensions, and has a tower of KK replicas with masses m\ — k 2 / R 2 . 
These KK gravitons are very light for large radii (see Table 16.3), but couple to the 
SM sector with gravitational strength. Still, they can be exchanged in diagrams like 
Figure 16.5 and lead to deviations from Newton’s law; these can be parametrized by a 
modified gravitational potential 

V(r) =- - (l j , (16.43) 

and may be constrained by tabletop Cavendish experiments. In a simple toroidal setting 
with a single compactification length scale R, one has a — 8n/3 and /, = R . Present 
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Figure 16.5 Light Kaluza-Klein copies of the graviton exchanged between matter fields produces 
deviations from Newton’s law. 



Figure 16.6 Inclusive production of KK gravitons in gluon-gluon collisions. 


bounds exclude the case n = 1 as mentioned above, and yield R < 37 x 10 3 mm for 

n — 2, which corresponds to M* >3.6 TeV. The bounds become weaker for larger n. 

(k) 

• Kaluza-Klein graviton emission: KK replicas g/ n , of the graviton may also be produced 
at colliders like the LHC, by diagrams as in Figure 16.6. The gravitational strength 
coupling of each such KK mode suppresses its production rate, but the inclusive cross- 
section sums over all the states in the KK tower; on dimensional grounds, the cross- 
section is 


(£cm)" 


M; 


n~t~ 2 


(16.44) 


These KK gravitons would escape undetected, and would give rise to a missing energy 
signature at colliders. Present experimental bounds from these processes are relatively 
weak, but the LHC at 14 TeV would be able to test values up to M* = 2, 3 TeV, for n — 4, 
3, from this type of signatures. 

• Astrophysical bounds on extra dimensions: The presence of a large multiplicity of very 
light KK gravitons may have important astrophysical consequences, which in fact lead 
to the strongest constraints on the large extra dimensions scenario. For instance, KK 
graviton emission could profusely occur in supernovae explosion, carrying out a frac¬ 
tion of its available energy; the requirement of not depleting too much the observed 
neutrino flux from SN1987A, leads to a bound M* > 14, 1.6TeV for n — 2, 3, respec¬ 
tively. Other limits arise from diffuse y-ray emission from KK gravitons in the halo of 
neutron stars; limits from the EGRET satellite imply M t > 38, 4.1 TeV for n — 2, 3, 
respectively. Finally, KK gravitons emitted by supernovae or neutron stars, and trapped 
in their gravitational field, could occasionally decay into photons, giving rise to an over¬ 
heating of the observed neutron star surface; the measured luminosities of some pulsars 
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imply M* > 750, 35 TeV for n — 2, 3, respectively. For larger n the limits are much 
weaker since the KK states are heavier. 

• Production of string excitations : It is interesting to consider the possibility of exploring 
experimentally possible resonances of SM fields localized on the D-branes, in analogy 
with the KK resonances of the bulk graviton. Actually SM fields have KK excitations 
along the (6 — n) extra dimensions wrapped by the brane. These dimensions are not 
large, however, but presumably of order ~ 1 /M s , leading to relatively heavy SM KK 
excitations. Although these may be accessible to experiment, their spectrum is rather 
model dependent, making it difficult to single out generic features. This in fact holds for 
any SM field resonance depending non-trivially on the internal space geometry. Remark¬ 
ably there is a sector of resonances which is actually model-independent, corresponding 
to the string excitations obtained by applying (4d spacetime) oscillator operators to the 
massless string groundstates describing the SM fields. These string resonances share the 
gauge quantum numbers of the SM groundstate, but have higher spin; they lie along 
Regge trajectories in which angular momentum is quadratic in the square of the mass, 

j = jo + a'M 2 . (16.45) 


For low enough string scale, these string excitations may be produced or contribute 
to scattering amplitudes of partons in collider experiments. In models with low string 
scale and at weak coupling g s , such events dominate over other exotic processes, e.g. 
the micro black hole production mentioned below. 

It is possible to compute the corrections coming from these excited states to, e.g., 
four-point scattering amplitudes of gluons gg —> gg. The gauge boson amplitudes at 
tree level are independent of the structure of the compactification, since they involve 
vertex operators in a universal sector. The computation of the disk diagram leads to the 
celebrated Veneziano amplitude 


V(s, t , m) 


F (1 ~ s/M 2 ) r (1 - u/M;) 
T (l + t/Mj) 


su ^ a 

T ^~n\ 


n =0 


7 M? 


n 

n ( m + M s j ) ’ 


7=1 


where s, t, u are the Mandelstam variables (with s + t + u — 0), and T is Euler’s V- 
function. The right-hand side expansion exhibits the expected infinite sum of s -channel 
resonances corresponding to string excitations with masses *JnM s , see Figure 16.7. In 
practice, only the first excitation would be dominant at the energies available at the LHC, 
and hence the expected signature is essentially a peak in jet-jet mass distributions. The 
width of such 5-channel resonances is of order 100 (M s /TeV) GeV. As we write this 
book, the LHC has found already limits of order 2.5 TeV for such string resonances. 

• Micro black hole production: In models with a low fundamental gravity scale M* ~ 
TeV, certain quantum gravity effects may be observable at colliders. In particular, there 
may be creation of mini black holes, with an estimated cross section of order their clas¬ 
sical horizon area a ~ 7T R 2 . For M* ~ 1 TeV, the production rate at the LHC may be 
large, with some estimates yielding a ~ 10 pb for 6 TeV black holes with M* ~ 1.5 TeV. 
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Figure 16.7 Four-point amplitude of massless partons include an infinite sum over string resonances 
in the s-channel. 


Black holes decay with a plausible lifetime of order 1CH“ 6 — 10~ 27 s for M* ~ 1 TeV, 
through (the last stages of) Hawking radiation, potentially leading to spectacular multi¬ 
particle signatures at the LHC. Nevertheless, the above figures rely on the semiclassical 
approximation, which is only valid for energies well above the quantum gravity scale, 
and beyond the actual LHC reach; thus the detailed properties of the mini black hole 
formation and decay processes could depart from such estimates. 

The astrophysical constraints on the size of the quantum gravity/string scale M* are 
particularly strong for n = 2, 3, which have the lightest KK gravitons. Taken at face value, 
they would imply that only for n >3 one could expect to discover a low-energy string 
threshold at the LHC; still, the possibility of finding such effects at the LHC is certainly 
exciting. 


16.6 Strings and cosmology 

In the last decade there has been amazing progress in the field of observational cosmology. 
The measurements of the fluctuations in the cosmic microwave background (CMB) are 
now in a precision era, which will continue through the next decade. Since string theory is 
a fundamental theory automatically containing gravity, we expect it to accommodate the 
cosmological history of the universe, and hopefully address some of the puzzles of the 
present standard model of cosmology. Conversely, cosmological observational data may 
provide important constraints on the possible underlying string theory vacua. 

The most ambitious approach to achieve a string description of cosmological phenomena 
would be to study full string theory compactifications with 4d time dependent backgrounds 
describing, e.g., an expanding universe containing the SM and possibly other matter fields. 
However, the study of time-dependent backgrounds in string theory, even in far simpler 
setups, turns out to be a conceptually very hard task. Hence many questions requiring a 
full string theoretical description, like the nature and resolution of initial cosmological 
singularities, remain open. 

On the other hand, there are many questions in cosmology which can be efficiently 
addressed using just the 4d effective field theory. The information from the underlying 
string theory is encoded in the structure of such effective action, and in particular the 
absence or size of certain UV sensitive terms. The most interesting question of this kind 
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is the realization of cosmological inflation in string theory. A further manifestation of the 
underlying string theory in cosmology is related to the additional degrees of freedom in 
the theory, which may lead to potentially problematic or observationally interesting relic 
densities, for instance of moduli fields, or of cosmic strings. String cosmology is by now 
a broad area of research in itself, and here we settle for a brief discussion of the above 
mentioned topics. 


16.6.1 Inflation 


Let us start with a brief summary of the standard model of cosmology, focusing on prop¬ 
erties whose elucidation may relate to particle physics. The most general metric with 
homogeneous and isotropic spatial slices is the Friedmann-Robertson-Walker (FRW) 
metric 


ds 2 = - dt 2 + a 2 {t) dx 2 . 


(16.46) 


where a(t) is the scale factor which characterizes the (time dependent) spatial length scales, 
and H = d/a gives the instantaneous Hubble parameter. Einstein’s equations then give rise 
to the two coupled non-linear Friedmann equations 



(16.47) 


where p and p are the local density and pressure, and k — 0, 1,-1 for a flat, positively or 
negatively curved universe respectively. The energy density of a spatially flat universe is 
known as the critical density, p c = 3M 2 H 2 \ present observations are consistent with k — 0, 
so the total density is essentially the critical one, at present times p to t = 3M 2 // ( 2 ~ 10 -29 
g/cm 3 , where Ho = 71 (km/s)/Mpc is the Hubble parameter at present. All cosmologi¬ 
cal data may be described essentially in terms of four contributions p, to this density 
coming from baryonic matter p p,, radiation p rac j, dark matter pdm and dark energy pde 
( customarily encoded in the density ratios Q; — Pi /pent, with fl t ot = = 1)- In the 

standard cosmological model, their equations of state are p ra d = p ra d/3, Pb — 0, pdm = 0 
and pde = — Pde; the latter two describe a non-relativistic (cold) fluid of dark matter, pre¬ 
sumably corresponding to massive and very stable neutral particles, whose precise nature 
is yet unknown, and a dark energy as a (possible effective) vacuum cosmological constant 
A (see Section 1.3.1). The standard cosmological model is hence known as ACDM model. 
Note that (16.47) implies a(t ) = ao(t/to)P and H(t) = ji/t with ji — 1/2, 2/3 for a radi¬ 
ation and matter dominated universe respectively; the comoving Hubble radius 1 /(aH) 
increases with time in both cases. 

The universe has a rich biography, known as the big bang model. It started out 13.75 x 
10 9 years ago in a hot, relativistic, radiation dominated expansion era. As it cooled down, 
light nuclei formed in the first few minutes in the primordial nucleosynthesis process. The 
radiation era ended around 70 000 years later leading to a matter dominated era. Electrons 
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and nuclei combined into atoms at the recombination time, around 3.8 x 10 5 years later, 
making the universe transparent to photons, whose (suitably redshifted) uniform radiation 
is observed today as the 2.715 K cosmic microwave background (CMB). The dilution of 
radiation and matter densities made them subdominant with respect to the constant dark 
energy density, which around the age of 5 x 10 9 years started triggering an accelerated 
expansion of the universe, in which we live today. 

Taken at face value, the standard cosmological model has several important naturalness 
problems - besides the unnaturally small (from the particle physics viewpoint) value of the 
cosmological constant, already discussed in Section 1.3.1. For instance, present observa¬ 
tions, including the very precise measurement of CMB temperature anisotropies, are still 
consistent with a small but non-zero curvature factor k/o 2 , at the level of a 10%. Dividing 
the first equation in (16.47) by H 2 , we obtain Q to t — 1 = k/( a H ) 2 ; since 1 /(aH) decreases 
as we go back in time, the observed almost critical value £2 = 1 at present requires a very 
delicate fine-tuning in the early universe, e.g. with f2 — 1 ~ 3.6 x 10“ 18 at the time of 
primordial nucleosynthesis. This is known as the flatness problem. Another characteristic 
feature of the present universe is its extreme homogeneity, e.g. with CMB anisotropies at 
the tiny level of 10 -5 ; this is puzzling, since homogeneity holds even for regions which are 
causally disconnected, i.e. which are so far apart that did not have time to get into causal 
contact. This is known as the horizon problem. 

A natural solution to both problems is provided by inflation. In this scenario, the uni¬ 
verse is assumed to undergo a period of exponentially accelerated expansion in its very 
early stages. During this period the evolution of the universe is dominated by a very large 
and positive energy density p/ ~ Mj, with M/ typically of order the GUT or other large 
scale, and with approximate equation of state p — —p. The Friedman equations then dictate 
an exponential expansion aft) — a(to)e H, ^~'°\ while the Hubble scale remains approxi¬ 
mately constant, Hj ~ Mf / ^3 M 2 ^j. On the other hand, the spatial curvature piece k/ a 2 
is exponentially damped, thus solving the flatness problem for a sufficiently long inflation 
epoch. This dilution power of inflation over time At is encoded in the so-called number 
of e-foldings N e = Hi At, required to be N e > 60 for typical (high-scale) inflation mod¬ 
els. The inflationary exponential expansion also solves the horizon problem; correlations 
between regions initially inside a Hubble radius (and hence in causal contact) before infla¬ 
tion, are stretched by the exponential expansion to scales larger than the Hubble scale, 
purporting to be causally disconnected at present. 

Inflation is assumed to end in a process known as reheating, in which the inflationary 
energy density pi is released into standard degrees of freedom, leaving a bath of matter and 
radiation at a high temperature Th . The final stage of the inflation model is a very flat and 
homogeneous hot universe in a standard expansion phase, which thus provides the initial 
conditions for big bang cosmology. 

In the context of cosmological implications of certain particle physics models, like 
GUTs, supergravity or string theory, inflation may lead to yet another welcome impli¬ 
cation. Some of these models predict a density of heavy relic particles or cosmic defects 


546 


Further phenomenological properties. Strings and cosmology 


(e.g. cosmic strings or domain walls) in the early universe, which may even dominate or 
overdose it; a prototypical example are magnetic monopoles in GUTs. An inflationary 
period washes away the density of any relic formed before inflation to essentially innocu¬ 
ous values (which is not regenerated at reheating for relics whose mass scale is above 77/). 

Most inflation models are based on the introduction of scalar fields with the inflationary 
energy density corresponding to their potential energy. The general features can be illus¬ 
trated in the simplest case of a single scalar field </>, called the inflaton, coupled to gravity 
in the action 


S = J dx 4 ^/^g 




(16.48) 


Assuming a spatial homogeneous profile <p(t ), the inflaton dynamics is governed by 


4> + 3H<p + V' = 0, 


(16.49) 


where dots denote time derivatives, and primes are (p derivatives. The cosmological evo¬ 
lution is controlled by the inflaton energy density and pressure, given by p ( j, = </> 2 /2 + V, 
Ptj t — 0 2 /2 — V. Inflation is achieved if there is a slow roll regime in which the potential 
energy dominates, <p 2 V. so that p^ ~ — p,p ~ V (7/j ). Inflation holds while the infla¬ 
ton vev rolls down its potential, with inflation scale M/ ~ V 1 / 4 , and ends when the slow 
roll conditions cease to be satisfied; a long enough roll requires <p <$; //</). The above 
requirements lead to the slow roll conditions 


1 / V'M P \ 2 
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(16.50) 


Remarkably, in addition to solving the flatness and horizon problems, inflation provides 
a simple mechanism to generate the primordial fluctuations eventually giving rise to the 
observed CMB anisotropies and seeding structure formation. They originate from quantum 
fluctuations of the inflaton Stp and the metric &g^ v , which during the inflationary expan¬ 
sion get stretched to large scales and become classical perturbations. The observed CMB 
anisotropies fit a gaussian distribution with two-point correlations encoded in a power 
spectrum of the form P s (k) — k Hs , with the so-called spectral index n s ~ I. The single 
inflaton model discussed above leads to a gaussian spectrum of perturbations, since inflaton 
fluctuations are weakly coupled, and can be shown to predict 


n s — 1 = —6e + 2 rj, 


(16.51) 


so that (16.50) indeed imply n s — 1. It also predicts the observed coherent structure of 
acoustic peaks in the angular power spectrum of the CMB temperature fluctuations, essen¬ 
tially due to the super-horizon scale of the perturbations. 

Fluctuations of the metric give rise to primordial gravitational waves, which translate 
into the so-called tensor modes of the CMB, not yet observed. The single inflaton model 
leads to a ratio of tensor to scalar fluctuations r — 16e, much below present or forthcoming 
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observational bounds. This ratio is directly linked in single inflaton models to the inflaton 
field range Atp covered during inflation, by the Lyth bound 



(16.52) 


In general, there are two large varieties of inflationary models, according to whether Atp 
remains small in M p units or is required to be super-planckian. Large r is only attainable in 
models with super-planckian field ranges, and thus requires ensuring the inflaton potential 
to be very flat over a large field range, a strong (and UV sensitive) requisite in building 
successful models of this kind. Large field inflation examples are provided by the chaotic 
inflation models, in which V (<p) — Xcp k /M k , which satisfy the slow roll conditions in the 
super-planckian large </; regime. A prototype of small field inflation is hybrid inflation, in 
which the slow inflaton roll reaches a regime where a second field becomes tachyonic and 
condenses, thus ending inflation. There are many other classes of models beyond these; 
in particular, models with multiple inflaton fields, or higher derivative terms, may give 
rise to other signatures, like non-gaussianities or isocurvature fluctuations, which might be 
detected in future experiments. 

Let us close this brief summary of inflation with a generic problem in building spe¬ 
cific models of inflation, known as the j; problem. Inflation, and in particular the existence 
of a slow roll regime in a given theory, is very sensitive to its UV structure. In particu¬ 
lar, the scalar potential in the effective theory may generically acquire terms of the form 


\0\/M 2 \ <p 2 , with 67 4 some dimension-4 coefficient, which need not be suppressed (in the 
absence of symmetries forbidding it). For instance, in the context of models with J\f = 1 
supersymmetry, such operators appear upon expansion of the supergravity scalar potential 
(2.50) in powers of the inflaton. Also, once SUSY is broken, the inflaton generically gets 
mass terms analogous to the soft terms described in Section 2.6.3. Such terms lead to jy ~ 1 
and spoil the slow roll inflation; in most inflation models, the i] problem typically requires 
appropriate fine-tuning of the underlying parameters. 


16.6.2 String theory models for inflation 


In 4d string theory compactifications with a structure of scales Hi <<C Mkk M s , the 
physics of inflation lies in a regime which can be studied using the 4d effective field the¬ 
ory; yet the UV sensitivity of inflation may connect measurable quantities with properties 
of the underlying string model. Thus there are many efforts to explore the nature and 
physics of inflaton candidates among the different light scalar fields in string compacti¬ 
fications. There are two main classes of string inflation models, according to the nature of 
the inflaton candidate. One class realizes the inflaton as a closed string Kahler or complex 
structure modulus; in a second class of models, the inflaton is realized as an open string 
modulus, describing for instance the location of D-branes in the internal space of type II 
(orientifold) compactifications. Both classes are in principle quite attractive, since the cor¬ 
responding scalar potential vanishes perturbatively (at least in the absence of fluxes), and 
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further contributions may be expected to yield interesting scalar potentials for inflation. An 
important point is that establishing the existence of slow roll requires knowledge of the full 
scalar potential, to guarantee the absence of steep directions in field space spoiling slow 
roll; this implies that the construction of inflation models in string theory is necessarily 
correlated with the issue of moduli stabilization. 


Closed string moduli as inflatons 

Closed string moduli fields in string compactifications were considered as inflaton candi¬ 
dates already in the early days of heterotic string phenomenology. However, this possibility 
has only recently become sufficiently rigorous, mainly due to the advances in moduli sta¬ 
bilization. As described in Chapters 14 and 15, these are more developed in the context of 
type II orientifold compactifications. We consider the setup of type IIB compactifications 
with NSNS and RR 3-form fluxes, assuming they stabilize the dilaton and complex struc¬ 
ture moduli at a high scale; the resulting 4d effective theory contains the Kahler moduli, 
which remain as flat directions of the flux potential, with a scalar potential arising from 
non-perturbative effects, as in Section 15.3.1, so it may be expected to be quite flat and 
well-suited for inflation. 

It turns out that such inflating potentials are not realized for the simplest case of a single 
Kahler modulus; however, they are possible in the generic case of multiple Kahler moduli, 
as we now illustrate in a two-moduli CY example. Consider a type IIB orientifold on the 
CY Pj j j 6 9 [ 18], already appeared in Section 15.3.2, which has two Kahler moduli T\ 2 - 
Assuming suitable D-brane instantons to generate non-perturbative superpotential terms 
controlled by these moduli, we have 

W = W 0 +Ae aTl + Be hT2 , (16.53) 

where Wo is the constant value of the flux superpotential at its minimum, assumed to be 
small as in Section 15.3.1. The model as it stands leads to AdS vacua, and should even¬ 
tually include an uplifting mechanism to a small and positive cosmological constant, e.g. 
D3-branes. In this example, known as “better racetrack inflation,” the inflaton is played 
by a linear combination of the two axion-like fields Im T\, Im 73, with slow roll inflation 
occurring near a saddle point in the scalar potential. It leads to predictions characteristic 
of small field inflation models, and with suitable choices of parameters produces a cor¬ 
rect magnitude of density perturbations with a spectral index n s = 0.95 and negligible r, in 
agreement with observations. The model is however very sensitive to the choices of param¬ 
eters, requiring a fine-tuning around or beyond the percent level to achieve the slow roll 
regime. 

Other variants of moduli inflation constructions are based on the large volume moduli 
stabilization in Section 15.3.2, and are known as “Kahler moduli inflation.” The simplest 
toy model in this class involves at least three Kahler moduli 7}, whose Kahler potential has 
a swiss cheese structure, i.e. 
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K = —21og V; 
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(T b + f b ) 3/2 - £(r,,, + r Si/ ) 3/2 

<=i 


(16.54) 


where Re T b controls the overall volume of the CY. In the n — 2 case one also assumes 
there is a non-perturbative superpotential involving the “small” 4-cycle moduli 7^i, T s i- 
The model yields minima at Re T b much larger than the small moduli, one of which has an 
exponentially flat potential of the form 


V - Vo - C(Re T c ) 4/3 exp [ -c (Re T c ) 4 ' 3 


(16.55) 


where T c is the modulus with canonical kinetic term. This inflaton candidate again leads to 
n s — 0.96 and negligible tensor fluctuations. In these models the rj problem, mentioned in 
Section 16.6.1, ameliorates due to the extreme flatness of the potential. Their main short¬ 
coming is the difficulty to evaluate modifications of this flatness due to higher-order loop 
corrections, which can be estimated to be under control, yet are not explicitly computable. 


Brane motion inflation 

Another class of models is based on realizing the inflaton as a scalar field parametrizing 
the location of D-branes in the internal space of type II (orientifold) compactifications. We 
consider the prototypical case of D3-branes, in a type IIB compactification in the presence 
of D3-branes, so that the brane-antibrane attraction leads to a non-trivial potential for the 
modulus controlling the inter-brane distance, denoted r (not to be confused with the ratio of 
tensor to scalar fluctuations). Assuming a single D3-D3 pair, in the regime 
with L a typical length scale of the compact space, the potential is well-described by the 
lOd gravitational and RR Coulomb attraction; one obtains 


V(r) = 


2^3 

8s 


( _ 'C 2 qM3 J_\ 

\ 2 n 3 g s r 4 J ’ 


(16.56) 


where k 2 0 is the lOd gravitational constant and /13 is defined in (6.7). Here the first term 
describes the total brane-antibrane tension, and r should be regarded as the vev of the 
inter-brane distance modulus, to be identified with the inflaton (p. Unfortunately, the above 
potential yields too large slow roll parameters, in particular 
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(16.57) 


where we have set M 2 = L 6 /k 2 q . Thus the conditions (16.50) require r J>> L. beyond 
the validity of (16.56); it can be shown that the situation is not significantly improved 
for anisotropic compactifications, or even using a potential valid for any r (i.e. using the 
complete gravitational and Coulomb potential in the compact space). 
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Figure 16.8 Brane inflation model in a warped throat. 


This issue is solved in a different implementation of the brane-antibrane inflation idea, 
in which the objects are located on a warped throat, see Section 14.1.3, which induces 
additional suppressions due to its gravitational redshift; this setup fits well with the KKLT 
full moduli stabilization picture in Section 15.3.1, since the 3-form fluxes stabilizing mod¬ 
uli can support warped throats, and the uplifting D3-branes are naturally driven to their tip. 
The inflaton candidate is thus the position modulus of a D3-brane, whose scalar potential 
does not get contributions from the 3-form fluxes, recall Sections 15.4.1 and 15.5.3, and is 
hence dominated by the interaction with the D3-brane. Hence the dynamics of D3-branes 
falling onto D3-branes at the bottom of a warped throat, sketched in Figure 16.8, can be 
expected to dominate the last (and only relevant for our observable universe) efoldings of 
inflation. 

The main explicit example in this class, known as KKLMMT model, is based on the 
conifold throat introduced in Section 14.1.3. The D3-D3 interaction is approximated by 
solving the Laplace equation for the gravitational and Coulomb potential in an AdSs 
geometry, and gives the result 


Lo = 


2ft3 r o 

-g7~R* 



(16.58) 


where R is the AdSs length scale, N denotes the number of 5-form flux quanta, ro is the 
position of the end of the throat at which D3-branes are located, and r is the D3-brane 
position, which should be regarded as the vev for the inflaton candidate (f>. The warped 
geometry produces a redshift factor r^/R 4 on the tension of the brane-antibrane system, 
and a factor r * / R 4 on the attractive term; these suppression factors would in principle lead 
to a very flat potential, leading easily to slow roll inflation. 
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The story is a bit more complicated, however, since the moduli fixing dynamics gives rise 
to additional contributions to the scalar potential. In particular, as usual in models with an 
underlying 4d J\f = 1 supergravity description, there is a new avatar of the above mentioned 
11 problem; in the present setup, it is related to the generic presence of mass contributions 
for open string moduli after SUSY breaking, recall Section 15.5.3. The scalar potential has 
a structure 

V = V 0 + Hq(J ) 2 + 8V(4>), (16.59) 

where the second term is the mass arising from the supergravity scalar potential (2.50), 
and S V summarizes further corrections, discussed below. The mass term destroys the slow 
roll unless there are cancellations with extra pieces from <5 V. There are explicit compu¬ 
tations of corrections S V sourced by non-perturbative effects depending non-trivially on 
the open string modulus </>, as in Section 13.1.3. A more systematic classification of pos¬ 
sible contributions to S V is based on the use of the AdS/CFT correspondence, see Section 
6.4, to map them into operators in the holographic dual field theory description of the 
throat, in Section 14.1.3; this analysis shows the possible existence of corrections <5 V = </> A 
with A = 1, 3/2, 2. Such contributions may cancel the mass term and allow for slow roll 
inflation, at the cost of a moderate fine tuning in the parameters of the model. 

An important general aspect of the brane-antibrane model is that the end of infla¬ 
tion occurs by the annihilation of branes and antibranes, as follows. The sector of open 
strings stretched between the two objects is very massive for large inter-brane distance, 
but its groundstate becomes tachyonic as they approach at distances below a' 1 / 2 , see Sec¬ 
tion 6.5.2. Condensation of this tachyon leads to brane-antibrane annihilation, and the 
release of the energy density stored in their tension during inflation. Interestingly, tachyon 
condensation in D3-D3 brane systems can produce topological defects in 4d spacetime, 
corresponding to leftover fundamental strings (denoted FIs), Dl-strings, or ( p. c/(-strings 
describing bound states thereof. These may remain as relics of the early universe, as we 
discuss further in Section 16.6.4. This annihilation does not allow for other stable topolog¬ 
ical defects like domain walls, a fortunate circumstance as their energy density (generated 
at reheating and so not diluted by inflation) would overdose the universe. 

String inflation, tensor modes and non-gaussianities 
The above examples for the realization of inflation in string theory share the property of 
being small field inflation models, and hence according to (16.52) do not produce sizable 
tensor perturbations. On the other hand there are already important experimental limits 
on the values of n s and r from the WMAP satellite data, see Figure 16.9, and improved 
sensitivities in upcoming experiments over the next decade will allow to measure a non- 
negligible ratio r, or lower its bounds by several orders of magnitude. In the string inflation 
models described above, tensor modes are strongly suppressed (thick line close to the n s 
axis in Figure 16.9). This raises the question of whether small r is a general signature of 
inflation models in string theory, or else which explicit string models lead to non-negligible 
values of r. 
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Figure 16.9 Observational limits from the CMB on the parameters r, n s of slow roll inflation models. 
The shaded areas correspond to the 68% and 95% CL limits allowed by WMAP data and the thin 
line to 4chaotic inflation models with general k. D-brane, Kahler, and race-track inflation models 
correspond to the lowest thin band close to the n s axis. 


Although this is still an open question, its interest motivates us to brush over several ideas 
put forward to try and construct string models of large (super-planckian) field inflation, 
thus leading to sizable r. The so-called N-flcition model considers using a large number 
N (in the hundreds) of axion-like fields, e.g. the imaginary parts of geometric moduli in 
CY compactifications with large Hodge numbers; this large number of scalars with field 
values of order M p may collectively lead to an effect analogous to a single field with super- 
planckian range, leading to a sizable r (k = 2 in the Figure 16.9). A possible problem is that 
the large number of scalars induces a large renormalization of Newton’s constant which 
reduces the field range. Another proposed approach, known as monodromy inflation , uses 
multiple circuits of a single periodic open string (axion-like) field. The model leads to a 
potential linear in the (canonically normalized) inflaton field (k= 1 in Figure 16.9), and 
leads to r ~ 0.07, within reach of upcoming CMB observations. 

A further interesting signature beyond the slow roll paradigm would be non-gaussianities 
in the spectrum of fluctuations; they are typically absent in single field inflaton models, but 
may appear, e.g., in multiple field inflationary models. Sizable non-gaussianities can also 
be realized in string theory, e.g. in the so-called DBI inflation ; it realizes the inflaton as the 
position modulus of a D3-brane moving at relativistic speeds, so its description requires 
the full (higher derivative) DBI brane action, and goes beyond the slow roll scenario. We 
refer the reader to the Bibliography for more information on these and other string inflation 
scenarios. 


Inflation and SM sector in string theory 

The above discussion focuses on the realization of the inflaton in string theory, as a question 
decoupled from the realization of the SM sector. There are, however, certain questions in 
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which the physics of both sectors is relevant, and which lead to further open issues in string 
inflation. Clearly one such question is reheating, i.e. the efficient transfer of the released 
inflationary energy density into SM degrees of freedom; this is a very model dependent 
issue, which certainly deserves further exploration to achieve a more complete realization 
of inflation in string theory. 

But even at a more general level, there is a rather generic problem in the realization of 
inflation in models with moduli stabilization achieved in the KKLT framework of Section 

15.3.1, or its extensions. In most inflationary models, the Hubble scale Hj is large, typi¬ 
cally around, or a few orders of magnitude below, the GUT scale. On the other hand, string 
inflation models in the KKLT-like class lead to Hj < m 3 / 2 , where m-y /2 is the gravitino 
mass, which is typically my /2 < 0(1) TeV for Af = 1 SUSY to address the hierarchy prob¬ 
lem. Indeed, raising /// above m-yn in these string models spoils the moduli stabilization 
pattern, as follows. Consider the KKLT scenario extended by adding some inflaton in a 
chiral multiplet <J>. The scalar potential has the structure (setting K 4 = I) 

y = e K (g**|ZW| 2 + G Tf \D T W\ 2 - 3|W| 2 ) + (y + D 3 ■ (16.60) 

The height of the potential barrier before the addition of the inflaton piece is of order the 
AdS 4 vacuum energy before uplifting, V — |yAdsl ~3e K \W q\ 2 — m 2 , 2 ', in order to main¬ 
tain the structure of the moduli fixing minimum, the inflaton contribution to the scalar 
potential must be smaller than this barrier, i.e. 

e K/2 G <txt>\ D(S>w ^2 <m 2j2_ (16.61) 

However, this inflaton potential energy precisely determines the scale of inflation, hence 
we are forced onto Hi < 1114 / 2 , as announced. The problem is actually rather general, and 
arises also in other moduli stabilization set-ups like the large volume scenario of Section 

15.3.2. The underlying reason is that any scalars, and in particular the moduli, acquire 
an effective mass ~ Hj due to their coupling to the inflationary de Sitter gravitational 
background, which competes with (and can override) the moduli stabilization mass scale. 
This clash between the inflation and SUSY breaking scales may be avoided by appro¬ 
priate fine-tuning, or other proposed mechanisms. Still it is fair to say that there is a 
tension between large-scale inflation and low-energy SUSY in the moduli-fixing scenarios 
discussed so far. 


16.6.3 The cosmological moduli problem 

There are other issues related to the role of string moduli fields in cosmology, as we now 
review for the so-called cosmological moduli problem. One expects the string moduli 
(Kahler, complex structure and complex dilaton) to be abundantly produced in the early 
universe. In compactifications in which the moduli masses are generated upon SUSY 
breaking, their expected scale (for both scalar moduli and their modulino fermionic 



554 


Further phenomenological properties. Strings and cosmology 


partners) is of order the gravitino mass; namely, )$'» 3/2 — 0(TeV) in models with 
low-energy supersymmetry. 

Modulinos in this mass range are actually problematic for cosmology, as follows. If they 
are stable, their density would overdose the universe, unless their mass is < 1 keV; if they 
are unstable, they are long-lived due to their gravitational strength coupling to SM fields, 
with an estimated lifetime 


%m — 


K 

3 

m ~ 
M 


M 2 

P 

m 3/2' 


(16.62) 


Taking m 3/2 — 1 TeV, one has tm —10 3 s, somewhat after primordial nucleosynthesis; their 
decays would produce a large number of high-energy photons which can photodissociate 
the nuclei, changing the 4 He and deuterium abundances, and hence ruining their remark¬ 
able agreement with observation. There is an analogous gravitino problem in general Af = 1 
supergravity models, including Af = 1 string models. To avoid these problems, these fields 
should have masses in m, m 3/2 > 0(10) TeV, slightly heavier than expected in low-energy 
SUSY; however, this bound may be avoided by invoking the dilution of primordial mod- 
ulino density during inflation. 

Scalar moduli lead to an analogous problem, similar to the so-called Polonyi problem 
of general Af = 1 supergravity models, and which is slightly more troublesome than for 
modulinos, as it is not satisfactorily solved by inflation. Indeed, during inflation the scalars 
<pM are in general not localized around their zero temperature minimum, rather they are 
displaced by a distance of order 8<Pm — M p , given the flatness of the moduli potential. After 
inflation their oscillations create moduli particles behaving as non-relativistic matter, with 
energy density dominating over radiation, p<j> M /p m d — 1 /T, as the universe cools down. 
As their fermionic partners, these fields are long-lived with r ~ M p /m? M , and their decay 
products may spoil nucleosynthesis unless n\M > 0(10) TeV. Since inflation is over, it 
cannot help in diluting the scalar energy density, and this mass bound is more difficult to 
avoid. An additional problem of scalar moduli decays is the generation of large amounts 
of entropy, which can erase any preexisting baryon asymmetry. 

The problem of the scalar moduli would disappear if <-£ M p during inflation, but 
this condition is in principle unnatural. An interesting possible realization is the existence 
of an additional last stage of thermal inflation, at energies much lower than the original 
inflation; in this scheme the finite temperature corrections keep the moduli fields at small 
values, and give rise to a short inflationary period (of about 10 efoldings) diluting any previ¬ 
ously existing moduli energy density, without affecting the density perturbations generated 
during ordinary inflation. There is another obvious solution to the cosmological moduli 
problem, by fixing all moduli at a high scale, e.g. using a general enough set of fluxes 
as in some examples in Chapter 14. Hence, the cosmological moduli problem is actually 
more severe for models of moduli stabilization at the scale of low-energy SUSY breaking 
dynamics. 
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Figure 16.10 Computer simulation of cosmic string network (from Allen & Shellard (1990)). 


16.6.4 Cosmic string relics 

Cosmic strings and other defects may be present in the early universe, although their 
primordial density would be diluted during inflation. However, as already mentioned in 
Section 16.6.2, certain realizations of inflation in string theory lead to cosmic string pro¬ 
duction during reheating; prototypical examples are brane-antibrane (e.g. D3-D3) inflation 
models ending in annihilation. 

A relevant question is the amount of energy density stored in such cosmic strings once 
they are created. The total energy carried by a string is proportional to its length and hence 
(assuming stability, as we implicitly do, skipping further discussion) grows with the scale 
factor a(t). The comoving volume scales like ait) 2 and so the cosmic string density scales 
like Pi — 1 /a(t) 2 . This would dominate over radiation and matter densities, which decrease 
as 1 / a(t ) 4 and 1 / a(t ) 3 respectively. However, the density in strings is depleted by a number 
of processes in the evolution of the cosmic string network. For instance, when two string 
segments collide they can recombine (intercommute) producing two kinked strings, which 
subsequently relax by straightening to reduce the total string length; also when a string 
intersects itself the loop breaks off and eventually decays through gravitational emission; 
more generally, long excited strings tend to straighten over time. Detailed simulations (see 
Figure 16.10) of string network evolution show that the ratio of the cosmic string density 
over radiation and matter densities is approximately constant with p s /p r — 400 GnP dur¬ 
ing the radiation dominated era and p s /p m — 60 G\ /r in the matter dominated era. Here 
Gn is Newton’s constant and // is the string tension. 

The dimensionless quantity G'n/x, describing the string tension in M p units, is the rele¬ 
vant parameter for most physical questions on cosmic strings. In particular cosmic strings 
can create density perturbations, expected on dimensional grounds to be of order Sp /p ~ 
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G n/x. Explicit computations show that they are scale invariant, although their CMB power- 
spectrum is rather smooth and structureless, and hence very different from that predicted by 
inflation, and from the observed one. The constraints from the observed CMB anisotropies 
require in general G n/x < 10 - ' 1 - 5 ; a more detailed fit of the CMB in a scenario including 
standard cold dark matter plus cosmological constant plus cosmic strings gives an upper 
limit GnM < 10 -6 . 

Different classes of 4d string models lead to different cosmic string candidates with dif¬ 
ferent possible values of G n/x. In heterotic string models, the string tension is // = I /(2na') 
and the gravitational constant is 8/r 2 — a' g 2 , and so Gn/x = «g /(32jt); taking &g — 1 /24, 
we obtain G’n/x ~ 4 x 10 -4 , which is excluded by the above bounds. Similar conclusions 
follow for the case of type I string compactifications. However, in type II (orientifold) 
models with lower-dimensional D-branes, it is possible to decrease the string tension /x by 
considering lower string scales, or D-brane sectors on warped regions of the compactifica- 
tion space. The latter case indeed occurs in the KKLMMT warped throat model, where the 
effective string tension is /x = e 2A(r °^/(2jva r ), where ro denotes the location of the string; 
thus, such effective string tension /x is in practice a free parameter. For realistic inflationary 
parameters in this scenario, the string tensions for F1-, D1-, and ( p , £/(-strings are 

GnMf ~2x 10~ 10 Vg7, GnMZ) - 2 x 10~ 10 /^, G N /x P , 9 = Hf-J P 1 + 1 2 /8s 

(16.63) 

(with g s assumed fixed by moduli stabilization, e.g. 3-form fluxes in the CY bulk). More 
generally, there are models realizing values in a wide range 10" 12 < Gn/x < 10 6 . There¬ 
fore, warped compactifications/throats with brane-antibrane annihilation lead to interest¬ 
ing cosmic string candidates with viable values of Gn/x. 

There are several ways to detect the existence of cosmic strings in the sky. The main is 
arguably gravitational lensing, with a very characteristic pattern of images symmetric with 
respect to an axis rather than a point; despite claims of candidate events in the past, none 
of them has been confirmed yet. A second detection opportunity is gravitational radiation 
emission from string cusps, which are generically present at least once in each loop of an 
oscillating cosmic string; the large energy density concentrated at the tip of the cusp pro¬ 
duces an intense and characteristic gravitational wave beam, detectable at LIG02 or LISA 
for values as low as Gn/x — 1(P 10 . Finally, observations of millisecond pulsars put strong 
limits on the cosmic string gravitational background; the gravitational radiation would dis¬ 
turb the timing of the pulses, so the observed pulse stability over more than two decades 
gives an upper limit Gn/x < 1.5 x 1 0 _ °c“ ! 2 , where c is the average number of cusps on 
each string loop. 

A natural further question is how to discriminate between cosmic strings in purely 
field theoretical models (like GUTs) and in string models. One difference is that cosmic 
string intercommutation in (perturbative) field theory generically has a probability P ~ 1, 
whereas for a fundamental string, it is a quantum effect with probability P ~ g 2 . This prob¬ 
ability plays an important role in the string network evolution, so detailed measurements 
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of its gravitational wave spectrum could in principle allow to discriminate field theoret¬ 
ical and stringy cosmic strings. Another characteristic feature of certain string models is 
the possibility of complicated network topologies, with triple junctions involving different 
kinds of ( p, q ) strings. 

In summary, there is a fair chance for forthcoming observations to detect experimentally 
the presence of cosmic strings from string theory. Such observations would not only give 
experimental support for string theory, but would also provide important information on 
the possible underlying string models. 


17 

The space of string vacua 


In the preceding chapters we have displayed the wealth of possibilities to build specific 
4d string vacua. In this chapter we take a more general viewpoint and present an aerial 
view of the space of string vacua (at our present level of knowledge), in particular of those 
corners with low-energy physics resembling closely the SM of particle physics. In spite 
of the apparent enormous number of consistent vacua, the space of field theories obtain¬ 
able as low-energy effective descriptions of string theories can be argued to be strongly 
constrained, forming a minute subset in the space of all possible field theories. We present 
some of these general properties of string vacua, and then turn to overviewing the status of 
realistic vacua searches in different string compactification setups. These explicit models 
are presumably only the tip of the iceberg in the set of semi-realistic models in string the¬ 
ory, which we term the flavour landscape. In addition, the latter may be complemented by 
additional ingredients like flux degrees of freedom, yielding a large multiplicity of vacua, 
known as the flux landscape. Our outlook summarizes some general reflections on string 
theory and particle physics, inspired by this general perspective. 


17.1 General properties of the massless spectrum in string compactifications 

The spectrum and symmetries of light particles in 4d string compactifications is very 
model dependent. There are, however, several important general properties valid in any 
compactification, and which can provide non-trivial constraints in model building. These 
include restrictions on the 4d gauge group and light matter representations, the absence of 
global symmetries and other quantum gravity constraints, and the possible genericity of 
fractionally charged exotic states. 


17.1.1 The gauge groups 

In perturbative type II orientifolds, the gauge factors arise from D-branes, and lead to U(N) 
or SO(N), USp(N) symmetries, depending on their relative interplay with the O-planes; 
it is not possible to obtain exceptional groups like E(, at the perturbative level. The total 
rank of the gauge group depends on the number of D-branes in the corresponding vacuum, 
and is strongly constrained by the RR tadpole cancellation conditions. In fact, in specific 
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orientifold models the actual gauge group may be quite small, and even reduce to just the 
SM. In general, however, the presence of additional hidden (or semi-hidden) sectors is 
fairly generic. 

In perturbative heterotic compactifications there are non-trivial constraints on the gauge 
group. Its rank has to be necessarily smaller that 16 + 6 = 22, and can include classical or 
exceptional Lie groups. The bound on the rank follows from the realization of spacetime 
gauge symmetries as Kac-Moody (KM) algebras on the left-moving worldsheet CFT, see 
Section E.3, as follows. The contribution of each gauge factor G, realized as a level k KM 
algebra, to the central charge is 


k dim G 
k + he ’ 


(17.1) 


where he is the dual Coxeter number, given by the quadratic Casimir of the adjoint rep¬ 
resentation, e.g. he = N, (2 N — 2), 12, 18, 30 for SU(N), SO(2N), Eq, £ 7 , Eg respec¬ 
tively; for U( 1) factors, hu(\) = 0 and c= 1. Since the total internal left-moving central 
charge must equal 22, there is a bound on the contributions from gauge factors G,, as 


CKM 


E 

i 


kj dim G, 
ki + h Gi 


< 22 . 


(17.2) 


For level k— 1 KM algebras of simply-laced groups, one obtains c = rkG, and the con¬ 
straint reproduces the rank-22 bound mentioned above. Higher-level realizations or non- 
simply laced groups lead to stronger constraints on the gauge group rank. Alternatively, 
the condition (17.2) gives, for sufficiently large gauge groups, an upper bound on their 
KM level. For instance, for 50(10), the maximum value for the level is k — 7; for smaller 
groups the bound is less restrictive, and, e.g., the SM group can contribute at most c = 8 + 
3+1 = 12 units at any level, so this bound is useless. However, in practice it is somewhat 
difficult to construct models with higher-level gauge factors, see Section 9.8. 

Non-perturbative heterotic models can be obtained by introducing NS5-branes, or using 
the Horava-Witten description, so are easier to discuss using suitable dual descriptions, 
like type II orientifolds or their F- and M-theory generalizations. 

In non-perturbative versions of the above compactifications, some constraints are avoided 
or relaxed. For instance, and in contrast with perturbative orientifolds, F- and M-theory 
models allow to realize exceptional gauge symmetries. In general they also lead to a priori 
more flexible tadpole conditions, and hence larger allowed gauge group ranks. For instance, 
F-theory compactifications on certain fourfolds with large Euler characteristic allow the 
introduction of thousands of bulk D3-branes. However, this large rank does not necessarily 
imply a large non-abelian particle physics group. For instance, gauge enhancement requires 
coincident branes, which can be argued to be a non-generic situation; also, particle physics 
models require chiral matter, and bulk D3-branes necessarily lead to non-chiral spectra. 

A general lesson is therefore that bounds on phenomenologically interesting gauge 
groups are stronger, due to the constraints in realizing phenomenologically interesting 
matter representations, to which we turn next. 
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17.1.2 Massless matter representations are small 


One very attractive, but often not fully appreciated, feature of string theory is that it predicts 
that massless particles must transform in small representations of the gauge factors; this is 
in sharp contrast with standard field theory, where there are no constraints on the gauge 
representations (beyond anomaly cancellation), and, e.g., the representation 2 of SU (2) 
is in principle not more fundamental than the representation of dimension 137. In string 
theory the lightness of a particle constrains its possible gauge quantum numbers, as we 
now review for the different compactification setups. 

The gauge representations in perturbative type II orientifolds, including in particular the 
massless spectrum, are very constrained, since they arise from the Chan-Paton indices at 
open string endpoints. Particles must necessarily lie in either bi-fundamental representa¬ 
tions or 2-index tensor representations (antisymmetric, symmetric or adjoints). This is very 
well suited to describe the SM, as quarks and lepton quantum numbers may be accom¬ 
modated in those representations. On the other hand, it is not possible to obtain massless 
spinor representations of SO (N) groups, and hence it is not possible to build SO (10) GUT 
models. 

In perturbative heterotic compactifications, the possible gauge representations of light 
particles are somewhat more flexible, and include e.g. SO(N) spinors or 3-index tensors 
of SU(N). However, large representations are penalized, as follows. For a fixed level k of 
the underlying KM algebra, unitarity of the KM algebra representation implies a bound on 
the complexity of possible gauge representations; namely, the only possible representations 
are those satisfying 


rk G 



(17.3) 


where m j are positive integers, sometimes called co-marks, known for every simple Lie 
algebra, and nj are the Dynkin labels of the highest weight of the representation of the 
group G - an effective measure of its complexity. In particular, for SU(N ) all m j = 1 
and the only allowed representations at level k— 1 have Dynkin labels (1, 0, 0, ...) and 
permutations. This corresponds to (anti)fundamental and completely antisymmetric repre¬ 
sentations of SU ( N ), and would thus explain the role of SU (2) doublet and SU (3) triplet 
representations in the SM. On the other hand, it precludes the presence of light adjoints 24 
of SU (5) (or other GUT groups) at k — 1, and thus forces the realization of standard GUTs 
in string theory to the (more difficult) realm of higher-level KM algebras. 

There are further constraints on which of these representations may be light, since the 
KM/gauge representation R contributes to the left-moving conformal weight of the state, 
and hence to its spacetime mass via (E.14). Concretely we have 


= IlKM.R + hint + Nose ~ 1, with IlKM.R = , , „ . ., 

k + C(A ) 


4 


(17.4) 
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Here /q n t encodes other possible contributions to the conformal weight. We also define 
C(R) = T (R)dim G/dim R, where T ( R) is the second quadratic Casimir tr (Tf R) T i h R) ) = 
T ( R)8 a b ; for U( 1), h km = q 2 /k\, where q is the charge and k\ is the U( 1) normalization 
factor defined in Section 9.4. Hence lightness of a particle implies the bound h km < 1- This 
can be used, e.g., to constrain the KM levels using the SM massless representations: for a 
SM field the SU (3) x SU (2) x U (\) y contribution to the conformal weight is 




C(Ri) 

k 3 + 3 


C{R 2 ) 
k 2 + 2 



(17.5) 


hence lightness of the right-handed electron (Y — 1) implies k\ > 1. Alternatively, for fixed 
levels, it constrains the representations which can appear in the massless spectrum. For 
instance, for the most common case with £3 = k 2 = 1 . the massless matter sector can include 
only bi-fundamentals or antisymmetric representations; thus, e.g., SU(2)u triplets, often 
used in left-right symmetric models (to break the symmetry and to induce right-handed 
neutrino masses), cannot appear at level one. Note also that, for 50(10) at level one, the 
16 leads to /ikm = 5/8 < 1 and hence can (and does) appear in the massless spectrum of 
heterotic compactifications; on the other hand, the representation 126, which used in the 
Higgs sector could be relevant for right-handed neutrino masses, can appear only for k > 4, 
making its realization in the massless spectrum very difficult (and in fact it has been shown 
to be impossible in any heterotic free fermion construction). 

Remarkably, gauge representations in massless sectors remain severely constrained even 
in non-perturbative setups, like F- or M-theory compactifications; there, the massless rep¬ 
resentations are inherited from adjoint representations of larger gauge groups, through the 
unfolding in Sections 10.7.2 and 11.5.2. This constrains the possible representations to 
those available upon decomposition of the adjoint of, e.g., E 6, £7, £’3, or other large clas¬ 
sical groups. This allows the realization of 50(10) spinors, but certainly implies strong 
restrictions for the possible massless representations. 


17.1.3 Fractionally charged particles 

String theory contains electric and magnetic charges under any 0(1) symmetry, so appli¬ 
cation of the Dirac quantization argument in Section B.3 implies in particular quantization 
of electric charge in multiples of some basic unit. The appearance of the correct values for 
hypercharge, and hence of electric charges, for SM fermions is expected in any SM-like 
string construction, since they are very much determined by anomaly cancellation. In GUT- 
like constructions, quantization of electric charge in multiples of the electron charge (for 
color singlets) applies even to possible particles beyond the SM, since it follows from the 
GUT multiplet structure. However, in string models without a GUT symmetry, the string 
spectrum can generically contain (either massless or massive) additional charged fermions 
beyond the SM, with non-standard hypercharge and hence fractional electric charges. 

Fractionally charged states can be classified according to whether they are chiral or not 
under the SM group. The former are known as chiral exotics, and can only become massive 
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once the EW symmetry is broken, so they are relatively light; on the other hand, non- 
chiral states can be massive to start with, or get large masses by diverse mechanisms, see 
below. Fractionally charged states are stable particles, since there is nothing they can decay 
into. Millikan-type experiments constrain their abundance to less than 10~ 21 fractionally 
charged particles per ordinary matter nucleon. Fractionally charged particles light enough 
to have been produced abundantly in the early universe lead to too large relic abundances, 
ruled out by the above bound. Thus fractionally charged chiral exotics are phenomenolog¬ 
ically problematic; on the other hand, superheavy fractionally charged particles may be 
easily diluted during inflation and may not be problematic. 

The origin of fractionally charged states is quite clear in the context of type II orientifolds 
with a SM structure, where they appear from open strings stretched between SM branes 
and extra “hidden” branes generically present in the model. They are massless or massive 
depending on the “distance” between these two sectors. As a simple example, consider 
the SUSY example in Section 10.6 with massless spectrum in Table 10.6. In Pati-Salam 
SU (4) x SU(2)l x SU(2)r terminology, it contains three quark/lepton generations, one 
Higgs multiplet, and two copies of exotics transforming as (1, 2 , 1) + (1,1, 2 ). The latter 
arise from open strings between the SU(2)p (or SU(2) g ) branes and the hidden branes 
hi, h 2 ; they have fractionally charged chiral exotics, with electric charge ±1/2, and are 
initially massless. In other models, fractionally charged particles may already be massive, 
or come in vector-like combinations; many such examples have been constructed in terms 
of type II RCFT orientifolds. 

Fractionally charged states are also rather pervasive in perturbative (0, 2) compactifica- 
tions of the heterotic string, as manifest by direct inspection of explicit fermionic models 
or abelian orbifolds, such as the Z3 example in Section 9.7. There is in fact a theorem 
ensuring that compactifications containing the SM group, with underlying KM algebras 
realizing SU (5) normalizations kj — k 2 = 1, k\ = 5/3, either contain fractionally charged 
exotics or else lead to a full SU(5) gauge symmetry group. The argument, somewhat sim¬ 
ilar to the proof of the absence of global symmetries in string theory discussed below, runs 
as follows. 

Given a level k SU ( N ) KM algebra one can define simple currents (see Section E.5.2) 
J^\ i = 0,.... /V — 1 , with conformal dimension h, = k(N — i)/2N . The monodromy 
(E.36) of a primary field <J>s in the SU ( N ) representation R under ,/i! 1 is given by Q m) 

' J N 

(tp s ) = it/N, where t in the /V-ality of R\ for 17(1) KM algebras, there is an h — k/4 
simple current J (with k the normalization factor introduced in Section 9.4) with mon¬ 
odromy charges given by the 1/(1) charges themselves. Note also that, from the partition 
function (E.37), a simple current J under which all fields in the spectrum have integer mon¬ 
odromy, is a current extending the Virasoro algebra, and is in the spectrum itself. Consider 
now a compactification with SM group, and take the simple current J = ( 1J , j\ V) , 71 j 
corresponding to the three SM gauge factors. The monodromy charge of a field <J> under 
J is 


fa fa 

e ^) = l + 2 


(17.6) 
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One can check that the condition Qj( <t>) e Z is precisely the integrality of its elec¬ 
tric charge. Imposing this condition for all fields in the theory implies, by the above 
argument, that J itself must be in the spectrum, and hj = kj/3 + &2/4 + &i/4 must be 
integer. In particular, for £3 = k 2 — 1, k\ — 5/3, the conformal dimension is hj — 1 and J 
produces a massless gauge boson with SM quantum numbers ( 3 , 2, 5/6). These gauge par¬ 
ticles, together with their conjugates, actually enhance the gauge symmetry to SU (5), as 
announced. 

The presence of massless fractionally charged vector-like exotics may not necessarily be 
a problem. In many heterotic examples, such exotics are present at tree level, but become 
very massive in the one-loop vacuum re-stabilization triggered by the non-vanishing FI 
term, as in Section 9.7. 

Finally, string models with underlying GUT symmetries broken in the compactification, 
e.g. like heterotic CY compactifications with discrete Wilson lines, also contain fraction¬ 
ally charged states. They arise from twisted states of the freely-acting twist, (i.e. strings 
wrapped around the non-trivial homotopy 1 -cycles); these are very massive due to the 
stretching, hence not very problematic. 


17.1.4 Absence of continuous global symmetries 


It is believed on general grounds that in consistent theories of quantum gravity there are no 
continuous global symmetries. The argument is based on a thought experiment, in which 
particles charged under the symmetry are accreted to form a black hole, which eventually 
evaporates into a thermal bath of Hawking radiation with zero total charge, thus leading to 
an overall violation of charge conservation. 

String theory is a consistent theory of quantum gravity, and hence should not lead to 
vacua with continuous global symmetries; indeed, any seeming continuous global symme¬ 
try turns out to be gauged at some level. Let us illustrate the argument in the case of a 
17(1) symmetry in the closed bosonic string theory (see Appendix E for background). A 
global U( 1) symmetry must be necessarily realized in terms of a conserved charge on the 
worldsheet, which may be written as 



(17.7) 


For this to be conformally invariant, the currents j (z), j (z) must have conformal dimen¬ 
sions ( 1 , 0 ),( 0 , 1 ); but then they may be used to construct vertex operators 


j(z)dX ll e ikX , j(z)3XV' H , 


(17.8) 


which have conformal weights ( 1 , 1 ) and thus correspond to spacetime gauge bosons. 
Hence the symmetry defined by Q actually corresponds to a spacetime gauge symme¬ 
try. This argument may be easily generalized to type II strings, heterotic strings, and open 
string sectors. Due to duality symmetries, one expects its validity also in non-perturbative 
frameworks like F- and M-theory. 
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The above derivation allows for a couple of exceptions, which, however, do not contra¬ 
dict the general lore on quantum gravity. First there are continuous axionic shift symme¬ 
tries a —> a + x of certain moduli, e.g. manifest in the classical actions in most string 
compactifications; these symmetries have no associated generator Q in the worldsheet 
action, since there are no worldsheet fields transforming under them, and hence there is 
no associated gauge symmetry. These are, however, not true continuous global symme¬ 
tries, as they are explicitly broken to some discrete subgroups by worldsheet or spacetime 
instantons, as explained in Section 13.1.2 - in fact, they correspond to discrete gauge 
symmetries of the theory. A second exception is the Lorentz symmetry of uncompacti- 
fied dimensions; in this case, it turns out that, due to the non-compactness of Minkowski 
space, the corresponding j (z) and j (z) operators do not allow for the construction of 
any new gauge boson vertex operator. This symmetry also ends up as a gauge symmetry, 
associated to spacetime coordinate reparametrizations, precisely when taking gravity into 
account. 

At the practical level, there is however a natural source of effectively global perturba¬ 
tive £/(l) symmetries in string vacua. As discussed in Section 12.4, in type II orientifolds 
the D-branes contain 1/(1) gauge symmetries, whose gauge bosons become massive by a 
Stiickelberg B A F coupling to a RR 2-form field; the 1/(1) symmetry remains as a per- 
turbatively exact global symmetry, only broken at the non-perturbative level by D-brane 
instanton effects. A phenomenologically interesting example is the baryon number, which 
often arises in SM D-brane configurations, and automatically ensures proton stability, see 
Section 16.3. 

This phenomenon is rather different in heterotic compactifications. In compactifications 
not involving U( 1) gauge backgrounds, such as orbifolds or smooth CYs with SU(n ) 
backgrounds, the only modulus potentially mixing with a {/(1) is the 4d dilaton S. The 
corresponding FI-term is proportional to the string coupling Re S, and cannot be set to 
zero; it rather must be canceled by large chiral multiplet vevs, which thus break the LJ(\) 
symmetry at the perturbative level, leaving no approximate remnant global symmetry. 
In heterotic vacua with f/(l) gauge backgrounds, the discussion is more similar to the 
type II setup, although some of the 1/(1) symmetries may be violated by worldsheet 
instanton effects, which are non-perturbative in a', but perturbative (in fact, tree level) 

in g s . 

In any event, none of these symmetries represent a violation of the general folk theo¬ 
rem mentioned above. From a fundamental viewpoint, they are gauged; from an effective 
field theory perspective (below the gauge boson mass), they are only approximate global 
symmetries, violated by non-perturbative effects. 


17.1.5 Further proposed constraints from quantum gravity 

There are other general properties, on slightly less rigorous grounds, which have been 
conjectured to hold in any string vacuum, and whose validity is ultimately connected to the 
consistency of string theory as a theory of quantum gravity. 
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• Finiteness of the volume of the moduli space of scalars: The volume of the moduli space 
of scalars turns out to be finite in string vacua. Consider for example the volume of the 
type IIB complex coupling, given by 



(17.9) 


where the integration is over the SL{ 2, Z) fundamental domain, so the result is finite 
thanks to S-duality. Similarly, the volume of the Narain moduli space in type II or 
heterotic toroidal compactifications is finite, due to T-duality symmetries. Yet another 
example is the moduli space of D3-brane positions in a CY compactification, whose 
volume is essentially the volume of the compactification manifold. These examples illus¬ 
trate that finiteness of the moduli space volume actually holds for fixed finite M p \ indeed, 
in the limit M p —> oo the moduli space volumes are in general no longer finite, e.g. the 
moduli of a non-compact CY are not bounded, or neither are the D3-brane locations on 
a non-compact transverse space. Hence, the property can be regarded as a constraint for 
a consistent coupling to gravity. 

• Finiteness of the number of the massless states: Indeed there is no known string compact¬ 
ification in which the number of massless states is infinite. This is again not true in the 
absence of gravity, M p —> oo, since in non-compact CYs there are infinite sequences of 
vacua, e.g. an arbitrarily large number of D3-branes on a singularity, with an arbitrarily 
large number of massless states. 

• Gravity as the weakest force: The absence of global symmetries in a theory containing 
quantum gravity, as described in Section 17.1.4, implies the existence of a lower bound 
on the gauge coupling g of any gauge symmetry, since it becomes effectively a global 
symmetry in the limit g —► 0. In fact, it is possible to use charged black hole thought 
experiments to argue that, e.g., a U (1) gauge theory with coupling g necessarily has an 
ultraviolet cutoff at a scale A = gM p , rather than the naive M p \ hence the limit g —> 0 
is not smooth, since the cutoff goes to zero in that limit. A manifestation of the cutoff is 
conjectured to be the existence of at least a charged state with mass m < gM p \ this has 
the important implication that any gauge interaction must obey the bound 


m 


(17.10) 


8 > 


with m the mass of the lightest charged particle. This can be stated as gravity being the 
weakest force in any consistent theory; in string theory, there is no example violating 
this bound. Note again the bound disappears as M p —> oo. 

The existence of these and other proposed constraints for theories to admit a consistent 
coupling to quantum gravity, shows that there is a vast space of field theories (sometimes 
called the swampland) which cannot possibly be obtained as a low-energy limit of string 
theory. 
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17.2 The flavour landscape 

In this section we shift from general properties of string vacua to the space of vacua of 
potential phenomenological interest, namely with a SM gauge group (or small extensions 
thereof) and three (net) quark-lepton generations. This is interesting to explore the extent 
to which the above general properties constrain the structure of string realizations of the 
SM. Unfortunately the only means to study this problem appears to be the brute force 
systematic construction of models, via different computer searches, whose present status 
we overview. This merely scratches the surface of the set of SM-like string models, which 
we term the flavour landscape , and in particular most of the models explicitly constructed 
are not even expected to be the string theory model realized in Nature; yet they can be used 
to draw lessons on the general properties of particle physics when realized in string theory. 


17.2.1 Systematic MSSM-like model building 

Most of the efforts have been devoted to the search for supersymmetric MSSM-like (rather 
than non-supersymmetric SM-like) vacua, as illustrated in the examples in previous chap¬ 
ters. The most systematic searches of realistic 4d compactifications have focused on pertur¬ 
bative heterotic and type II orientifold models, and have led to models with diverse degrees 
of subsequent phenomenological study, as follows. 

Heterotic models 

• For (2,2) and (0,2) compactifications on smooth CYs, a few examples have been 
worked out in detail (e.g. see the models in Sections 7.3.3 and 7.4.2). 

• In abelian toroidal orbifolds, there are a number of MSSM-like models, mostly based on 
Z3, Zg, Z2 x Z2, Z7, Z12, including also some large scans, although only a few orbifold 
examples have been analyzed in some detail (e.g. see Sections 8.3.3 and 9.7). 

• In the fermionic construction, there are large scans, particularly with Z 2 x Z 2 boundary 
conditions, leading to large classes of models with SM, flipped SU( 5) or Pati-Salam 
groups, with a few examples analyzed in detail (e.g. see Section 8.5.2). 

• For (0, 2) Gepner-like models, some 4000 SM-like models have been built, although 
their detailed phenomenology remains unexplored (see Sections 8.6.5 and 17.2.2). 

Type II orientifolds 

• In orientifolds of toroidal orbifolds there are a few examples of SM-like models based 
on Z2 x Z2, and a large class based on the Z6 and Z' 6 , a few of which have been analyzed 
in some detail (e.g. see the models in Sections 10.6, 11.4.2, 12.6, and 13.3.3). 

• For non-SUSY toroidal models, there is the class of models with just the SM particle 
content of Section 10.5.1 and generalizations. 

• In the class of models of D3-branes at singularities, a few semi-realistic models have 
been analyzed (e.g. see Sections 11.3.3 and 11.3.4). 
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• There is a huge class of RCFT orientifolds, with MSSM-like spectra, whose phenomenol¬ 
ogy remains unexplored (see Sections 10.7.1, 16.1.3, and 17.2.2). 

• There are a few examples of local F-theory GUT models with MSSM spectrum (see 
Section 11.5.3). 

In total, there are only a few tens of MSSM-like string compactifications for which 
a detailed phenomenological analysis, beyond the mere determination of the massless 
spectrum, has been carried out; by “detailed analysis,” we mean, for instance, address¬ 
ing issues like 1/(1) anomaly cancellation, vacuum re-stabilization, and flat directions in 
heterotic models, Yukawa coupling structure, gauge coupling unification, proton stabil¬ 
ity, neutrino spectra, SUSY-breaking, moduli stabilization, etc. Some of these models get 
quite close to the observed physics (or rather, its SUSY extension), but it is fair to say 
that there is no particular model passing all tests at the same time. The most prominent 
bottleneck is the issue of full moduli stabilization, and the realization of realistic Yukawa 
structures. 


17.2.2 Flavour statistics 

In most of the above systematic searches of MSSM-like models, the algorithm often 
requires scanning through a larger class of consistent 4d compactifications, including also 
models with non-MSSM spectrum, but rather arbitrary gauge groups and chiral multiplet 
content. This has motivated the statistical analysis of the relative abundance of certain 
properties, e.g. particular gauge groups, or numbers of families. We summarize some of 
these results, see the Bibliography for references. 

Heterotic models 

• A large scan of (0, 2) compactifications, based on the 168 Gepner models with A and 
E modular invariants, produced a set of 85 000 3-generation models with SM group 
or extensions thereof (including LR symmetric, Pati-Salam, SU (5) and 5(9(10) gauge 
groups) with some 4000 having the SM group and three net generations; beyond the 
MSSM spectrum, the models include additional Higgs multiplets, vector-like multiplets, 
and typically chiral or vector-like fractionally charged particles. Models in this class 
have typically a small number of generations, with a distribution shown in 
Figure 17.1 (excluding the case of no net generations, which dominates), with one and 
two generations being most generic. 

• The fermionic construction has been used to explore the realization of x Z 2 orbifold 
vacua with Pati-Salam gauge group; out of approximately 10 11 models constructed, a 
fraction 3 x 10 -3 corresponds to 3-generation models. 

• Toroidal orbifold compactifications based on Z), with discrete Wilson lines, have allowed 
the construction of order 10 7 models; some 300 lead to a SM gauge group and three 
generations (and also reasonable gauge coupling unification and a heavy top quark). 
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Figure 17.1 Distribution of number of chiral families for heterotic (0, 2) Gepner MSSM-like models 
(taken from Gato-Rivera and Schellekens (2010a)). 



Type II orientifolds 

• For RCFT orientifolds based on the 168 Gepner models, and using of order 10 20 tadpole 
free combinations of boundary states (i.e. sets of D-branes), there have been constructed 
some 200000 explicit 3-generation models with SM group (or LR extensions). The 
massless spectrum typically contains additional vector-like multiplets and vector-like 
fractionally charged states. Similar searches for different numbers of families indicate 
that in this class the ratio of 3-generation to 1/2-generation models is about 10 -3 , see 
Figure 17.2. 

• In type IIA intersecting D6-brane models in the Z 2 x Zt toroidal orientifold, a systematic 
search produced around 10 8 explicit models, with rather general gauge groups and num¬ 
bers of families. In this search, none of the models actually corresponds to a 3-generation 
SM-like theory, and in particular the model in Section 10.6 is absent, due to compu¬ 
tational limitations. The fraction of 3-family SM theories was statistically estimated 
to be 10 -9 . 

• Type IIA intersecting D6-brane models in the Zf, and Zg toroidal orientifolds, have 
allowed the construction of order 10 28 Zf, models, with a fraction of 10 -22 leading 
to 3-generation MSSM-like models (all containing chiral exotics), and some 10 23 Zg 
models, with a fraction of 10~ 8 corresponding to 3-generation MSSM-like models, 
out of which a further fraction of 10~ 8 contains no chiral fractionally charged exotics. 
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Figure 17.2 Distribution of number of chiral families in type II Gepner orientifolds with MSSM-like 
structure. The notation for the models is as in Section 10.7.1 (taken from Dijkstra et al. (2005b)). 


Three-generation models are 10 4 times less frequent than the one-generation case, but 
10 3 times more frequent than two generations. 


The interpretation of the above information is very much open to discussion. Let us 
simply emphasize that one must resist the temptation to extract statistical conclusions, 
for a number of reasons. First, the above scans admittedly explore a minute subset of 
the complete set of string compactifications, since toroidal orbifold geometries or Gep¬ 
ner models relate to compactifications on very particular CYs, the full general class being 
considerably much larger. In addition, there are classes of promising realistic setups, like 
F-theory fourfold compactifications, which are still largely unexplored. Also, the methods 
to extract statistical information in the above different scans have different biases, asso¬ 
ciated to computational limitations or to different priors (e.g. the choice of spectra of the 
initial models among which to search the SM structure). Finally, the above models do not 
account for moduli stabilization and supersymmetry breaking. Although these ingredients 
may be restricted to the moduli sector, they have a non-trivial impact on the visible sector 
through, e.g., flux contributions to the RR tadpole conditions, which may change the above 
information on correlations or relative abundances of certain properties. 
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Still, some general lessons may be drawn. For instance, the realization of models with 
SM group and three generations seems relatively rare, compared to the other possible 
structures. Still the large set of possible 4d compactifications suggests the existence of 
a large flavour landscape of string vacua with properties very close to those of the MSSM, 
whose full extension is not yet known. Only some tens of explicit solutions have been ana¬ 
lyzed in detail, none of which has been conclusively shown to fulfill simultaneously all the 
phenomenological requirements to describe the observed physics. 


17.3 The flux landscape 


A realistic string vacuum should include mechanisms for moduli stabilization and super- 
symmetry breaking, for instance in terms of the fluxes discussed in Chapters 14 and 15; 
hence any model in the flavour landscape in the previous section must be complemented by 
suitable fluxes. Since there may be many flux choices consistent with a given visible sector, 
any model in the flavour landscape potentially leads to many variants differing in their flux 
configurations. Clearly there is a non-trivial interplay between the structure of the visible 
sector and the fluxes, as mentioned below. However, the analysis of the combined system 
is in general too difficult at present, and most descriptions of the space of flux vacua are 
carried out ignoring the structures required to accommodate a realistic visible sector, or 
using simple parametrizations of its expected impact in the flux sector. We thus adopt this 
viewpoint in this section. 

To illustrate the large multiplicity of flux vacua, let us concentrate on the simple case 
of type IIB orientifolds with NSNS and RR 3-form fluxes H\, hj. A flux configuration 
is determined by the flux quanta along the independent 3-cycles, whose number is the 
third Betti number /^(Xf,) of the CY Xf>; we denote the flux quanta collectively by /?,, 
i = l,..., 27>3. The contribution of fluxes to the RR 4-form tadpole is schematically 



(17.11) 


with Q defining a suitable bilinear product. The integer L should correspond to the RR 
tadpole left unsaturated by the D-brane sector, and can be assumed to typically lie in the 
range 10-100. An estimate of the number of flux configurations in a fixed CY may be 
obtained by allowing for, e.g., 10 different values for each flux quanta, and taking a typical 
value for £3 in the range 100-300, yielding 10 2&3 ~ 10 100 —10 60 ° flux vacua. 

This number should be taken with several grains of salt. For starters, and contrary to 
widespread statements in journalism and popular science, it should not be considered 
as counting the number of consistent (or realistic) string vacua in any sense; the latter 
should account (among many other issues) for e.g. the large number of possible choices 
of compactification space, i.e. of CY manifolds in the simplest setup, which is in fact 
only conjectured to be finite. Taken at face value, the above number is an estimate of 
the multiplicity of 3-form fluxes in a particular CY. It may also be interpreted as an 
estimate of the multiplicity of 3-form flux configurations consistent with a given visible 
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(e.g. realistic) D-brane sector, although there are several caveats due to the interplay of 
fluxes and D-branes. For instance, the D-brane contribution to the RR tadpole, assumed 
above to be parametrized through L. Also, the possible fluxes that may be added to a given 
D-brane configuration are restricted by the Freed-Witten constraints described in Section 
14.3.1. In addition, a given D-brane configuration is stable in particular regions of mod¬ 
uli space (e.g. due to dynamical brane recombination processes away from it), and hence 
should be coupled only to fluxes stabilizing moduli on those regions. Furthermore, full 
moduli stabilization may involve non-perturbative instanton effects as in Section 15.3.1, or 
generalized fluxes as in Section 14.4, not included in the above discussion. 

Still, it may not be a bad approximation to assume that each semi-realistic D-brane sector 
in the type IIB orientifold flavour landscape can be coupled to a flux sector, with a similarly 
large multiplicity of flux choices. We may thus assume this picture, and study its possible 
implications/applications. For each flux choice the scalar potential and the corresponding 
dynamics change as described by the flux superpotential, whose rough structure is 



(17.12) 


where U denotes the dilaton and complex structure moduli, and n,-(t/) are computable 
holomorphic functions. The large multiplicity of flux choices can then lead to vacua in 
which there are accidental cancellations, resulting in tiny adimensional quantities, which 
would be regarded as unnatural from other standpoints. For instance, the 0(10 2 * 3 ) choices 
of flux parameters can lead to cancellations among the 2bi, additive terms in (17.12), result¬ 
ing in very small values of the superpotential at the minimum, of order Wo — 10“ 16 in 
Planck units, as required in the KKLT moduli stabilization proposal in Section 15.3.1. 

An interesting application along these lines is to use the large number of flux choices to 
accommodate the otherwise vexing fine-tuning of the cosmological constant A, as already 
anticipated in Section 1.3.1. The general idea, put forward by Bousso and Polchinski, may 
be illustrated in a simple toy model. Consider a scalar potential depending on some scalars 
4> and some integer flux quanta n;, i = 1,..., N of the form 



(17.13) 


where gij is some positive definite metric in the moduli space, with (det£) l / ,v M p . 
The moduli scalars (j> are ignored in the remainder, and simply assumed to sit at their 
minima, leading typically to a negative Vo of order M p (or smaller), as is often the case 
in Af = 1 supergravity vacua. The number of flux vacua SN mc leading to a cosmological 
constant A, with precision S A | Vo|, can then be computed as the number of points in 
the IV-dimensional lattice of flux vectors n, lying on a hypersphere shell S ,v ~ 1 of radius 
R 2 = | Vo| + A and thickness 8R = SA/(2R), see Figure 17.3. In the case of physical inter¬ 
est, A Mp ~ | Vo|, so the sphere is large in lattice spacing units and the number of 
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Figure 17.3 The set of flux configurations finely scans through possible values of the cosmological 
constant. 


points in the shell can be estimated in a continuous approximation, as proportional to its 
volume 


SVol(R) = 


1 inR2)f sr 

x/detg (A)! 


This produces a distribution for A of the form 


(17.14) 
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(17.15) 


where /x 4 ~ N(2tt detg) l / N < M 4 gives a measure of the size of the flux piece of the 
scalar potential; also e is the base of natural logarithms, and the last equation uses Stirling 
formula for large N. To illustrate the implications of this distribution, consider the number 
of vacua required for a small cosmological constant A ~ 0, consistent with cosmological 
observations. Taking, e.g., |Vq|//x 4 ~ 10, one obtains 


8N mc ~ 10T 


n 8 A 


|Vo|' 


(17.16) 


So that for 100 — 600, the multiplicity is so large so that it is reasonable to 

expect the existence of vacua with A ~ 10 ~ no M p . Although the above is a toy model, 
such structure has been encountered in more realistic scalar potentials derived from type 
IIB flux compactifications in explicit CY manifolds. Its realization in the mechanisms of 
full moduli stabilization in Section 15.3, including the effect of uplifting, is less clear; 
however, the basic intuition that the large multiplicity of flux vacua allows to finely scan 
through different values of the cosmological constant seems a lesson valid in more general 
setups. 

The large multiplicity of flux vacua allows for some vacua to display an accidentally 
small cosmological constant, with no underlying naturalness argument. But more inter¬ 
estingly, it also allows for an environmental (i.e. anthropic) explanation of the observed 
small cosmological constant, along the lines advanced in Section 1.3.1; any mechanism 
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allowing the universe to populate the set of flux vacua (e.g. a string theory embedding 
of eternal inflation) would lead to a situation where the cosmological constant measured 
by any observer is necessarily small, to be consistent with galaxy formation and the very 
existence of observers. This constitutes a possible solution for the cosmological constant 
problem in string theory. 

This viewpoint does not necessarily imply giving up completely on the traditional search 
for fundamental explanations of physical properties, but rather complements it. In particu¬ 
lar, a natural question in this framework is whether there are other magnitudes scanned over 
in the space of flux vacua, suggesting an environmental (rather than fundamental) expla¬ 
nation. The natural suspects are magnitudes for which small variations can easily spoil 
properties allowing the existence of complex systems and hence observers. It is certainly 
difficult to draw a clear borderline between “environmental” and “fundamental” quantities, 
but there are interesting proposals for both. For instance, the proton lifetime is experimen¬ 
tally above 10 32 years, thus far longer than the age of the universe or any obvious timescale 
associated to the existence of observers; it is hence expected to admit a fundamental expla¬ 
nation, arising from properties generic in the space of string vacua, as reviewed in Section 
16.3. Other examples may be the QCD 6 parameter, the existence of several generations, 
etc. On the other extreme, the precise up, down and electron masses may be regarded as 
tuned, since small variations of their values ruin the possibility of complex chemistry; for 
instance, the d quark is just massive enough to make the proton lighter than the neutron 
(permitting the existence of stable hydrogen), yet light enough to make the deuteron stable 
(enabling its role in the formation of heavier nuclei). Hence the u and d quark mass differ¬ 
ence may (arguably) be bound to an environmental explanation. Note in this respect that in 
string compactifications the lightest quark and lepton masses arise from small corrections, 
e.g. instanton effects or non-renormalizable couplings, depending on moduli vevs, so are 
likely to be finely scanned over in the set of flux vacua. 


17.4 Outlook 

Our knowledge of the structure of the space of string vacua is still very limited. It is mostly 
based on the analysis of the low-energy effective field theory in the weakly coupled and 
large compactification volume limits, in which semiclassical arguments are reliable. We 
have a pretty good understanding of vacua like toroidal orbifolds, free fermions, or Gepner 
models, for which worldsheet CFT methods allow for an explicit computation of many 
quantities of phenomenological interest, like gauge coupling constants or Yukawa cou¬ 
plings; our knowledge of compactifications on general CY spaces (or their generalizations 
in the presence of fluxes) is still rather modest, and the study of F-theory and M-theory 
vacua is still in its infancy. Still, the progress in the last two decades has been impressive 
and our view of the space of string models, and how they relate to the realization of the 
properties of the SM of particle physics, is now far richer; new large classes of string com¬ 
pactifications have been found, and there are new available mechanisms to address moduli 
stabilization and SUSY-breaking. 
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String theory has a number of attractive features supporting its proposal to describe a 
unified theory of all interactions: 


• String theory implies the very existence of gravity, as the graviton is always present as 
a massless closed string mode. It is at present the only candidate for a consistent theory 
of quantum gravity coupled to matter. It also gives a microscopic description of black 
hole degrees of freedom, and provides an explicit realization of holography through the 
AdS/CFT correspondence. 

• It provides an ultraviolet completion of the SM interactions, thus allowing for the possi¬ 
bility of a unified fundamental (as opposed to an effective) theory of all interactions. 

• String theory has no external adimensional parameters; they are all derived from the vevs 
of scalar moduli fields at the physical minima. All standard dimensionful fundamental 
constants are derived from reintroduction of the scale-fixing constants c, H, and a length 
scale (a') 1 / 2 (or its analog in M-, F-theory). 

• String theory provides an understanding of family replication, since generically string 
SM-like vacua contains more than one quark-lepton generation. 

• In string compactifications the massless fermions must necessarily transform in small 
representations of the gauge group, mostly bi-fundamentals, as in the SM. 

• The existence of axion fields coupling to the QCD field strength is built-in in string 
vacua. These axions may potentially solve the strong CP problem. 

• There is a landscape of flavour and flux vacua with sufficient multiplicity to provide for 
an environmental explanation of the observed cosmological constant. 

• There are explicit examples of string compactifications, with an SM or MSSM struc¬ 
ture and three generations, which reproduce quite closely the properties of the observed 
physics (essentially to the level of our computational ability). 

• In 3-generation models, there is very often one generation with Yukawa coupling of 
order the gauge coupling constant g, while the remaining Yukawas arise from sub¬ 
leading instanton or non-renormalizable couplings; also, Yukawa couplings naturally 
contain CP-violating phases. This qualitative structure is consistent with observations. 

• Closed and open string moduli scalars provide natural candidates for the inflaton. 

• In the supersymmetric SM context, string vacua often have hidden sectors which can 
naturally source and transmit SUSY-breaking. 

• Euclidean brane instantons provide a new promising source for the origin of large 
Majorana masses for right-handed neutrinos, not requiring large Higgs multiplets. 


At the moment there is no alternative theory with these successful properties. In this 
connection, ideas like grand unification are at best effective descriptions, which do not 
address either the issue of quantum gravity, nor other SM questions, like the origin of 
family replication or the origin of Yukawa couplings. It is remarkable that string theory, 
introduced in principle as a solution to the first two points above, brings along a nicely 
packaged bonus with the remaining properties. 


17.4 Outlook 


575 


There are some experimental opportunities for testing or constraining the structure of 
realistic string theory vacua, with diverse (and possibly subjective) ranges of plausibility. 
With no particular ordering, we may mention the following: 

• String theory could be amenable to direct experimental test at colliders like the LHC or 
CLIC, if the string scale is of order a few TeV. 

• Deviations from Newton’s law may be sensitive to light moduli fields or large extra 
dimensions arising for low-string-scale models. 

• Discovery of SUSY at the LHC would strongly support an underlying string theory 
description, since SUSY is a fundamental built-in ingredient in the theory - although its 
preservation down to the TeV scale is not guaranteed. 

• Eventual measurement of the SUSY spectrum at future colliders would allow a com¬ 
parison with specific SUSY breaking mechanisms in string theory, like moduli/dilaton 
domination, or others, potentially discriminating among different large classes of com- 
pactifications. 

• Extra gauge U(l)’s, in particular U[ \)«-/,, could be a signature of certain classes of 
string theory vacua. 

• The observation of kinetic mixing of hypercharge with hidden sector U( l)’s, in “shining 
through a wall,” laser, or other experiments, would support a string theory picture, where 
such hidden sectors are pervasive. Hidden sector gauginos could also be produced at the 
LHC. 

• The detection of cosmic strings, with intercommutation properties differing from field 
theoretical cosmic strings, could give a direct test of string theory. 

• The discovery of exotic particles with fractional charges would be a signature of MSSM- 
like (rather than GUT-like) string vacua. 

• Cosmological CMB observations including measurement of tensor modes and/or non- 
gaussianities may yield important information on string models for inflation. 

• Eventual detection of axions and/or dark matter particles can strongly restrict classes of 
string compactifications. 

Apart from these opportunities, there remains the challenge of constructing a string vac¬ 
uum capable of reproducing strictly all experimental information accumulated about the 
SM. As mentioned, some explicit constructions come close to this goal, reproducing a 
3-generation MSSM spectrum with qualitatively correct hierarchical Yukawa coupling tex¬ 
tures. They fail, however, to simultaneously implement a compelling description of moduli 
stabilization, SUSY-breaking, neutrino masses, and other detailed properties. Progress in 
these directions has been continuous in the last two decades and the prospects are promis¬ 
ing. Further improvements will probably require an advanced understanding of moduli 
stabilization in realistic vacua, and the exploration of new regions in the flavour landscape, 
like compactifications beyond the CY ansatz, and F- and M-theory vacua. In this challenge, 
the experimental findings at the LHC, clarifying the nature of particle physics at the TeV 
scale, are expected to be crucial to guide the search. 


Appendix A 

Modular functions 


There is a rich mathematical literature on modular functions, namely the functions of 
a complex parameter r with nice transformation properties under the SL( 2, Z) modular 
group 

ax + b 

x -* - with a, b,c,d e Z and ad — be = 1. (A.l) 

cx + d 

The group is generated by T: r -> r + 1 and S: r —> — 1/r. A useful parameter to 
construct modular functions is 


q = e 


2niz 


(A.2) 


The Dedekind eta function is defined by 

OO 

»?0) = q l,2A P[ (i - q n ). (A.3) 

71=1 

Under T and S, it transforms as 


V(t + 1) = e ,r ' /12 »7(r), 

The theta function with characteristics 0,<p is defined as 

OO 

] = ne 2jri6rl> q^ 2 -^ ]~[(1 + q n+e ~ l/2 e 27r!< ^)(l + q n ~ 6 ~ l/2 e~ 2ni ^). 
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(A.5) 


These functions also have an expression as infinite sums 

& [ l ] (r) = J2 0 l(n+e)2 e 2n ‘ (n+e)0 • 

72GZ 


(A.6) 


The equality of (A.6) and (A.5) is related to bosonization/fermionization, as discussed in 
Section 4.2.6. 
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Particular theta functions that appear often are 
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They satisfy the so-called abstruse identity 
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A further useful identity is 
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with ?/o,o = —1/ 0 I = — i/i q = 1 and mi + «2 + «3 = 0. 

A useful property for the twisted bosonic partition functions in Section 8.2.5 is 
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The theta functions behave nicely under shifts of their characteristics 

»[IV,:](*) = <?* ien »[i](T). 

Finally, under modular transformations 
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The first is easily shown using (A.6) and noting e n,n — e n,n (since n z = n mod 2). The 
second is shown from (A.6) by using the Poisson resummation formula 

E exp[— 7r A(n + 0) 2 + 2:ri (n + #)</>] = A~ 2 E} exp[— 7r A -1 (k + <p) 2 — 2 ni k6 ]. 
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This is a particular case of the general Poisson resummation formula, which we describe 
now. Consider an n -dimensional lattice A in R", endowed with an internal product such 
that v ■ w e Z for all v, w e Z. The dual lattice A* is defined as the set of vectors k in 
R" such that k ■ v e Z for any vector v e A. Noting that A C A*, we introduce the index 
| A*/A| as the cardinal of the quotient. We then have 

exp[— 7t(v + 0) ■ A ■ (v + 9) + 2jri(v + 9) ■ </>] 

veA 

= - -= Y expf— n(k + (f>) ■ A -1 • (k + 4>) — 2nik0\. (A.14) 

|AVA|VditA^ 

This general formula can be shown by iterating the one-dimensional version. 

In modular invariance of string theory partition functions, a prominent role is played by 
even and self-dual lattices. An even lattice A is defined as satisfying v ■ v e 2Z for all 
v e A. Note that, since ( v + w) 2 = v 2 + w 2 + 2v ■ w must be even for any v, w e A, 
and so are v 2 , w 2 , it follows that even lattices satisfy v ■ w e Z for all v, w e A, and 
hence A C A*. A self-dual lattice is one satisfying A = A*. Lattice sums in partition 
functions are invariant under r —> r + 1 and r —> — 1/r for even and self-dual lattices. 
The main examples are the Es x Eg and SO (32) lattices in the lOd heterotic. Section 4.3.2, 
and the Narain lattice of left and right momenta in toroidal compactifications, e.g. (3.82) in 
Section 3.2.3, and (5.12) in Section 5.1.3, and (5.26) in Section 5.2.2. 
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B.l Forms and cycles: cohomology and homology 
B.1.1 Differential manifolds, tangent and cotangent space 

A differential manifold X of dimension d is defined as a space with local patches U( a ) 
parametrized by local coordinates (xK,..., x^,)> glued together with smooth transition 
functions f( a p) on the overlaps U ( a ) p| [/(«), schematically as 

X(«) = f(a/3)(X(fi)) • (^-1) 

From now on we drop the patch labels, and the adjective “differential,” and simply refer 
to “manifolds.” We skip the description of familiar examples (like the n-sphere S" or the 
n-torus T") in this language, and move on to defining new geometric objects on manifolds. 
We focus on orientable manifolds without boundary, unless stated otherwise. 

The tangent space Tp(X) of a manifold X at a point P with coordinates x m (in an 
appropriate patch), is defined as the vector space spanned by the tangent vectors d m \p = 
d/dx m \p. The latter are formally defined as objects mapping smooth functions to real 
numbers, by extracting their x m -derivative at P 

dm Ip : f(x) -*■ d m f(x)\p. (B.2) 

The tangent vectors can be extended to vector fields d m by considering the whole set of 
possible base points P e X. A vector field is a point-dependent linear combination of the 
tangent vector fields r>(x) = ^ v' n (x)d m . 

The cotangent space Tp (X) is defined as the space dual to Tp (X). Namely, it is spanned 
by the basis cotangent vectors dx m \ p , defined as linear maps from Tp (X) to the real num¬ 
bers, acting on the tangent vectors as dx m (d n ) = <5™. This definition is implicitly local 
at P, but extends to X, leading to the definition of the cotangent fields dx m . A general 
cotangent field, usually referred to as 1-form, is a point-dependent linear combination 
X = X m (x)dx m . 

In the following the term “field” is implicit in all definitions. 
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B.1.2 Tensors and differential forms 

A tensor of type [k, /] is a linear combination 

T = T, n n \::l) dx mi ® ■ ■ ■ ® dx m ‘ ® 9„, ® - - - ® d„ k , (B.3) 

where we have used tensor products of the basis tangent and cotangent vectors. A familiar 
example of a tensor is the metric, g = gijdx' ® dx 1 . 

A differential p-form (or /7-form for short) C p is a tensor of type [0, p], which has 
completely antisymmetric components C mi ... m . Equivalently, a linear combination of the 
basis (with brackets denoting antisymmetrization averaged with 1/p!) 

dx mi A ■ • • A dx m ” = dx v " n ® • • • ® dx’" p] . (B.4) 


We define the component expansion as 


C p — — C mv .. m (x)dx mi A • • • A dx" lp . 

p! 


(B.5) 


The wedge product of a /7-form A p and a q -form B q is defined as the (p + q)-foxm 

A p A B q = ——- A mi ... mp B ni ... llq dx mi A • • • A dx nlp A dx" 1 A • • • A dx" q . (B.6) 

It satisfies A p A B q = (—1 ) pq B q A A p . In many /7-form equations, wedge products are 
often assumed, and not explicitly displayed. 

The exterior derivative d is defined as mapping a /7-form to a (p + l)-form, by 


1 


dC p = — d mo C mv .. mp dx m ° A dx" n A • • • A dx mp . 


P'- 


(B.7) 


It satisfies d{A p AB q ) = dA p AB q +(—l) p A p AdB q . Differential forms and their exterior 
derivatives are ubiquitous in physics. The electromagnetic gauge potential can be described 
as a 1-form A\, with a 2-form field strength Fi = dA\. Their non-abelian generalization 
involves Lie algebra valued 1- and 2-forms A", F%. 

A key property of the exterior derivative is d(dC p ) = 0 on any p-form C p . Formally 

d 2 = 0. (B.8) 


This underlies the definition of cohomology, to which we turn next. 


B. 1.3 Cohomology 

A /7-form A p satisfying dA p — 0 is said to be closed. Also a p-form A p is said to be exact 
if there exists a globally defined (p — l)-form B p -\ such that A p = clB p -\. Clearly (B.8) 
implies that any exact form is closed. The reverse is also true for the trivial case of R' / (by 
the so-called Poincare lemma), but may not be so for a general manifold X. In fact, the 
existence of closed forms which are not exact provides a characterization of the non-trivial 
topology of manifolds, through the cohomology groups, as follows. 
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Recall the definition of X by glueing local coordinate patches U( af . A closed p-form 
A p on a manifold X defines, by restriction, a closed p-form on each U( a ). Since each such 
patch is locally identical to R' \ the Poincare lemma implies that on each U ( a ) it is possible 
to express A p = dB { p ^ ] for some (p — l)-form B^ v However, there is no guarantee 

that the locally defined forms B p _ l patch up to a globally defined <p — l)-form in X. 
Such obstructions clearly depend on the global, rather than local, structure of X, and thus 
the existence of closed forms which are not exact provides a measure of the topological 
non-triviality of X. 

The (de Rham) cohomology groups characterize these global obstructions. To define 
them, denote by Z p the set of closed p-forms on X, and by 13 n the set of exact p-forms. 
The pth de Rahm cohomology group of X is defined as the quotient 

Z p 

H p (X, R)=— . (B.9) 

Namely, the set of closed p-forms modulo the equivalence relation 

A p ~A p + dBp- 1 . (B.10) 

Two closed p-forms differing by an exact form thus define the same equivalence class. The 
cohomology class of a form A p is denoted [A p ] ; exact forms, which are trivially closed, are 
in the so-called trivial class [0]. The sets H P (X. R) have the structure of finite-dimensional 
vector spaces; their dimensions b p (X) = dim // P (X, R) are topological invariants, known 
as Betti numbers. 

To illustrate these ideas, consider the example of T 2 , with two periodic coordinates 
x — x + l, y — y+l.It has £>i(T 2 ) = 2, because there are two non-trivial 1-forms, 
which abusing language are usually denoted by their local expressions dx, dy, still they are 
globally well defined, and closed, but not exact since x, y are not good global coordinates. 
A second familiar example of cohomologically non-trivial form in a general ^/-dimensional 
manifold X is the volume form, usually described by its local expression 

dvoXd = dx 1 A ■ ■ • A dx d . (B.ll) 


B.1.4 Homology 

An alternative way of characterizing the same topological information about a manifold X 
is through properties of its submanifolds, in terms of the homology groups, reviewed next. 

A p-dimensional submanifold A of X is a subset of X with the structure of a 
p-dimensional differential manifold, i.e. described by local patches glued with smooth 
transition functions. In general, we also consider submanifolds with boundary, of dimen¬ 
sion (p — 1), and denoted as 3 N. The symbol 3 can be regarded as the operator “take the 
boundary of,” formally mapping p-dimensional manifolds to (p — 1)-dimensional ones. 
An important property for what follows is that 3(3 N) = 0, i.e. the boundary of a manifold 
has no boundary itself. 
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The set of submanifolds of X can be endowed with a vector space structure, by intro¬ 
ducing p-chains, a p = ty N p , formal linear combinations of /^-dimensional submanifolds 
Np (with real coefficients c& e R). The upcoming formal definitions for p-chains can be 
made more intuitive by replacing “chain” by “submanifold.” 

A p-chain a p C X with no boundary, i.e. satisfying 3 a p = 0, is called a p-cycle. On the 
other hand, a p-chain a p which is the boundary of a (p + l)-chain a p — <)b p+ \ is called 
trivial. Since 3 2 = 0, any trivial p-chain is a p-cycle. The reverse is also true for the 
trivial case of R rf (by the dual Poincare lemma), but may not be so for a general manifold 
X. In fact, the existence of non-trivial p-cycles characterizes the non-trivial topology of 
manifolds, through the homology groups. 

The homology groups characterize non-trivial cycles. To define them, denote Z p the 
sets of p-cycles in X, and B p the set of trivial p-chains. The pth homology group of X is 
defined as the quotient 


Z p 

H p (X, R) = - z 


(B.12) 



Namely, two p-cycles are considered equivalent if they differ by a trivial p-chain 


a p — a p -f- dbp-^-i- 


(B.13) 


The homology class of a p-cycle a p is denoted \a p ], and trivial cycles lie in the trivial class 
[0]. The sets /-/ ;) (X, R) are vector spaces, with dimensions given by the above introduced 
Betti numbers b p (X), for reasons explained below. 

To illustrate these ideas, consider T 2 defined by two periodic coordinates x — x + 1, 
y ~ y + 1. The two non-trivial 1-cycles, denoted [a] and [b], can be represented as, e.g., 
the submanifolds defined by y — 0 and x = 0, respectively. 


B. 1.5 De Rahm duality ofH p (X,R) and H p (X,R) 


There are strong analogies in the definitions of cohomology and homology groups, with 
closed forms, exact forms, and the exterior derivative d, relating to cycles, trivial chains, 
and the boundary operator 3. This actually follows from a duality of the vector spaces of 
forms and chains, defined by integration operation. 

The integral of a p-form A p over a p-dimensional submanifold N C X is roughly 
defined as 


/ 

Jn 



(B.14) 


in which the right-hand side integral is in standard calculus. In a more precise version, the 
integral is defined as a sum of similar expressions for the local patches glued up to form 
N, carefully avoiding overcounting. The integral of a p-form A p on a general p-chain 
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a p = '}2 k CkNp is defined by linear extension. 


f A P f 

Ja n >„ Jh 


A p . 


An important property of integration is Stokes theorem, which states that 


f dB p -1 = f 

Ja n Jda n 


B p - 1. 


(B. 15) 


(B.16) 


It implies that the integral of a closed p-form A p over a p-cycle a p depends only on their 
cohomology and homology classes, [A] and [a], as follows. Consider different representa¬ 
tives of these classes A’ p = A p + dB p -\, a' p = a p + db p + 1 , to obtain 


[ A' = f(A+dB)+ [ (A + dB) = f A + f B + f d(A + dB) = f A, 
Ja' Ja Jdb Ja Jda Jb Ja 


where we used (B.16), as well as da = 0, dA — 0 and d(dB) = 0. Hence, integration 
descends to an operation for cohomology and homology classes, and defines a linear 
mapping H p (X, R) x H p (X, R) — > R. Equivalently, // p (X. R) and H p (X, R) are dual as 
vector spaces, and in particular have the same dimensions b p (X), as anticipated. The dual¬ 
ity implies that it is always possible to choose basis of cycles {(a p )j) and forms {(A p )j}, 
i,j = 1, ■ • •, b p , such that f [aj] [Aj] = Sjj. 

For instance, in the already used T 2 example, we have f^dx= 1, f^dy — 0, J 
dy = 1, dx = 0, and so dx, dy are dual to [a], [b], respectively. 

The above and upcoming definitions hold also for forms and cycles defined by lin¬ 
ear combinations with integer coefficients. The corresponding cohomology and homology 
groups are denoted H P (X, Z), H p (X. Z). More generally, it is sometimes useful to con¬ 
sider forms defined by point-dependent linear combinations whose coefficients are not just 
functions, but rather carry some additional (e.g. gauge) quantum number. In formal terms, 
the coefficients are sections of a (e.g. gauge) vector bundle E. The corresponding coho¬ 
mology groups are denoted H P (X, E ). A particular application is the computation of the 
massless scalar from gauge fields in heterotic string compactifications in sections 7.3.2,7.4. 


B.1.6 Poincare duality 

Integration of the wedge product of a p- and a (d — /?)-form, f x A p A B ( \- p , defines 
a map H P (X, R) x H d ~ p (X, R) — > R. This implies that El p and H d ~ p are dual vector 
spaces, and in particular b p (X) — b n - p (X). Combining with de Rahm duality, this induces 
an identification (isomorphism) of H d ~ p and H p . Namely, to each non-trivial /;-cycle a p 
we may associate a non-trivial (d — /?)-cohomology class. An intuitive representative of the 
latter is a “bump” (d — p) form <)(a p ), with indices along the (d — p ) directions transverse 
to the p-cycle and coefficient given by a Dirac delta function with support on a p . This is 
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consistent with the defining relation for the isomorphism 



A S(a p ) 


for any B p . 


(B.17) 


The Poincare dual form allows to extend integrals on /7-cycles to integrals on X. 

The Poincare dual forms allow to define the topological intersection number of integer 
homology classes [ a p ] e H p (X, Z), [bd~ p ] e Hd~ p (X, Z), as 


[tip] ' [bd—p] 


L 


S(a p ) A S(bd- P ). 


(B. 18) 


The bump form representation shows that this computes the number of intersection of 
the non-trivial cycles, weighted with signs due to orientations. The intersection number is 
integer for integer homology classes. For instance, in T 2 the basic intersection numbers are 
[a]-[a] = [£>]•[£>] = 0, [a]-[7>] = -[b]-[a\= 1. Hence for two 1-cycles [jrj] = n\[a]+m\[b] 
and [it 2 ] = ri 2 [a] + rri 2 [b] in H\ (T 2 , Z), with n,, m ,■ e Z, we have 


On] • [712] = nini 2 - ri 2 m\. 


(B.19) 


B.2 Hodge dual 

The previous geometric objects were constructed without invoking a metric on X, and 
are hence topological. We now consider additional structures present for a cl -dimensional 
Riemannian manifold X, i.e. a manifold endowed with a (euclidean or lorentzian signature) 
metric g. 

The Hodge duality * maps /7-forms to (d — /7)-forms, acting on the basis as 

*{dx m1 • • • dx m ») = -^Z-y\s\ h -S m ' n -- ■ g mpnp e nv .. npnp+v .. nd dx n ^. . ■ dx n \ 

with implicit wedge products and g= det (g mn ). It satisfies * * =(— 1 )P ( - d ~P'> or ** = 
(—1 )P( d ~P) + 1 for euclidean and lorentzian signatures, respectively. 

The Hodge operator defines a positive-definite inner product between /7-forms 

(A p , B p ) = — f A p A *B p = I \g\ 1 iA mv .. mp B m '- m Pdx 1 ---dx d . (B.20) 
P- Jx Jx 

A harmonic form C p is defined by the conditions dC p — 0, d(*C p ) = 0. Although we skip 
the derivation, it can be shown that for each cohomology class there is a unique harmonic 
representative. The precise expression of harmonic forms depends on the metric, but not 
their number, which is given by b p (X). 

Many of the objects in this and the previous section admit a refinement when defined on 
complex manifolds, as described for CY spaces in Section 7.2.2 
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B.3 Application: p-form gauge fields 

The antisymmetric tensor fields in string and M-theory are naturally described as differ¬ 
ential forms, here denoted collectively as C p +\, with the subindex indicating the degree. 
They are generalized gauge potentials, with gauge transformations 

Cp+i —■» Cp+i + dA p , (B.21) 

where A p is a p-form gauge parameter. The field strength tensor F p + 2 = dC p+ \ is gauge 
invariant. The kinetic term for the gauge potential is 

Sc „,km = -\f F p+ 2 A *F p+2 = -\j d d x (-G)S ^-^F mv .. mp+2 F"'V- ’n p+ 2 

= -\j d d x(-G)*\Fp +2 \ 2 , (B.22) 

where the integral is over lOd or lid, and * is the corresponding Hodge duality. 

In KK compactifications in Section 7.2.4, zero modes of p-form fields correspond to 
harmonic forms, as follows. Defining the adjoint d 1 — *d* of d with respect to the product 
(B.20) as (A, dB) = id ' A, B), the kinetic term operator for C p is dd' + d ' d. Zero modes 
must satisfy dC p = 0 and dC p = 0, hence are harmonic p-forms. 

The objects electrically charged under C p +\ are p-branes, i.e. extended objects with p 
spatial dimensions, thus sweeping out a (p + l)-dimensional subspace W p+ \ of spacetime 
as they evolve in time. The electric coupling reads 

Selectr. = Q f C p+ 1 , (B.23) 

JW P+ 1 

as present, e.g., in (6.16). From (B.22) and (B.23), the equations of motion are 

d *F p+2 = Q8(W p+1 ), (B.24) 

where <5 ( W p+ 1 ) is the Poincare dual of W p+ \. In a (7-dimensional theory, it is useful to 
define the dual field strength Fd - P -2 = *F p + 2 , and the dual (d — p — 3)-form Cd- P - 3 , 
defined locally as Fd- p -i — dCd-p- 3 - A p-brane is said to be electrically charged under 
Cp+\ and magnetically under Cd - P -3 (and vice versa for the “dual” (cl — p — 4)-brane). 
The gauge potential and its dual gauge potential are defined locally, but in general not 
globally. The kinetic term (B.22) can be shown to be equivalent to a similar kinetic term 
involving the dual field strength tensor. 

The electric charge carried by a p-brane can be measured using Gauss’ theorem, as 
the integrated flux of Fd ~ p ~2 around a (d — p — 2 )-sphere surrounding the object in the 
transverse (d — p — 1 )-dimensional space, as 

Fd-p- 2 = f dFd-p-i = Q [ S(Wp+i) = Q, (B.25) 

Jgd-p-I JBd-p-l 

with the interior of the sphere, i.e. dB d ~ p ~ l = S d ~ p ~ 2 . The charges Q are 

quantized, as follows from the general flux quantization condition reviewed next. 
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Figure B.l Dirac quantization of fluxes (a) and charges (b). 

11.3.1 Dirac quantization of fluxes and charges 

Consider a (7-dimensional theory with a q -form field strength tensor F q , satisfying dF q = 0 
on a space supporting non-trivial homology q -cycles. If the theory contains objects, (q — 2)- 
branes, charged under the (q — l)-form gauge potential C q - 1 , with minimal charge Q e , 
the F q integrals over any q -cycle Y, q satisfy the quantization 

Qe f F q e 2nZ. (B.26) 

is. 

Hence, fluxes are classified by integer cohomology classes in H q (X, Z). To show it, con¬ 
sider a trivial (q — l)-cycle n^-i in T, q , splitting the latter in two parts, the “inside” E+ and 
the “outside” E_, see Figure B.l. They satisfy 9E+ = 9E_ = n g _i and E + — E_ = T, q , 
with the latter sign arising from the orientation flip to glue both pieces. Consider the quan¬ 
tum amplitude of a process in which a (q — 2)-brane of charge Q e has all its worldvolume 
dimensions wrapped on n g _i. From the coupling (B.23), there is a phase contribution 
involving an integral of C q -\. Since the latter is in general not globally well-defined, the 
contribution is better expressed in terms of the globally well-defined F q , using Stokes 
theorem as 

exp(i Q e j C 9 _i) = exp(iQ e J F^j. (B.27) 

Actually the two choices E± in principle differ by a phase 

Qe( f F q - [ Fq) = Q e f Fq. (B.28) 

\J'Z + 

The quantization (B.26) guarantees that the two choices define the same amplitude. 

As examples, this leads to quantization of worldvolume magnetic fluxes in magne¬ 
tized brane and F-theory models in Sections 11.4 and 11.5, and in flux compactifications 
in Chapter 14. Also, it leads to charge quantization in theories with electric and mag¬ 
netic charges, as follows, see Figure B.l(b). Consider an object (a p-brane) with charge 
Q' m under C p+ \, leading to the equation of motion (B.24), so the dual field strength 
Fd-p -2 satisfies dFd - p -2 = 0, except at the p-brane volume W p+ \. Consider then the 
^-dimensional spacetime with W p +1 removed (more simply, the transverse R' / ' p ' ] with 
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the origin removed); it is topologically non-trivial, and contains a non-trivial (d — p — 2)- 
cycle (represented by a sphere S d ~ p ~ 2 around the origin in Recalling that the 

charge Q' m is measured in (B.25) as the flux of F^-p-i over this S d ~ p ~ 2 , the quantiza¬ 
tion condition (B.26) with q—d — p — 2, = S d ~ p ~ 2 leads to the charge quantization 

condition 

Q e Q'„ e 2nZ. (B.29) 

This generalizes easily to theories containing dyonic objects, carrying electric and mag¬ 
netic charges simultaneously. The general condition requires 

QeQ'm-QmQ'eZ 2ttZ, (B.30) 

for any pair of dyons with charges (Q e . Q m ), (Q r e , this general formula explains a 
posteriori some earlier choices of notation. For string theory and M-theory, this implies the 
quantization of BPS brane charges. For 1-form gauge potentials in cl = 4, this implies the 
quantization of electric and magnetic charges in gauge theories, for instance in 4d J\f = 4 
SYM in Section 2.5.2. 


B.3.2 Client and Pontryagin classes 


The above quantization condition for 1-forms has a natural generalization to non-abelian 
gauge fields, described as 1-forms A taking values in the adjoint representation of the gauge 
group G, which we take as SU(N). The field strength 2-form is defined by F a c — dA a c + 
A%a A b c , with a, b, c labeling the fundamental of SU(N). There is a quantization condition 
on the Chern classes, which are defined by the formal expansion of 
Tr exp(£), i.e. 


Cn 


-Tr F n , 

n\(2jz) n 


1 

n\{ 2jr) n 



Tr F" e Z, 


(B.31) 


on any (2/?)-cycle of X. For n = 1 we recover the above flux quantization, while for n = 2 
we obtain the quantized instanton number (13.3). 

The quantization of gauge field strength integrals has an analog for geometric curva¬ 
tures, when described in the differential form language. Consider a c/-dimensional Rie- 
mannian manifold and introduce the “tangent space 1-forms” or cZ-hein e" , defined by 
g mn —e^e^Sab, with a, b = 1,..., d labeling the tangent space directions, on which a local 
SO(d ) rotation group acts. We define the 1-forms e a = e‘‘ n dx m , and use parallel trans¬ 
port de a = af b A e b to define u> a b , a connection described as a 1-form taking values in the 
adjoint of the tangent SO(d), very analogous to a non-abelian gauge field. For instance, 
R a c =dco a c + a) a b A m b c defines a curvature 2-form, taking values in the adjoint of SO(d). 
There is a quantization condition on the Pontryagin classes, which are defined by the formal 
expansion of det(l — For instance 


1 

87T 2 



TrR 2 


e Z. 


(B.32) 
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B.4 Homotopy groups 

Consider the set V\ (X) of continuous oriented paths starting and ending at a “base point” 
P in a manifold X. This has a group structure under composition of paths, with the iden¬ 
tity being the trivial path staying at P, and inverses given by orientation reversed paths. 
Moreover, the resulting set is actually independent of the base point P, thus ignored in the 
notation. The first homotopy group of X, also known as “fundamental group,” and denoted 
rii(X), is obtained from V\ (X) as a quotient, with equivalence relation given by contin¬ 
uous deformation of paths. It thus characterizes topologically inequivalent embeddings of 
S 1 into X. Spaces with non-trivial Tl j (X) are called non-simply connected. A simple exam¬ 
ple is S 1 with Id | (S 1 ) = Z, where the integer characterizes the winding number in maps 
S 1 —> S 1 . In string compactifications (or other KK compactifications with gauge fields) on 
X, the group n j (X) characterizes the possibility to turn on non-trivial Wilson lines. 

This definition generalizes to the p\h homotopy group F1 ; ,(X), by considering embed¬ 
dings of /^-spheres S p into X, modulo continuous deformations. Homology and homo¬ 
topy groups are actually different topological structures, not to be confused. Homology 
groups are defined by considering arbitrary submanifolds, and imposing an equivalence 
relation identifying submanifolds differing by a pure boundary; homotopy groups are in 
contrast defined by considering /^-dimensional spheres, and equivalence relation given by 
continuous deformation. 

In physics, the topological classification of non-trivial gauge field configurations in the¬ 
ories with gauge group G can often be recast in terms of homotopy groups Yl p (G). The S p 
describes the sphere at infinity in (p + 1 ) dimensions, so 11 /; (G) characterizes the possible 
gauge-inequivalent ways in which the gauge field can “wind” around infinity. For instance, 
n 3 (G) characterizes non-trivial 4d gauge instanton configurations by the winding around 
the S 3 at infinity in (euclidean) 4d space; for G a simple group, n 3 ( G ) = Z, and the inte¬ 
ger corresponds to the instanton number (13.3). In 4d gauge theories with spontaneous 
breaking of G into a subgroup H, IT 2 (G / f/) classifies magnetic monopoles, by describ¬ 
ing the winding of the Higgs field around spatial infinity in the three spatial dimensions. 
Finally, n 4 (G) is related to global gauge anomalies in 4d, with the S 4 played by 4d space- 
time compactified adding a point at infinity. For instance, n 4 (USp(2k)) = Zi encoding the 
global gauge anomaly of U Sp(2k ) gauge theories with an odd number of fermions in the 
fundamental representation, as mentioned in Section 10.4.2. 


Appendix C 

Spectrum and charges of a semi-realistic Z3 
heterotic orbifold 


In the following table the charges are under the linear combinations of the E$ x E g Cartan 
subalgebra defined by the following vectors 


Cl 

= 6(1, 1, 

1,0, ...,0) x (0,. 

.,0/ 

02 

= 6(0, 0, 0,1, -1,0, 0,0) x 

(0,..., 0)' 

03 

= 6(0,.. 

.,01,0, 0) X (0,.. 

,0)' 

04 

= 6(0,.. 

.,0,0, 1,0) X (0,. 

.,0)' 

05 

= 6(0,.. 

.,0,0,0, 1) X (0,. 

.,0)' 

06 

= 6(0,.. 

.,0) x (1, 1,0,0,. 

.,oy 

07 

= 6(0,.. 

.,0) x (0, 1, 1,0,. 

.,oy 

X 

= 6(0,.. 

.,0) x (1,-1, 1,0, 

..., 0)' 

Y 

\ 3 ’ 3 ’ 

i,-i,i,0,l,0)x 

(0,..., 0)' 


(C.l) 


Table C.l Spectrum of the Z 3 example in Section 8.3.3. The indices (mi, mf), 

m\, m 3 — 0, ±1 label fixed points in the first and second T 2 . All fields have three copies 


(m 1, m3) 

Field 

Rep 

01 

02 

03 

04 

05 

06 

07 

X 

6 Y 

Unt 

Ql 

( 3 , 2 ) 

6 

6 

0 

0 

0 

0 

0 

0 

1 


ui 

( 3 , 1 ) 

6 

0 

0 

6 

0 

0 

0 

0 

4 


Gi 

( 1 . 2 ) 

0 

6 

0 

6 

0 

0 

0 

0 

3 


16’ 

1 

0 

0 

0 

0 

0 

0 

0 

9 

0 

(0, 0) 

»i 

( 3 , 1 ) 

0 

4 

0 

0 

0 

4 

0 

4 

-2 


g 2 

( 1 . 2 ) 

6 

-2 

0 

6 

0 

4 

0 

4 

3 



1 

-3 

-2 

-3 

-3 

-3 

4 

0 

4 

-3 


a 2 

1 

-3 

-2 

3 

-3 

3 

4 

0 

4 

-3 


Ai 

1 

-3 

-2 

-3 

3 

3 

4 

0 

4 

3 


a 2 

1 

-3 

-2 

3 

3 

-3 

4 

0 

4 

3 
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Table C.l (Cont.) 


(»![, m 3 ) 

Field 

Rep 

Q 1 

Ql 

23 

24 

25 

26 

Qi 

X 

6 F 

( 1 , 0 ) 

S 4 

1 

6 

4 

0 

0 

-2 

6 

4 

4 

0 


S 5 

1 

6 

4 

0 

0 

-2 

-6 

-2 

4 

0 


S 6 

1 

6 

4 

0 

0 

-2 

0 

-2 

-8 

0 


a 3 

1 

-3 

-2 

-3 

-3 

1 

6 

4 

4 

-3 


a 4 

1 

-3 

-2 

-3 

-3 

1 

-6 

-2 

4 

-3 


A 5 

1 

-3 

-2 

-3 

-3 

1 

0 

-2 

-8 

-3 


A 3 

1 

-3 

-2 

3 

3 

1 

6 

4 

4 

3 


A 4 

1 

-3 

-2 

3 

3 

1 

-6 

-2 

4 

3 


a 5 

1 

-3 

-2 

3 

3 

1 

0 

-2 

-8 

3 

(- 1 , 0 ) 

Si 

1 

6 

4 

0 

0 

2 

2 

-4 

4 

0 


Ss 

1 

6 

4 

0 

0 

2 

2 

2 

-8 

0 


S 9 

1 

6 

4 

0 

0 

2 

-4 

2 

4 

0 


^6 

1 

-3 

-2 

3 

-3 

-1 

2 

-4 

4 

-3 


Aj 

1 

-3 

-2 

3 

-3 

-1 

2 

2 

-8 

-3 


A & 

1 

-3 

-2 

3 

-3 

-1 

-4 

2 

4 

-3 


A 6 

1 

-3 

-2 

-3 

3 

-1 

2 

-4 

4 

3 


a 7 

1 

-3 

-2 

-3 

3 

-1 

2 

2 

-8 

3 


^8 

1 

-3 

-2 

-3 

3 

-1 

-4 

2 

4 

3 

( 0 , 1 ) 

di 

(3,1) 

0 

0 

0 

2 

2 

-4 

-4 

4 

2 


Fi 

( 1 , 2 ) 

3 

0 

-3 

-1 

-1 

-4 

-4 

4 

0 


a 9 

1 

3 

6 

3 

-1 

-1 

-4 

-4 

4 

-3 


A 9 

1 

3 

-6 

3 

-1 

-1 

-4 

-4 

4 

-3 


h 

1 

-6 

0 

0 

-4 

2 

-4 

-4 

4 

-6 


Sw 

1 

-6 

0 

0 

2 

-4 

-4 

-4 

4 

0 

( 1 , 1 ) 

d 2 

(3,1) 

6 

0 

0 

2 

0 

-2 

0 

4 

4 


«2 

(3,1) 

0 

0 

0 

-4 

0 

-2 

0 

4 

4 


f 2 

( 1 , 2 ) 

3 

0 

3 

-1 

-3 

-2 

0 

4 

0 


f 3 

( 1 , 2 ) 

3 

0 

-3 

-1 

3 

-2 

0 

4 

0 


Si 

1 

-6 

0 

0 

2 

0 

4 

0 

-8 

0 


Yl 

1 

-6 

0 

0 

2 

0 

-2 

0 

4 

0 


A 10 

1 

3 

6 

-3 

-1 

-3 

-2 

0 

4 

-3 


An 

1 

3 

6 

3 

-1 

3 

-2 

0 

4 

-3 


A 10 

1 

3 

-6 

3 

-1 

3 

-2 

0 

4 

3 


An 

1 

3 

-6 

-3 

-1 

-3 

-2 

0 

4 

-3 

(- 1 , 1 ) 

d 2 

( 3 , 1 ) 

0 

0 

0 

2 

-2 

0 

4 

4 

2 


Fa 

( 1 , 2 ) 

3 

0 

3 

-1 

1 

0 

4 

4 

0 


An 

1 

3 

6 

-3 

-1 

1 

0 

4 

4 

-3 


An 

1 

3 

-6 

-3 

-1 

1 

0 

4 

4 

3 


h 

1 

-6 

0 

0 

-4 

-2 

0 

4 

4 

-6 


Sn 

1 

-6 

0 

0 

2 

4 

0 

4 

4 

0 
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Table C.l (Cont.) 


(mi, m3) 

Field 

Rep 

2 1 

q 2 

23 

q 4 

25 

26 

27 

X 

6Y 

(0,-1) 

£>i 

(3,1) 

-3 

2 

-3 

1 

1 

0 

-2 

4 

-1 


d 3 

(3,1) 

3 

2 

3 

1 

1 

0 

-2 

4 

1 


g 3 

(1,2) 

0 

2 

0 

4 

-2 

0 

-2 

4 

3 


G 1 

(1,2) 

0 

2 

0 

-2 

4 

0 

-2 

4 

-3 


S 2 

1 

0 

-4 

0 

-2 

-2 

0 

4 

-8 

0 


y 2 

1 

0 

-4 

0 

-2 

-2 

0 

-2 

4 

0 


h 

1 

0 

-4 

0 

4 

4 

0 

-2 

4 

6 


h 

1 

0 

8 

0 

-2 

-2 

0 

-2 

4 

-6 


A13 

1 

-9 

2 

3 

1 

1 

0 

-2 

4 

-3 


A13 

1 

9 

2 

-3 

1 

1 

0 

-2 

4 

3 

(1,-1) 

d 2 

(3,1) 

-3 

2 

3 

1 

-1 

2 

2 

4 

-1 


d 4 

(3,1) 

3 

2 

-3 

1 

-1 

2 

2 

4 

1 


g 4 

(1,2) 

0 

2 

0 

4 

2 

2 

2 

4 

3 


g 2 

(1,2) 

0 

2 

0 

-2 

-4 

2 

2 

4 

-3 


S 3 

1 

0 

-4 

0 

-2 

2 

-4 

-4 

-8 

0 



1 

0 

-4 

0 

-2 

2 

2 

2 

4 

0 


h 

1 

0 

-4 

0 

4 

-4 

2 

2 

4 

6 


k 

1 

0 

8 

0 

-2 

2 

2 

2 

4 

-6 


A 14 

1 

-9 

2 

-3 

1 

-1 

2 

2 

4 

-3 


A14 

1 

9 

2 

3 

1 

-1 

2 

2 

4 

3 

(-1-D 

g 3 

(1,2) 

0 

2 

0 

-2 

0 

-2 

-6 

4 

-3 


g 4 

(1,2) 

0 

2 

0 

-2 

0 

4 

6 

4 

-3 


C 5 

(1,2) 

0 

2 

0 

-2 

0 

-2 

0 

-8 

-3 


h 

1 

0 

-4 

0 

4 

0 

4 

6 

4 

6 


(4 

1 

0 

-4 

0 

4 

0 

-2 

-6 

4 

6 


h 

1 

0 

-4 

0 

4 

0 

-2 

0 

-8 

6 







Appendix D 

Computation of RR tadpoles 


The simplest way to evaluate the total tadpoles is to compute the sum of Klein bottle, 
Moebius strip, and cylinder diagrams, transform them into the dual channel, and factorize 
them. As shown in Figure D. 1 , the result is the square of the disk plus crosscap tadpole (or 
sums thereof for various fields). In supersymmetric models, the total amplitude vanishes 
due to a cancellation of NSNS and RR closed string exchanges. Yet the consistency of 
the models requires the cancellation of the tadpoles for the diverse RR fields, which are 
extracted from the RR exchange piece in this factorization limit. 


D.l RR tadpoles in type I theory 
I). 1.1 The cylinder 

The annulus/cylinder amplitude of an open string propagating for a time 2 TI and closing 
onto itself, as in Figure 3 . 13 , is given by 




L 


" g C(T), with C(T) = V Tr Wopen e~ 2TlH * 


(D.l) 


The factor of 1 /2 arises from the (1 + Q .)/2 projector. Direct computation gives 


N 2 

C(T) = — 


Vio 


4 ( 87 rVT) 5 




with q = e~ 2jrT , and the factor 1 /4 arises from the GSO and Q projections. The diagram in 
the dual channel describes a closed string propagating between two boundaries for a time 
T'l with T' — 1 /( 2 T). Its amplitude can be obtained by replacing q = e~ 2nT = e~ n ! T ' and 
using modular transformations, to obtain 


C(T') 


Vw N 2 T' __ 8 
2(8jtV) 5 V 



(D. 3 ) 


where the tilde indicates that the modular functions have argument q — e~ 4nT . Note that 
this instance of open-closed duality implies the requirement of GSO projection in the open 
string sector, as noted in Section 4 . 4 . 1 . 
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(L_§*°(LJ *0—1) - 

- ® +2 0 0 + (l^ - 0 = 

■ (fl/~ + Q/~) 

Figure D. 1 The sum of the cylinder, Klein bottle, and Moebius strip amplitudes, in the dual channel, 
factorizes as the square of the total (disk plus crosscap) tadpole. 


In the factorization limit T' —> oo, the RR tadpole can be extracted by isolating the 
corresponding theta functions, namely 


C(T’) RR 


N 2 V 10 T' „ 

2(8:r V) 5 ?? 



8y "» r N \ 
(8 7t 2 a f )5 


(D.4) 


The non-zero disk tadpole is proportional to N, as advanced in (4.95). The NS-NS tadpole 
is obtained similarly, and by the identity (A.8), which reflects spacetime supersymmetry, it 
equals the RR tadpole. 


D.1.2 The Klein bottle 


As shown in Section 3.4.2, see Figure 3.17(a), a Klein bottle diagram for a closed string 
propagating for a time Ti can be regarded in a dual channel as a diagram of closed 
strings traveling between two crosscaps for a time T'l with T’ = 1 /(47’ j. The Klein bottle 
amplitude is given by 

dT 1 

Zk= J 0 27^’ IC= 2 tr ' H ^ iQe ~ TmClOSei) ’ (D ' 5) 

where the factor of 1 /2 arises from the (1 + Q)/2 projector. The trace runs over the Hilbert 
space of closed oriented strings, but the Q insertion implies that only left-right symmetric 
states contribute to the trace. Hence we can simply sum over the left states and double the 
energy of each state, and obtain 


1 Rio „. 
4 (47r 2 a , T) 5 ?? 





where the tilded functions have modular parameter q — e 4jr T . The dual channel amplitude 
is obtained by using T = \/(AT') and modular transformations, giving 


Vi oT' 
(4jt 2 a r ) 5 


2 V 8 





K,(T’) = 
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Computation of RR tadpoles 


where modular functions have argument q = e 4nT . Isolating the RR contribution in the 
dual channel and taking the T' -* oo limit 


1C{T') RR 


2 9 Vi q T' _ 
(87r 2 o' / ) 5 ^ 



8Vio^ 10 
(87r 2 a') 5 


(D.6) 


This is proportional to the square of the RR crosscap tadpole, which is therefore non¬ 
vanishing as anticipated in (4.101). 


D. 1.3 The Moebius strip 


As shown in Section 3.4.3, see Figure 3.17(b), a Moebius strip diagram for an open string 
propagating for a time 2 TI can be regarded in a dual channel as a diagram of closed 
strings traveling between a crosscap and a boundary for a time T'l with T' = 1 / (8 7’ ). The 
Moebius strip amplitude is given by 

Zm = 1°° C ^ M ’ M = tr (YaYa) \«H ov ^e- 2TlH °^), (D.7) 

with the factor of 1 /2 from the (I + Q)/2 projector. The trace over the Chan-Paton indices 
istr Vq) = ±/V for the SO or Sp projections. The remaining trace is over the Hilbert 
space of open oriented strings, properly accounting for the Q action. For instance, the trace 
over bosonic degrees of freedom gives 


Tr bos . (q N * +E o Q) 


-na-(-DV) 


n =1 



(D.8) 


where the second equality follows upon splitting the product into even and odd moddings. 
Working similarly with the fermionic sectors, the total amplitude is 


M = ±N- 


1 V W 


4 (87r 2 a') 5 




(D.9) 


where we have isolated the (equal and opposite) RR and NSNS tadpoles, as indicated by 
the (1 — 1) factor. The dual channel amplitude is obtained by using T =1/(8 T') and 
modular transformations. Isolating the RR piece we have 


M(T') RR = 


±2 5 NV\qT ' „_ s „_ 4 
(Stt 2 ^) 5 




8V,| » r , ± 2-A0, 


( 8 ^‘ 2 o ' / ) 5 


(D.10) 


where the hatted functions have modular parameter q = e~ &n I . 

The RR tadpole condition is obtained from the sum of factorized cylinder, Klein bottle 
and Moebius strip amplitudes. Using (D.4), (D.6), and (D.10), we have 

^°M5 (jv2 + 2 ‘° T 2 6 N) 2 ~ (N T 32) 2 , 

( 87 r z Q !') 3 

The RR tadpole cancels for N = 32 with SO projection, as used in Section 4.4.3. 


(D.l 1) 
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D.2 Tadpoles for T 6 /Z N type IIB orientifolds 

We can apply a similar strategy to the computation of RR tadpoles in the toroidal type IIB 
orientifolds of Section 11.2. The amplitude sums over possible orbifold twisted boundary 
conditions along the non-trivial cycles in the worldsheet, making the computation techni¬ 
cally more involved. For concreteness we focus only on aspects relevant to the Z 3 orbifold 
in Section 11.2.1 (or other odd order Z,y orbifolds). 

In the Klein bottle amplitude, the non-zero contributions arise only from states mapped 
to themselves under £2. This exchanges oppositely twisted sectors, so in odd order orbifolds 
the only contributions arise from untwisted states (and from 0 '^-twisted states in even 
order orbifolds, not considered here). We have 

Zk = ^ £ f°° = T Tr «c. u „, \ne k e~ T ^ +H ^ . 

N k=0 J o 2 T 2 L J 


For k — 0 this produces the type I RR 10-form tadpole, and is ignored in what follows. 
Since only left-right symmetric states contribute, we may sum over the left sector and 
double its contribution to the exponent. Direct evaluation gives 


AC( 1 , 0 *) = 


V 4 


4(47r 2 a'T) 2 


E 

ct,/3=0 , 




M 3 

/S J t— r — 2 sin 2jt k V( 

S3 1 1 


1 , 4 shr jtkvi 
1 = 1 ' 


(5-\-2ki>i 


1 

2 

3+2 kvi 


(D.12) 


where 770,0 = — ~ '71 0 = 1» an d tilded functions have argument q—e 4nT . The 

factor (4 sin 2 jtkvj)~ 1 is the trace of 6 k over the center of mass degrees of freedom. The 
amplitude (D.12) vanishes, by supersymmetry, using (A.9). Hence 


fC( 1,0*) = (1 - 1)- 


V 4 


^ [ 2 ] T“T cos rtkvi ^ 


n- 

A i. ci 


4(4jr 2 a , 7’) i r sin nkvi 


■& 


l+ 2 kvi 


1 

2 

\+2kv{ 


The tadpoles can be read in the factorization limit T' = 1/(4 T) —> 00 , where 

3 


/C(l, 0 *)rr 


VaT’ tA- cos Ttkvi 

-y32 Ff- - for k ^0. 

I \2 1 I r 


4(8jr 2 a / ) 2 ' sin nkvi 


The cylinder amplitude for the D9-D9 open strings is given by 

TV—1 


V 4 1 
Z C = —— 
4 N N 


(D.13) 


(D.14) 


Ef^), Z c (e k )=Ti n (e k e- 2Tm °vA. (D.15) 

k=0 Jo 27 v / 
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Computation of RR tadpoles 


Direct computation gives 

V 4 


C{e K ) = 


^ [z 0 ] y-r—2smnkvi ® 
4 (87T 2 Qi , r) 2 *—• lla '^ ij 3 | | 4 sin 2 7r Aiu, „ 

a,p=Q,\ , = 1 V 


= ( 1 - 1 ) 


V4 




[ 1 ] 


P+kvi 


1 

2 

\-\-kvi 


(Tr Yksf 


3 1 

n 9 cin 7T 


•& 


4(87r 2 a , r) 2 p 3 1 1 Isimzkvi 

i=t !7 


0 

i+Av; 


1 

2 

j+^u; 


(Tr n ., 9 ) 2 , (D.16) 


where the last equality uses (A.9). The factorization limit T' = 1/(2 T) —> oo gives 

3 


C(0 *)rr -> V4r 


f\2 1 1 9 cin 7 t 


4(87r 2 a , ) 2 * 1 2 sin irkv, 

i=1 


(Tr^, 9 ) 2 for £ ^ 0. (D.17) 


Finally, we consider the Moebius strip amplitudes, whose structure is 

Z M=lj2f 0 °° Af (0‘) = Tr Wop (ne k e- 2TlH ^) . 


k=0 


The main difference between Z M and Zq is the insertion of £2, which introduces extra 
phases due to its action on oscillators. The amplitude is 


M{9 k ) = (1 - 1) 


-v 4 


& 


[SMS] 


4(8i 2 aT) 2 


^[o] 


n 


—2 sinjrfcii; ^ 

m 

kVi 


j+E] 

4 sin 2 Ttkvi ~ 
u 

\ 

\+kvj 

* 

[i] 


Tr Y2k,9, 


where again the tilded functions have variable q = e 4nT , and we have used Tr 
Yc lk y j = Tr Y 2 k , 9 • In the factorization limit, the RR contribution is 


A4(0 a ’)rr 


v 4 t' 


7s i6 n 


4(87^ 2 Q' , ) 2 * * 2 sin itkvi 

i=1 


(Tr Y2k,9) for k ^ 0. (D.18) 


Adding (D.17) forC(0 2<: )RR and (D.14), (D.18) the amplitude is proportional to 
1 


E 


n 


2 sin 2jtkvi 


q i—r 1 i—r COS 7 T kVj 

(trm, 9 ) -8M —- —try 2 k ,9 + 16 U - 7 — 

11 2 sm Ttkvi 1 L sm Ttkvi 


=£ n , zsiLt,, { ams - 32 n°»»*») ■ 

k 1 i ' 

This factorizes as a sum of squares, as expected. The RR tadpole conditions are 

tr K2/t.9 = 32 n cosTrkvi . 


(D.19) 


(D.20) 
























Appendix E 
CFT toolkit 


In this appendix we provide some background material on 2d conformal and superconfor- 
mal field theory (CFT and SCFT, respectively). We merely state the main results, giving 
up a complete logical flow at certain points in favor of easy reference from the main text. 


E.l Conformal symmetry and conformal fields 


We trade the left and right coordinates t ±a for holomorphic and antiholomorphic coordi¬ 
nates z = e~ t+la l l , z = . In this picture, time runs radially so hamiltonian quantiza¬ 

tion is called radial quantization, and the hamiltonian relates to the dilatation operator, and 
thus to the behavior of fields under conformal transformations. Eventually both z and z can 
be extended to independent complex coordinates. For most of the analysis, we focus on the 
holomorphic sector only, with different combinations of left and right sector corresponding 
to the different string theories. 

As described in Section 3.2.1, a 2d conformal transformation can be described as a 
holomorphic reparametrization z —> f(z) on the worldsheet. Let us consider an infinites¬ 
imal transformation z -> z + e(z) generated by the 2d energy-momentum tensor T(z). 
Integrating over the a direction, we obtain the integrated generator 

T € = <f dze(z)T(z), (E.l) 

2m J Co 

with integration along a contour Co around the origin. The transformation of a 2d field 
< p(z ) can be written 



(E.2) 


with implicit radial (i.e. time) ordering in the absolute values | z I, | w |. In the last equality the 
difference of integrals along two z contours at |z| > \w\ and |z| < \w\ has been recast as 
an integral along a contour C- around z, see Figure E.l. The latter expression depends only 
on the structure of poles in (z. — w) of T ( z)<p{w ), which is known as the operator product 
expansion (OPE) and provides an economic encoding of the commutation relations. 
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Ll 



Figure E.l Radially ordered commutator relations between operators at points z and w can be 
encoded in the structure of poles in (z — w) in the operator product expansion. 


A primary field of conformal dimension h is defined as transforming under z —> f(z) = 
z + e(z) as 


<P(z) 


£i 


namely 8 <f>(z) = hde(z)<p(z) + e(z)d<j>(z), 


(E.3) 


which is reproduced by the OPE 


T{z)(p(w) 


h <p(w) 
{z — w ) 2 


3 (p(w) 
z — w 


In a general CFT the energy-momentum tensor has the OPE structure 


T {z)T (w) 


c/2 2T (w) dT (w) 

(z — w) A (z — w) 2 z — W ’ 


(E.4) 


(E.5) 


and so is essentially a dimension 2 primary operator, except for a possible conformal 
anomaly controlled by the quantity c, known as central charge of the CFT. The above 
structure is known as Virasoro algebra. 

Simple examples of CFTs can be obtained using free theories. The free massless bosons 
X(z ) and fermions i j/(z) on string worldsheets have 


9X(z)3X(w)~- “ T(z) = ~ dXdX, c = 1, 

2 (z — w)- a' 

xlf(z)xjf(w) --—, T{z) =c=]~, 

z — w 2 2 


(E. 6 ) 


where here and in what follows, normal ordering is implicit. The field X (z) has OPE 
X(z)X(w) ~ — y log(z — w) and is not a primary field itself, but can be used to build 
primary fields. For instance, dX, with conformal dimension h = 1, which is the worldsheet 
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current associated to momentum conservation in the spacetime coordinate X. Also, the 
operator e lkx , for which useful OPEs are 

dX(z)e ikx(w) - lka ' e‘ kx(w) , 

2(z — w) 

e ikiX(z) g ik 2 X(w ) ^ ^ _ w ^k\k 2 e i(k\+k 2 )X(w) 7 ) 

The operator e lkx carries spacetime momentum k along the coordinate X ; it has conformal 
dimension h = ^-. 

The fermion i j/ has conformal dimension h(f ) = 1 /2. The bosonization in Section 4.2.6 
can be stated as the equivalence of a free complex fermion x[r (z), \l/(z) and a free real boson 
H(z) with H(z)H(w) --log(z — w) as 

i jr(z) = e ,H ^, t/r(z) = e~ ,H(z \ namely idH(z) = i/njfiz), (E. 8 ) 

where “=” stands for “reproduces the same OPEs.” The last expression relates momentum 
conservation along H (known as //-momentum) and fermion number conservation. 

In the covariant quantization of the bosonic string theory, one fixes the conformal gauge, 
and then introduces a ghost system for the left-over conformal symmetries. The ghosts 
b(z), c(z) are free anticommuting fields with 

1 

c(z)b(w) ~ -, T(z) = 2(dc)b + cdb, c = — 26. (E.9) 

z — w 

The total energy-momentum tensor is the sum of contributions from the ( b , c) ghost system 
and D spacetime coordinates X M (z). The total central charge is c = D — 26, so cancellation 
of the conformal anomaly requires the critical dimension D — 26. 

In the superstring, there are in addition commuting (so-called superconformal) ghosts 
jS(z), y(z) with 

Y(z)P(w) --—, T(z) = -l-yd/3 - l(dy)P, c = ll. (E.10) 

Z — w 2 2 

The total energy-momentum tensor is the sum of contributions from the (b , c) and (/I, y ) 
ghosts and D sets of free bosons and fermions X M (z), \I/ M (z), resulting in c= 5 1) — 15, 
and hence D = 10 as critical dimension. 


E.2 Vertex operators and structure of scattering amplitudes 

In conformal field theories there exists a state-operator map, which associates a so-called 
vertex operator to each state. In radial quantization, this is done as follows. For a given 
operator Vo, the corresponding state \0) is obtained by performing the CFT path integral 
over the unit disk kl < 1. with an insertion of O at the origin. In standard hamiltonian 
quantization on the cylinder, the origin is sent to / —> — oo and the above procedure defines 
an incoming asymptotic state, see Figure E.2. 
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[£. (b) 



I o) 


Figure E .2 State-operator map. 

In string theory, scattering amplitudes for different asymptotic states are computed as 
correlators of the corresponding vertex operators in the 2d quantum field theory in a 
worldsheet E 


(V 0l ■ ■ ■ Vo„) E- 


(E.l 1) 


A more careful study of vertex operators and the topology of E leads to some interesting 
selection rules, as described below. 

In closed bosonic string theory, the vertex operators have a structure 



(E.12) 


where “int” denotes that the operator is integrated over the worldsheet. The integrand must 
have conformal weights (h,h) = ( 1, 1) to compensate the transformation of the measure 
d 2 z and lead to conformal invariant object. This relates the vertex operator conformal 
weight and the spacetime mass of the corresponding string state, using the mass-shell 
condition k 2 + m 2 = 0, and M\ = M 2 R = m 2 /2. Namely 



(E.13) 


and similarly for h. This corresponds to the closed bosonic string mass formula. Indeed, the 
closed bosonic string tachyon vertex operator has 0 = 0 = 1, hence m 2 = — 4/«'. Also, 
the graviton, 2-form and dilaton states, |0), have vertex operators with OO = 

dX M dX N , and we recover m 2 = 0. 

The existence of a contribution to the spacetime mass from the conformal dimension 
is a general property. Splitting into left and right sectors, and considering the CFT under 
discussion one particular factor in the full theory, the contribution of a conformal weight h 
piece of the vertex operator to the left-moving spacetime mass of the corresponding state is 



(E.14) 
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Vertex operators like (E.12) have the correct structure for insertions whose position is inte¬ 
grated over the worldsheet. However, one can use symmetries on the worldsheet to set the 
position of certain vertex operator insertions to arbitrary fiducial positions. The number of 
such symmetries, and hence the number of “fixed” operators, depends on the topology of 
the Riemann surface. For instance, for closed string tree level amplitudes it is possible to 
use an SL( 2, C) symmetry of the sphere to fix the position of three vertices. In one-loop 
amplitudes, it is possible to fix the position of one vertex, by shifting the origin of T 2 . 

In the covariant quantization, the above freedom manifests as the existence of zero 
modes for the ghosts c, c. Their number is precisely the number of vertices whose positions 
can be fixed. In this language a “fixed” vertex operator is 

l/r lx = ccOO, (E.15) 

so that there is saturation of fermion zero modes in the path integral. Hence, e.g., a closed 
string tree level amplitude must involve three operators in the “picture” (E.15) and the 
remaining in the picture (E.12). 

The left-moving part of the above statement applies to the supersymmetric side of 
heterotic strings. Similarly, they apply to open strings, which effectively work as the left- 
moving sector of the corresponding closed string theories. 

There is an analogous but more involved story in superstrings. Using 2d superspace 
language, vertex operators must in general be integrated also over 9,6. However, there 
may be the freedom of fixing the 0, 9 positions for a number of vertex operators. This is 
signaled by zero modes for the superconformal ghost y (E.10). 

The superconformal ghosts can be traded for a boson <p(z), with <p(z)<f>(w) ~ 
- log(z - w), via 

P(z) = e“ 0W ..., y(z) = e“ 0 ..., 9 <p = Py, (E.16) 

where the dots denote contributions from an extra CFT sector required to reproduce all 
OPEs correctly. The field <p(z) is called the bosonized superconformal ghost, given the 
analogy of these formulas with (E.8). The existence of y zero modes on a worldsheet 
topology E translates into an anomaly for the current dtp; that is, a background charge 
which must be canceled by the total superconformal ghost charge from the vertex operator 
insertions in correlators (E.l 1) to lead to a non-zero amplitude. 

In a left-moving sector of a superstring (or in an open superstring), the vertex operator 
for the NS state t/t^ 2 |0) is 

V-i = i// M (z), (E.17) 

where from now on we ignore the momentum factor exp (ikX). It has superconformal ghost 
charge —1, as indicated in the subindex. This is known as the (-l)-picture, and provides the 
analog of the fixed operators (E.15), since it can be shown that e~$ ~ S(y) is effectively 
a delta function fixing the position along the y zero modes. The conformal weight of 
exp(—</>) is 1/2, and so (E.17) has conformal dimension h = 1 as required. 
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It is convenient to introduce the vertex operators in the “integrated” picture with zero 
ghost charge, known as 0-picture. It is given by 



(E.18) 


For R groundstates, the state-operator map gives vertices with ghost charge — 1 /2, in the 
so-called(—l/2)-picture. They have the structure 


y j _ e -<P/2 £ is a H a {z) 


(E.19) 


2 


where (so,..., S 5 ) denote the SO (10) spinor weights and H a (z) are the bosonized world- 
sheet fermions. The conformal dimension of exp(— (p/2) is 3/8, hence (E.19) has confor¬ 
mal dimension h — 1, as required. The bosonized language is convenient also for states in 
the NS sector, which read 



(E.20) 


where a v is a weight in the SO( 10 ) vector representation a v = (± 1 , 0 , 0 , 0 , 0 ), with 
underlining meaning permutation of entries. 

For tree level amplitudes on a sphere, it can be shown that there are two y (and two y) 
zero modes. Hence, the left-moving vertex operators in any correlator must have super- 
conformal ghost charges adding up to —2 for a non-vanishing amplitude (and similarly for 
the right-moving sector). For amplitudes involving two spacetime fermions and an arbi¬ 
trary number of bosons, one can take the two R vertex operators in the (— 1 /2)-picture, one 
boson in the (—l)-picture, and the remaining bosons in the 0-picture. Similar results hold 
for the supersymmetric right-moving sector of the heterotic, and for open superstrings on 
the disk. 


E.3 Kac-Moody algebras 


A Kac-Moody (KM) algebra associated to a Lie algebra G with structure constants /abc 
are a set of operators J A (z) with OPE 



J A (z)J B (w ) 


(E.21) 


with k — k\p\ 2 /2, where k is a positive integer known as the level of the algebra, and p is 
the length of the highest root. In our conventions, p — 1 for ADE Lie algebras, on which 
we focus. KM algebras are closely related to CFTs, since we can construct an energy- 
momentum tensor satisfying the Virasoro algebra, given by 



7km = 


(E.22) 
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where Iiq is the dual Coxeter number of G. This is known as the Sugawara construction. 
With this definition, the 7 km J ' OPE implies that J A are conserved currents with con¬ 
formal dimension 1. The 7 km7km OPE shows that the associated sector of the CFT has 
central charge 


CG,k 


kdimG 
k + he 


(E.23) 


Kac-Moody algebras arise naturally in the realization of gauge symmetries in heterotic 
string theory. Indeed, if the internal left-moving CFT contains a KM sector, the correspond¬ 
ing dimension 1 currents J A (z) are associated with left-moving massless states, which 
can combine with the right-moving NS groundstates to produce massless spacetime gauge 
bosons. 

As a simple realization, consider the lOd heterotic theory, focusing on the 16d internal 
coordinates X 1 . The associated KM currents split into Cartan and non-zero root currents 


J H, (z) = idX r (z), J Ep = e ip ' x(z \ 


(E.24) 


with P the momentum in the 16d lattice, with P 2 — 2, hence corresponding to the non-zero 
roots of E s x or SO(32). Using the OPEs (E.7) one can check that this is a free-held 
realization of a KM algebra at level 1. When used as vertex operators, these correspond to 
the massless states a I _ l |0>, \P) P 2 =1 in (4.76). 

Two KM algebras based on the same Lie algebra G, at levels k, k 1 , can be used to realize 
a KM algebra at level k + k!. The latter is defined by the currents J^g(z) = J A (z) + 
J A '(z), where J A , J A ' denote the original currents. This can be used to provide a free 
held realization of higher-level KM algebras. In particular, as exploited in Section 9.8, a 
set of k level 1 KM algebras with Lie algebra G can be combined into a diagonal level 
k KM algebra with Lie algebra G. Higher-level KM algebras modify the gauge coupling 
uniheation relations in heterotic models, as discussed in Section 9.4. 

A further procedure to generate new CFTs is the coset construction. Consider a level k 
KM algebra based on the Lie algebra G, with a level / KM subalgebra based on the Lie 
algebra 77. It is possible to construct an energy-momentum tensor 


Tg/h = 7 km, G,k - Tkm.hj, (E.25) 

satisfying a Virasoro algebra with central charge cg/h — ec.k — ch.i- 

A prototypical example of this construction are the AT —2 minimal models, used in 
the construction of Gepner model compactihcations in Sections 8.6 and 10.7.1. They are 
obtained as a coset [ST/( 2)k x SO(2)]/U (1), where the SU (2) is realized at level k, so the 
central charge is c = 3 k/(k + 2), see Section 8.6.1 for further properties. 
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E.4 J\T = 2 superconformal field theories 

The 2d Af = 2 superconformal algebra is an extension of the Virasoro algebra by two 
fermionic (super)currents G ± (z) and a U(l) (superconformal) current J(z), with OPEs 


T(z)G ± ( 0 ) - 

3/2 , 1 , 

- -fl-G ± (0)+ -dG ± 
z z 

1 1 

( 0 ), 

T (z)J ( 0 ) - 

- ^ 7 ( 0 ) + - 97 ( 0 ), 
z z 



2C/3 2 2 

1 

G + (z)G (z) 

"" t i J ( 0 ) + 

7 ( 0 ) + - 9 /( 0 ), 


tr z z 

z 

J(z)G ± ( 0 ) - 
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(E.26) 


In particular, the superconformal current / has h = 1, and the supercurrents G ± (z) have 
h = 3/2 and superconformal charge ± 1. 

There is a close relationship between Af = 2 worldsheet supersymmetry and spacetime 
supersymmetry. This is due to the so-called spectral flow, an isomorphism between rep¬ 
resentations of the algebra by superconformal fields differing in the periodicity of their 
realizations of G ± . In particular, spectral flow relates the spectrum of states in the NS 
and R sectors, and manifests as spacetime supersymmetry. Type II compactifications to 4d 
with an internal AT — 2 SCFT on both left and right sectors lead to two sets of spacetime 
supercharges (from left and right sectors), i.e. 4d AS — 2 supersymmetry; this corresponds 
to CY compactifications in geometric compactifications. Heterotic CY compactifications 
with standard embedding have gauge backgrounds completely determined in terms of the 
CY geometry. Their supersymmetric right-moving sector has an internal Af = 2 SCFT, 
while the left-moving sector is related to a Af — 2 SCFT by simple modifications, hence 
the models are known as (2, 2) heterotic compactifications. Heterotic CY compactifications 
with non-standard embedding are known as (0, 2) compactifications. 


E.5 Rational conformal field theory and simple currents 
E.5.1 Virasoro representations and characters 

The Virasoro algebra is generated by the conserved currents L n of T (z) 

L " = 2^7 f dZZ ' ,+1 T(Z) ’ T(Z) = 

which have commutation relations (equivalent to the OPEs (E.5)) 

C 2 

[Ini C m ] = (n m)L m + n T ——n(n 1 )<5«,—m, 


(E.27) 


(E.28) 


with c the central charge. 
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A (unitary) highest weight representation is a representation containing a state | h) with a 
smallest value of Lo, denoted h. This implies that L n \h) = 0 for n > 1. The representation 
is spanned by the state | h), called primary state, and the so-called descendants, whose form 
(at level n) is 

L- ni ■ ■ ■ T-«J0), with £,• = «■ (E.29) 

The vacuum of the theory is defined by L n | 0) =0 for n > — 1. For a conformal field <p (z) 
of conformal weight h, the state | h) = 0(0)|0) is a primary state with weight h. Either 
fields or states or representations are often referred to as primaries. 

The partition function of the theory can be recast as a sum over representations 

Z(r, t) = Tr Hcft q Lo-c/2A-L 0 -c/2A = ZiJ Xi (r) Xj (r )*, (E.30) 

i.j 

where i, j run over all highest weight representations, Lq — c/24 is the hamiltonian, and 
we have defined the (Virasoro) character of the representation i 

X;(r) = Tr,- q L °~ c ^ 24 . (E.31) 

The multiplicities Z (/ are non-negative integers. The case i = 0 is the representation con¬ 
taining the CFT vacuum state, and uniqueness of the latter implies Zoo — 1 • Modular 
transformation of characters defines the S and T “modular matrices” 

Xi(r + D = E T V Xj(r). Xi(~ 1/r) = E S U Xj(r), (E.32) 

j j 

with actually Tu= exp[2jr/(ft, — c/24)]5,-,-. Modular invariance of (E.30) amounts to 
(.S', Z] = [7’, Z] = 0. A trivial solution is the diagonal invariant Z, ; - = j. For example, the 
Hilbert space of a free 2d boson theory falls, for each value p of the (target) momentum, 
in a single Virasoro representation, with character x P = q p ^r\~ X ■ The closed bosonic 
string is constructed using the diagonal modular invariant. 

The selection rules implied by the Virasoro algebra on 3-point functions are encoded in 
the so-called fusion rules for the corresponding primaries, written 

[<]x[;] = E%W. (E.33) 

k 

The Nijk is a completely symmetric tensor of non-negative integers. Values Nfj > 1 indi¬ 
cate that there exists more than one way of coupling the fields. A more explicit definition 
is in terms of the Verlinde formula, relating them to modular matrices 

% = E^ (E.34) 

n S ° n 

In most applications, worldsheet theories have extended symmetries beyond the Vira¬ 
soro algebra. In analogy with the currents T (z) generating the Virasoro algebra, extended 
algebras are generated by additional currents, which for our purposes are of integer or half¬ 
integer spin. There are different types of extension currents, including the already appeared 
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Kac-Moody currents of Section E.3, and the superconformal currents of Section E.4. Other 
examples are currents generating GSO projections (or generalizations thereof), as studied 
in the next section. There is a natural generalization of the definitions of representations, 
primaries, characters, fusion rules, etc., to extended algebras. 

Certain theories, known as rational conformal field theories or (RCFTs), have a finite 
number of primaries with respect to their extended algebras. This simplification allows the 
construction of solvable interacting CFTs, which can be used in string compactifications, 
like Gepner models. 


E.5.2 Simple currents and modular invariant partition functions 

Most known examples of RCFTs can be understood in terms of extensions of the Virasoro 
algebra by simple currents. A simple current is a primary that upon fusion with any other 
field produces just one field 


[/] x [i] = [/'], V[i] + [/]. (E.35) 

From now on, the fusion rule product is implicit, and we drop square brackets for primaries. 
A simple current J thus organizes fields into orbits, generically of N elements, on which 
it acts as a Zjy group. The number N is called the order of the current. Shorter orbits are 
associated to the existence of fixed points, i.e. primaries ; satisfying J k i = i for some 
k < N, so J k generates a proper subgroup of Z,y. 

We define the ( monodromy ) charge of a primary i under a simple current J by 

<2/(0 = h (0 + h(J) - h(Ji) mod 1. (E.36) 


It measures the violation of conformal weight additivity in the fusion product (E.35). 

Simple currents of integer spin h(J) e Z extending the algebra can be used to build 
non-diagonal partition functions, with the structure 


Z(r, r) = I] O'. 


,J k i 


i\Qj(i)=0 k=0 


(E.37) 


Namely, the representations of the extended algebra are the Z,y orbits of the zero mon¬ 
odromy charge primaries of the unextended algebra. The conformal weight additivity prop¬ 
erties for zero charge primaries imply the modular invariance of the non-diagonal parti¬ 
tion function. Most non-diagonal partition functions (in particular, those involving GSO 
projections, orbifold constructions, etc.) can be understood in terms of simple current 
extensions. 

The above construction can be generalized to construct a modular invariant partition 
function for the extension by a set of simple currents, generating a group H and satisfying 
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h jNj e Z for any J e 'H. In general 'H = ]~[ fl Z,v„. and we denote J a the generator of 
Z,y u . We introduce a symmetric matrix X a p satisfying 

2X a p = Qj a (Jp ) mod 1 for a ^ f, 

Xaa = h J a , 

N Ja X af ,eZ Va, ft, (E.38) 

and for simple currents J — J," 11 , /’ — , we define 

X{J, j') = Y[n a m p X a p. (E.39) 

aft 

Then the partition function is 

Z (r, r) = ^2 Zij Xi X *, (E.40) 

<j 

where now Z,y is the number of currents L e H such that 


j = Li, 

Q M (i) + X(M,L) = Omodl VMeH. (E.41) 


E.5.3 Gepiter models and simple currents 

Gepner models are based on a tensor product of the fif — 2 minimal models described in 
Section 8.6.1, tensored with the 4d spacetime one 

-4tensor — ^4d ®;=1 Zl k t , (E.42) 

with c ki = 9. As described in Section 8.6.1, actual 4d string compactifications require 
further projections, which here we describe in terms of simple current extensions. These are 
easily obtained from certain simple currents in the individual factors in (E.42). In particular, 
each factor contains the Af = 2 supercurrents, which are simple currents denoted v, and two 
Ramond simple currents denoted .v and c. 

In order for the tensor product theory to have overall Af — 2 worldsheet supersymmetry, 
we need to extend the algebra by the fermion alignment simple currents ( v, v, 0, 0 ,..., 0), 
where underlining means permutation of entries. As a result of this extension, all primaries 
are either in the Ramond (R) or Neveu-Schwarz (NS) sector; this clearly corresponds 
to the fj projections (8.109). A further extension by the spectral flow simple current 
(s,s,s,s, ...), that relates the R and NS sector, implements spacetime supersymmetry, 
and is clearly equivalent to the fia projection (8.107). The description of Gepner mod¬ 
els as simple current RCFTs is useful in the description of its orientifold quotients in 
Section 10.7.1. 



Bibliography 


Chapter 1 

For an introduction to Grand Unified Theories see Langacker (1981) and Ross (1981, 
1984). The idea of grand unification first appeared in Pad and Salam (1973) and Georgi and 
Glashow (1974), where the minimal SU(5) model was first constructed. The 5(9(10) GUT 
was constructed by H. Georgi (unpublished) and in Fritzsch and Minkowski (1975), see 
also Georgi and Nanopoulos (1979). The E(, gauge group was first considered in Gursey 
et al. (1976) and flipped SU (5) in Barr (1982, 1989), see also Derendinger et al. (1984). 
The left-right symmetric model was considered in Mohapatra and Pad (1975a,b). The 
joining of the SM couplings according to the renormalization group was pointed out in 
Georgi et al. (1974) and the renormalization of quark/lepton mass ratios in GUTs in Buras 
et al. (1978). The see-saw mechanism for generation of neutrino masses was put forward 
in Minkowski (1977), Gell-Mann et al. (1979) and Yanagida et al. (1979). Baryon num¬ 
ber generation through leptogenesis was proposed in Fukugita and Yanagida (1986), see 
Buchmiiller et al. (2005) for a review. 

For reviews about the cosmological constant problem see Weinberg (1989), Carroll 
(2001), and Polchinski (2006). Weinberg’s first proposal for an anthropic solution of the 
cosmological constant problem appeared in Weinberg (1987). For other possible anthropic 
fundamental constants see Donoghue (2007), Hogan (2000), and references therein. The 
axion solution to the strong CP problem of the SM was presented in Peccei and Quinn 
(1977a,b), see also Weinberg (1978) and Wilczek (1978). The invisible axion idea was put 
forward in Kim (1979), Shifman et al. (1980), and Dine et al. (1981a), see Kim and Carosi 
(2010) for a review. The Technicolor solution to the hierarchy problem was proposed in 
Weinberg (1976, 1979) and Susskind (1979) and extended to include the generation of 
fermion masses in Dimopoulos and Susskind (1979) and Eichten and Lane (1980), see 
Lane (2002) for a review. 

For recent reviews on extra dimension models see Gabadadze (2003), Cheng (2010), 
Krippendorf et al. (2010a), and Shifman (2010). For phenomenological aspects see Giu- 
dice and Wells (2008), Kong et al. (2010), and Rizzo (2010). The possibility of a fifth 
dimension was proposed in Kaluza (1921) and physically reinterpreted in Klein (1926). 
The possibility of confining the SM on a lower-dimensional brane appeared in Rubakov 


608 


Bibliography 


609 


and Shaposhnikov (1983). Large extra-dimensional models were introduced in Arkani- 
Hamed et al. (1998, 1999) and in Antoniadis et al. (1998). Hierarchies from warped 
dimensions were first discussed in Randall and Sundrum (1999a). Warping as an alternative 
to compactification was proposed in Randall and Sundrum (1999b). 


Chapter 2 

The idea of supersymmetry appeared for the first time in Ramond (1971) in the context of 
the two-dimensional string theory worldsheet. In four dimensions it was first discussed in 
Golfand and Likhtman (1971), Volkov and Akulov (1973), and Wess and Zumino (1974). 
There are several standard textbooks on the topic, e.g. Wess and Bagger (1992) (whose 
conventions we follow), Drees et al. (2004), Baer and Tata (2006), Binetruy (2006), Dine 
(2007), Terning (2006), and Weinberg (2000). For shorter reports, see Krippendorf et al. 
(2010a), Martin (1997) and Lykken (1996a). Af = 1 supergravity was introduced in Freed¬ 
man et al. (1976) and Deser and Zumino (1976), see Nilles (1984) for its applications in 
particle physics. The complete Af — 1 supergravity action was written in Cremmer et al. 
(1979, 1983b). SUSY breaking mechanisms discussed in Section 2.2 were introduced in 
O’Raifeartaigh (1975) and Fayet and Iliopoulos (1974), and the Polonyi model of SUSY 
breaking in supergravity was proposed in Polonyi (1977). 

For the multiplet structure in extended supersymmetry and supergravity, see Strathdee 
(1987), see also Ortin (2004) and references therein for further information. The action of 
N — 8 supergravity was worked out in Cremmer and Julia (1978, 1979). 

Non-perturbative aspects of Af = 1 supersymmetric theories are discussed in Affleck 
et al. (1984, 1985) and Seiberg (1994) see Intriligator and Seiberg (1996, 2007) and Tern¬ 
ing (2006) for reviews. Duality in Af = 2 supersymmetric field theories was discussed in 
Seiberg and Witten (1994a,b). Duality between weak and strong coupling in gauge theories 
was conjectured in Montonen and Olive (1977) and S-duality in Af — 4 was conjectured in 
Font et al. (1990b), see Harvey (1996) for a review. 

Pioneer supersymmetric versions of the SM were constructed in Fayet (1977), Fayet 
(1978), and Fayet (1979), see also Farrar and Fayet (1978, 1980), Dine et al. (1981b), and 
Dimopoulos and Raby (1981). Supersymmetric versions of SU (5) were first considered in 
Witten (1981), Dimopoulos and Georgi (1981), and Sakai (1981), and the computation of 
gauge coupling unification in the MSSM was worked out in Dimopoulos et al. (1981), 
Dimopoulos and Georgi (1981), and Ibanez and Ross (1981). Proton decay in super- 
symmetric unified theories was studied in Weinberg (1982), Dimopoulos et al. (1982), 
Sakai and Yanagida (1982), and Ellis et al. (1982). Softly broken supersymmetric theo¬ 
ries were first discussed in Girardello and Grisaru (1982), and first applied to the SUSY 
SM in Dimopoulos and Georgi (1981). Radiative EW symmetry breaking induced by the 
top quark Yukawa was first discussed in Ibanez and Ross (1982). The renormalization 
group improved version of the mechanism was described in Inoue et al. (1982), and in 
the supergravity context in Ibanez (1983), Ibanez and Lopez (1983), Ibanez et al. (1985), 


610 


Bibliography 


Alvarez-Gaume et al. (1983), Ellis et al. (1983), and Derendinger and Savoy (1984). 
The one-loop positive contribution raising the upper bound of the lightest Higgs mass 
in the MSSM was computed in Haber and Hempfling (1991), Ellis et al. (1991), and 
Okada et al. (1991). 

The generation of soft terms via supergravity mediation was first discussed in Chamsed- 
dine et al. (1982), Ibanez (1982), and Barbieri et al. (1982). This was further systematized 
in Hall et al. (1983) and Soni and Weldon (1983). In the text we follow the review of Brig- 
nole et al. (1997). The /r-problem was first discussed in Kim and Nilles (1984) and the 
Giudice-Masiero proposed solution appeared in Giudice and Masiero (1988). Gauge medi¬ 
ated supersymmetry breaking was first proposed in Alvarez-Gaume et al. (1982), Dine and 
Fischler (1982), and Dimopoulos and Raby (1983), see Giudice and Rattazzi (1999) and 
Luty (2005) for reviews of more recent developments, and Meade et al. (2009) for a general 
parametrization. Anomaly mediation of supersymmetry breaking was introduced in Ran¬ 
dall and Sundrum (1999c) and Giudice et al. (1998). Split supersymmetry was discussed 
in Arkani-Hamed and Dimopoulos (2005), see also Giudice and Romanino (2004). 


Chapters 3,4, 5, and 6 

There are several standard textbooks introducing string theory and covering the topics in 
these chapters, for instance Green et al. (1987a,b), Polchinski (1998a,b), also Zwiebach 
(2004), Becker et al. (2007), Kiritsis (2007), Johnson (2003), Lust and Theisen (1989), and 
Ortin (2004). There are also several reviews, e.g. Uranga (2001a), Polchinski (2010), Tong 
(2009), Ooguri and Yin (1996), Kiritsis (1997), Szabo (2002), see also Gomez and Hernan¬ 
dez (2002), Alvarez and Meessen (1999), Alvarez-Gaume and Vazquez-Mozo (1992). 

The miraculous cancellation of anomalies in lOd type IIB theory was derived in Alvarez- 
Gaume and Witten (1984). The choices of gauge groups potentially leading to anomaly- 
free lOd J\f = 1 theories were obtained in Green and Schwarz (1984). The lOd Green- 
Schwarz anomaly cancellation mechanism was uncovered (in type I) in Green and Schwarz 
(1985a,b). The inconsistency of the gauge groups E$, x U (I) 248 and f/(l) 496 has been 
recently shown in Adams et al. (2010). For reviews on anomalies, see Alvarez-Gaume 
(1985) and Harvey (2005). 

T-duality in toroidal string compactifications was first observed in Kikkawa and Yamasaki 
(1984). The transformation of background fields under T-duality transformations was ana¬ 
lyzed in Buscher (1987). For reviews on toroidal compactification and T-duality, see Giveon 
et al. (1994) and Alvarez et al. (1995). The appearance of D-branes in T-duals of type I 
was already noticed in Dai et al. (1989). Their role was latent, until diverse evidence for 
new non-perturbative dynamics in string theory was presented, e.g. Shenker (1995) and 
Strominger (1995), and crystallized in the proposal in Polchinski (1995) of D-branes as 
non-perturbative states. For reviews on D-branes see Johnson (2000), see also Polchinski 
(1996), Polchinski et al. (1996), and Bachas (1998). 

For reviews covering general dualities in string theory see, e.g., Sen (1998) and Schwarz 
(1997). The notion of S-duality in string theory was first conjectured in Font et al. (1990b) 


Bibliography 


611 


for the toroidal compactification of the heterotic string and was further explored in Sen 
(1994). Pioneer work underlying string dualities included Duff et al. (1987), Bergshoeff 
et al. (1987), and Strominger (1990). The S-duality of type IIB string theory was proposed 
in Hull and Townsend (1995) and the proposal that type 11A at strong coupling becomes 
11-dimensional appeared in Townsend (1995). The action of 11-dimensional supergrav¬ 
ity was obtained in Cremmer et al. (1978). The structure of the strong coupling limit of 
the lOd type IIB, type IIA and SO(32) heterotic and type I string theories was further 
completed in Witten (1995), which also conjectured the existence of lid M-theory. Its 
compactification on S 1 /Z 2 , and its duality to the E s x E% heterotic, was revealed in Horava 
and Witten (1996a,b). Further evidence for the S-duality between type I and the SO(32) 
heterotic string was presented in Polchinski and Witten (1996). The heuristic argument 
using the lowest dimensional D-brane as guiding principle appeared in Hull (1996). The 
relation between M-theory on T~ and type IIB was introduced in Schwarz (1995) and 
Aspinwall (1996). For the relation of Horava-Witten theory with type I, see Horava and 
Witten (1996b); also Polchinski and Witten (1996), Kachru and Silverstein (1997). The 
M-theory lift of type IIA D6-branes as Taub-NUT geometries was introduced in Townsend 
(1995), while the appearance of enhanced gauge symmetries from M-theory singularities 
follow from Section 4.6 in Witten (1995). 

The AdS/CFT correspondence was proposed in Maldacena (1998), and further clarified 
in Witten (1998a) and Gubser et al. (1998). For reviews on AdS/CFT, see e.g. Aharony 
et al. (2000), Maldacena (2003), Klebanov (2000), and D’Hoker and Freedman (2002). 
The conifold throat and its field theory dual were constructed in Klebanov and Strassler 
( 2000 ). 

For reviews on antibranes and non-BPS states, see Sen (1999) and Lerda and Russo 
(2000); the more mathematical K-theory perspective was introduced in Witten (1998b), 
see Olsen and Szabo (1999) for a review. 


Chapter 7 

For some reviews and books on CY manifolds and compactification see Greene (1996), 
Candelas (1987), Hubsch (1992), and Green et al. (1987b). Heterotic string compactifi- 
cations on CY manifolds were first introduced in Candelas et al. (1985). Gauge symme¬ 
try breaking through discrete Wilson lines was proposed in Witten (1985c), Breit et al. 
(1985), and Sen (1985), inspired by work in Hosotani (1983). Some general phenomeno¬ 
logical properties of CY compactifications were described in Witten (1986) and Dine 
et al. (1985b). CY compactifications as subspaces of weighted projective spaces were 
constructed in Candelas et al. (1988a,b, 1990). For results and a review on toric CY com¬ 
pactifications see Kreuzer and Skarke (2002); see also Kreuzer (2010a). For recent results 
on CY manifolds with small Hodge numbers see Candelas and Davies (2010) and Braun 
et al. (2010). Mirror symmetry was discovered in Candelas et al. (1990) and Greene and 
Plesser (1990), see also Candelas et al. (1991, 1994a). 


612 


Bibliography 


For a nice presentation of the quintic CY example see Green et al. (1987b). The Tian- 
Yau 3-generation manifold was presented in Tian et al. (1985). It was phenomenologically 
analyzed in Greene et al. (1986a,b, 1987a,b, 1989b), see Ross (1988) for a review. The 
stability conditions for vector bundles in CY manifolds were put forward in Donaldson 
(1985) and Uhlenbeck and Yau (1986). For techniques to build holomorphic stable bun¬ 
dles, see e.g. Friedman et al. (1997a,b), Donagi (1997), and Anderson et al. (2007, 2008, 
2010). Heterotic (0, 2) CY compactifications were studied in, e.g., Distler and Greene 
(1988), Distler and Kachru (1994), and Kachru (1995). The 3-generation SO (10) example 
in Section 7.4.2 was introduced in Braun et al. (2005, 2006a,b) and the SU( 5) exam¬ 
ple in Bouchard and Donagi (2006). Supersymmetric heterotic vacua with t/( 1) bundles 
are explored in Andreas and Hernandez Ruiperez (2005) and Blumenhagen et al. (2006, 
2007c). The structure of CY compactifications of the Horava-Witten theory was first dis¬ 
cussed in Witten (1996c), see also Lukas et al. (1999), Donagi et al. (2002), and references 
for Chapter 9. 


Chapter 8 

Orbifold compactifications were introduced in Dixon et al. (1985, 1986), see also Ibanez 
et al. (1988). Reviews in orbifolds include Font and Theisen (2005), Choi and Kim (2006), 
Ibanez (1987), and Ramos-Sanchez (2009). The effect of Wilson lines on the orbifold spec¬ 
trum was analyzed in Ibanez et al. (1987b) and the first 3-generation models based on the 
/y orbifold were constructed in Ibanez et al. (1987a), see also Bailin et al. (1987) and 
Chamseddine and Quiros (1989). The Z ; .\/ orbifold partition functions were constructed 
in Minahan (1988), Senda and Sugamoto (1988), and Ibanez et al. (1988). In the text 
we follow the last reference in which the projector on massless states was constructed, 
other relevant references include Markushevich et al. (1987), Vafa (1986), Font et al. 
(1989b, 1988a), Katsuki et al. (1990), and Erler and Klemm (1993). For the analysis of 
f/(l) charges and anomalies in orbifold models see Casas et al. (1989). The 3-generation 
Z 3 model discussed in Section 8.3.3 was constructed in Ibanez et al. (1987a) and ana¬ 
lyzed in Casas and Munoz (1988b,a) and Font et al. (1988b, 1990d). For recent orbifold 
model building see Kobayashi et al. (2004, 2005), Buchmiiller et al. (2006, 2007b), Forste 
et al. (2004), and Ramos-Sanchez (2009). In particular the 3-generation Zj model in 
Section 8.3.3. was constructed in Buchmiiller et al. (2006). 

Asymmetric heterotic orbifolds were first introduced in Narain et al. (1987, 1991) and 
Mueller and Witten (1986), see also Ibanez et al. (1988) for some explicit models. For some 
model building see Kakushadze et al. (1998) and references therein. Four-dimensional 
strings using the fermionic construction were introduced in Kawai et al. (1986, 1987, 
1988), Antoniadis et al. (1987), and Antoniadis and Bachas (1988), see Lykken (1995) and 
Cleaver (2007) for reviews. Section 8.5 follows the presentation in the latter. Model build¬ 
ing includes flipped SU( 5) models (see Antoniadis et al. (1989) and references therein) 
as well SM constructions, see Faraggi et al. (1990) and Cleaver et al. (1999), see also 


Bibliography 


613 


Chaudhuri et al. (1996). The three-generation example in Section 8.5.2 was introduced 
in Faraggi et al. (1990) and further analyzed in Cleaver et al. (1999). The covariant lat¬ 
tice approach to 4d string model building using the bosonic formulation was introduced in 
Lerche et al. (1987a), see also Lerche et al. (1989). 

Gepner models were introduced in Gepner (1987, 1988a,b), for reviews on this and 
related RCFT constructions see Gepner (1989), Greene (1996), and Schellekens (1990a, 
1996). The 168 Gepner models based on A and E modular invariants were constructed 
in Lutken and Ross (1988) and Lynker and Schimmrigk (1988), see also Fuchs et al. 
(1990). The larger class of models including twists and discrete torsion described in Sec¬ 
tion 8.6.4 was discussed in Font et al. (1989a, 1990e). Mirror symmetry and its realization 
by twists in Gepner models were first discussed in Greene and Plesser (1990). The general 
construction of RCFT models in terms of simple currents was introduced in Schellekens 
and Yankielowicz (1990a, 1989, 1990b). See Kreuzer (2010b) for a recent discussion of 
(0, 2) Gepner constructions. The connection between Landau-Ginzburg models and Gep¬ 
ner models is discussed in Greene et al. (1989a), Martinec (1989), and Witten (1993), see 
Greene (1996) for a nice review of the main ideas. For a phenomenological analysis of the 
Gepner counterpart of the Tian-Yau 3-generation model see Ross (1988) and Greene et al. 
(1989b). Recently a large class of (0, 2) RCFT heterotic models with MSSM-like spectrum 
was constructed in Gato-Rivera and Schellekens (2010a,b,c). 


Chapter 9 

The dimensional reduction described in Section 9.1.1 was carried out in Witten (1985b), 
see also Derendinger et al. (1986), Burgess et al. (1986), and Ferrara et al. (1986). In its 
presentation we follow Polchinski (1998b). Additional general aspects of heterotic string 
CY compactifications are discussed in Witten (1986) and Strominger and Witten (1985), 
see also Candelas (1988) for the Yukawa couplings. The Kahler potential with no-scale 
structure was first found in the supergavity context in Cremmer et al. (1983a). The Kahler 
metrics for matter fields in orbifold compactifications were obtained in Dixon et al. (1990), 
see also Cvetic et al. (1988, 1989) and Ibanez and Lust (1992). In our presentation we 
follow this latter reference. Yukawa couplings in orbifold compactifications were computed 
in Dixon et al. (1987) and Flamidi and Vafa (1987), see also Burwick et al. (1991) and Erler 
et al. (1993), which we follow in our presentation. For phenomenological applications of 
these orbifold Yukawas see Ibanez (1986), Casas and Munoz (1990), Casas et al. (1993, 
1992), and Kobayashi and Ohtsubo (1990, 1994). For general selection rules for couplings 
in orbifold models see Cvetic (1987b,a) and Font et al. (1988a, 1990d). For analogous 
results for models obtained from the fermionic construction see Kalara et al. (1990, 1991). 

The detailed relationship among the string scale, Planck mass and the gauge coupling 
is worked out in Ginsparg (1987) and Kaplunovsky (1985, 1988). Cancellation of U( 1) 
anomalies through the Green-Schwarz mechanism in heterotic 4d vacua is discussed in 
Lerche et al. (1987b, 1988), see Casas et al. (1989) for an explicit application to 
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also Cremades et al. (2002a,c). For supersymmetric models in the Z 2 x Z 2 orientifold, 
see Cvetic et al. (2001a,c) and Marchesano and Shiu (2004, 2005). The MSSM-like model 
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(2005a). 

Type II Gepner 4d orientifolds were constructed in Blumenhagen and Wisskirchen 
(1998), Blumenhagen (2003), Blumenhagen and Weigand (2004), and Aldazabal et al. 
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D-branes was worked out in Cremades et al. (2004), see Conlon et al. (2008) for a non- 
toroidal example. The basic setting for Yukawa couplings in F-theory unified theories was 
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et al. (2008) and Tong (2005). 
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also Bianchi and Kiritsis (2007), Argurio et al. (2007c), and Bianchi et al. (2007). 
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Chapter 14 

For reviews about string vacua in the presence of fluxes see Grana (2006a,b), Denef (2008), 
Denef et al. (2007), and Douglas and Kachru (2007). String vacua with fluxes were con¬ 
sidered in Polchinski and Strominger (1996) and Becker and Becker (1996). The case of 
type IIB compactifications on CY orientifolds with 3-form fluxes (and its generalization 
to M/F-theory on CY fourfolds) was described in Dasgupta et al. (1999), Giddings et al. 
(2002), and Becker and Becker (2001), see also Frey and Polchinski (2002) and Kachru 
et al. (2003b,c). The flux superpotential in Section 14.1.2 was derived in Gukov et al. 
(2000) for M-theory on CY fourfolds, see Taylor and Vafa (2000) for the type IIB version 
that we follow. The Klebanov-Strassler solution was obtained in Klebanov and Strassler 
(2000); particle physics model building applications of analogous warped throats may be 
found, e.g., in Cascales et al. (2004, 2005), the latter describing the example in page 467, 
see also Franco et al. (2009). For the effective action of warped compactifications, see e.g. 
DeWolfe and Giddings (2003), Shiu et al. (2008), Douglas and Torroba (2009), and Frey 
et al. (2009). For references on the effect of fluxes on D-branes see the bibliography for 
Chapter 15. 

Fluxes in type IIB toroidal orientifolds were discussed in Kachru et al. (2003b). For 
an analogous discussion in type IIA see Derendinger et al. (2005), Villadoro and Zwirner 
(2005), DeWolfe et al. (2005), Camara et al. (2005b), and Aldazabal et al. (2006). Type 
IIA orientifolds with all moduli fixed in AdS were discussed in DeWolfe et al. (2005) 
and Camara et al. (2005b); we follow this last reference in the discussion in Section 14.2. 
Metric fluxes were discussed in Kaloper and Myers (1999), and its interplay with mir¬ 
ror symmetry/T-duality was appreciated in Gurrieri et al. (2003); the Scherk-Schwarz 
symmetry breaking mechanism was introduced in Scherk and Schwarz (1979a,b). 

Freed-Witten anomalies were discussed in Freed and Witten (1999), see also Maldacena 
et al. (2001), and were applied to D-brane instantons in Kashani-Poor and Tomasiello 
(2005). Lifting of brane instanton fermion zero modes by fluxes has been discussed, e.g., 
in Bergshoeff et al. (2005), Tripathy and Trivedi (2005), Uranga (2009), and Billo et al. 
(2008a,b); we quote results from the latter. Semi-realistic orientifold models with fluxes 
were first constructed in Blumenhagen et al. (2003b) and Cascales and Uranga (2003). 
The Z 2 x Z 2 toroidal orientifold with fluxes was analyzed in Marchesano and Shiu (2004) 
and Marchesano and Shiu (2005). 

Non-geometric fluxes are explored in Shelton et al. (2005), Hellerman et al. (2004), 
Dabholkar and Hull (2003), and Aldazabal et al. (2006), see Wecht (2007) for a review. 
Early work on fluxes in heterotic compactifications was carried out in Strominger (1986), 
see e.g. Becker et al. (2003, 2004), Lopes Cardoso et al. (2003, 2004), and Gurrieri et al. 
(2004) for more recent developments. 
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Chapter 15 

Gaugino condensation inducing SUSY breaking in supergravity theories was pointed out 
in Ferrara et al. (1983). In the context of heterotic compactifications it was proposed in 
Derendinger et al. (1985) and Dine et al. (1985a). Multiple gaugino condensation was first 
considered in Krasnikov (1987), see also Dixon (1990) and Casas et al. (1990). Modular 
invariant gaugino condensation was discussed in Font et al. (1990c) (which we follow in 
the text), Ferrara et al. (1990), Nilles and Olechowski (1990), and Binetruy and Gaillard 
(1991), see also Binetruy et al. (1997). The effect of matter fields transforming under the 
condensing group was analyzed in Lust and Taylor (1991) and de Carlos et al. (1993c). The 
problem of the runaway behavior of the dilaton/moduli scalar potential in string compact¬ 
ifications was remarked in Dine and Seiberg (1985). For more recent developments about 
SUSY breaking in heterotic vacua see, e.g., Gaillard and Nelson (2007), de Carlos et al. 
(2006), and references therein. Soft terms in Horawa-Witten heterotic compactifications 
were discussed, e.g., in Choi et al. (1998). 

The KKLT scenario for full moduli fixing was introduced in Kachru et al. (2003a), see 
Denef et al. (2005, 2004) for specific CY examples of moduli fixing in AdS, and Denef 
et al. (2007) and Denef (2008) for reviews. For alternative ways to obtain the uplifting of 
the KKLT scalar potential see Burgess et al. (2003) and Saltman and Silverstein (2004). 
The structure of symmetry breaking in the observable sector of KKLT compactifications 
was explored in Choi et al. (2004, 2005), Falkowski et al. (2005), and Choi and Nilles 
(2007). Ways to address full moduli fixing in M-theory compactified in G 2 manifolds were 
proposed in Acharya et al. (2007), see Acharya et al. (2008) for phenomenological con¬ 
sequences. The large volume scenario was presented in Balasubramanian et al. (2005), 
Conlon et al. (2005), and Cicoli et al. (2008). The CY example in the text with two Kahler 
moduli was first studied in Candelas et al. (1994b,a). For further aspects of large volume 
models see Conlon et al. (2007b,c) and Blumenhagen et al. (2008a, 2009b). 

The computation of soft terms from the DBI+CS actions in the presence of fluxes was 
studied in Grana (2003) and Camara et al. (2004) for D3-branes, see also Grana et al. 
(2004). For D7/D3 systems it was worked out in Camara et al. (2005a) and Lust et al. 
(2005a). Flux induced soft-terms in the Z 2 x Z 2 MSSM-like orientifold in Section 11.4.2 
were computed in Lust et al. (2005b) and Font and Ibanez (2005). 

Some aspects of SUSY breaking soft terms in heterotic string models were first addressed 
in Cvetic et al. (1991) and Ibanez and Lust (1992). A systematic analysis was presented in 
Brignole et al. (1994) and Kaplunovsky and Louis (1993), we follow the review Brignole 
et al. (1997) in the text. The low-energy sparticle spectrum from dilaton domination soft 
terms was analyzed among others in Barbieri et al. (1993), Casas et al. (1996), de Carlos 
et al. (1993b), and Abel et al. (2000). 

For SUSY breaking terms in large volume type IIB scenarios see Conlon et al. (2007c) 
and Blumenhagen et al. (2009b), and in other type II orientifold models see, e.g., Allanach 
et al. (2005) and Kane et al. (2005). The computation of the Kahler metrics for matter fields 
located at the intersection of local sets of D7-brane was given in Conlon et al. (2007a). 
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Flavour independence of soft terms in type II orientifolds is discussed in Conlon (2008). 
The phenomenology of soft terms from modulus dominance in local sets of D7-branes is 
worked out in detail in Aparicio et al. (2008). We follow this reference in Sections 15.5.3 
and 15.6. Signatures at LHC in some string scenarios have been worked out in Kane et al. 
(2007, 2008), Baer et al. (2007), and Heckman et al. (2009). 

SUSY breaking at meta-stable minima was proposed in Dimopoulos et al. (1998), and 
implemented in SQCD in Intriligator et al. (2006), see Argurio et al. (2007b) for the 
realization in string theory sketched in the text. For other discussions of gauge mediated 
SUSY breaking in string theory, see e.g. Diaconescu et al. (2006), Garcla-Etxebarrfa et al. 
(2006a), Argurio et al. (2007a), and Marsano et al. (2009a). The possibility of sequestering 
in string theory has been explored in Kachru et al. (2007) and Berg et al. (2010). 


Chapter 16 

Coupling unification in heterotic compactifications was described in Ginsparg (1987), 
Kaplunovsky (1985, 1988, 1992), see Dienes (1997) for a review of coupling unification in 
heterotic vacua. The effect of threshold corrections on coupling unification was explored 
in Ibanez et al. (1991), Nilles and Stieberger (1996), and Hebecker and Trapletti (2005). 
The effect of smaller than canonical k\ values was explored in Ibanez (1993b), Dienes and 
Faraggi (1995), Dienes et al. (1996), and Chaudhuri et al. (1996). 

Lowering the string scale to match with the coupling unification scale in strongly cou¬ 
pled heterotic compactifications was proposed in Witten (1996c), see also Lykken (1996b). 
Gauge coupling constants in type I and type II orientifolds were studied in, e.g., Ibanez 
et al. (1999b), Antoniadis et al. (2000), Aldazabal et al. (2001b), Cremades et al. (2002a), 
and Blumenhagen et al. (2003a). For gauge couplings for D3-branes at singularities see 
Aldazabal et al. (2000b) and Verlinde and Wijnholt (2007). Unification in the left-right 
symmetric model in Section 16.1.2 was worked out in Aldazabal et al. (2000a). Coupling 
constants in RCFT type II orientifolds were discussed in Dijkstra et al. (2005b), from which 
Figure 16.2 is taken. Threshold corrections to gauge couplings in type II orientifolds were 
computed in Bachas and Fabre (1996), Antoniadis et al. (1999b), and Lust and Stieberger 
(2007). In F-theory threshold effects were estimated in Donagi and Wijnholt (2008a) and 
Blumenhagen (2009). General threshold effects in extra dimension models are discussed 
in Dienes et al. (1998, 1999) and Ghilencea and Ross (1998). 

The generic presence of axions in string theory was first pointed out in Witten (1984), 
see also Choi and Kim (1985a,b) and Kim and Carosi (2010) for a recent review. For more 
recent references see Banks and Dine (1997), Banks et al. (2003), and Fox et al. (2004), 
whose heterotic discussion we follow. Svrcek and Witten (2006) contains a discussion of 
the value of the axion decay constant in a variety of string compactifications. The possibil¬ 
ity of relaxing the upper cosmological bound on this constant has been considered in Linde 
(1988), Tegmark et al. (2006), and Hertzberg et al. (2008). Astrophysical consequences of 
a large multiplicity of axion strings have been explored in Arvanitaki et al. (2010a). 
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Heterotic orbifold models with preserved R-parity have been studied in Lebedev et al. 
(2008b). Proton decay through dimension 6 operators in intersecting brane models has 
been explored in Klebanov and Witten (2003) and Cvetic and Richter (2007), see Nath 
and Fileviez Perez (2007) for a review of proton stability in string models. The generation 
of Majorana neutrino masses in heterotic compactifications has been analyzed, e.g., in 
Faraggi and Halyo (1993), Giedt et al. (2005), Lebedev et al. (2008b), and Buchmiiller 
et al. (2007a). Neutrino masses in type II orientifold models coming from instanton effects 
have been discussed in Ibanez and Uranga (2007), Blumenhagen et al. (2007b), Antusch 
et al. (2007), and Cvetic and Langacker (2008). 

For the phenomenology of new Z' bosons from B^-inspired heterotic compactifications 
see the reviews Hewett and Rizzo (1989), Langacker (2009), and Brooijmans (2010). Extra 
U( l)’s from low string scale orientifold models were explored in Ghilencea et al. (2002) 
(which we follow in Section 16.4.2), see also Kors and Nath (2004a), Coriano et al. (2006), 
Feldman et al. (2007), and Anastasopoulos et al. (2008). One loop kinetic mixing among 
two (/(l)’s was first pointed out in Holdom (1986). For kinetic mixing between hyper¬ 
charge and hidden t/(l)’s in string compactifications see Dienes et al. (1997), Abel and 
Schofield (2004), Abel et al. (2008), and Goodsell and Ringwald (2010). For the possibil¬ 
ity of production of hidden sector photini at LHC see Ibarra et al. (2009) and Arvanitaki 
etal. (2010b). 

For different experimental and astrophysical limits on the size of extra dimensions see 
Giudice and Wells (2008), see also Hewett and Spiropulu (2002). Cross sections for pro¬ 
duction of KK gravitons were obtained in Giudice et al. (1999), Mirabelli et al. (1999), Han 
et al. (1999), and Cullen et al. (2000). For the LHC phenomenology of string excitations 
in low scale string models see Anchordoqui et al. (2009a,b), Lust (2009), and references 
therein; the string scattering amplitude in the text is essentially as in Veneziano (1968), 
which historically provided the starting point of string theory. For a review on micro black 
hole production at colliders see Giddings (2007). 

For reviews on string cosmology see Baumann (2009), Burgess (2007), McAllister and 
Silverstein (2008), Linde (2008), Cline (2006), Quevedo (2002), and Carroll (1999). Mod¬ 
els with Kahler moduli inflatons discussed in Section 16.6.2 are presented in Blanco- 
Pillado et al. (2004, 2006) and Conlon and Quevedo (2006). D-brane inflation was first 
proposed in Dvali and Tye (1999). The KKLMMT model was described in Kachru et al. 
(2003d) and further elaborated in Baumann et al. (2006, 2008, 2010). The N-flation idea 
was presented in Dimopoulos et al. (2008), monodromy inflation in Silverstein and West- 
phal (2008), and DBI inflation in Alishahiha et al. (2004), see also Cicoli et al. (2009) for 
a different model with measurable non-gaussianities. The CMB bounds in Figure 16.9 are 
taken from Komatsu (2009). The possible tension between inflation and SUSY breaking 
scales in KKLT-like models was pointed out in Kallosh and Linde (2004). The cosmologi¬ 
cal moduli problem was discussed in de Carlos et al. (1993a) and Banks et al. (1994), see 
also Coughlan et al. (1983). A possible solution via thermal inflation was pointed out in 
Lyth and Stewart (1996). The possible role of fundamental strings as cosmic strings was 
first pointed out in Witten (1985a). For reviews on string theoretical cosmic strings see 
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Copeland and Kibble (2010) and Polchinski (2004), which we follow in the text, see also 
Copeland et al. (2004). The computer simulation in Figure 16.10 is taken from Allen and 
Shellard (1990). 


Chapter 17 

For constraints on the gauge group and matter content in the heterotic string see Lewellen 
(1990) and Font et al. (1990a). The generic presence of massive fractionally charged parti¬ 
cles in heterotic compactifications was first pointed out in Wen and Witten (1985), see also 
Athanasiu et al. (1988). The theorem on charge quantization described in Section 17.1.3 
appeared in Schellekens (1990b), and the absence of continuous global symmetries in 
Banks and Dixon (1988), see also Burgess et al. (2008). Other constraints from quan¬ 
tum gravity arguments were discussed in Vafa (2005) and Ooguri and Vafa (2007). The 
conjecture of gravity as the weakest force was put forward in Arkani-Hamed et al. (2007). 

Statistical results on the construction of MSSM-like models (or extensions thereof) using 
(0, 2) RCFT heterotic models were presented in Gato-Rivera and Schellekens (2010a,b,c). 
Statistical distributions for Pati-Salam models in the heterotic fermionic formalism were 
given in Assel et al. (2010). A landscape of MSSM-like models from the heterotic Z ' 6 
orbifold was analyzed in Lebedev et al. (2007, 2008a). Other statistical analyses of het¬ 
erotic vacua were discussed in Dienes (2006). In the type II orientifold class of vacua, 
statistical distributions of a large class of MSSM-like models constructed using RCFT 
techniques were presented in Dijkstra et al. (2005b), see also Anastasopoulos et al. (2006) 
and Gato-Rivera and Schellekens (2009). Statistical properties of a class of toroidal Z 2 x Zt 
orientifolds with MSSM-like spectra were studied in Gmeiner et al. (2006) and Douglas 
and Taylor (2007). A landscape of Z6 orientifolds was described in Gmeiner et al. (2007) 
and that of Z^ orientifolds in Gmeiner and Honecker (2007, 2008). 

For reviews on the flux landscape see Denef (2008), Douglas and Kachru (2007), Denef 
et al. (2007), Polchinski (2006), and Grana (2006b). The general idea discussed in Sec¬ 
tion 17.3 appeared in Bousso and Polchinski (2000), we follow Denef et al. (2007) in the 
presentation. Examples in type IIB orientifold vacua are presented in Denef and Douglas 
(2004, 2005), see Ashok and Douglas (2004) for analytic results of flux vacua distributions. 
For the anthropic solution to the cosmological constant problem, see the bibliography for 
Chapter 1. For different viewpoints on the string theory landscape, see Susskind (2003), 
Schellekens (2006, 2008), Acharya and Douglas (2006), and Douglas (2006), and for 
criticisms of the idea see Banks et al. (2004) and Banks (2004). 


Appendices 

For Appendix A, a comprehensive reference is Mumford (2006). Useful reviews for 
Appendix B are Candelas (1987) and Eguchi et al. (1980), as well as standard textbooks 
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such as Nakahara (2003). The model in Appendix C is presented in Font et al. (1988b, 
1990d), see also Casas and Munoz (1988b,a). 

The computation of RR tadpoles in Appendix D follows Aldazabal et al. (1998), see also 
Gimon and Johnson (1996), Zwart (1998), and O’Driscoll (1998). For Appendix E, some 
general CFT references are, e.g., Ginsparg (1988), Schellekens (1996), Gaberdiel (2000), 
and Chapters 8-10 of Gomez et al. (1996). The applications to string theory are profusely 
present in the diverse textbooks in the references for Chapters 3-6. 
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coupling to string, 70, 89, 113, 122, 140, 144, 160, 167, 
169, 279, 420, 436 
discrete torsion, 233 

field strength flux, 455-69, 471-2, 475-80, 482, 485-6, 
489-90,495-501 
see also flux [heterotic] [NSNS] 
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antisymmetric tensor field (2-form) (cont.) 

gauge invariance, 70, 86, 113, 122, 133, 160, 528, 585 
in anomaly cancellation, see Green-Schwarz 
in string spectrum, 66, 79, 112-13, I22 > 132-3, 600 
orientifold projection, 100, 130, 397, 399 
see also NSNS fields 

antisymmetric tensor field (M-theory 3 -form), 115, 170, 172, 
174, 212, 336, 383, 384, 388, 401, 402, 462, 529 
antisymmetric tensor field (RR p-form), see RR fields, 
arithmetic genus, 445-6 
associative 3 -form/ 3 -cycle, 335, 337, 401 
auxiliary fields, 26, 501 

and SUSY breaking, 33-4, 36-7, 56-9, 461-2, 494, 500-3, 
514 

see also mediation [gravity], soft terms 
D, 29-31, 37 

F, 26-9, 36-7, 56, 59, 461, 501 
see also D-term F-term 
axion 

and strong CP problem, 15-16 
see also 0 angle, strong CP, 
axion-like couplings, 32, 36, 266, 311, 348, 375, 408 
see also gauge kinetic functions, 
axions in string theory, 524, 528-31, 537, 574, 575 

B-L, 9, 12, 209-10, 323, 327, 333-4, 364-5, 4 2 7 , 45 U 
524-5, 532-75 

and D-brane instantons, 447, 453, 532 
and R-parity, 46, 210, 532 
see also baryon number, lepton number 
B A F, see Stuckelberg couplings 
^-function, 5, 17, 47, 524 
fiy ghosts, 599, 601-2 
be ghosts, 599, 601 

baryon number ( B ), 2, 7, 45-6, 205, 210, 295, 323, 449, 
532-3,536,564 
see also proton decay, B — L, 
baryon triality, 46 
baryonic brane, 321, 418, 536 
Betti numbers, 197, 314, 335, 336, 570, 581-2 
bi-fundamental representation, 574 
and string-GUTs, 297 

from Chan-Paton indices, 96, 163, 164, 303, 304, 321, 
359-6 o, 366, 367, 415, 422, 560 
in type II (orientifold) models, 308, 309, 320, 343, 344, 
352,373,560 

in unfolding of singularities, 338, 387 
Bianchi identity, 125, 200, 212-13, 3 I0 > 457 , 476 
big bang, 544, 545 
blowing-up 

geometry, 172, 191, 226, 232, 336, 379, 390-1 
see also cycle [small 4 -cycle], 
modes, 231, 342, 367, 370, 378, 411, 415, 475, 522, 523, 
53 i 


see also twisted state/sector 
bosonic string, 64-6 
26 d effective action, 80 
closed, 72-91 

S1 compactification, 85-91 
26 d effective action, 80 
action, see Nambu-Goto Polyakov 
light spectrum, 66, 79 
modular invariance, 82-5, 605 
quantization, 72-9 
T-duality, 90-1 
open, 66, 91-7 

light spectrum, 93-4 
quantization, 91-4 
tachyon, see tachyon [closed], [open] 
unoriented, 99-102 

light spectrum, 100, 102 
orientifold action, 99-100 

bosonization, 115-17, 125, 221, 222, 229, 246, 251, 277, 304, 

343.576,599 

bottom-up, 356-7, 390, 429, 495 
boundary (geometry), 393, 581-2 
boundary (spacetime) 

Horava-Witten, 174-7, 522 
holography, 179 
boundary (worldsheet) 

coefficient (CFT), 330-3, 527 
in 1-loop amplitudes, 592, 594 
state, 329-34, 568 

worldsheets with boundaries, see open string 
see also boundary condition, Chan-Paton 
boundary condition (RGE) 

gauge couplings, see gauge coupling unific. 
soft terms, 49-50, 58, 510-13 
boundary condition (worldsheet) 
lOd open superstring, 126 
closed bosonic string, 76 
closed superstring, 104-5, 118 
D-branes at angles, 304, 419 
D 9 -D 1 system, 165 
D 9 -D 5 system, 164 
DD, 149-54, 157, 162, 181, 442 
Dirichlet, 92, 149-50, 152-3, 157, 162, 329 
see also D-brane, DD, ND, 
fermionic construction, 246-7 
magnetized D-branes, 371 
ND, DN, 164, 437, 444 
Neumann, 92-3, 329, 331 
NN, 93, 126-7, ! 47 > 44 2 > 444 
open bosonic string, 92-3 
see also Neumann, NN, 
parallel D-branes, 157, 162 
twisted, 220, 227, 237, 278, 343 
untwisted, 219 
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winding, 87, 136, 147, 152 
see also Neveu-Schwarz, Ramond 
Bousso-Polchinski model, 571-2 
BPS 

bound/property, 40, 435, 457, 466, 498 
BPS states in supergravity, 165-8, 457 
branes and duality, 168-70, 173, 176 
conditions on wrapped D-branes, 312-13, 376, 378-80, 
409-10 

D-branes as BPS states, 129, 151, 158, 161, 181 
instanton, 435-8, 441, 442 
phase, 40, 313, 317, 409, 410, 413 
state, 40-1, 44, 314, 459, 585-7 
brane-world, 21-4, 153, 212, 522 

bulk, 21-4, 175, 176, 178, 273, 346, 354, 356, 368, 466, 475, 
515,522,542,556 
see also brane-world 
bundle, 207-10 

( 7 ( 1 ) bundles, 210-11, 534, 564 
see also hypercharge flux, 
holomorphic, 207-8, 376, 378 
moduli, 202, 203, 207, 210 
stable, 207-8 

see also gauge background, magnetized 

Calabi-Yau (CY) manifold, 186, 189-91, 570 
and G2-holonomy manifolds, 337 
D-branes in, 312-13, 378 
examples, 191-4 
non-compact, 180, 368-9, 565 
related CFT models, 215, 226, 231-2, 235, 252, 253, 
256-9,263,334,569 

string compactification, see CY [D-branes in], CY 
orientifolds, heterotic (comp.), type II (comp.) 
supersymmetry, 187-8 
swiss cheese, 493-5, 530, 548 
see also holomorphic 3 -form, Kahler form 
Calabi-Yau orientifold 

type IIA, 301-2, 313, 317-18, 396-9 
type IIB, 301, 340-1, 396, 399-400 
see also D 3 /D 7 -branes at singularities, intersecting 
D6-branes (comp), magnetized D-branes, type IIB 
toroidal orientifolds, 
central charge 

CFT, 252, 253, 258, 559, 598, 599, 603, 604 
see also conformal anomaly, 
extended SUSY, 39-41 
see also BPS 
chain, 190, 393, 394, 582 
see also cycle 
Chan-Paton 

indices, 95-7, 128, 342, 416, 560 
as D-branes, 97, 152-3, 162, 178, 329 
non-abelian gauge symmetry, 96-7, 128, 153, 162 


orbifold action, 343, 345, 346, 348, 349, 351-4, 358-9, 
362, 366 

orientifold action, 100-1, 131, 151, 164, 165, 344, 354 
see also orientifold 
Wilson line action, 351-3 
see also D-branes, open string, RR tadpole 
character (CFT), 253, 330, 605 
chargino, 53, 54, 60, 511 
Chern class, 189, 190, 207, 587 
Chern-Simons, 267, 348 

anomaly cancellation, see Green-Schwarz 
D-brane action, 160-1, 181, 374, 408, 438, 497-8 
terms in 10d/l Id, see action (higher dim.) 
see also Bianchi identity 
chiral multiplet, 26-9 

see also action ( 4 d) [ 4 d SUSY actions] 
chirality, 1 

and supersymmetry, 44, 298 
in KK compactification, 18, 137, 142, 198 
in string compactifications, 185, 303, 305, 338, 347, 358, 
372, 380, 388, 424, 466, 476 
see also generation [number of] 

CKM matrix, 4, 9, 420 
Clifford algebra 

see Ramond degenerate groundstate 
codimension, 337-9 
cohomology, 580-4 
complex manifolds, 190 
see also Hodge 

zero modes in compactification, 197, 202, 206, 

209, 272 

see also Betti numbers, forms, homology 
coisotropic D8-branes, 307, 379-81 
compactification, 71-2, 185-6 

16 d left-moving bosons in heterotic, 117-20, 578 
closed bosonic string on , 85-91 
in field theory, see Kaluza-Klein comp, 
of higher dim. actions, see Kaluza-Klein 
string, 185-6, see CY orientifolds, F-theory [local 

models/GUTs], heterotic (comp.), M-theory (comp.), 
type II (comp.), type IIA/B orientifolds 
complex dilaton ( 4 d), 502, 528, 553 
heterotic, 266, 268-9, 284-5, 288, 290-1, 437, 482, 485-8, 
528,534,564 
see also Green-Schwarz 
Horava-Witten models, 273 
type IIA, 398, 403, 408, 413, 414 
type IIB D 3 /D 7 -models, 399, 403, 407, 408, 410, 413, 460, 
461,467, 490, 493, 501 
type IIB D 9 /D 5 -models, 404, 408, 413 
see also effective action ( 4 d) 
complex manifold, 189-90 

complex string coupling (IIB), 169, 173, 382-3, 386, 456, 
458, 462, 565 
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complex structure 

in geometry, 189, 191, 300 
moduli, 191, 198, 199, 528, 547, 553 
counting by monomials, 192, 194, 205 
F-theory, 462, 499 

heterotic, 200, 203, 206, 222, 270-1, 274-5, 286, 290 
type II, 299 

type IIA orientifolds, 302, 308, 312, 397-9, 403, 408, 

413-15.421,438.444.469.476 

type IIB D 3 /D 7 , 399-400, 403, 412, 416, 425, 444, 
459-61, 468, 490, 492, 493, 500, 514, 538 
type IIB D 9 /D 5 , 404, 416, 425, 444, 538 
see also holomorphic 3 -form, effective action ( 4 d) 
of T 2 , 286, 382-3, 402, 423, 425, 479 
of T 2 in elliptic fibration 
see complex string coupling (IIB), 
worldsheet, 75, 81, 597 
see also modular parameter 
see also complex manifold 
conformal (worldsheet) 
anomaly, 69, 78, 598, 599 
see also critical dimension 
gauge, 74, 599 

symmetry, 68, 69, 74-5, 79, 597, 599 
weight/dimension, 253, 255, 277, 560-3, 598-603, 605, 
606 

conformal field theory ( 4 d), 39, 42, 44, 179, 466-7 
conformal field theory, CFT (worldsheet), 74, 597-607 
a'-exact compactifications, 185, 215, 331 
see fermionic const., Gepner, orbifolds 
conifold 

deformed, 464, 516 
singularity, 180, 369, 464 
theory, 180, 367, 368, 418, 466, 516 
warped throat, 180, 465-6, 516, 550 
constrained minimal supersymmetric Standard Model 
(CMSSM), 50,51,511 
coset construction, 252, 603 
cosmic string, 546, 555-7, 575 

cosmological constant, 13-14, 37, 57, 460, 484, 486, 489-92, 
494, 544, 548, 556 
problem, 13-14, 545, 57i~4 
see also vacuum energy 
cosmological moduli problem, 553-4 
cotangent space, 579 
coupling constant(string) 67, 71 
and dilaton, 67, 70, 79 
as modulus, 67, 70 

strong coupling limit, see string duality 
see also gauge couplings (string models) 
covariant lattice, 252 
CP violation, 3, 4, 420, 574 
and soft terms, 52, 503, 514 
see also CKM, strong CP 


critical dimension, 68-9, 71 
bosonic string theory, 78-9, 92, 99, 599 
from conformal anomaly, 68-9, 599 
superstrings, 106-7, 126, 599 
critical radius, 89, 118, 256 
bosonization/fermionization, 116, 246 
heterotic compactifications, 145-6 
crosscap 

and unoriented worldsheets, 98 
coefficient (CFT), 330-3 

diagram, 98, 99, 128, 130, 131, 153, 330, 345, 593, 594 
state, 329-32 

see also Klein bottle, Moebius strip, RR tadpole 
current 

Cartan, 281, 603 
global symmetries, 563 
spacetime momentum conservation, 278, 599 
see also Kac-Moody, simple current, superconformal 
curvature 2-form, 160, 190, 201, 206, 282, 348, 463, 470, 587 
cycle, 582 

“small” and “big” 4 -cycles, see also CY [swiss cheese], 
493-5,508-9,530-1,549 

2 - , 4 -, 6-cycles, and Kahler moduli, 191, 270 

3 - cycles and complex structure moduli, 191 
shrinking 1 -cycle in F-theory, 382-3, 386, 445-6 
wrapped by D-branes, see holomorphic, instanton [brane], 

intersecting D6-branes (comp.), special lagrangian 
wrapped by string 

see instanton [worldsheet], winding 
see also cohomology, form, homology 
cylinder diagram/amplitude, 94, 97, 99, 134, 330, 331, 

349 , 592 

D-brane interactions, 159, 161, 182 
RR tadpoles, 592-3, 595-6 
see also open-closed duality 

D-brane 

and T-duality, 149-54 
as states in string theory, 151, 155-7 
at singularities, see D 3 /D 7 -branes at singularities 
in compactifications, see intersecting D6s (comp.), 
magnetized branes (comp.), type IIB toroidal 
orientifolds 

in type I vacuum, 129, 154, 161, 163, 167, 340, 522 

induced D-brane charge, 161, 374, 376, 379, 380, 410, 438 

moduli, see moduli [D-brane] 

stable non-BPS, 174, 184, 319, 376 

supergravity solution, 165-7 

unstable, 94, 97 

see also tachyon, antibrane 
worldvolume action, see action (D-brane) 
worldvolume spectrum, 157-8, 162-5 
see also boundary cond. [Dirichlet], [DD] brane-world, 
Chan-Paton 
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D-term 

D-flatness, see flat directions 
potential, 30-1, 36 
heterotic, 285, 294 
type II orientifolds, 413, 415 
see also vacuum re-stabilization 
superspace d^O term, 28, 32, 435 
SUSY breaking, 34, 61, 492 

SUSY conditions in string models, 207, 313, 376, 378, 462 
see also auxiliary field, F-term, FI term 
D 3 /D 7 -branes at singularities, 180, 358-70, 415, 417-18, 
522-5,531-565- 566 

dark energy, 13, 489, 544, 545 
see also cosmological constant, 
dark matter, see also neutralino, 16, 46, 53, 510-13, 544, 

556,575 

de Rahm, see cohomology, homology 
de-Sitter, 37, 475, 482, 491-2, 494 , 553 
see also uplift, 

decompactification limit, 91, 155, 169, 173, 176, 177, 

485,492 
decoupling 

and Yukawa couplings, 514 
of gauge sectors, 352-4, 485 
see also hidden 

of gravity in local models, 356-7, 515, 565 
of Kahler and complex structure moduli, 270, 416, 444 
Dedekind rj function, see 7 function 
del Pezzo surface (dP n ), 369, 390-4 
descendant, 605 
desert hypothesis, 5 
diffeomorphism, see reparametrization 
dilatino, 112, 113, 122, 133 
dilaton, 70, 80 
4 d, see complex dilaton 

dilaton dominated SUSY breaking, 461, 499, 501, 504, 
506,510,513-14,575 

in string spectrum, 66, 79, 100, 112-13, I22 , 132-3, 600 
T-duality transformation, 91, 488 
see also coupling constant (string) 
dimensional reduction, see Kaluza-Klein 
dimer diagram, 367-70, 516 
dipole moment, 15, 53, 514 
Dirac operator, see index 
Dirac quantization, 586 

brane charges, 166, 169, 586-7 
charge in field theory, 43-4, 561, 586-7 
flux, 372, 423, 456, 470, 471, 586-7 
Dirac-Born-Infeld (DBI) action, 159, 160, 180, 408, 438, 
497 - 9 , 552 

discrete torsion, 325, 377 
Gepner models, 261, 262 
heterotic orbifolds, 233-4 
discriminant, 385-6 


disk diagram, 128, 131, 134, 153, 156, 330, 345, 348, 416, 
418-19, 440, 450, 542, 602 
see also boundary, RR tadpole 
Donaldson-Uhlenbeck-Yau, 207 
doublet-triplet splitting, 48-9, 204-5, 241, 297, 394 
doubling trick, 92, 126, 304 
duality 

dual channel, 68, 81, 85, 95, 100-2, 592-6 
forms/cycles 

dual basis, 311, 397, 439, 458 
see also form [Hodge], [Poincare] 
holographic, see AdS/CFT 
p-form field, 166, 585 

scalar and 2 -form in 4 d, 200, 265-6, 283-4, 299, 300, 
311,348,375,397,404,536 

see also self-duality 
strong-weak duality, 44, 179 
see also S-duality, string duality, 

r] function, 576 

in partition functions, see cylinder, Klein bottle, Moebius 
strip, partition function 
in threshold corrections, 290, 292, 487-8 
7-problem, 547, 549, 551 
see also slow roll 
E 6 , 9-10 

in heterotic (2,2) models, 201-3, 224-6, 231-4, 253-7, 
261, 265, 267, 271-2, 485, 534-5 
not possible in perturbative type II, 173, 558 
other heterotic models, 235, 239, 240, 245, 273 
root lattice defining T 6 , 218, 246 
unfolding in F-theory, 385, 388, 389, 561 
see also GUTs 

effective action ( 4 d spacetime) 

M-theory on G 2 manifolds, 400-2 
F-theory, 410-11, 429-31 
heterotic (2,2) models, 269-72 
heterotic (general), 264-9, 280-91 
heterotic (orbifolds), 273-80, 282, 289-96 
Horava-Witten models, 272-3, 486 
type II orientifolds 

charged matter Kahler metrics, 404-8 
closed sector, 396-400, 402-4 
FI terms, 412-15 

gauge kinetic functions, 408-12, 522, 525, 530 
Yukawa couplings, 416-25 

see also FI terms, gauge kinetic functions, Kahler potential, 
superpotential, Yukawas 
efolding, 550, 554 
Einstein frame, 80, 265, 491 
type IIB action, 168, 169, 456 
Einstein-Hilbert action, 265 

in lOd/lld, see action (higher dim.) 
on the worldsheet, 70 
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elliptic fibration, 208, 382-6, 445-6, 462-3 
Kodaira classification, 384 
Weierstrass form, 383, 385 

energy-momentum tensor (worldsheet), 597-9, 602, 603 
enhanced gauge symmetry 

at critical radii, see critical radius 
coincident D-branes, 153, 161-3, 172, 173, 354 
F-theory singularities, 384-9, 391 
heterotic orbifolds, 226, 231 
M-theory singularities, 172-3, 336-7, 339 
Narain lattice, 145-6, 243, 249 
environmental, see anthropic 

Euler characteristic (compactification), 190, 194, 195, 400 
CY fourfold, 463, 559 
number of families in heterotic, 202, 232 
orbifold definition, 231-2, 234 
see also Betti numbers 

Euler characteristic (worldsheet), 67, 70, 98, 156 
exterior derivative, 580 

see also cohomology, forms 
extra dimensions, 17-24 

at strong coupling see string duality, AdS/CFT, 
in string theory, see compactification 
large, 17, 21-3, 501, 523, 537, 540-3, 575 

F-term 

F-flatness, see flat directions 
potential, 29, 30, 36, 267, 516 
see also moduli stabilization, 
superspace d 2 0 term, 28, 32, 435, 441 
SUSY breaking, 33-4, 36-7, 56-9 
SUSY conditions in string models, 207, 313, 378, 380, 431, 
461 

see also auxiliary field, D-term 
F-theory, 381-9 

4-form flux, see flux [p-form field strength] 

7-branes, 169, 173, 381-95, 410, 508, 509 
D3-brane instantons, 445-6 

local F-theory models/GUTs, 390-5, 429-31, 508, 509, 
526,532,533 
Fl-string, 167-8,551,556 
family, see generation 
Fayet model, 34 
Fayet-Illiopoulos (FI) term 

D-branes at singularities, 367, 370, 415 
field dependent, 32, 36, 284 
heterotic models, 251, 263, 284-5, 294-6, 563, 564 
SUSY action, 31-2, 34 
type II orientifolds, 312, 323, 412-15 
see also D-term, Green-Schwarz, Stuckelberg 
fermion masses, see Yukawa couplings 
fermionic construction 
lOd heterotic, 125-6, 174 


heterotic compactifications, 246-52, 296, 519, 561, 562, 
566,567 

fermionization, see bosonization 
fine tuning, 49, 52, 323, 490, 492, 494, 545 
in inflation, 547, 548, 553 
problems in SM, 12-18, 483 
fivebrane, see NS5-brane 
flat directions, 30, 486, 516 
blowing-up, 226, 231 
D-brane systems, 163, 354, 368 
heterotic models, 208, 241, 242, 294-6, 532 
see also vacuum re-stabilization 
lifting, see moduli stabilization/fixing 
type II orientifolds, 327, 548 
see also recombination 
see also moduli 

flavour changing neutral currents (FCNC), 49, 52, 57, 60, 61, 
504,514, 525 

flux 

flux compactifications, 570-3 
heterotic, 482, 485-6 
type IIA, 468-72, 474-5, 479-82, 531 
type IIB, 455-63, 467-8, 473-4, 479-82, 489-93, 
506-7, 531, 548, 550, 556, 570-1 
geometric, 470-2, 475, 479, 480, 482 
non-geometric, 479-82 
p-form field strength 
and D-brane instantons, 445, 477-9 
in F/M-theory, 388, 394, 462-3 
NSNS 3-form flux, 455-69, 471-2, 475-80, 491, 

495-501,506-7,570-1 

RR 5-form flux, see AdS/CFT 
RR fluxes, 455-69, 478-9, 49U 495-501, 506-7, 570-1 
quantization, see Dirac quantization 
superpotential, 459-60, 462, 464, 468-9, 472-4, 476-7, 
479-82,571 

SUSY breaking see mediation [gravity], soft terms(comp.) 
world volume magnetic, see magnetized 
see also moduli stabilization 
form (differential forms), 579-84 
closed, 580-1 
exact, 580-1 

harmonic, 172, 196, 584-5 
Hodge dual, 584 
integration, 582-7 
p-form gauge fields, 585-7 
Poincare dual, 310, 379, 583-4 
see also antisymmetric tensor fields, cohomology, 
homology 

fractionally charged exotics, 210, 242, 251, 262, 294, 328, 
561-3,567,568,575 
free action, 192, 203, 205, 208, 210, 563 
see also Wilson line [discrete] 
free fermion models, see fermionic construction 


Index 


663 


Freed-Witten constraints, 475-8, 571 
Friedmann equations, 544 
Froggatt-Nielsen mechanism, 285, 296 
fundamental domain, 84, 85, 286, 288, 565 
fusion rules, 605-6 

G2 manifold, 335-6 
compactification, see M-theory (comp.) 
singularities, 336-9 
see also associative 3 -form 
gauge background, 200-1, 206-7, 2I 9> 376, 378 
see also bundle, magnetized, Wilson line 
gauge coupling unification 
in SU( 5 ), 6-7 
in MSSM, 46-7 
in SM, 5 

in string models, 518-28 

D-brane models (general), 411, 522 
Horava-Witten compactifications, 521-2 
local F-theory GUTs, 410-11, 526 
perturbative heterotic, 280-1, 288-9, 2 95> 

518-21,567 
type I, 521 

type II RCFT orientifolds, 526-8 
type IIB D 3 -brane models, 365, 522-5 
type IIB D 7 -brane models, 525-6 
gauge couplings (SM), 3, 5-7 
see also weak angle 

gauge couplings (string models), 268, 273, 295, 297, 330, 

334, 408, 411, 418, 438, 447, ,448, 485, 487, 488, 
518-28,565,574 
see also gauge kinetic functions 
gauge field strength 2-form, 580, 587 
see also gauge background, magnetized 
gauge kinetic functions, 32, 36, 38, 56, 502 
and instanton action, 435-8 

heterotic, 266, 268, 269, 292, 487-9, 503, 505, 520, 528 

Horava-Witten models, 273 

M-theory on G2-manifolds, 401 

RR f/(l)’s, 412 

type IIA, 408-10 

type IIB D-branes at singularities, 411-12, 506, 

5 22 ’ 53 i 

type IIB D 3 /D 7 , 408-11, 426, 506-7, 509, 525, 530 
type IIB D 9 /D 5 , 408-9, 411 
gauge/gravity, gauge/string, see AdS/CFT 
gaugino, 29-30, 34, 37, 44, 45, 47, 48, 507, 575 
10d, 122, 128, 132, 133, 201, 202, 206, 207, 271, 

422 

condensation, 42, 202, 436, 446, 485-90, 531 
domination, 507 

mass, 34, 35, 49 - 50 , 53 , 56-60, 497 - 8 , 500, 503-8, 510-14 
generations (number of) 
in SM, 1, 573, 574 


in string models, 202-4, 2 38, 257, 307, 321, 334, 345, 359, 
373 , 380, 394 , 426, 430 , 566-70, 574, 575 
see also 3 -generation models, chirality 
genus expansion, 66-7, 71, 97-9 
see also Euler characteristic 
Gepner models, 252-5, 569, 607 
heterotic, 252-63, 566-8 
see also heterotic (comp.) 
orientifolds, 331-4, 527-8, 568, 569 
Giudice-Masiero mechanism, 53, 59, 275 
global symmetry (continuous) 

in SM, see B — L, baryon, lepton number 
not possible in string theory, 532, 563-5 
perturbatively exact ( 7 (l)’s in string theory, see instanton 
[D-brane], Stiickelberg 
gluino, 47, 51-5, 511, 513, 514 
goldstino, 33-4, 36, 37 
angle, 503-4 

see also dilaton/Kahler moduli [domination] 

D-brane, 158 

instanton fermion zero mode, 435, 442-4 
supergravity, see super-Higgs mechanism 
Grand Unified Theory, see GUT 
graviphoton, 38, 39, 145, 250, 299-300 
gravitino, 33, 38 

cosmological gravitino problem, 505, 554 
in string spectrum/supergravity, 112, 113, 115, 122, 123, 
130, 132-3, 199-200 

mass, 36-7, 56, 59, 474, 494, 503, 505, 553, 554 
worldsheet, 103 
see also gravity multiplet 
graviton 

always present in string theory, 64, 574 
and background metric, 70 
in string spectrum, 66, 79, 100, 112-13, I22 > 132-3, 
199-200, 600 

KK gravitons, 20, 523, 540-2 
quantum gravity constraints, 563-5 
see also gravity multiplet 
gravity multiplet 

4 d Af = 1 , 2 , 4 , 8, 35, 38, 39, 199-200, 221, 248, 255, 
2 99 - 3 00 ’ 3 ° 2 ’ 336 , 341, 

lOd AT = 1 , 2 , 113, 123, 130, 133, 168, 170, 173, 175 
lid jV= 1, 115, 170 
Green-Schwarz mechanism 
10d, 124-5, 134, 175 
D 3 /D 7 -branes at singularities, 361-2 
heterotic models, 211, 235, 251, 282-5, 2 94 
magnetized D-brane models, 375 
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Green-Schwarz mechanism (cont.) 

type IIA D6-brane models, 311-12, 318, 536-7 
type IIB toroidal orientifolds, 347-50 
see also anomaly ( 4 d), Stiickelberg 
GSO projection 
and 4 d chirality, 305 
and modular invariance, 110-12, 119 
and supersymmetry, 113, 123, 133, 254 
flip by O-plane, D-brane, 148, 150, 151, 157 
flip under T-duality, 139 

(generalized) GSO-like projections, 125, 227, 229, 249, 
254, 260, 606 

in brane-antibrane system, 181-2, 184 
open strings, 127, 592 
GUT, 4-12, 56 i, 574 , 575 
and higher KM level, 240, 251, 296-7, 560 
breaking by gauge backgrounds, see hypercharge flux, 
Wilson lines [discrete] 

£5, 9-10, 201-3 
see also £g [in heterotic models] 

F-theory, 390-5, 410, 429-31, 509 
flipped SU( 5 ), 10 

flipped SU( 5 ), 251, 296, 450, 451, 566 

50 ( 10 ), 49, 50, 241, 251, 296, 297, 381,535, 560, 567 

50 ( 10 ), 8-9, 11 

string models with underlying GUT, 203-5, 208-10, 

239-42, 281, 285, 295, 390, 526, 528, 532, 533, 563 
SU ( 5 ), 239, 240, 251, 296, 297, 339, 355, 381, 411,450-1, 
523, 532, 535, 560, 562-3, 567 
5 ( 7 ( 5 ), 5-8 
SUSY-GUTs, 46-50 
see also gauge coupling unification 

//-momentum, 278-9, 599, 602 
Hermite-Yang-Mills, 207 
heterotic M-theory, see Horava-Witten theory 
heterotic string (compactifications) 
asymmetric orbifolds, 242-6 
Calabi-Yau ( 0 , 2 ), 206-11, 563, 566 
Calabi-Yau ( 2 , 2 ), 199-205, 300, 563, 566 
constraints on massless spectrum, 559-61 
fermionic construction, 246-52, 566, 567 
Gepner models ( 0 , 2 ), 261-3, 566-8 
Gepner models ( 2 , 2 ), 252-61, 567 
on S 1 , 141-4 

orbifolds (0,2), 235-42, 566, 567 
orbifolds (2,2), 218-34 
toroidal, 144-6, 565 
heterotic strings (lOd) 

anomalies, see Green-Schwarz mechanism 
effective action, 123 
in bosonic formulation, 117-23 
in fermionic formulation, 125-6 
massless spectrum, 121-3, 603 


modular invariance, 119-21 
hidden sector, 293, 333, 453, 538, 559, 575 
branes, 323, 327, 333, 426, 562 
SUSY breaking, 55, 56, 60, 202, 355, 485, 486, 574 
hierarchy problem (electroweak), 16—18, 25, 32, 34, 44, 47, 
466,483,501,553 
little, 52 
Higgs 

EW Higgs in string models, 204, 210, 240, 241, 251, 294, 
323 . 333 . 334 - 364- 365. 392 . 395 . 426, 427, 429, 430, 
448. 450 , 507. 524 , 525 . 533 . 562, 567 
GUT-Higgs, 6, 8-10, 46, 48 
rare in string models, 203, 240, 296, 391 
see also GUT [and higher KM level] 

MSSM, 44, 46 - 54 , 56 , 502, 504, 507, 510-11 
SM, 2, 3, 5, 7, 9, 10, 13, 16-18, 24 
higgsino, 44, 45, 47, 48, 53, 533 

Hodge numbers, 190, 192, 194, 195, 200, 300, 334, 382, 391, 
552 

in orbifolds, 218, 231-4, 274 
holography, see AdS/CFT 
holomorphic 

(anti)holomorphic Z2, see CY orientifold 
2-cycle, see instanton [worldsheet] 

4 -cycle, 378, 390, 410, 437, 478 

CY 3 -form, 190-3, 270, 272, 313, 337, 396, 398, 402, 409 
holomorphy, 484 

gauge kinetic functions, 32, 36, 268, 409, 410 
Kahler transformations, 36 
prepotential, 38, 270, 412 

superpotential, 28, 41, 45, 269, 280, 416, 418, 419, 425, 

428, 431.444.484.490,509 

worldsheet, 75, 418, 419, 597 
holonomy group, 187 

and supersymmetry, 187-8, 217, 335, 386 
G2 holonomy, see G2 manifold 
SU ( 3 ) holonomy, see Calabi-Yau 
SU ( 4 ) holonomy, 386 
homology, 582-4, 588 

see also boundary, chain, cohomology, cycle, form, 
integration 
homotopy, 433, 588 

discrete Wilson lines, 203-5, 208-10, 588 
Horava-Witten (HW) theory 

CY compactification, 211-14, 559 
M-theory on S 1 /^, 174-6 
hypercharge 

and anomalies in SM, MSSM, 3, 45, 561 
canonical SU( 5 ) normalization, 5, 6, 241, 281, 285, 295, 
519,523,527,562-3 
flux, 211, 392-5, 411, 526 

linear combination in string models, 241, 242, 251, 294, 
321,324,333,363,451,523,526,537,589 
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masslessness condition in string models, 323, 324, 333, 
334 , 350 , 393 , 537 

normalization in string theory, 281, 295, 519, 523, 524 
hypermultiplet, 38-9, 163-4, 183-4, 299, 300, 302, 317, 341, 
359 , 397 

index (of the Dirac operator) 
heterotic spectrum, 202, 206 

magnetized branes, 373-4, 377, 378, 388, 393, 394, 424 
theorem, 198, 206-7, 434, 445 
see also chirality, generations (number of) 
inflation, 545-7> 562, 575 
chaotic, 547 
eternal, 14, 573 
hybrid, 547 

in string theory, 547~53, 574, 575 
better racetrack inflation, 548 
brane-antibrane inflation, 549-51 
DBI inflation, 552 
Kahler moduli inflation, 548-9 
KKLMMT, 550-1 
monodromy inflation, 552 
A-flation, 552 
non-gaussianity, 552, 575 
single field, 546-7 
small/large field, 547, 551-2 
spectral index, 546, 548, 549, 552 
tensor modes, 546, 551-2, 575 
inflaton, see inflation [single field] 
candidate, see inflation [in string theory] 
instanton 

brane, D-brane, 169, 312, 323, 337, 355, 365, 400, 411, 
416,436-46, 477 - 9 , 490 , 493 , 531 , 533 ~ 4 , 548 , 564, 
574 

gauge, 15, 39, 41,161, 268, 432-8, 441, 445, 534, 587-8 
gaugino condensation, 436, 446 
non-gauge, stringy, exotic, 438, 441, 447, 448, 515, 534 
non-perturbative superpotential, 41, 435-6, 442-54, 478-9, 
489, 490. 493 - 516. 534 , 548 , 549 , 57 i, 573 , 574 
0(l)-type, 443, 445, 446, 448-51 

small; brane as gauge instanton, 161, 213, 437-8, 441, 445, 
490 

USp{ 2)-type, 443, 448, 450 

violation of ( 7 ( 1 ) symmetries, 15, 312, 433, 438-41, 

447-54,489,532,533,564 

worldsheet, 270, 271, 280, 300, 301, 400, 418-21, 428, 
436.440.564 

see also zero mode [instanton] 
intersecting 7 -branes, see magnetized [D 7 -brane models], 
[F-theory 7 -branes] 
intersecting brane worlds 

see intersecting D6-branes (comp.) 
intersecting D6s (flat lOd), 302-6, 314-17 
intersecting D6-branes (compactification) 


Calabi-Yau, 306-7, 312-14, 317-18 
orbifolds, 325-9, 451-2, 568 
toroidal, 307-12 
toroidal orientifolds, 318-25 
intersection angles, 303-6, 308, 313, 318, 327 
intersection numbers, 308, 309, 314, 331, 374, 584 
and SM/MSSM spectrum, 321-5 
instanton fermion zero modes, 439-41, 444, 447-54 
triple intersection numbers in CY, 271, 412 
Ishibashi state, 329-32 
isometry, 20, 37, 179, 198, 335 
ISS model, 516 

K 4, 35 , 265 

K-theory charges, 184, 319 
discrete tadpole cancellation, 320, 326, 376 
K 3 , 188,382-6 

Kac-Moody (KM) algebra, 122, 253, 280-1, 559, 602-3, 606 
constraints on spectrum, 240, 560-1 
level, 280-2, 487, 503, 518-19, 559-61, 602-3 
string GUTs, 251, 296-7, 560 
Kahler (geometry), 31, 189-90, 192-4 
form, 189-91, 313, 337, 376, 378, 380, 396, 398, 402, 410, 
418, 436 

see also Calabi-Yau 
Kahler (SUSY, supergravity), 31 
derivative, 36 
function, 35 

potential, 31, 35-6, 56-8 
transformations, 35, 291 
see also T-duality anomalies 
Kahler metric, 31 
charged matter multiplets, 502 

heterotic, 267, 275-6, 287, 503, 504 
type IIB D 3 /D 7 models, 404-8, 426-7, 506, 507 
Kahler moduli, 191, 198, 199, 502, 528, 547, 553 
domination, 504-14, 575 

heterotic, 200, 203, 206, 211, 222, 226, 266, 267, 270, 274, 
280, 286, 486-8, 528, 529 
Horava-Witten models, 212-14, 273, 529 
overall Kahler modulus, 267, 270, 276, 400, 460, 485, 488, 
489, 501, 502, 506 
type II, 299, 397 

type IIA orientifolds, 380, 397, 398, 403, 412, 416, 419, 

421,444.469 

type IIB D 3 /D 7 models, 399, 403, 413, 415, 425, 431, 438, 
444. 459- 468, 489-95- 506. 508-9, 530, 548 
type IIB D 9 /D 5 models, 404, 413, 415, 425, 438, 444 
see also effective action ( 4 d), Kahler form 
Kahler potential (compactifications), 502 
heterotic, 266-8, 270-1, 274-5, 290, 485, 505 
Horava-Witten models, 273 
M-theory on G2-manifolds, 401 
type IIA orientifolds, 398, 403 
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Kahler potential (compactifications) (cont.) 
type IIB D 3 /D 7 models, 400, 403, 460, 489, 493, 530, 548 
type IIB D 9 /D 5 models, 404 
Kaluza-Klein (KK) 

and DO-branes, 169-70, 176-7 
compactification, 18-23 
bosonic string theory, 85-6 
with Wilson lines, 142-4 
see also compactification, zero mode 
momentum/resonance, 19-22, 24, 519 
monopole and D6-branes, see Taub-NUT 
reduction of lOd action, 264-7, 2 7 U 279, 421-5 
see also compactification, 

Killing spinor, see holonomy 
Killing vector, see isometry 
Klein bottle, 98-101, 330, 332, 592 
RR tadpole computation, 592-5 

Landau-Ginzburg/CY, 257-9 
landscape 

flavour, 566-70, 574 
flux, 490, 492, 570-4 

large volume, 71-2, 88, 137, 141, 145, 147, 186, 195, 211, 
257,300,336,378,390,459,461,475.502,503.508, 
520, 528 

dilute fluxes, 372, 376, 410, 421, 425, 427, 455, 459, 463, 

507.526 

Kahler potentials, 270, 400, 460, 489 
see also a' expansion, KK compactification 
lattice 

defining torus geometries, 81, 83, 215-18, 223, 231-4, 236, 
237, 241, 243, 244, 246-402 
dual lattice, 578 

even, self-dual, 90, 120, 141, 144-5, 2 43, 578 
Lefschetz fixed point formula, 232 
left-moving, 74 

internal bosons in heterotic, 117-19, 125, 559, 603 
momentum, 89, 141, 144, 243 
sector, 89-90, 104, 117, 277 
spacetime fermion number F1, 301, 340 
see also right-moving 

left-right (LR) symmetric model, 9, 46, 327, 333, 364-5, 
426-7, 5 2 4 - 5 ? 536 , 561, 567, 568 
left/right brane, 321, 418, 536 

lepton number (L), 2, 10-12, 45, 205, 210, 323, 532-3, 536 
see also B — L, neutrino, Weinberg oper. 
leptonic brane, 321, 536 

level matching, 77, 82, 88, 90, 92, 109, 112, 119, 121, 137, 
140, 141, 144, 221, 223, 249 
light-cone gauge, 69, 75, 104, 117, 442 
lightest supersymmetric particle (LSP), 45-6, 53, 54, 59, 60, 
511-12 

see also dark matter, neutralino 


ti problem, 53, 59, 453, 500 

yu-term, 45, 53, 56, 59, 453, 500, 502, 504, 507, 508, 510, 
5H,5I4 
M-theory 

lid effective action, 115, 170 
3 -form, see antisymmetric tensor field 
as lid theory, 169-70 
as underlying all string theories, 177 
gauge symmetries, see enhanced gauge symmetries 
M-theory (compactifications) 

on T 2 and type IIB theory, 173, 382 
on G2 manifolds, 334-9, 400-2 
on S 1 and type IIA theory, 169-70 
on S l /Z 2 , see Horava-Witten theory 
on CY4 and F-theory, 386-8, 394, 445-6, 462-3 
on K 3 and F-theory, 382-4 
M 2 -brane, 170, 172-3, 176, 338, 384 
M 5 -brane, 170, 176, 212-14, 445-6 
magnetized 

brane “angles”, 371, 405 

D-branes, 346, 372, 373, 376, 379, 423, 424, 438, 586 
on R 2 , 371-2 
toroidal, 372-6 
toroidal orientifolds, 376-7 

D 7 -brane models, 377-9, 405-7, 410, 476-7, 492, 507-8, 
512, 525-6 

F-theory 7 -branes, 388-95, 430-1, 512, 586 
Majorana mass, see gaugino, neutrino mass 
mass formula 

lOd open superstring, 127 

and conformal weights, 560, 600 

bosonized, 117 

closed bosonic string, 78-9 

closed bosonic string on , 88, 90 

D-branes at angles, 304 

heterotic, 119 

fermionic construction, 249 
Gepner models, 255 
orbifolds, 221, 222, 237, 245 
toroidal, 144, 286 
open bosonic string, 93 
parallel D-branes, 162 
superstring (NS, R sectors), 106, 107 
type II on S 1 , 137 

matter curve, 386, 388, 429-30, 533 
mediation (SUSY breaking) 
anomaly, 60-1, 505, 506, 515 
gauge, 59-60, 515-17 
gravity, 53, 55-9, 461, 493, 500-3 
see also soft terms (comp.) 
messenger sector, 55, 59 
meta-stable 

de Sitter vacua, 491-2 

dynamical SUSY breaking, 34, 515-17 
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minicharged particles, 539 

minimal models (Af = 2 superconformal), 252-3, 257-9, 

262, 603, 607 

mirror symmetry, 194, 195, 234, 286, 300-1 
as T-duality, 300, 341, 374-7 
in ( 2 , 2 ) heterotic CYs, 256, 271, 300 
in Gepner models, 261 
in type II compactifications, 300-1, 437 
in type II orientifolds, 300-1, 341, 344, 348, 371, 374-7, 
379, 403, 406, 408, 410, 412, 416, 421, 425, 427, 437, 
468-9,477,479-80,538 
mode expansion, see oscillator expansion 
modular 

function, see rj and ft functions 
group (dualities), 286, 287, 382, 479, 576 
see also S-duality, T-duality 
group (worldsheet), 83-4, 576 
invariance, 68, 81 

lOd heterotic strings, 119-21, 578 
lOd type II strings, 109-10 
26 d bosonic string, 82-5 
bosonic string on S*, 89 
fermionic construction, 248 
Gepner models, 255, 262, 331 
orbifolds, 223, 226-7, 230-1, 235, 238, 244 
toroidal compactifications, 141, 145, 578 
invariance ( 4 d effective action), 287, 290-3, 487-8 
see also T-duality anomalies 
invariants, 253, 255, 257, 334, 567, 605 
see also ADE 
matrices, 330, 605 
parameter, 576 

weights, 275-6, 287, 292, 407, 487, 503, 504, 506, 509, 
510,513,514, 520 
see also SL( 2 , Z) 
moduli, 71, 455, 575 
and SUSY breaking, 56, 267, 356 

see also dilaton/Kahler moduli domination, mediation 
[gravity] 

D-brane geometric moduli, 163, 306, 314, 354, 368, 378, 
391, 405, 417, 428, 443, 462, 497-500, 550, 565 
M-theory on G2 manifolds, 336, 400-2 
no parameters in string theory, 67, 71, 86, 574 
toroidal compactification, 20, 139-40, 144 
twisted, see blowing-up modes 
untwisted, 246, 274 

Wilson line moduli, 143, 313, 343, 405, 406, 417, 419, 428, 
500, 506, 507 

see also complex structure moduli, flat direction, Kahler 
moduli 

moduli stabilization, 400, 548, 553, 569, 570 
heterotic, 485-9 

KKLT, 479, 489-93. 550, 553. 571 
large volume, 493-5, 524, 539, 548, 553 


open string moduli, 183, 378, 381, 428, 462, 498-9, 551 
see also soft terms (comp) 
see also flux [compactifications] 

Moebius strip, 98, 99, 101, 102, 330, 592 
RR tadpole computation, 592, 594, 596 
monodromy 

(p, q) 7 -brane, 383, 386, 446 
simple current, 332, 562-3, 606 
monopole, 43-4, 165, 546, 586-8 
Kaluza-Klein, see Taub-NUT 
Montonen-Olive duality, see S-duality [A f = 4 ] 

MSSM, 25, 44-55 

MSSM-like string models, 205, 208-10, 238-42, 250-1, 
262, 293-6, 324-5, 327-9, 333-4, 363-5, 377-8, 
391-5, 426-8, 451-2, 476 - 7 , 507 , 508, 524-8, 532 - 4 , 
566-70, 574, 575, 589 
see also soft terms 

Nambu-Goto action 

leading term in Dp-brane DBI action, 159-60 
worldsheet, 64-5, 69, 73 
Narain lattice, 120, 140-1, 144-5, 243, 565, 578 
naturalness, see fine tuning 
near horizon, see AdS/CFT 
neutralino, 45, 53-5, 59, 510-13, 539 
see also dark matter 
neutrino 

mass, 4, 9-12, 323, 447 - 50 , 524, 525 , 533-4 
right-handed, 8, 10-12, 210, 321, 323, 324, 333, 447-9, 
524,532-6,561,574 
see also seesaw, Weinberg operator 
Neveu-Schwarz (NS) 

boundary conditions, 105, 126, 247, 254 
sector, 105-7, 601, 602, 604, 607 
see also NSNS, Ramond 

no-scale 4 d supergravity, 267, 400, 460-1, 474, 476-7, 482, 
486, 490, 498, 505-6 
non-BPS 

D-brane instanton, 435, 437, 439 
stable brane, see D-brane [stable non-BPS] 
non-dynamical 
p-form fields, 128 
see also RR tadpoles 
gauge bosons in low dimension, 165, 442 
graviton in 2d, 65, 70 
non-geometric compactification 

see fermionic construction, flux [non-geom.], Gepner 
model, orbifold [asymmetric] 
non-renormalization, 32, 40, 41, 44, 269, 484 
non-renormalization theorem 

see BPS bound/property, holomorphy 
non-standard embedding, see (0,2) heterotic 
NS 5 -brane, 167, 169, 170, 176, 213, 407, 436-7, 460, 

534 , 559 
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NSNS, 105, 112-13 
2-form 

mixing with D-brane gauge field, 160, 476 
see also antisymmetric tensor field 
coupling to D-brane, see Dirac-Born-Infeld 
D-brane interactions, 161, 182, 183, 549 
flux, see flux [NSNS 3 -form] 

T-duality, 139, 471, 479-81 
tadpoles, 129, 323, 356, 593-6 
see also Neveu-Schwarz 

O’Raifeartaigh model, 33 

open string, 63, 64, 67-8, 70-1, 95-7, 521, 522, 601, 602 
lOd open superstrings, 126-9 
bosonic, 66, 91-5 

description of D-branes, see D-brane 
tachyon, see tachyon [open string], antibrane 
unoriented, 100-2, 131-2 
see also Chan-Paton, Dirichlet, Neumann 
open-closed duality, 68, 94-5, 97, 127, 128, 181, 183, 592 
operator product expansion (OPE), 281, 597-604 
orbifold, 215-46 

abelian, 217-18, 231-4, 242, 562, 566 
and Taub-NUT, see ADE singularities 
asymmetric orbifolds, 242-6 

fixed points, 216, 219, 220, 222-4, 22 6, 229-33, 237, 238, 
240, 244, 342, 351, 356, 358, 382, 467, 478 
in Horava-Witten, see boundary (spacet.) 
see also twisted sector 
heterotic, see heterotic (comp.) 
intersecting brane models, 325-7 
magnetized models, 377-8 
non-abelian, 366-7 

Z 2 x Z 2 , 234, 251, 325-9, 346, 377-8, 478, 566, 567 
Z3, 218, 223-6, 229-30, 235, 237-41, 244-6, 26l, 262, 
265, 282, 292-5, 342-6, 351-5, 362-5, 368-9, 467, 
566,589,595 
Z3 x Z 3 , 233, 256 
Zg, 218, 241-2, 566-8 

see also orientifold, point/space group, (un)twisted 
SO/Sp projections, 101-2, 131-2, 164, 165, 183, 315, 344, 
443 , 594 

action on Chan-Paton indices, 100, 131, 164, 165, 314-17, 
344 , 594 

action on oscillators, 99-100, 130-1, 164, 344, 593, 595 
fixed point, 148-9, 153, 301, 337, 340-1, 351, 356, 401 
planes (O-planes or Op-planes), 149, 150, 153, 301, 340-1 
quotient, 97-8, 129, 131, 183 
see also Calabi-Yau orientifolds 
oscillator expansion 

lOd open superstring, 126-7 
closed bosonic string, 76 
closed bosonic string on S 1 ,88, 89 
heterotic internal left-moving bosons, 119 


open (super)string on D-branes, 157 
open bosonic string, 92 
orbifolds, 220 

superstring (NS sector), 105, 118 
superstring (R sector), 107, 118 
see also boundary conditions 

7 -brane, 169, 173, 382-3, 386, 445-6 
string, 169, 551, 556, 557 
partition function 

lOd heterotic, 119-20, 125 
lOd type II, 109-12 
26 d bosonic string, 82-5 
bosonization, 116-17, I2 5 
heterotic fermionic models, 247 
heterotic Gepner models, 253, 255, 259, 262 
heterotic orbifolds, 227-31, 233, 244 
RCFT, 331, 332, 334, 605-7 
supersymmetry, see abstruse identity, GSO 
toroidal compactification, 89 
see also Narain lattice 
see also GSO, modular invariance 
Pati-Salam, 9, 322, 325, 327, 328, 426-8, 562, 566, 567 
Peccei-Quinn (PQ), 15, 536 

axion-like shift symmetries, 169, 266, 268-9, 282, 284, 

312,400,414,433,436,438,439,476,489,528,534, 

564 

pictures, 277, 601-2 
Planck scale, 3, 518 

and extra dimensions, 21-2, 24, 86 
and hierarchy, see hierarchy problem 
as UV cutoff, 3, 13, 35 

in string models, 63, 268, 280, 518, 519, 522, 523, 526, 530 
suppressed couplings, 12, 56, 60, 178, 501, 547, 554 
Poincare lemma, 580-2 
point group, 216, 217, 278, 294 
see also orbifold 

Poisson resummation, 89, 90, 120, 244, 577-8 
Polonyi 

model, 37, 453-4 
problem, 554 
Polyakov action, 65, 73-4 
symmetries, 73-4 
see also action (worldsheet) 

Pontryagin class, 587 

prepotential, 38-9, 270-1, 412, 538 

primary field/operator, 252, 255, 562, 598-9, 605, 606 

primitive, 378, 461, 462, 496 

projective space, 192-3, 226, 258-9, 390, 493 

proton decay 

in string theory, 295, 323, 395, 449, 450, 532-3, 564, 573 

in SU( 5 ) GUTS, 7, 47-8 

see also baryon number, R-parity 
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quantization 

charge (SM), 2, 6, 561 

see also fractionally charged exotics 
flux, charge, see Dirac quantization 
quintic CY, 192-3, 257-9, 261 
quiver, 321, 324, 333 

R-parity, 45-6, 512, 513 

in string theory, 210, 295, 296, 449-50, 523, 531-2 
R-symmetry, 29, 34, 38, 41, 179, 279 
racetrack, 487, 489 
radial quantization, 597, 599 
radiative EW symmetry breaking, 50-2, 513, 514 
Ramond (R) 

boundary conditions, 105, 126, 247, 254 
degenerate groundstate, 108, 126, 127, 248, 250, 

304 

sector, 107-8, 602, 604, 607 
see also Neveu-Schwarz, RR 
Randall-Sundrum, 23-4, 463, 465, 467 
see also warp, AdS/CFT, 

Rarita-Schwinger field, see gravitino 
rational conformal field theory, 606-7 

orientifolds, 329-34, 526-8, 562, 567, 568 
recombination of D-branes, 306-7, 327, 328, 378, 415, 477, 
571 

regular representation, 366, 367 
renormalization group running 

gauge couplings, 5, 7, 288, 519, 524-5 
see also gauge coupling unification 
soft terms, 510 

see also boundary conditions (RGE) 
reparametrization 

large: modular invariance, 81, 84 
spacetime, 64, 69, 86, 113, 122, 133 
worldsheet, 66, 73, 75 
right-moving 

parity as T-duality, 91, 139, 148, 149 
sector, momentum, see left-moving 
Romans theory/parameter, 115, 469 
RR, 112-13, I 3 °> 132—3 

charge/tadpole, 126, 128-33, I 53 - 4> 156, 166, 301-2, 335, 
340-1 

couplings to D-brane, see Chern-Simons 
couplings to D-brane t/(l)’s, see Stuckelberg 
D-brane interactions, 161, 182, 183, 549 
fields 

anomaly cancellation, see Green-Schwarz 
gauge invariance, 113, 133, 400, 528, 585 
orientifold projection, 130, 397, 399 
T-duality, 139, 479 
flux, see flux [RR] 
tadpole cancellation 

constraints on massless spectrum, 320, 324, 558 


D 3 s at singularities, 360-1, 366, 367 

flux compactifications, 458, 463, 466, 468, 469, 472, 

481,491.569.570 

magnetized brane models, 374, 376, 377 
non-compact models, 156, 361 
RCFT orientifolds, 330 
type I, 594 

type HA orientifolds, 309-10, 314, 318, 319, 325-6, 413 
type IIB toroidal orientifolds, 344-7, 350, 352, 353, 596 
U( l)’s, 342, 347, 402, 403, 412, 538-9 

S-duality 

Af = 4 SYM, 43-4 

heterotic/type I, 134, 173-4, 376, 404, 407, 417, 

482, 521 

type IIB, 168-9, 173 , 382-3, 460, 565 
Scherk-Schwarz, 471 
see also flux [geometric] 
seesaw mechanism, 10-12 
see also neutrino 
Seiberg duality, 42-3, 516 
self-duality 
instantons, 378, 432-3 

ISD/LASD fluxes, 457-8, 461, 479, 482, 490, 496-500, 
506-7 

of type IIB 4 -form, 113, 114, 138, 300 
semi-realistic model, see 3 -generation models 
sequestering, 60, 515 
short multiplets, see BPS state/bound 
sigma model, non-linear 
4 d theory, 31 
worldsheet, 69 
simple current, 334, 562, 606 
alignment, 331, 607 
and Gepner models, 254, 262, 331, 607 
and RCFT orientifolds, 332, 607 
extension, 607 
fixed point, 332, 606 
spectral flow, 331, 607 
see also monodromy 
singularities 

D-branes at, see D 3 /D 7 -branes at singularities 
orbifold, see orbifold [fixed points] 
toric, 367-70, 418 

see also conifold, toric geometry 
SL( 2 , Z), see modular, S-duality, T-duality 
slepton, 44, 47, 50, 51, 53, 54, 59, 61, 507, 511, 512, 514 
slow roll, 546-52 
50(10), 49, 50 

constraints on representations, 339, 381, 560, 561 
from unfolding in F/M-theory, 339, 388, 561 
in ( 2 , 2 ) heterotic Gepner, 253-5, 261-2 
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50 ( 10 ) (cont.) 

in string models, 241, 249-50, 281, 295-7, 395, 532, 534, 
535 - 559 - 567 
see also GUTs 
soft terms 

in different mediation mechanisms, 55-61 
in general SUSY models, 34-5 
in string models, see soft terms (comp.) 
in the MSSM, 49-53 
see also MSSM 

universality, 49-50, 504, 510, 514 
soft terms (compactifications) 
heterotic, 503-5 

local 7 -brane/F-theory models, 508-9 
type IIB D 3 ’s, 497 ~ 9 > 5 <>i, 506, 524 
type IIB D 7 ’s, 499-501, 506-10 
space group, 216, 218, 220, 227, 236-8, 246, 278, 351 
see also point group, Wilson lines 
sparticle, 53-4, 510-14 
see also gaugino, higgssino, slepton, squark 
special lagrangian 3 -cycle, 306, 312-14, 317, 337, 409, 413, 
437, 442, 459 
spectral flow, 604 
see also current 
spin structures, no, 125, 288 
SQCD, 41-3, 435-6, 516 
squark, 44, 47, 49 - 54 , 5 « 7 , 5^, 5 ^ 3 ~H 
Stuckelberg couplings/masses, 36, 211, 283-4, 312, 

348, 375, 412, 415, 439, 448, 531, 532, 534, 

537 , 539 , 564 

see also Fl-terms, Green-Schwarz 
stability 

and NSNS tadpoles, see NSNS tadpoles 
and supersymmetric models, 187, 483 
tachyonic instabilities, see tachyon 
see also meta-stable 
standard embedding, see (2, 2) heterotic 
Standard Model (SM) 

SM-like string models, 320-4, 536, 566 
see also 3 -generation, MSSM-like models 
particle physics, 1-4 
state-operator map, 278, 599-600 
Stokes theorem, 583, 586 
string duality 

£g x £g heterotic and M-theory on S 1 /^, 174-6, 521 
50 ( 32 ) heterotic-type I, 134, 173-4, 376, 404, 407, 417, 
482, 521 

type IIA and lid M-theory, 169-73, 176, 335, 337 
type IIB self-duality, 168-9 
see also S-duality [type IIB] 
web, 173, 176, 177 
string frame, 80 

string scale, 63, 483, 518-26, 530, 531, 556 
high, 268, 281, 323, 494, 510, 518-19, 521, 523, 533 


intermediate, 494, 501, 524, 540 

low, TeV, 323, 483, 494, 521, 523, 536, 537, 540 - 3 , 

575 

strong CP problem, 15-16, 32, 574 
see also axion 
517 ( 5 ), 46-9 

in string models, 239, 240, 296, 297, 355, 410, 450, 451, 
523,526,532-5,560,562-3,567 
in unfolding in F/M-theory, 339, 388-95, 429, 532 
up-type Yukawa, 355, 381, 411, 429, 450-1, 523 
see also GUTs 

Sugawara construction, 252, 603 
super-Higgs mechanism, 33, 37 
super-Yang-Mills (SYM), 160 
4 d Af = 1 , 39, 42, 436, 446, 466, 485 
see also gaugino [condensation] 

4 d M = 4 , 43-4, 178-9, 497, 587 
supercharge, 26, 38, 113, 123, 133, 150-1, 154, 181, 187-8, 
604 

superconformal (worldsheet) 

charge/current, 253, 254, 256, 604, 606 
field theory (A f = 2), 201, 604 
see also minimal model 
field theory (A f = 2) 
ghost, 277, 599, 601-2 
supercurrent 

spacetime, 26, 35 
see also supercharge 
worldsheet, 604, 607 
superfields, 27-30 

see also chiral, superspace, vector multiplet 
supergravity 
4 d A f = 1 , 35-7 
see also effective action ( 4 d) 
lOd 3 -form flux background, 456-8, 495-6 
lOd, 1 Id, see action (higher dim. spacetime) 
as local supersymmetry, 33, 35 
as UV incomplete theory, 35, 62, 114 
extended, see gravity multiplet 
field dependent couplings, 31-2, 34-6 
gravity mediation soft terms, 35, 55-9 
see also mediation [gravity] 
minimal, 58 

p-brane solutions, 165-8 

spontaneous supersymmetry breaking, see super-Higgs 
mechanism 

superpotential, 28-9, 35, 37 
4 d Af = 2 , 39 
4 d Af = 4 , 39 
gravity mediation, 56-8 
MSSM, 45, 53, 532 
non-perturbative, see instanton 
SUSY-GUTs, 48 

see also holomorphy, non-renormalization, Yukawas 
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superpotential (compactifications) 
heterotic, 267, 269, 271-2, 287 
orbifolds, 276-80, 532-4 
moduli, see flux [superp.], moduli stab, 
non-perturbative, see instanton 
type IIA D6-brane models, 301, 416, 418-21 
type IIB D 3 /D 7 s at singularities, 359, 360, 362, 367, 
416-18 

type IIB magnetized brane models, 301, 380, 416, 421-8 
type IIB toroidal orientifolds, 416-18 
see also Yukawa couplings 
superspace, 27 

actions, see action [ 4 d SUSY actions] 
see also superfields 
supersymmetry (spacetime) 

4 d A f = 1 , 25-32 
algebra, 26, 37-41 

and the hierarchy problem, 17, 25, 32, 34, 44, 47, 483, 553 
breaking, 32-7, 49-61 

in string models, see soft terms (comp) 
see also mediation, soft terms 
extended, 18, 37-41, 43-4 
low-energy, 17, 44-55, 491.553-75 
see also hierarchy problem, MSSM 
motivation in string models, 187, 483-4, 575 
preserved by D-branes, 150-1, 154, 181, 305-6, 313, 
375-6,378 
split, 47 

see also action (higher dim.), supergravity 
supersymmetry (worldsheet), 103, 604 
suspended pinch point singularity, 466 
SUSY, see supersymmetry 
swampland, 565 

0 -parameter, 15 

see also axion, strong CP 
# function, 576-7 

in partition functions, see partition function, Klein bottle, 
Moebius strip, cylinder 
in Yukawa couplings, 420-1, 425 
wave functions of charged fields, 423-4 
‘t Hooft 
coupling, 179 

instanton vertex, see vertex [instanton] 

T-duality 

and mirror symmetry, 234, 300, 341, 375, 379, 

403-4, 408 

as right-moving parity, 91, 139, 148, 149 
between the two heterotic theories, 146 
between type IIA and IIB, 138-9 
closed bosonic string, 90-1 
flux compactifications, 471-2, 479-81 
for type I, 147-54 

see also D-brane [and T-duality] 


heterotic 4 d action, 286-7, 290, 487-8 
anomalies, 290-3 

invariance of mass formula, 90, 286 
type II orientifolds, 341, 350, 353-4, 404, 406, 407, 411, 
417, 52i 

between intersecting and magnetized, 371-7, 406, 425 
tachyon, 187, 483 

closed string tachyon, 72, 79, 85, 100, 600 

open string tachyon, 93-4, 96, 97, 102, 182, 184, 306, 323, 

356.376.551 

see also antibrane 

removal in superstrings, ill, 112, 119, 121, 127, 135 
sparticles, 61, 504, 505, 511, 512 
see also radiative EW symm. breaking 
tan/J, 9, 48, 52-4, 510-12 
tangent space, 579 
1-forms, 470, 587 
target space, 64 

Taub-NUT geometry, 171-2, 334, 338 

threshold corrections to gauge couplings, 288-90, 411, 

487-9, 520, 528 

Tian-Yau manifold, 194, 205, 257 
toric geometry, 194, 367 
toroidal compactification 

heterotic orbifolds, see heterotic (comp.) 
left-moving sector in heterotic theories, 118-19 
orientifolds, type IIA, see intersecting D6-branes (comp.) 
orientifolds, type IIB, see magnetized D-branes, type IIB 
toroidal orientifolds 

strings on , see bosonic string, heterotic (comp.), type I, 
type II 

strings on T^, see heterotic (comp.), Narain lattice, 
type II 

trilinear coupling, 35, 50 
see also soft terms 
trinification, 9, 203-5, 467 
twisted 

RR tadpole, 345 - 6 , 35 U 353 , 354 , 361, 362, 366, 

595-6 

sector, 219-20, 222-3, 22 5-7, 229-31, 234, 237, 

244,255,259,304,382,405,411,415,475,500,504, 
506,563 

in Horava-Witten theory, 175 
see also blowing-up, boundary conditions [twisted], 
orbifold [fixed point] 
twisted torus, 470-2, 479, 482 
type I string (lOd) 

anomalies, see Green-Schwarz mechanism 
construction, 126-33 
effective action, see action (higher dim.) 
massless spectrum, 132-3 

09 /D 9 interpretation, 129, 154, 161, 163, 167, 340, 345, 
346 , 522 

RR tadpole cancellation, 132, 592-4 
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type I string (compactifications) 
on S 1 , 146-7, 151-2 

see also CY orientifolds, magnetized D-branes, type IIB 
toroidal orientifolds 
type I', 147, 176-7 
type II strings (lOd) 
construction, 104-12 
effective action, see action (higher dim.) 
massless spectrum, 112-13 
modular invariance, 109-10 
see also GSO 

type II strings (compactifications) 
on S 1 , 136-8 
toroidal, 139-41 
Calabi-Yau, 298-301, 604 
see also mirror symmetry 

type IIA orientifolds, see CY orientifold, intersecting 
D6-branes (comp.) 
see also M-theory (comp.) [G2] 
type IIB orientifolds, see CY orientifold, D 3 /D 7 -branes at 
singularities, magnetized, type IIB toroidal 
orientifolds 

see also F-theory [local models/GUTs] 
type IIB toroidal orientifolds, 341-56, 595-6 

U( l)’s 

anomalous U ( 1 ), see anomaly ( 4 d), FI terms, 
Green-Schwarz, Stiickelberg 
extra massive t/(l)’s, see Z' gauge boson 
hidden, 538-40, 575 
see also RR G(l)’s 
kinetic mixing, 538-9, 575 
unfolding of singularities 
F-theory on CY fourfolds, 387-9, 429-30 
M-theory on G2 manifolds, 338-9 
unoriented string theories, 97-9 
lOd open superstring, 131-2 
closed bosonic string, 99-100 
closed superstring, 129-31 
open bosonic string, 100-2 
see also type I, orientifold 
unoriented worldsheets 
see crosscap, Klein bottle, Moebius strip 
untwisted 

RR tadpole, 345, 350, 351, 595 

sector, 219-22, 224-7, 22 9> 2 34> 2 37> 2 43~4, 

405, 504 

uplift, 475, 491-2, 494, 516, 548, 550, 553, 

57 2 

UV behavior of amplitudes, see dual channel 

vacuum energy, 13-14, 37, 80, 110, 413, 475, 486, 489, 492, 
503 , 553 

see also cosmological constant 


vacuum re-stabilization, 285, 294, 312, 563 
see also D-term, FI term [heterotic] 
vector multiplet 
4 d AT = 1 , 28-31 

see also action ( 4 d) [ 4 d SUSY actions] 

4 d A/ - = 2 , 38, 299, 300, 302, 341, 397 
4 d Af = 4 , 39, 145, 158, 178, 250 
6d J\f = 1, 163, 164, 183 
lOd J\f = 1 , 123, 128, 132, 133, 158, 175-6 
Veneziano amplitude, 542 
Verlinde formula, 605 
vertex 

instanton induced, 434, 441,444 
see also instanton [superpotential] 
operator, 67, 68, 276-9, 281, 288, 348, 418, 542, 563, 
599-603 

string interaction, 67, 96 
Virasoro 

algebra, 288, 330-2, 562, 598, 602-6 
constraints, 74, 75 

highest weight representation, 330, 605 
see also character, primary 
visible sector, 49, 55, 334, 377, 485, 487, 538, 539, 

569 . 570 

warp 

warp factor, 17, 23, 455, 457-8, 463, 465, 49U 
492, 501 

warped dimensions, see Randall-Sundrum 
warped throat, 180, 463, 465-7, 491, 498, 515, 516, 
550-1,556 

weak angle, 6, 285, 519, 523, 525, 527 
see also gauge coupling unification 
wedge product, 580 
Weinberg operator, 11, 448-9 
Wess-Zumino gauge, 29-30 
Wess-Zumino model, 29 
Weyl group (root lattice), 217 
Weyl invariance, 73, 74 
Wilson line 

toroidal compactification, 142-6, 151-2 
continuous (D-brane models), 313, 353, 417, 419, 

420, 423 

discrete (brane models), 351-3, 391 
discrete (CY), 202-5, 209-10, 534, 563, 588 
discrete (orbifolds), 236-41, 246, 297, 567 
in field theory, 142-4 

in T-duality between heterotic theories, 146 
in type F-HW theory duality, 176 
moduli, see moduli [Wilson line] 

T-duality to brane positions, 152-3, 302, 353-5 
winding number/state, 86-91, 136, 141, 145, 147, 150, 152, 
219, 243, 520 

see also boundary condition [winding] 
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worldsheet, 64-8, 97-9, 104 
action, see action (worldsheet) 
fermions on the worldsheet, 103 
instanton, see instanton [worldsheet] 
parity, see orientifold 
see also genus expansion 
worldvolume, see D-brane 

Yukawa couplings 
GUTs, 7-11 
SM, 2, 3 
SUSY, 28 

see also superpotential 
top and radiative EW breaking, 51-2 
up-type Yukawa in SU( 5 ) string models, 355, 381, 390, 523 
Yukawa couplings (compactifications), 574, 575 
and soft terms, 502-14 

heterotic, 267, 271-2, 279-80, 285, 287, 294-6 

local F-theory models, 388-9, 392, 429-31 

non-perturbative, 450-3 

type II orientifolds (general), 416 

type IIA D6-brane models, 418-21, 440 


type IIB D 3 /D 7 s at singularities, 359, 360, 362, 365, 370, 
417-18 

type IIB magnetized brane models, 421-8 
type IIB toroidal orientifolds, 417-18 
see also superpotential 

Z' gauge boson, 365, 534-40, 575 
zero mode 

in KK compactification 

antisymmetric tensor fields, 196-7, 585 
CY, 264, 270-2 
gravitino, 187, 198-9 
graviton, 20-2, 24, 198 
in magnetized branes/F-theory, 421-5, 429-31 
scalar field, 19-20, 195-6 
spinors, 197-8 
with Wilson lines, 142-4 
instanton, 434-5, 437, 439 * 54 , 478-9 
Ramond sector, see Ramond [groundstate] 
worldsheet, 601, 602 
zero point energy, 78, 105, 222, 304 
zeta function regularization, 78, 105-7 


